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Preface

Basically, this is a book about mathematics, pitched at the advanced

undergraduate/beginning graduate level, where ideas from signal pro-

cessing are used to motivate much of the material, and applications

of the theory to signal processing are featured. It is meant for math

students who are interested in potential applications of mathematical

structures and for students from the fields of application who want to

understand the mathematical foundations of their subject. The first few

chapters cover rather standard material in Fourier analysis, functional

analysis, probability theory and linear algebra, but the topics are care-

fully chosen to prepare the student for the more technical applications

to come. The mathematical core is the treatment of the linear system

y= Φx in both finite-dimensional and infinite-dimensional cases. This

breaks up naturally into three categories in which the system is deter-

mined, overdetermined or underdetermined. Each has different mathe-

matical aspects and leads to different types of application. There are a

number of books with some overlap in coverage with this volume, e.g.,

[11, 15, 17, 19, 53, 69, 71, 72, 73, 82, 84, 95, 99, 101], and we have

profited from them. However, our text has a number of features, includ-

ing its coverage of subject matter, that together make it unique. An

important aspect of this book on the interface between fields is that it

is largely self-contained. Many such books continually refer the reader

elsewhere for essential background material. We have tried to avoid this.

We assume the reader has a basic familiarity with advanced calculus and

with linear algebra and matrix theory up through the diagonalization

of symmetric or self-adjoint matrices. Most of the remaining develop-

ment of topics is self-contained. When we do need to call on technical

results not proved in the text, we try to be specific. Little in the way

of formal knowledge about signal processing is assumed. Thus while
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xii Preface

this means that many interesting topics cannot be covered in a text of

modest size, the topics that are treated have a logical coherence, and

the reader is not continually distracted by appeals to other books and

papers. There are many exercises. In most of the volume the logic of the

mathematical topics predominates, but in a few chapters, particularly

for compressive sensing and for parsimonious representation of data, the

issues in the area of application predominate and mathematical topics

are introduced as appropriate to tackle the applied problems. Some of

the sections, designated by “Digging deeper” are more technical and

can be mostly skipped on a first reading. We usually give a nontechnical

description of the principal results of these sections. The book is suffi-

ciently flexible to provide relatively easy access to new ideas for students

or instructors who wish to skip around, while filling in the background

details for others. We include a large list of references for the reader who

wants to “dig deeper.” In particular, this is the case in the chapter on

the parsimonious representation of data.

This book arose from courses we have both taught and from ongoing

research. The idea of writing the book originated while the first author

was a New Directions Professor of Imaging at the Institute for Mathe-

matics and its Applications, The University of Minnesota during the 05–

06 academic year. The authors acknowledge support from the National

Science Foundation; the Centre for High Performance Computing, Cape

Town; the Institute for Mathematics and its Applications, University

of Minnesota; the School of Computational and Applied Mathematics,

the University of the Witwatersrand, Johannesburg; Georgia Southern

University; and the United States Office of Airforce Research. We are in-

debted to a large number of colleagues and students who have provided

valuable feedback on this project, particularly Li Lin and Peter Mueller

who tested the compressive sensing algorithms. All figures in this book

were generated by us from open source programs such as CVX, Maple

or MATLAB, or from licensed MATLAB wavelet and signal processing

toolboxes.

In closing, we thank the staff at Cambridge University Press, especially

David Tranah and Jon Billam, for their support and cooperation during

the preparation of this volume and we look forward to working with

them on future projects.
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Introduction

Consider a linear system y = Φx where Φ can be taken as an m × n
matrix acting on Euclidean space or more generally, a linear operator on

a Hilbert space. We call the vector x a signal or input, Φ the transform–

sample matrix–filter and the vector y the sample or output. The problem

is to reconstruct x from y, or more generally, to reconstruct an altered

version of x from an altered y. For example, we might analyze the signal

x in terms of frequency components and various combinations of time

and frequency components y. Once we have analyzed the signal we may

alter some of the component parts to eliminate undesirable features or to

compress the signal for more efficient transmission and storage. Finally,

we reconstitute the signal from its component parts.

The three typical steps in this process are:

• Analysis. Decompose the signal into basic components. This is called

analysis. We will think of the signal space as a vector space and break

it up into a sum of subspaces, each of which captures a special feature

of a signal.

• Processing. Modify some of the basic components of the signal that

were obtained through the analysis. This is called processing.

• Synthesis. Reconstitute the signal from its (altered) component parts.

This is called synthesis. Sometimes, we will want perfect reconstruc-

tion. Sometimes only perfect reconstruction with high probability. If

we don’t alter the component parts, we usually want the synthesized

signal to agree exactly with the original signal. We will also be inter-

ested in the convergence properties of an altered signal with respect

to the original signal, e.g., how well a reconstituted signal, from which

some information may have been dropped, approximates the original

signal. Finally we look at problems where the “signal” lies in some
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high dimensional Euclidean space in the form of discrete data and

where the “filter” is not necessarily linear.

We will look at several methods for signal analysis. We will cover:

• Fourier series and Fourier integrals, infinite products.

• Windowed Fourier transforms.

• Continuous wavelet transforms.

• Filter banks, bases, frames.

• Discrete transforms, Z transforms, Haar wavelets and Daubechies

wavelets, singular value decomposition.

• Compressive sampling/compressive sensing.

• Topics in the the parsimonious representation of data.

We break up our treatment into several cases, both theoretical and

applied: (1) The system is invertible (Fourier series, Fourier integrals,

finite Fourier transform, Z transform, Riesz basis, discrete wavelets, etc.).

(2) The system is underdetermined, so that a unique solution can be

obtained only if x is restricted (compressive sensing). (3) The system

is overdetermined (bandlimited functions, windowed Fourier transform,

continuous wavelet transform, frames). In the last case one can throw

away some information from y and still recover x. This is the motivation

of frame theory, discrete wavelets from continuous wavelets, Shannon

sampling, filterbanks, etc. (4) The signal space is a collection of data in

some containing Euclidean space.

Each of these cases has its own mathematical peculiarities and oppor-

tunity for application. Taken together, they form a logically coherent

whole.
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1

Normed vector spaces

The purpose of this chapter is to introduce key structural concepts that

are needed for theoretical transform analysis and are part of the com-

mon language of modern signal processing and computer vision. One of

the great insights of this approach is the recognition that natural ab-

stractions which occur in analysis, algebra and geometry help to unify

the study of the principal objects which occur in modern signal process-

ing. Everything in this book takes place in a vector space, a linear space

of objects closed under associative, distributive and commutative laws.

The vector spaces we study include vectors in Euclidean and complex

space and spaces of functions such as polynomials, integrable functions,

approximation spaces such as wavelets and images, spaces of bounded

linear operators and compression operators (infinite dimensional). We

also need geometrical concepts such as distance and shortest (perpen-

dicular) distance, and sparsity. This chapter first introduces important

concepts of vector space and subspace which allow for general ideas of

linear independence, span and basis to be defined. Span tells us for ex-

ample, that a linear space may be generated from a smaller collection

of its members by linear combinations. Thereafter, we discuss Riemann

integrals and introduce the notion of a normed linear space and metric

space. Metric spaces are spaces, nonlinear in general, where a notion

of distance and hence limit makes sense. Normed spaces are generaliza-

tions of “absolute value” spaces. All normed spaces are metric spaces.

The geometry of Euclidean space is founded on the familiar proper-

ties of length and angle. In Euclidean geometry, the angle between two

vectors is specified in terms of the dot product, which itself is formal-

ized by the notion of inner product. In this chapter, we introduce inner

product space, completeness and Hilbert space with important exam-

ples. An inner product space is a generalization of a dot product space
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which preserves the concept of “perpendicular/orthonormal” or “short-

est distance.” It is a normed linear space satisfying a parallelogram law.

Completeness means, roughly, closed under limiting processes and the

most general function space admitting an inner product structure is a

Hilbert Space. Hilbert spaces lie at the foundation of much of modern

analysis, function theory and Fourier analysis, and provide the theoret-

ical setting for modern signal processing. A Hilbert space is a complete

inner product space. A basis is a spanning set which is linearly indepen-

dent. We introduce orthonormal bases in finite- and infinite-dimensional

Hilbert spaces and study bounded linear operators on Hilbert spaces.

The characterizations of inner products on Euclidean space allows us to

study least square and minimization approximations, singular values of

matrices and `1 optimization. An important idea developed is of natural

examples motivating an abstract theory which in turn leads to the abil-

ity to understand more complex objects but with the same underlying

features.

1.1 Definitions

The most basic object in this text is a vector space V over a field F, the

latter being the field of real numbers R or the field of complex numbers

C. The elements of F are called scalars. Vector spaces V or (linear spaces)

over fields F capture the essential properties of n ≥ 1 Euclidean space

Vn which is the space of all real (Rn) or complex (Cn) column vectors

with n entries closed under addition and scalar multiplication.

Definition 1.1 A vector space V over F is a collection of elements

(vectors) with the following properties:1

• For every pair u, v ∈ V there is defined a unique vector w = u+v ∈ V
(the sum of u and v)

• For every α ∈ F, u ∈ V there is defined a unique vector z = αu ∈ V
(product of α and u)

• Commutative, Associative and Distributive laws

1. u+ v = v + u

2. (u+ v) + w = u+ (v + w)

3. There exists a vector Θ ∈ V such that u+ Θ = u for all u ∈ V

1 We should strictly write (V,F) since V depends on the field over which is defined.
As this will be clear always, we suppress this notation.
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4. For every u ∈ V there is a −u ∈ V such that u+ (−u) = Θ

5. 1u = u for all u ∈ V
6. α(βu) = (αβ)u for all α, β ∈ F
7. (α+ β)u = αu+ βu

8. α(u+ v) = αu+ αv

Vector spaces are often called “linear” spaces. Given any two elements

u, v ∈ V , by a linear combination of u, v we mean the sum αu+ βv for

any scalars α, β. Since V is a vector space, αu + βv ∈ V and is well

defined. Θ is called the zero vector.

Examples 1.2 (a) As we have noted above, for n ≥ 1, the space Vn is

a vector space if given u := (u1, ..., un) and v := (v1, ..., vn) in Vn we

define u+ v := (u1 + v1, ..., un + vn) and cu := (cu1, ..., cun) for any

c ∈ F.

(b) Let n,m ≥ 1 and letMm×n denote the space of all real matrices of

size m × n. Then Mm×n forms a real vector space under the laws

of matrix addition and scalar multiplication. The Θ element is the

matrix with all zero entries.

(c) Consider the space Πn, n ≥ 1 of real polynomials with degree ≤ n.

Then, with addition and scalar multiplication defined pointwise, Πn

becomes a real vector space. Note that the space of polynomials of

degree equal to n is not closed under addition and so is not a vector

space.2

(d) Let J be an arbitrary set and consider the space of functions FV (J)

as the space of all f : J → V . Then defining addition and scalar

multiplication by (f + g)(x) := f(x) + g(x) and (cf)(x) := cf(x)

for f, g ∈ FV and x ∈ J , FV (J) is a vector space over the same

field as V .

Sometimes, we are given a vector space V and a nonempty subset W

of V that we need to study. It may happen that W is not closed under

linear combinations. A nonempty subset of V will be called a subspace

of V if it is closed under linear combinations of its elements with respect

to the same field as V . More precisely we have

Definition 1.3 A nonempty set W in V is a subspace of V if αu+βv ∈
W for all α, β ∈ F and u, v ∈W .

2 Indeed, consider (x3 + 100) + (−x3 − x) = 100− x.
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It’s easy to prove that W is itself a vector space over F and contains in

particular the zero element of of W . Here, V and the set {Θ} are called

the trivial subspaces of V .

We now list some examples of subspaces and non subspaces, some of

which are important in what follows, in order to remind the reader of

this idea.

Examples 1.4 (a) Let Vn = Rn and scalars ci, 1 ≤ i ≤ n be given.

Then the half space consisting of all n-tuples (u1, . . . , un−1, 0) with

ui ∈ Vn, 1 ≤ i ≤ n− 1 and the set of solutions (v1, . . . , vn) ∈ Vn to

the homogeneous linear equation

c1x1 + · · ·+ cnxn = 0

are each nontrivial subspaces.

(b) C(n)[a, b]: The space of all complex-valued functions with continu-

ous derivatives of orders 0, 1, 2, . . . n on the closed, bounded interval

[a, b] of the real line. Let t ∈ [a, b], i.e., a ≤ t ≤ b with a < b. Vector

addition and scalar multiplication of functions u, v ∈ C(n)[a, b] are

defined by

[u+ v](t) = u(t) + v(t) [αu](t) = αu(t).

The zero vector is the function Θ(t) ≡ 0.

(c) S(I): The space of all complex-valued step functions on the (bounded

or unbounded) interval I on the real line.3 s is a step function on

J if there are a finite number of non-intersecting bounded inter-

vals I1, . . . , Im and complex numbers c1, . . . , cm such that s(t) = ck
for t ∈ Ik, k = 1, . . . ,m and s(t) = 0 for t ∈ I − ∪mk=1Ik. Vector

addition and scalar multiplication of step functions s1, s2 ∈ S(I) are

defined by

[s1 + s2](t) = s1(t) + s2(t) [αs1](t) = αs1(t).

(One needs to check that s1 + s2 and αs1 are step functions.) The

zero vector is the function Θ(t) ≡ 0.

3 Intervals I are the only connected subsets of R of the form:

– closed, meaning [a, b] := {x ∈ R : a ≤ x ≤ b}
– open, meaning (a, b) := {x ∈ R : a < x < b}
– half open, meaning [a, b) or (a, b] where

[a, b) := {x ∈ R : a ≤ x < b}

and (a, b] is similarly defined. If either a or b is ±∞, then J is open at a or b
and J is unbounded. Otherwise, it is bounded.
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(d) A(I): The space of all analytic functions on an open interval I. Here,

we recall that f is analytic on I if all its n ≥ 1 orders derivatives exist

and are finite on I and given any fixed a ∈ I, the series
∑∞
n=0 f

(n)(a)

(x− a)n/n! converges to f(x) for all x close enough to a.

(e) For clarity, we add a few examples of sets which are not subspaces.

We consider V3 for simplicity as our underlying vector space.

– The set of all vectors of the form (u1, u2, 1) ∈ R3. Note that

(0, 0, 0) is not in this set.

– The positive octant {(u1, u2, u3) : ui ≥ 0, 1 ≤ i ≤ 3}. Note that

this set is not closed under multiplication by negative scalars. 4

We now show that given any finite collection of vectors say

u(1), u(2), . . . , u(m) in V for some m ≥ 1, it is always possible to construct

a subspace of V containing u(1), u(2), . . . , u(m) and, moreover, this is the

smallest (nontrivial) subspace of V containing all these vectors. Indeed,

we have

Lemma 1.5 Let u(1), u(2), . . . , u(m) be a set of vectors in the vector

space V . Denote by [u(1), u(2), . . . , u(m)] the set of all vectors of the form

α1u
(1) +α2u

(2) + · · ·+αmu
(m) for αi ∈ F. The set [u(1), u(2), . . . , u(m)],

called the span of the set
{
u(1), ..., u(m)

}
, is the smallest subspace of V

containing u(1), u(2), . . . , u(m).

Proof Let u, v ∈ [u(1), u(2), . . . , u(m)]. Thus,

u =

m∑
i=1

αiu
(i), v =

m∑
i=1

βiu
(i)

so

αu+ βv =

m∑
i=1

(ααi + ββi)u
(i) ∈ [u(1), u(2), . . . , u(m)].

Clearly any subspace of V , containing u(1), u(2), . . . , u(m) will contain

[u(1), u(2), . . . , u(m)]. 2

Note that spanning sets in vector spaces generalize the geometric no-

tion of two vectors spanning a plane in R3. We now present three def-

initions of linear independence, dimensionality and basis and a useful

characterization of a basis. We begin with the idea of linear indepen-

dence. Often, all the vectors used to form a spanning set are essential.

4 In fact, see Exercise 1.7, it is instructive to show that there are only two
nontrivial subspaces of R3. (1) A plane passing through the origin and (2) a line
passing through the origin.
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For example, if we wish to span a plane in R3, we cannot use fewer than

two vectors since the span of one vector is a line and thus not a plane.

In some problems, however, some elements of a spanning set may be

redundant. For example, we only need one vector to describe a line in

R3 but if we are given two vectors which are parallel then their span is

a line and so we really only need one of these to prescribe the line. The

idea of removing superfluous elements from a spanning set leads to the

idea of linear dependence which is given below.

Definition 1.6 The elements u(1), u(2), . . . , u(p) of V are linearly inde-

pendent if the relation α1u
(1) +α2u

(2) + · · ·+αpu(p) = Θ for αi ∈ F holds

only for α1 = α2 = · · · = αp = 0. Otherwise u(1), . . . , u(p) are linearly

dependent.

Examples 1.7 (a) Any collection of vectors which includes the zero

vector is linearly dependent.

(b) Two vectors are linearly dependent iff they are parallel. Indeed, if

u(1) = cu(2) for some c ∈ F and vectors u(1), u(2) ∈ V , then u(1) −
cu(2) = Θ is a nontrivial linear combination of u(1) and u(2) summing

to Θ. Conversely, if c1u
(1) + c2u

(2) = Θ and c1 6= 0, then u(1) =

−(c2/c1)u(2) and if c1 = 0 and c2 6= 0, then u(2) = Θ.

(c) The basic monomials
{

1, x, x2, x3, ..., xn
}

are linearly independent.

See Exercise 1.9.

(d) The set of quadratic trigonometric functions{
1, cosx, sinx, cos2 x, cosx sinx, sin2 x

}
is linearly dependent. Hint: use the fact that cos2 x+ sin2 x = 1.

Next, we have

Definition 1.8 V is n-dimensional if there exist n linearly independent

vectors in V and any n+ 1 vectors in V are linearly dependent.

Definition 1.9 V is finite dimensional if V is n-dimensional for some

integer n. Otherwise V is infinite dimensional.

For example, Vn is finite dimensional and all of the spaces C(n)[a, b],

S(I) and A(I) are infinite dimensional. Next, we define the concept of

a basis. In order to span a vector space or subspace, we know that we

must use a sufficient number of distinct elements. On the other hand,

we also know that including too many elements in a spanning set causes

problems with linear independence. Optimal spanning sets are called

bases. Bases are fundamental in signal processing, linear algebra, data

compression, imaging, control and many other areas of research. We have
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Definition 1.10 If there exist vectors u(1), . . . , u(n), linearly indepen-

dent in V and such that every vector u ∈ V can be written in the form

u = α1u
(1) + α2u

(2) + · · ·+ αnu
(n), αi ∈ F,

({u(1), . . . , u(n)} spans V ), then V is n-dimensional. Such a set

{u(1), . . . , u(n)} is called a basis for V .

The following theorem gives a useful characterization of a basis.

Theorem 1.11 Let V be an n-dimensional vector space and u(1), . . . , u(n)

a linearly independent set in V . Then u(1), . . . , u(n) is a basis for V and

every u ∈ V can be written uniquely in the form

u = β1u
(1) + β2u

(2) + · · ·+ βnu
(n).

Proof Let u ∈ V . Then the set u(1), . . . , u(n), u is linearly dependent.

Thus there exist α1, · · · , αn+1 ∈ F, not all zero, such that

α1u
(1) + α2u

(2) + · · ·+ αnu
(n) + αn+1u = Θ.

If αn+1 = 0 then α1 = · · · = αn = 0. But this cannot happen, so

αn+1 6= 0 and hence

u = β1u
(1) + β2u

(2) + · · ·+ βnu
(n), βi = − αi

αn+1
.

Now suppose

u = β1u
(1) + β2u

(2) + · · ·+ βnu
(n) = γ1u

(1) + γ2u
(2) + · · ·+ γnu

(n).

Then

(β1 − γ1)u(1) + · · ·+ (βn − γn)u(n) = Θ.

But the ui form a linearly independent set, so β1− γ1 = 0, . . . , βn −
γn = 0. 2

Examples 1.12 • Vn: A standard basis is:

e(1) = (1, 0, . . . , 0), e(2) = (0, 1, 0, . . . , 0), . . . , e(n) = (0, 0, . . . , 1).

Proof

(α1, . . . , αn) = α1e
(1) + · · ·+ αne

(n),

so the vectors span. They are linearly independent because

(β1, · · · , βn) = β1e
(1) + · · ·+ βne

(n) = Θ = (0, · · · , 0)

if and only if β1 = · · · = βn = 0. 2
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• V∞, the space of all (real or complex) infinity-tuples

(α1, α2, . . . , αn, · · · ).

1.2 Inner products and norms

The geometry of Euclidean space is built on properties of length and

angle. The abstract concept of a norm on a vector space formalizes the

geometrical notion of the length of a vector. In Euclidean geometry,

the angle between two vectors is specified by their dot product which

is itself formalized by the concept of inner product. As we shall see,

norms and inner products are basic in signal processing. As a warm up,

in this section, we will prove one of the most important inequalities in

the theory, namely the Cauchy–Schwarz inequality, valid in any inner

product space. The more familiar triangle inequality, follows from the

definition of a norm. Complete inner product spaces, Hilbert spaces, are

fundamental in what follows.

Definition 1.13 A vector space N over F is a normed linear space

(pre Banach space) if to every u ∈ N there corresponds a real scalar

||u|| (called the norm of u) such that

1. ||u|| ≥ 0 and ||u|| = 0 if and only if u = 0.

2. ||αu|| = |α| ||u|| for all α ∈ F.

3. Triangle inequality. ||u+ v|| ≤ ||u||+ ||v|| for all u, v ∈ N .

Assumption 3 is a generalization of the familiar triangle inequality in

R2 that the length of any side of a triangle is bounded by the sum of the

lengths of the other sides. This fact is actually an immediate consequence

of the Cauchy–Schwarz inequality which we will state and prove later in

this chapter.

Examples 1.14 • C(n)[a, b]: Set of all complex-valued functions with

continuous derivatives of orders 0, 1, 2, . . . , n on the closed interval

[a, b] of the real line. Let t ∈ [a, b], i.e., a ≤ t ≤ b with a < b. Vector

addition and scalar multiplication of functions u, v ∈ C(n)[a, b] are

defined by

[u+ v](t) = u(t) + v(t), [αu](t) = αu(t).

The zero vector is the function Θ(t) ≡ 0. We defined this space earlier,

but now we provide it with a norm defined by ||u|| =
∫ b
a
|u(t)| dt.
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• S1(I): Set of all complex-valued step functions on the (bounded or

unbounded) interval I on the real line with norm to be defined. This

space was already introduced as (c) in Examples 1.4, but here we

add a norm. The space is infinite-dimensional. We define the integral

of a step function as the “area under the curve,” i.e.,
∫
I
s(t)dt ≡∑m

k=1 ck`(Ik) where `(Ik) = length of Ik = b− a if Ik = [a, b] or [a, b),

or (a, b] or (a, b). Note that

1. s ∈ S(I) =⇒ |s| ∈ S(I).

2. |
∫
I
s(t)dt| ≤

∫
I
|s(t)|dt.

3. s1, s2 ∈ S(I) =⇒ α1s1 + α2s2 ∈ S(I) and
∫
I
(α1s1 + α2s2)(t)dt =

α1

∫
I
s1(t)dt+ α2

∫
I
s2(t)dt.

Now we define the norm by ||s|| =
∫
I
|s(t)|dt. Finally, we adopt the

rule that we identify s1, s2 ∈ S(I), i.e., s1 ∼ s2, if s1(t) = s2(t) except

at a finite number of points. (This is needed to satisfy property 1 of

the norm.) Now we let S1(I) be the space of equivalence classes of step

functions in S(I). Then S1(I) is a normed linear space with norm ||·||.

Definition 1.15 A vector space H over F is an inner product space or

pre Hilbert space if to every ordered pair u, v ∈ H there corresponds a

scalar (u, v) ∈ F such that

Case 1: F = C, Complex field

1. (u, v) = (v, u) [symmetry]

2. (u+ v, w) = (u,w) + (v, w) [linearity]

3. (αu, v) = α(u, v), for all α ∈ C [homogeneity]

4. (u, u) ≥ 0, and (u, u) = 0 if and only if u = Θ [positivity]

Note: (u, αv) = ᾱ(u, v).

Case 2: F = R, Real field

1. (u, v) = (v, u) [symmetry]

2. (u+ v, w) = (u,w) + (v, w) [linearity]

3. (αu, v) = α(u, v), for all α ∈ R [homogeneity]

4. (u, u) ≥ 0, and (u, u) = 0 if and only if u = 0 [positivity]

Note: (u, αv) = α(u, v).

Unless stated otherwise, we will consider complex inner product spaces

from now on. The real case is usually an obvious restriction.
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Definition 1.16 Let H be an inner product space with inner prod-

uct (u, v). The norm ||u|| of u ∈ H is the nonnegative number ||u|| =√
(u, u).

We now introduce a fundamental inequality which is valid for any

inner product on any vector space. This inequality is inspired by the

geometric interpretation of the dot product on Euclidean space in terms

of the angle between vectors. It is named after two of the founders of

modern analysis, Augustin Cauchy and Herman Schwarz who first estab-

lished it in the case of the L2 inner product.5 In Euclidean geometry, the

dot product between any two vectors can be characterized geometrically

by the equation

u · w = ||u|| ||w|| cos θ

where θ measures the angle between the vectors u and w. As cos θ is

bounded by 1 for any argument, we have that the absolute value of the

dot product is bounded by the product of the lengths of the vectors

|u · w| ≤ ||u|| ||w||.

This is the simplest form of the Cauchy–Schwarz inequality which we

state below.

Theorem 1.17 Schwarz inequality. Let H be an inner product space

and u, v ∈ H. Then

|(u, v)| ≤ ||u|| ||v||.

Equality holds if and only if u, v are linearly dependent.

Proof We can suppose u, v 6= Θ. Set w = u + αv, for α ∈ C. Then

(w,w) ≥ 0 and = 0 if and only if u+ αv = Θ. Hence

(w,w) = (u+ αv, u+ αv) = ||u||2 + |α|2 ||v||2 + α(v, u) + ᾱ(u, v) ≥ 0.

Set α = −(u, v)/||v||2. Then

||u||2 +
|(u, v)|2

||v||2
− 2
|(u, v)|2

||v||2
≥ 0.

Thus |(u, v)|2 ≤ ||u||2 ||v||2. 2

Theorem 1.18 Properties of the norm. Let H be an inner product space

with inner product (u, v). Then

5 Some mathematicians give credit for this inequality to the Russian
mathematician Viktor Bunyakovskii.



DAMELIN: “MASTERFILE” — 2011/10/28 — 14:44 — PAGE 13 — #21

1.2 Inner products and norms 13

• ||u|| ≥ 0 and ||u|| = 0 if and only if u = Θ.

• ||αu|| = |α| ||u||.
• Triangle inequality. ||u+ v|| ≤ ||u||+ ||v||.
Proof

||u+ v||2 = (u+ v, u+ v) = ||u||2 + (u, v) + (v, u) + ||v||2

≤ ||u||2 + 2||u|| ||v||+ ||v||2 = (||u||+ ||v||)2.

2

Examples 1.19 • Hn. This is the space of complex n-tuples Vn with

inner product

(u, v) =

n∑
i=1

uivi

for vectors

u = (u1, . . . , un), v = (v1, . . . , vn), ui, vi ∈ C.

• Rn This is the space of real n-tuples Vn with inner product

(u, v) =

n∑
i=1

uivi

for vectors

u = (u1, . . . , un), v = (v1, . . . , vn), ui, vi ∈ R.

Note that (u, v) is just the dot product. In particular for R3 (Euclidean

3-space) (u, v) = ||u|| ||v|| cosφ where ||u|| =
√
u2

1 + u2
2 + u2

3 (the

length of u), and cosφ is the cosine of the angle between vectors u

and v. The triangle inequality ||u+ v|| ≤ ||u||+ ||v|| says in this case

that the length of one side of a triangle is less than or equal to the

sum of the lengths of the other two sides.

• Ĥ∞, the space of all complex infinity-tuples

u = (u1, u2, . . . , un, . . .)

such that only a finite number of the ui are nonzero. (u, v) =
∑∞
i=1 uivi.

• H∞, the space of all complex infinity-tuples

u = (u1, u2, . . . , un, . . .)

such that
∑∞
i=1 |ui|2 < ∞. Here, (u, v) =

∑∞
i=1 uivi. (Later, we will

verify that this is a vector space.)
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• `2, the space of all complex infinity-tuples

u = (. . . , u−1, u0, u1, . . . , un, . . .).

such that
∑∞
i=−∞ |ui|2 < ∞. Here, (u, v) =

∑∞
i=−∞ uivi. (Later, we

will verify that this is a vector space.)

• C(n)
2 [a, b]: The set of all complex-valued functions u(t) with continuous

derivatives of orders 0, 1, 2, . . . n on the closed interval [a, b] of the real

line. We define an inner product by

(u, v) =

∫ b

a

u(t)v(t) dt, u, v ∈ C(n)
2 [a, b].

• C(n)
2 (a, b): Set of all complex-valued functions u(t) with continuous

derivatives of orders 0, 1, 2, · · ·n on the open interval (a, b) of the real

line, such that
∫ b
a
|u(t)|2 dt < ∞, (Riemann integral). We define an

inner product by

(u, v) =

∫ b

a

u(t)v(t) dt, u, v ∈ C(n)
2 (a, b).

Note: u(t) = t−1/3 ∈ C(2)
2 (0, 1), but v(t) = t−1 doesn’t belong to this

space.

• S2(I): Space of all complex-valued step functions on the (bounded

or unbounded) interval I on the real line. This space was already

introduced as (c) in Examples 1.4, but now we equip it with an inner

product. Note that the product of step functions, defined by s1s2(t) ≡
s1(t)s2(t) is a step function, as are |s1| and s̄1. We earlier defined the

integral of a step function as
∫
I
s(t)dt ≡

∑m
k=1 ck`(Ik) where `(Ik) =

length of Ik = b − a if Ik = [a, b] or [a, b), or (a, b] or (a, b). Now

we define the inner product by (s1, s2) =
∫
I
s1(t)s2(t)dt. Finally, we

adopt the rule that s1, s2 ∈ S(I) are identified, s1 ∼ s2 if s1(t) = s2(t)

except at a finite number of points. (This is needed to satisfy property

4 of the inner product, Definition 8.) Now we let S2(I) be the space of

equivalence classes of step functions in S(I). Then S2(I) is an inner

product space.

1.3 Finite-dimensional `p spaces

In the mathematics of signal processing it is conceptually very appealing

to work with general signals defined in infinite-dimensional spaces, such

as the space of square integrable functions on the real line, so that we

can apply the tools of calculus. On the other hand, the signals that are
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received, processed and transmitted in practice are almost always finite

and discrete. For example, a digital photograph is determined completely

by a vector of n pixels where each pixel is described by an integer that

denotes its color and intensity. Cell phone conversations are sampled and

digitized for transmission and reconstruction. Thus, while much of our

analysis will be carried out in the infinite-dimensional arena, to connect

with practical signal processing we will ultimately need to confront the

reality of finite signals. In preparation for this confrontation we will

introduce and study a family of norms on the vector space Cn of complex

n-tuples

x = (x1, x2, . . . , xn).

(However, virtually all our results restrict naturally to norms on the

space Rn of real n-tuples.) Intuitively, we will consider our signals as

vectors x, y ∈ Cn for some fixed n and use ||x − y|| to measure how

closely x approximates y with respect to the norm || · ||.
Let p ≥ 1 be a real number. We define the `p norm of the vector

x ∈ Cn by

||x||p =

 n∑
j=1

|xj |p
 1
p

. (1.1)

To justify the name, we need to verify that ||x||p is in fact a norm,

that it satisfies the triangle inequality ||x+ y||p ≤ ||x||p + ||y||p for each

p ≥ 1. For p = 2 this follows immediately from the Cauchy–Schwarz

inequality, while for p = 1 it is a simple consequence of the inequality

|α + β| ≤ |α| + |β| for the absolute values of complex numbers. For

general p > 1 the proof is more involved.

Given p > 1 there is a unique q > 1 such that 1/p + 1/q = 1. In-

deed, q = p/(p − 1). A fundamental result is the following elementary

inequality.

Lemma 1.20 Let α, β, γ > 0. Then

αβ ≤ γpαp

p
+
γ−qβq

q
.

Proof The verification is via basic calculus. Consider the function

f(γ) =
γpαp

p
+
γ−qβq

q

over the domain γ > 0. We wish to find the absolute minimum value of

this function. It is easy to verify that this absolute minimum must occur
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at a critical point of f , i.e., at a value γ such that f ′(γ) = γp−1αp −
βq/γq+1 = 0. Thus the minimum occurs at γ0 = β1/p/α1/q, and

f(γ0) =
γp0α

p

p
+
γ−q0 βq

q
= (

β
1
p

α
1
q

)p
αp

p
+ (

α
1
q

β
1
p

)q
βq

q
= αβ.

2

This result leads directly to Hölder’s inequality.

Theorem 1.21 Let p, q > 1 such that 1/p + 1/q = 1 and x, y ∈ Cn.

Then

|
n∑
j=1

xjyj | ≤ ||x||p · ||y||q. (1.2)

Proof Applying Lemma 1.20 for each j we have

|
n∑
j=1

xjyj | ≤
n∑
j=1

|xj | · |yj | ≤
n∑
j=1

(
λp

p
|xj |p +

λ−q

q
|yj |q

)

=
λp

p
||x||pp +

λ−q

q
||y||qq, (1.3)

for any λ > 0. To get the strongest inequality we choose λ to minimize

the right-hand side of (1.3). A simple calculus argument shows that the

minimum is achieved for λ0 = ||y||1/pq /||x||1/qp . Substituting λ = λ0 in

(1.3), we obtain Hölder’s inequality. 2

Note that the special case p = q = 2 of Hölder’s inequality is the

Cauchy–Schwarz inequality for real vector spaces.

Corollary 1.22 || · ||p is a norm on Cn for p ≥ 1.

Proof It is evident from the explicit expression (1.1) that ||cx||p =

|c| ||x||p for any constant c and any x ∈ Cn. Further ||x||p = 0 ⇐⇒
x = Θ. The only nontrivial fact to prove is that the triangle inequality

||x+ y||p ≤ ||x||p + ||y||p (1.4)

is satisfied for all x, y ∈ Cn. This is evident for p = 1. For p > 1 we

employ the Hölder inequality. For fixed j we have

|xj + yj |p = |xj + yj | · |xj + yj |p−1 ≤ |xj | |xj + yj |p−1 + |yj | |xj + yj |p−1.

Summing on j and applying the Hölder inequality to each of the sums

on the right-hand side, we obtain

||x+ y||pp ≤ (||x||p + ||y||p) ||z||q
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where ||z||q = ||x||p/qp = ||x||p−1
p . Dividing both sides of the inequality

by ||z||q we obtain the desired result. 2

We have introduced a family of norms on Cn, indexed by the real

number p ≥ 1. The space with this norm is called `p. One extreme

case of this family is p = 1, which we can characterize as the limit

||x||1 = limp→1+ ||x||p. On the other hand we can let p grow without

bound and obtain a new norm || · ||∞ in the limit. This norm is defined

by

||x||∞ = max
j=1,...,n

|xj |, (1.5)

i.e., the maximum absolute value of the components xj of x. The proof

of the following result is elementary and is left to the exercises.

Theorem 1.23 || · ||∞ is a norm on Cn and satisfies the properties

||x||∞ = limp→∞ ||x||p and ||x||∞ ≤ ||x||p for any p ≥ 1.

Now we show that ||x||p is a monotonically decreasing function of p.

The proof is elementary, but takes several steps.

Lemma 1.24 If p ≥ 1 then (|y1|+ |y2|)p ≥ |y1|p + |y2|p.

Proof It is a simple exercise to see that the statement of the lemma is

equivalent to showing that the function

f(x) = (1 + x)p − 1− xp ≥ 0

for all x ≥ 0. Note that f(0) = 0 and f ′(0+) = p > 0 so that the

function is monotonically increasing from 0 for small x. The derivative

f ′(x) = p[(1 + x)p−1 − xp−1] is continuous for all positive x and never

vanishes. Thus always f ′(x) > 0 so f(x) is a monotonically increasing

function that is strictly positive for all x > 0. 2

Lemma 1.25 If p ≥ 1 then

(|y1|+ |y2|+ · · ·+ |yn|)p ≥ |y1|p + |y2|p + · · ·+ |yn|p. (1.6)

This result is true for n = 2 by the previous lemma. The result is then

established for general n by mathematical induction.

Theorem 1.26 If s > r ≥ 1 then ||x||r ≥ ||x||s for all x ∈ Cn.

Proof Set yj = |xj |r, p = s/r in (1.6). Thus we have

(|x1|r + |x2|r + · · ·+ |xn|r)s/r ≥ |x1|s + |x2|s + · · ·+ |xn|s.

Taking the sth root of both sides of the inequality we obtain ||x||r ≥
||x||s. 2
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We conclude that ||x||1 ≥ ||x||p ≥ ||x||∞ for all p > 1 and that ||x||p is

a monotonically decreasing function of r. We can illustrate graphically

the relation between the `p norms. The unit ball in `p is the set of all

x ∈ Cn such that ||x||p ≤ 1. For n = 2 and real vectors x ∈ R2 we can

construct the boundaries of the unit ball for various norms. Consider the

boundary ||x|| = |x1|+ |x2| = 1 of the `1-ball. In the first quadrant this

curve is the line segment x1 + x2 = 1, x1, x2 ≥ 0, whereas in the second

quadrant it is the line segment −x1+x2 = 1, x2 ≥ 0, x1 ≤ 0. Continuing

in this way we observe that the `1 unit ball is the interior and boundary

of the square with vertices at the points (±1, 0), (0,±1). Even simpler,

the unit `2-ball is the interior and boundary of the circle centered at

(0, 0) and with radius 1. The unit `∞ ball is the interior and boundary of

the square with vertices at (±1,±1). Figure 1.1 shows the relationships

between these unit balls. The `p balls for general p > 1 have an oval

shape and all balls go through the vertices (±1, 0), (0,±1). For n > 2

the situation is similar. Only the `1 and `∞-balls have hyperplanes for

boundaries; the rest have smooth curved boundaries. The 2n intersection

points of the coordinate axes with the unit `2-ball lie on all `p-balls.

As is true for all norms on finite-dimensional spaces, every `r norm

is commensurate to every `s norm. That is, there are positive constants

cr,s, dr,s such that

cr,s||x||s ≤ ||x||r ≤ dr,s||x||s

for all x ∈ Cn. For example ||x||∞ ≤ ||x||r ≤ n1/r||x||∞ as the reader

can verify. An important inequality that we shall employ later is

||x||2 ≤ ||x||1 ≤
√
n||x||2. (1.7)

The right-hand side of this expression follows from the Cauchy–Schwarz

inequality for the dot product of x and e = (1, 1, . . . , 1) ∈ Cn:

||x||1 =

n∑
j=1

1|xj | ≤ ||e||2||x||2 =
√
n||x||2.

The only `p normed space with a norm inherited from an inner product

is `2. In view of the fact that calculations are generally much easier for

inner product spaces than for spaces that are merely normed, one might

question the need for introducing the other norms in this book. However,

it turns out that some of these other norms are extremely useful in signal
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Figure 1.1 Unit balls for `p spaces with n = 2.

processing applications. In particular the `1 norm will play a critical role

in the sensing of sparse signals.

Exercise 1.1 Verify explicitly that || · ||1 is a norm on Cn.

Exercise 1.2 Verify explicitly the steps in the proof of the Hölder

inequality.

Exercise 1.3 Prove Theorem 1.23.

Exercise 1.4 Prove Lemma 1.25.
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1.4 Digging deeper: completion of inner product
spaces

In practice we are often presented with a vector space V which may not

be complete, in a sense that we will make precise below. We describe a

method to embed V in a larger space which is complete. This process is

called completion.

Consider the space R of the real numbers which can be constructed

from the more basic space R′ of rational numbers. The norm of a rational

number r is just the absolute value |r|. Every rational number can be

expressed as a ratio of integers r = n/m. The rationals are closed under

addition, subtraction, multiplication and division by nonzero numbers.

Why don’t we stick with the rationals and not bother with real numbers?

The basic problem is that we cannot do analysis (calculus, etc.) with

the rationals because they are not closed under limiting processes. For

example
√

2 wouldn’t exist. The Cauchy sequence 1, 1.4, 1.41, 1.414, . . .

wouldn’t diverge, but would fail to converge to a rational number. There

is a “hole” in the field of rational numbers and we label this hole by√
2. We say that the Cauchy sequence above and all other sequences

approaching the same hole are converging to
√

2. Each hole can be iden-

tified with the equivalence class of Cauchy sequences approaching the

hole. The reals are just the space of equivalence classes of these sequences

with appropriate definitions for addition and multiplication. Each ratio-

nal number r corresponds to a constant Cauchy sequence r, r, r, . . . so

the rational numbers can be embedded as a subset of the reals. Then

one can show that the reals are closed: every Cauchy sequence of real

numbers converges to a real number. We have filled in all of the holes

between the rationals. The reals are the closure of the rationals.

Exercise 1.5 Show that there are “holes” in the rationals by demon-

strating that
√
p cannot be rational for a prime integer p. Hint: if√

p is rational then there are relatively prime integers m,n such that√
p = m/n, so m2 = pn2.

The same idea works for inner product spaces and it also underlies

the relation between the Riemann integral and the Lebesgue integral.

To develop this idea further, it is convenient to introduce the simple but

general concept of a metric space. We will carry out the basic closure

construction for metric spaces and then specialize to inner product and

normed spaces. It is not essential to follow all of the details of these

constructions, particularly on a first reading. However it is important
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to grasp the essence of the argument, which is one of the great ideas in

mathematics. You will note that, although the details are complicated,

the same basic ideas are employed at each step of the construction.

Definition 1.27 A set M is called a metric space if for each u, v ∈ M
there is a real number ρ(u, v) (the metric) such that

1. ρ(u, v) ≥ 0, and ρ(u, v) = 0 if and only if u = v

2. ρ(u, v) = ρ(v, u)

3. ρ(u,w) ≤ ρ(u, v) + ρ(v, w) (triangle inequality).

Remark: Normed spaces are metric spaces: ρ(u, v) = ||u− v||.

Definition 1.28 A sequence u(1), u(2), . . . in M is called a Cauchy

sequence if for every ε > 0 there exists an integer N(ε) such that

ρ(u(n), u(m)) < ε whenever n,m > N(ε).

Definition 1.29 A sequence u(1), u(2), . . . inM is convergent if for every

ε > 0 there exists an integer M(ε) such that ρ(u(n), u) < ε whenever

n,m > M(ε). Here u is the limit of the sequence, and we write u =

limn→∞ u(n).

Lemma 1.30 (1) The limit of a convergent sequence is unique.

(2) Every convergent sequence is Cauchy.

Proof (1) Suppose u = limn→∞ u(n), v = limn→∞ u(n). Then ρ(u, v) ≤
ρ(u, u(n))+ρ(u(n), v)→ 0 as n→∞. Therefore ρ(u, v) = 0, so u = v. (2)

{u(n)} converges to u implies ρ(u(n), u(m)) ≤ ρ(u(n), u) + ρ(u(m), u)→ 0

as n,m→∞. 2

Definition 1.31 A metric space M is complete if every Cauchy se-

quence in M converges in M.

Examples 1.32 Some examples of metric spaces:

• Any normed space. ρ(u, v) = ||u− v||. Finite-dimensional inner prod-

uct spaces are complete.

• The space C of complex numbers is complete under the absolute value

metric ρ(u, v) = |u− v|.
• M as the set of all rationals on the real line. ρ(u, v) = |u − v| for

rational numbers u, v (absolute value). Here M is not complete.

Definition 1.33 A subset M′ of the metric space M is dense in M
if for every u ∈ M there exists a sequence {u(n)} ⊂ M such that

u = limn→∞ u(n).
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Definition 1.34 Two metric spacesM1,M2 are isometric if there is a

1-1 onto map f : M1 →M2 such that ρ2(f(u), f(v)) = ρ1(u, v) for all

u, v ∈M1.

Remark: We identify isometric spaces.

Theorem 1.35 Given an incomplete metric space M we can extend it

to a complete metric space M (the completion of M) such that (1) M
is dense in M. (2) Any two such completions M′, M′′ are isometric.

Proof (divided into parts)

1.

Definition 1.36 Two Cauchy sequences {u(n)}, {ũ(n)} in M are

equivalent ({u(n)} ∼ {ũ(n)}) if ρ(u(n), ũ(n))→ 0 as n→∞.

Clearly ∼ is an equivalence relation, i.e.,

1. {u(n)} ∼ {u(n)}, reflexive

2. If {u(n)} ∼ {v(n)} then {v(n)} ∼ {u(n)}, symmetric

3. If {u(n)} ∼ {v(n)} and {v(n)} ∼ {w(n)} then {u(n)} ∼ {w(n)},
transitive.

Let M be the set of all equivalence classes of Cauchy sequences. An

equivalence class u consists of all Cauchy sequences equivalent to a

given {u(n)}.
2. M is a metric space. Define ρ(u, v) = limn→∞ ρ(u(n), v(n)), where

{u(n)} ∈ u, {v(n)} ∈ v.

1. ρ(u, v) exists.

Proof

ρ(u(n), v(n)) ≤ ρ(u(n), u(m)) + ρ(u(m), v(m)) + ρ(v(m), v(n)),

so

ρ(u(n), v(n))− ρ(u(m), v(m)) ≤ ρ(u(n), u(m)) + ρ(v(m), v(n)),

and

|ρ(u(n), v(n))− ρ(u(m), v(m))| ≤ ρ(u(n), u(m)) + ρ(v(m), v(n))→ 0

as n,m→∞. 2
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2. ρ(u, v) is well defined.

Proof Let {u(n)}, {u(n′)} ∈ u, {v(n)}, {v(n′)} ∈ v. Does limn→∞
ρ(u(n), v(n)) = limn→∞ ρ(u(n′), v(n′))? Yes, because

ρ(u(n), v(n)) ≤ ρ(u(n), u(n′)) + ρ(u(n′), v(n′)) + ρ(v(n′), v(n)),

so

|ρ(u(n), v(n))− ρ(u(n′), v(n′))| ≤ ρ(u(n), u(n′)) + ρ(v(n′), v(n))→ 0

as n→∞. 2

3. ρ is a metric on M, i.e.

1. ρ(u, v) ≥ 0, and = 0 if and only if u = v

Proof ρ(u, v) = limn→∞ ρ(u(n), v(n)) ≥ 0 and = 0 if and only if

{u(n)} ∼ {v(n)}, i.e., if and only if u = v. 2

2. ρ(u, v) = ρ(v, u), obvious

3. ρ(u, v) ≤ ρ(u,w) + ρ(w, v), easy

4. M is isometric to a metric subset S of M.

Proof Consider the set S of equivalence classes u all of whose

Cauchy sequences converge to elements of M. If u is such a class

then there exists u ∈M such that limn→∞ u(n) = u if {u(n)} ∈ u.

Note that u, u, . . . , u, . . . ∈ u (stationary sequence). The map u↔
u is a 1-1 map of M onto S. It is an isometry since

ρ(u, v) = lim
n→∞

ρ(u(n), v(n)) = ρ(u, v)

for u, v ∈ S, with {u(n)} = {u} ∈ u, {v(n)} = {v} ∈ v. 2

5. M is dense in M.

Proof Let u ∈M, {u(n)} ∈ u. Consider

s(k) = {u(k), u(k), . . . , u(k), . . .} ∈ S =M, k = 1, 2, . . .

Then ρ(u, s(k)) = limn→∞ ρ(u(n), u(k)). But {u(n)} is Cauchy in

M. Therefore, given ε > 0, if we choose k > N(ε) we have

ρ(u, s(k)) < ε. 2

6. M is complete.

Proof Let {v(k)} be a Cauchy sequence in M. For each k choose

s(k) = {u(k), u(k), . . . , u(k), . . .} ∈ S =M, (a stationary sequence),

such that ρ(v(k), s(k)) < 1/k, k = 1, 2, . . . . Then

ρ(u(j), u(k)) = ρ(s(j), s(k)) ≤ ρ(s(j), v(j)) + ρ(v(j), v(k))

+ ρ(v(k), s(k))→ 0
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as j, k →∞. Therefore u = {u(k)} is Cauchy in M. Now

ρ(u, v(k)) ≤ ρ(u, s(k)) + ρ(s(k), v(k))→ 0

as k →∞. Therefore limk→∞ v(k) = u. 2

Remark: Step 6 is crucial and the justification of the entire construction.

1.4.1 Completion of a normed linear space

Here B is a normed linear space with norm ρ(u, v) = ||u − v||. We will

show how to extend it to a complete normed linear space, called a Banach

space. This is now easy, because of our construction of the completion

of a metric space.

Definition 1.37 Let S be a subspace of the normed linear space B. S is

a dense subspace of B if it is a dense subset of B. S is a closed subspace

of B if every Cauchy sequence {u(n)} in S converges to an element of S.

(Note: If B is a Banach space then so is S.)

Theorem 1.38 An incomplete normed linear space B can be extended

to a Banach space B such that B is a dense subspace of B.

Proof By Theorem 1.35 we can extend the metric space B to a complete

metric space B such that B is dense in B.

1. B is a vector space.

1. u, v ∈ B −→ u+ v ∈ B.
If {u(n)} ∈ u, {v(n)} ∈ v, define u + v = u+ v as the equivalence

class containing {u(n) +v(n)}. Now {u(n) +v(n)} is Cauchy because

||(u(n) +v(n))−(u(m)−v(m))|| ≤ ||u(n)−u(m)||+ ||v(n)−v(m)|| → 0

as n,m→∞. It is easy to check that addition is well defined.

2. α ∈ C, u ∈ B −→ αu ∈ B.

If {u(n)} ∈ u, define αu ∈ B as the equivalence class containing

{αu(n)}, Cauchy because ||αu(n) − αu(m)|| ≤ |α| ||u(n) − u(m)||.
2. B is a Banach space.

Define the norm ||u||′ on B by ||u||′ = ρ(u,Θ) = limn→∞ ||u(n)||
where Θ is the equivalence class containing {Θ,Θ, . . .}. Positivity is

easy. Let α ∈ C, {un} ∈ u. Then ||αu||′ = ρ(αu,Θ) = limn→∞ ||αu(n)||
= |α| limn→∞ ||u(n)|| = |α| ρ(u,Θ) = |α| ||u||′. We have ||u + v||′ =

ρ(u+v,Θ) ≤ ρ(u+v, v)+ρ(v,Θ) = ||u||′+ ||v||′, because ρ(u+v, v) =

limn→∞ ||(u(n) + v(n))− v(n)|| = limn→∞ ||u(n)|| = ||u||′. 2
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1.4.2 Completion of an inner product space

Here H is an inner product space with inner product (u, v) and norm

ρ(u, v) = ||u − v||. We will show how to extend it to a complete inner

product space, called a Hilbert Space.

Theorem 1.39 Let H be an inner product space and {u(n)}, {v(n)} con-

vergent sequences in H with limn→∞ u(n) = u, limn→∞ v(n) = v. Then

lim
n→∞

(u(n), v(n)) = (u, v).

Proof We must first show that ||u(n)|| is bounded for all n. We have

{u(n)} converges −→ ||u(n)|| ≤ ||u(n)−u||+ ||u|| < ε+ ||u|| for n > N(ε).

Set K = max{||u(1)||, . . . , ||u(N(ε))||, ε + ||u||}. Then ||u(n)|| ≤ K for all

n. Thus

|(u, v)− (u(n), v(n))| = |(u− u(n), v) + (u(n), v − v(n))|

≤ ||u− u(n)|| · ||v||+ ||u(n)|| · ||v − v(n)|| → 0

as n→∞. 2

Theorem 1.40 Let H be an incomplete inner product space. We can

extend H to a Hilbert space H such that H is a dense subspace of H.

Proof H is a normed linear space with norm ||u|| =
√

(u, u). Therefore

we can extend H to a Banach space H such that H is dense in H. We

claim that H is a Hilbert space. Let u, v ∈ H and let {u(n)}, {ũ(n)} ∈
u, {v(n)}, {ṽ(n)} ∈ v. We define an inner product on H by (u, v)′ =

limn→∞(u(n), v(n)). The limit exists since |(u(n), v(n)) − (u(m), v(m))| =
|(u(m), v(n) − v(m)) + (u(n) − u(m), v(m)) + (u(n) − u(m), v(n) − v(m))| ≤
||u(m)|| · ||v(n)− v(m)||+ ||u(n)− u(m)|| · ||v(m)||+ ||u(n)− u(m)|| · ||v(n)−
v(m)|| → 0 as n,m → ∞. The limit is unique because |(u(n), v(n)) −
(ũ(n), ṽ(n))| → 0 as n,m → ∞. We can easily verify that (·, ·)′ is an

inner product on H and || · ||′ =
√

(·, ·)′. 2

1.5 Hilbert spaces, L2 and `2

A Hilbert space is an inner product space for which every Cauchy se-

quence in the norm converges to an element of the space.

Example 1.41 `2
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The elements take the form

u = (. . . , u−1, u0, u1, . . .), ui ∈ C

such that
∑∞
i=−∞ |ui|2 <∞. For

v = (. . . , v−1, v0, v1, . . .) ∈ `2,

we define vector addition and scalar multiplication by

u+ v = (. . . , u−1 + v−1, u0 + v0, u1 + v1, . . .)

and

αu = (. . . , αu−1, αu0, αu1, . . .).

The zero vector is Θ = (. . . , 0, 0, 0, . . .) and the inner product is defined

by (u, v) =
∑∞
i=−∞ uiv̄i. We have to verify that these definitions make

sense. Note that 2|ab| ≤ |a|2 + |b|2 for any a, b ∈ C. The inner prod-

uct is well defined because |(u, v)| ≤
∑∞
i=−∞ |uiv̄i| ≤

1
2 (
∑∞
i=−∞ |ui|2 +∑∞

i=−∞ |vi|2) < ∞. Note that |ui + vi|2 ≤ |ui|2 + 2|ui| |vi| + |vi|2 ≤
2(|ui|2 + |vi|2). Thus if u, v ∈ `2 we have ||u+v||2 ≤ 2||u||2 +2||v||2 <∞,

so u+ v ∈ `2.

Theorem 1.42 `2 is a Hilbert space.

Proof We have to show that `2 is complete. Let {u(n)} be Cauchy in `2,

u(n) = (. . . , u
(n)
−1 , u

(n)
0 , u

(n)
1 , . . .).

Thus, given any ε > 0 there exists an integer N(ε) such that ||u(n) −
u(m)|| < ε whenever n,m > N(ε). Thus

∞∑
i=−∞

|u(n)
i − u(m)

i |2 < ε2. (1.8)

Hence, for fixed i we have |u(n)
i − u(m)

i | < ε. This means that for each

i, {u(n)
i } is a Cauchy sequence in C. Since C is complete, there exists

ui ∈ C such that limn→∞ u
(n)
i = ui for all integers i. Now set u =

(. . . , u−1, u0, u1, . . .). We claim that u ∈ `2 and limn→∞ u(n) = u. It

follows from (1.8) that for any fixed k,
∑k
i=−∞ |u

(n)
i − u(m)

i |2 < ε2 for

n,m > N(ε). Now let m→∞ and get
∑k
i=−∞ |u

(n)
i − ui|2 ≤ ε2 for all k

and for n > N(ε). Next let k →∞ and get
∑∞
i=−∞ |u

(n)
i − ui|2 ≤ ε2 for

n > N(ε). This implies

||u(n) − u|| < ε (1.9)
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for n > N(ε). Thus, u(n)−u ∈ `2 for n > N(ε), so u = (u−u(n))+u(n) ∈
`2. Finally, (1.9) implies that limn→∞ u(n) = u. 2

Example 1.43 L2[a, b]

Recall that C2(a, b) is the set of all complex-valued functions u(t) con-

tinuous on the open interval (a, b) of the real line, such that
∫ b
a
|u(t)|2 dt <

∞, (Riemann integral). We define an inner product by

(u, v) =

∫ b

a

u(t)v(t) dt, u, v ∈ C(n)
2 (a, b).

We verify that this is an inner product space. First, from the inequality

|u(x)+v(x)|2 ≤ 2|u(x)|2 +2|v(x)|2 we have ||u+v||2 ≤ 2||u||2 +2||v||2, so

if u, v ∈ C2(a, b) then u+ v ∈ C2(a, b). Second, |u(x)v(x)| ≤ 1
2 (|u(x)|2 +

|v(x)|2), so |(u, v)| ≤
∫ b
a
|u(t)v(t)| dt ≤ 1

2 (||u||2 + ||v||2) < ∞ and the

inner product is well defined.

Now C2(a, b) is not complete, but it is dense in a Hilbert space C2(a, b)

= L2[a, b]. In most of this book, we will normalize to the case a = 0, b =

2π. We will show that the functions en(t) = eint/
√

2π, n = 0,±1,±2, . . .

form a basis for L2[0, 2π]. This is a countable (rather than a continuum)

basis. Hilbert spaces with countable bases are called separable, and we

will be concerned only with separable Hilbert spaces.

1.5.1 The Riemann integral and the Lebesgue integral

Recall that S(I) is the normed linear space of all real or complex-valued

step functions on the (bounded or unbounded) interval I on the real

line. A function s(t) is a step function on I if there are a finite number

of non-intersecting bounded subintervals I1, . . . , Im of I and numbers

c1, . . . , cm such that s(t) = ck for t ∈ Ik, k = 1, . . . ,m and s(t) = 0 for

t ∈ I − ∪mk=1Ik. The integral of a step function is defined as
∫
I
s(t)dt ≡∑m

k=1 ck`(Ik) where `(Ik) = length of Ik = b − a if Ik = [a, b] or [a, b),

or (a, b] or (a, b). The norm is defined by ||s|| =
∫
I
|s(t)|dt. We identify

s1, s2 ∈ S(I)1, s1 ∼ s2 if s1(t) = s2(t) except at a finite number of

points. (This is needed to satisfy property 1 of the norm.) We let S1(I)

be the space of equivalence classes of step functions in S(I). Then S1(I)

is a normed linear space with norm || · ||.
The space L1(I) of Lebesgue integrable functions on I is the comple-

tion of S1(I) in this norm. L1(I) is a Banach space. Every element u of

L1(I) is an equivalence class of Cauchy sequences of step functions {sn},
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I
|sj − sk|dt→ 0 as j, k →∞. (Recall {s′n} ∼ {sn} if

∫
I
|s′k− sn|dt→ 0

as n→∞).

We will show in §1.5.2 that we can associate equivalence classes of

functions f(t) on I with each equivalence class of step functions {sn},
[75, 92]. The Lebesgue integral of f is defined by∫

I Lebesgue
f(t)dt = lim

n→∞

∫
I

sn(t)dt,

and its norm by

||f || =
∫
I Lebesgue

|f(t)|dt = lim
n→∞

∫
I

|sn(t)|dt.

How does this definition relate to Riemann integrable functions? To

see this we take I = [a, b], a closed bounded interval, and let f(t) be a

real bounded function on [a, b]. Recall that we have already defined the

integral of a step function.

Definition 1.44 f is Riemann integrable on [a, b] if for every ε > 0,

there exist step functions r, s ∈ S[a, b] such that r(t) ≤ f(t) ≤ s(t) for

all t ∈ [a, b], and 0 ≤
∫ b
a

(s− r)dt < ε.

Example 1.45 Divide [a, b] by a grid of n points a = t0 < t1 <

· · · < tn = b such that tj − tj−1 = (b − a)/n, j = 1, . . . , n. Let

Mj = supt∈[tj−1,tj ] f(t), mj = inft∈[tj−1,tj ] f(t) and set

sn(t) =

{
Mj t ∈ [tj−1, tj)

0 t 6∈ [a, b)
,

rn(t) =

{
mj t ∈ [tj−1, tj)

0 t 6∈ [a, b)
.

Here,
∫ b
a
sn(t)dt is an upper Darboux sum and

∫ b
a
rn(t)dt is a lower

Darboux sum. If f is Riemann integrable then the sequences of step

functions {rn}, {sn} satisfy rn ≤ f ≤ sn on [a, b], for n = 1, 2, . . . and∫ b
a

(sn − rn)dt→ 0 as n→∞. The Riemann integral is defined by∫ b

a Riemann
f dt = lim

n→∞

∫
sn dt = lim

n→∞

∫
rn dt =

inf
upper Darboux sums

∫
s dt = sup

lower Darboux sums

∫
t dt.
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Note that

n∑
j=1

Mj(tj − tj−1) ≥
∫ b

a Riemann
f dt ≥

n∑
j=1

mj(tj − tj−1).

Note also that

rj − rk ≤ sk − rk, rk − rj ≤ sj − rj

because every “upper” function is ≥ every “lower” function. Thus∫
|rj − rk|dt ≤

∫
(sk − rk)dt+

∫
(sj − rj)dt→ 0

as j, k → ∞. It follows that {rn} and similarly {sn} are Cauchy

sequences in the norm, equivalent because limn→∞
∫

(sn − rn)dt = 0.

The Riemann integral is just the integral of basic calculus that we all

know and love.

Theorem 1.46 If f is Riemann integrable on I = [a, b] then it is also

Lebesgue integrable and∫
I Riemann

f(t)dt =

∫
I Lebesgue

f(t)dt = lim
n→∞

∫
I

sn(t)dt.

The following is a simple example to show that the space of Riemann

integrable functions isn’t complete. Consider the closed interval I = [0, 1]

and let r1, r2, . . . be an enumeration of the rational numbers in [0, 1].

Define the sequence of step functions {sn} by

sn(t) =

{
1 if t = r1, r2, . . . , rn
0 otherwise.

Note that

• s1(t) ≤ s2(t) ≤ · · · for all t ∈ [0, 1].

• sn is a step function.

• The pointwise limit

f(t) = lim
n→∞

sn(t) =

{
1 if t is rational

0 otherwise.

• {sn} is Cauchy in the norm. Indeed
∫ 1

0
|sj − sk|dt = 0 for all j, k =

1, 2, . . . .

• f is Lebesgue integrable with
∫ 1

0 Lebesgue f(t)dt = limn→∞
∫ 1

0
sn(t)dt= 0.
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• f is not Riemann integrable because every upper Darboux sum for f

is 1 and every lower Darboux sum is 0. One can’t make 1− 0 < ε for

ε < 1!

Recall that S(I) is the space of all real or complex-valued step func-

tions on the (bounded or unbounded) interval I on the real line with

real inner product (s1, s2) =
∫
I
s1(t)s̄2(t)dt. We identify s1, s2 ∈ S(I),

s1 ∼ s2 if s1(t) = s2(t) except at a finite number of points. (This is

needed to satisfy property 4 of the inner product.) Now we let S2(I) be

the space of equivalence classes of step functions in S(I). Then S2(I) is

an inner product space with norm ||s||2 =
∫
I
|s(t)|2dt.

The space L2(I) of Lebesgue square-integrable functions on I is the

completion of S2(I) in this norm. L2(I) is a Hilbert space. Every element

u of L2(I) is an equivalence class of Cauchy sequences of step functions

{sn},
∫
I
|sj − sk|2dt → 0 as j, k → ∞. (Recall {s′n} ∼ {sn} if

∫
I
|s′k −

sn|2dt→ 0 as n→∞.)

As shown in §1.5.2 we can associate equivalence classes of functions

f(t) on I with each equivalence class of step functions {sn}. The Lebesgue

integral of f1, f2 ∈ L2(I) is defined by (f1, f2) =
∫
ILebesgue f1(t)f2 dt =

limn→∞
∫
I
s

(1)
n (t)s

(2)
n (t)dt, [4, 91, 92, 93].

How does this definition relate to Riemann square integrable func-

tions, see Definition 1.44? In a manner similar to our treatment of L1(I)

one can show that if the function f is Riemann square integrable on I,

then it is Cauchy square integrable and∫
ILebesgue

|f(t)|2dt =

∫
IRiemann

|f(t)|2dt.

1.5.2 Digging deeper: associating functions with

Cauchy sequences

We turn now from the abstract notion of the elements of the Lebesgue

space as equivalence class of Cauchy sequences of step functions to an

identification with actual functions. How should we identify a function

with an equivalence class of Cauchy sequences of step functions in S1(I)?

Let {sj} be a Cauchy sequence in S1(I).

• Does f(t) = limj→∞ sj(t) always exist pointwise for all t ∈ I?

Answer: no.

• Is there a subsequence {sj′} of {sj} such that f(t) = limj′→∞ sj′(t)

exists? Answer: almost.
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Example 1.47 Let I = (0, 1] and f(t) = 0 for t ∈ I. We will define a

particular Cauchy sequence {sj} of step functions that converge to f in

the norm. Any positive integer j can be written uniquely as j = 2p + q

for p = 0, 1, . . . and q = 0, 1, . . . , 2p − 1. Now set

s2p+q(t) =

{
1 for q

2p < t ≤ q+1
2p

0 otherwise.

Then ∫
I

|f − sj |dt =

∫
I

|s2p+q|dt =
1

2p
→ 0

as p → ∞ (or j → ∞) so sj → f in the norm as j → ∞. However

limj→∞ sj(t) doesn’t exist for any t ∈ I. Indeed for any fixed t0 ∈ I

and any j there are always integers j1, j2 > j such that sj1(t0) = 0

and sj2(t0) = 1. Note, however, that we can find pointwise convergent

subsequences of {sj}. In particular, for the subsequence of values j = 2p

we have limp→∞ s2p(t) = f(t) = 0 for all t ∈ I.

Definition 1.48 A subset N of the real line is a null set (set of measure

zero) if for every ε > 0 there exists a countable collection of open intervals

{In = (an, bn)} such that N ⊂ ∪∞n=1In and
∑∞
n=1 `(In) ≤ ε. (Here

`(In) = bn − an.)

Examples 1.49 1. Any finite set is null.

2. Any countable set is null.

Proof Let N = {r1, r2, . . . , rn, . . .}. Given ε > 0 let In = (rn− ε
2n+1 , rn+

ε
2n+1 ), n = 1, 2, . . . Then N ⊂ ∪∞n=1In and

∑∞
n=1 `(In) =

∑∞
n=1

ε
2n =

ε. 2

3. The rationals form a null set.

4. The set I = (a, b) with a < b is not null.

5. A countable union of null sets is null.

6. There exist null sets which are not countable. The most famous ex-

ample is probably the Cantor set.

The Cantor set is defined as

C = {x ∈ [0, 1] : x =

∞∑
n=1

cn
3n
, cn = 0, 2}. (1.10)

Note that any real number x ∈ [0, 1] can be given a ternary repre-

sentation x =
∑∞
n=1

cn
3n = .c1c2c3c4 · · · , for cn = 0, 1, 2. For example

1 =
∑∞
n=1 2/3n = .2222 · · · . (Just as with decimal expansions of real

numbers, this representation is not quite unique, e.g., 1/3 = .10000 · · · =
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.02222 · · · , but we could adopt a convention to make it unique.) The

Cantor set consists of those real numbers whose ternary representation

doesn’t contain any cn = 1. We are more familiar with the binary expan-

sion of any real number y ∈ [0, 1], y =
∑∞
n=1

bn
2n = .b1b2b3b4 · · · , where

bn = 0, 1.

• C is uncountable.

Proof The map C =⇒ [0, 1] defined by

∞∑
n=1

cn
3n

=⇒
∞∑
n=1

1
2cn

2n

is 1-1 and onto. Since the real line contains an uncountable number

of points, C is also uncountable. 2

• C is a null set.

Proof We can see this geometrically, from the triadic representation.

The points in the open middle third (1/3, 2/3) of the interval [0, 1]

don’t lie in the Cantor set, so we can remove this third. Then we

can remove the open middle thirds (1/9, 2/9) and (7/9, 8/9) of the

remaining intervals, etc. After k steps there remains a set Ck that is

the union of 2k intervals of total length (2/3)k. C = ∩∞k=1Ck, so for

each k, C can be covered by 2k open intervals of length ≤ 2(2/3)k.

Since this goes to zero as k →∞ we see that C is a null set. 2

Definition 1.50 If a property holds for all real numbers t except for

t ∈ N , a null set, we say that the property holds almost everywhere

(a.e.).

The following technical lemmas show us how to associate a function

with a Cauchy sequence of step functions.

Lemma 1.51 Let {sk} be a Cauchy sequence in S1(I). Then there exist

strictly increasing sequences {nk} of positive integers such that

∞∑
k=1

∫
I

|snk+1
− snk |dt <∞. (1.11)

For every such sequence {nk} the subsequence {snk(t)} converges point-

wise a.e. in I.

Proof Choose nk > nk−1, and so large that
∫
I
|sm − sn|dt ≤ 1/2k for

all m,n ≥ nk, k = 1, 2, . . . . Then
∫
I
|snk+1

− snk |dt ≤ 1/2k, k = 1, 2, . . .

and
∑∞
k=1

∫
I
|snk+1

− snk |dt ≤
∑∞
k=1 1/2k < ∞. Now assume {snk} is

an arbitrary subsequence of {sn} such that (1.11) converges. Set

uk = |sn1
|+ |sn2

− sn1
|+ · · ·+ |snk − snk−1

|, k ≥ 2, u1 = |sn1
|.
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Then 0 ≤ u1(t) ≤ u2(t) ≤ · · · for all t ∈ I and uk is a step function.

By (1.11) there exists M > 0 such that
∫
I
ukdt ≤ M for all k. We will

show that limk→∞ uk(t) exists for almost all t ∈ I. Given ε > 0, let

Rk(ε) = {t ∈ I : uk(t) ≥M/ε}. Clearly:

1. Rk(ε) = Rk is the union of finitely many non-intersecting intervals.

2. Let εk be the sum of the lengths of the intervals in Rk. Then εk ≤ ε

because uk(t) ≥ M
ε χRk(t) =⇒

∫
ukdt ≥

∫
M
ε χRkdt =⇒ M ≥ M

ε εk
where χS(t) is the characteristic function of the set S, i.e.,

χS(t) =

{
1 if t ∈ S
0 if t 6∈ S.

3. uk ≥ uk−1 =⇒ Rk ⊇ Rk−1.

4. Let

R = R(ε) = ∪k≥1Rk(ε) = R1 ∪ (R2 −R1) ∪ · · · ∪ (Rk −Rk−1) ∪ · · ·

Then Rk − Rk−1 can be represented as the union of finitely many

non-intersecting intervals of total length εk − εk−1.

5. It follows that R(ε) is the union of countably many non-intersecting

intervals. The sum of the lengths of the intervals in R(ε) is

ε1 + (ε2 − ε1) + · · ·+ (εk − εk−1) + · · · = lim
k→∞

εk ≤ ε.

Conclusion: uk(t) < M/ε, k = 1, 2, . . . ,∀t ∈ I−R(ε) =⇒ limk→∞ uk(t)

exists ∀t ∈ I−R(ε). The points of divergence are covered by the intervals

ofR(ε) (of total length ≤ ε). But ε is arbitrary so the points of divergence

form a null set N so limk→∞ uk(t) exists a.e.

Consider

sn1(t) + (sn2(t)− sn1(t)) + · · ·+ (snk(t)− snk−1
(t)) + · · · (1.12)

Now

|sn1
(t)|+ |sn2

(t)− sn1
(t)|+ · · ·+ |snk(t)− snk−1

(t)|+ · · · = lim
k→∞

uk(t)

exists ∀t 6∈ N . Therefore (1.12) converges ∀t 6∈ N =⇒ limk→∞ snk(t)

exists a.e. 2

Lemma 1.52 Let {sk}, {s′k} be equivalent Cauchy sequences in S1(I),

possibly the same sequence. Let {spk}, {s′qk} be subsequences of {sk} and

{s′k} that converge pointwise a.e. on I. Then limk→∞
(
spk(t)− s′qk(t)

)
=

0 pointwise a.e. on I.
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Proof Let vk = spk − s′qk , k = 1, 2, . . . . Then {vk} is a Cauchy sequence

and limk→∞ vk(t) exists pointwise ∀t 6∈ N1 where N1 is some null set.

Also, ∫
I

|vk|dt =

∫
J

|spk − s′qk |dt ≤
∫
I

|spk − sk|dt+

∫
I

|sk − s′k|dt+

∫
I

|s′k − s′qk |dt→ 0

as k → ∞. Let {k`} be an increasing sequence of positive integers

such that
∑∞
`=1

∫
I
|vk` |dt <∞. Then by lemma 1.51,

∑∞
`=1 |vk`(t)| con-

verges ∀t 6∈ N2 where N2 is a null set. So lim`=∞ vk`(t) = 0 pointwise

∀t 6∈ N2 =⇒ for all t 6∈ N1 ∪ N2 (a null set) we have limk→∞ vk(t) =

lim`→∞ vk`(t) = 0. 2

We want to associate an equivalence class of functions (equal a.e.)

with each equivalence class of Cauchy sequences of step functions. How

can we do this uniquely? In particular, let {sk} be a sequence in S1(I)

such that sk → 0 a.e. as k →∞. How can we guarantee that
∫
I
skdt→ 0

as k →∞?

Example 1.53 Let α > 0, I = (0, 1). Set

sk(t) =


0 if t ≥ 1

k

αk if 0 < t < 1
k , k odd

k if 0 < t < 1
k , k even.

Remarks:

• sk(t)→ 0 as k →∞, for every t.

• ∫
I

skdt =

{
α, k odd

1, k even.

• limk→∞
∫
I
skdt = 1, if α = 1. Otherwise the limit doesn’t exist.

The next lemma and the basic theorem to follow give conditions that

guarantee uniqueness.

Lemma 1.54 Let {sk}, {tk} be Cauchy sequences in S1(I) that converge

pointwise a.e. in I to limit functions that are equal a.e. in I. Then

{sk} ∼ {tk}, i.e.,
∫
I
|sk − tk|dt→ 0 as k →∞.

Proof This is an immediate consequence of the following basic theorem.
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Theorem 1.55 Let {sk} be a sequence in S1(I) such that limk→∞ sk(t) =

0 a.e. in I. Suppose either

1. the sj are real and

s1(t) ≥ s2(t) ≥ · · · ≥ sn(t) ≥ · · · ≥ 0

∀t ∈ I, or

2. for every ε > 0 there exists an integer N(ε) such that
∫
I
|sj−sk|dt < ε

whenever, j, k ≥ N(ε), i.e., {sk} is Cauchy in the norm.

Then
∫
I
|sk|dt→ 0 as k →∞. (Note: |

∫
I
skdt| ≤

∫
J
|sk|dt, so

∫
I
skdt→

0 as k →∞.)

Proof

1.

s1 ≥ s2 ≥ · · · ≥ 0, sk(t)→ 0 a.e. as k →∞.

Given ε > 0, let M = max s1(t), and let [a, b] be the smallest closed

interval outside of which s1(t) = 0. We can assume a 6= b.

Let N be the null set consisting of the points t where either

limk→∞ sk(t) is not zero or where the limit doesn’t exist, plus the

points where one or more of the functions s1, s2, . . . is discontinu-

ous. Let I = {I1, I2, . . .} be a countable family of open intervals that

cover N and such that
∑∞
k=1 `(Ik) ≤ ε. Choose t0 ∈ (a, b) such that

t0 6∈ ∪k≥1Ik. Since sk(t0)→ 0 as K →∞ there exists a smallest index

h = h(ε, t0) such that sk(t0) ≤ ε ∀k ≥ h. Since t0 is a point of conti-

nuity of sh there exists an open interval in [a, b] that contains t0 and

on which sh(t) ≤ ε. Let I(t0) = I(t0, ε) be the largest such interval.

Then sk(t) ≤ ε on I(t0) ∀k ≥ h(t0). Let G = {I(t) : t ∈ [a, b]−∪nIn}.
Let H = H(ε) be the family consisting of the intervals of I and those

of G. Now H forms a covering of [a, b] by open intervals. Therefore,

by the Heine–Borel theorem (see [55, 92] if you are not familiar with

this theorem) we can find a finite subfamily H′ of H that covers [a, b].

H′ = {I(t1), I(t2), . . . , I(tn), I1, I2, . . . , Im}.

On I(t1), 1 ≤ i ≤ n, we have sk(t) ≤ ε ∀k ≥ h(ti). Let p =

max{h(t1), . . . , h(tn)}. Then sk(t) ≤ ε for k ≥ p on every interval
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I(ti), 1 ≤ i ≤ n. On Ik, 1 ≤ k ≤ m, we know only sk(t) ≤ s1(t) ≤M .

Therefore, for k ≥ p,∫
I

skdt ≤
∫
I

spdt ≤
∫
I

[
εχI(t1)∪···∪I(tn) +MχI1∪···∪Im

]
dt

≤ ε(b− a) +Mε since sp ≤ εχJ(t1)∪···∪I(tn) +MχI1∪···∪Im .

(Note that the latter are step functions.) But ε is arbitrary, so limk→∞ skdt= 0.

2.

lim
k→∞

sk(t) = 0 a.e.,

∫
I

|sk − s`|dt→ 0 as k, `→∞.

Now∣∣∣∣∫
I

|sk|dt−
∫
|s`|dt

∣∣∣∣ =

∣∣∣∣∫
I

(|sk| − |s`|)dt
∣∣∣∣ ≤ ∫

I

| |sk| − |s`| | dt

≤
∫
I

|sk − s`|dt→ 0

as k, `→∞. So {
∫
I
|sk|dt} is a Cauchy sequence of real numbers =⇒∫

I
|sk|dt→ A as k →∞.

We will show that A = 0 by making use of part 1 of the proof.

Let n1 < n2 < · · · < nk < · · · be a strictly increasing sequence of

positive integers. Set v1(t) = |sn1
(t)|, and vk = |sn1

|∧|sn2
|∧· · ·∧|snk |,

k = 2, 3, . . ., i.e., vk(t) = min{|sn1
(t)|, |sn2

(t)|, . . . , |snk(t)|}.
Remarks:

• vk ∈ S1(I).

• vk = vk−1 ∧ |snk |.
• v1 ≥ v2 ≥ v3 ≥ · · · ≥ 0.

• vk(t) ≤ |snk(t)| → 0 a.e. as k →∞. Therefore, by part 1,

limk→∞
∫
I
vkdt = 0.

• −vk + vk−1 = −vk−1 ∧ |snk |+ vk−1 =⇒

vk−1(t)− vk(t) =


0 if |snk(t)| ≥ vk−1(t)

tk−1(t)− |snk(t)| ≤ |snk−1
(t)| − |snk(t)|

≤ |snk−1
(t)− snk(t)| otherwise.

•
∫
I
(vk−1 − vk)dt ≤

∫
I
|snk−1

− snk |dt = δk (definition).
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Therefore,∫
I

|sn1
|dt =

∫
I

v1dt =

∫
I

[v2 + (v1 − v2)]dt ≤
∫
I

v2dt+ δ2 (1.13)

=

∫
I

[v3 + (v2 − v3)]dt+ δ2 ≤
∫
I

v3dt+ δ2 + δ3

≤ · · · ≤
∫
I

vpdt+ δ2 + δ3 + · · ·+ δp,

for p = 2, 3, . . . Given ε > 0 choose n1 so large that
∫
I
|sn1
|dt > A− ε

and
∫
I
|sn1
− sn|dt < ε/2 ∀n > n1. For k ≥ 2 choose nk > nk−1 so

large that
∫
I
|snk − sn|dt < ε/2k ∀n > nk. Then δk < ε/2k−1, for

k = 2, 3, . . . . Choose p so large that
∫
I
vpdt < ε. Then (1.13) =⇒

A− ε <
∫
I

|sn1 |dt < ε+
ε

2
+

ε

22
+ · · ·+ ε

2p−1
< 2ε,

=⇒ 0 ≤ A < 3ε. But ε is arbitrary, so A = 0. 2

1.5.3 Pointwise convergence and L1 and L2 convergence

Now we can clarify what happens when we have a Cauchy sequence of

functions in L1(I) that also converges pointwise a.e.

Theorem 1.56 Let {gn} be a Cauchy sequence in L1(I) such that

gn(t)→ f(t) a.e. as n→∞. Then f ∈ L1(I) and
∫
I
f dt = limn→∞

∫
I
gndt.

Also, limn→∞
∫
I
|f − gn|dt = 0.

Proof Note that f(t) = g1(t) +
∑∞
n=1[gn+1(t) − gn(t)] = limn→∞ gn(t)

a.e. and, by passing to a subsequence if necessary, we can assume that∫
I
|g1| dt +

∑∞
n=1

∫
I
|gn+1 − gn| dt < ∞. Similarly we can find step

functions sn,j such that

1. gn+1(t)−gn(t) = sn1(t)+
∑∞
j=1[sn,j+1(t)−sn,j(t)] = limj→∞ sn,j+1(t),

except on a set Nn of measure zero

2.
∫
I
|sn,1| dt+

∑∞
j=1

∫
I
|sn,j+1 − sn,j | dt <∞.

For each n, choose εn > 0. By passing to a further subsequence of step

functions if necessary, we can also assume that

1.
∫
I
|sn1 − (gn+1 − gn)| dt < εn

2.
∑∞
j=1

∫
I
|sn,j+1 − sn,j | dt < εn.
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Thus, by the triangle inequality, we have∫
I

|sn,1| dt+

∞∑
j=1

∫
I

|sn,j+1 − sn,j | dt ≤
∫
I

|gn+1 − gn| dt

+

∫
I

|(gn+1 − gn)− sn,1| dt+ εn ≤
∫
I

|gn+1 − gn| dt+ 2εn.

Now set εn = 1/2n+1 and note that
∞∑
n=1

∫
I

|sn,1| dt+

∞∑
n,j=1

∫
I

|sn,j+1 − sn,j |dt ≤
∞∑
n=1

∫
I

|gn+1 − gn|dt

+

∞∑
n=1

1

2n
<∞.

This implies that
∑∞
n,j=1 sn,j(t) converges absolutely ∀t 6∈ N , where N

is a null set. Therefore, if t 6∈ (∪nNn) ∪N then g1(t) +
∑∞
n=1(gn+1(t)−

gn(t)) = g1(t) +
∑∞
n,j=1(sn,j+1 − sn,j)(t) = f(t). Since g1(t) can be

expressed as the limit of a Cauchy sequence of step functions, it fol-

lows that f is the limit of a (double-indexed) Cauchy sequence of step

functions, so

f ∈ L1(I) and

∫
I

f dt = lim
n→∞

∫
I

gndt.

2
We can easily modify the preceding results to relate pointwise con-

vergence to convergence in L2(I). Recall that S2(I) is the space of all

real or complex-valued step functions on I with inner product (s1, s2) =∫
I
s1(t)s̄2(t)dt. More precisely, S2(I) is the space of equivalence classes

of step functions in S(I) where two step functions are equivalent pro-

vided they differ at most for a finite number of points. Then S2(I) is an

inner product space with norm ||s||2 =
∫
I
|s(t)|2dt. The space of L2(I)

is the completion of S2(I) with respect to this norm. L2(I) is a Hilbert

space. Every element u of L2(I) is an equivalence class of Cauchy se-

quences of step functions {sn},
∫
J
|sj − sk|2dt→ 0 as j, k →∞. (Recall

{s′n} ∼ {sn} if
∫
J
|s′k−sn|2dt→ 0 as n→∞.) Now by a slight modifica-

tion of Lemmas 1.51, 1.52 and 1.54 we can identify an equivalence class

X of Cauchy sequences of step functions with an equivalence class F of

functions f(t) that are equal a.e. Indeed we will show that f ∈ F ⇐⇒
there exists a Cauchy sequence {sn} ∈ X and an increasing sequence of

integers n1 < n2 · · · such that snk → f a.e. as k →∞. This result is an

immediate consequence of the following lemma.

Lemma 1.57 If {sn} is a Cauchy sequence in S2(I) then {|sn|2} is a

Cauchy sequence in S1(I).
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Proof Given ε > 0 we have

|sn| = |sm − (sm − sn)|

≤ |sm|+ |sm − sn| ≤
{

(1 + ε)|sm| if |sm − sn| ≤ ε|sm|
(1 + 1

ε )|sm − sn| if |sm − sn| ≥ ε|sm|,

which implies

|sn|2 ≤ (1 + ε)2|sm|2 +

(
1 +

1

ε

)2

|sm − sn|2,

so ∣∣|sn|2 − |sm|2∣∣ ≤ [(1 + ε)
2 − 1]|sm|2 +

(
1 +

1

ε

)2

|sm − sn|2.

Integrating this inequality over I and using that fact that since {sm} is

Cauchy in S2(I) there exists a finite number M such that
∫
I
|sm|2dt ≤

M , we obtain∫
I

∣∣|sn|2 − |sm|2∣∣ dt ≤ [(1 + ε)2 − 1]M +

(
1 +

1

ε

)2

||sm − sn||2.

Now, given ε′ > 0 we can choose ε so small that the first term on the

right-hand side of this inequality is < ε′/2. Then we can choose n,m so

large that the second term on the right-hand side of this inequality is

also < ε′/2. Thus
∫
J

∣∣|sn|2 − |sm|2∣∣ dt→ 0 as n,m→∞. 2

Though we shall not do this here, the arguments used for the Banach

spaces L1(I), L2(I) can be generalized to construct the Banach spaces

Lp(I) for p any positive real number. Here the norm is ||f ||p where

||f ||pp =
∫
I
|f(t)|p dt. The space is the completion of the space of step

functions on I with respect to this norm.

1.6 Orthogonal projections, Gram–Schmidt
orthogonalization

Orthogonality is the mathematical formalization of the geometrical prop-

erty of perpendicularity, as adapted to general inner product spaces. In

signal processing, bases consisting of mutually orthogonal elements play

an essential role in a broad range of theoretical and applied applications

such as the design of numerical algorithms. The fact of the matter is

that computations become dramatically simpler and less prone to nu-

merical instabilities when performed in orthogonal coordinate systems.

For example, the orthogonality of eigenvector and eigenfunction bases

for symmetric matrices and self-adjoint boundary value problems is the
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key to understanding the dynamics of many discrete and continuous

mechanical, thermodynamical and electrical systems as well as almost

all of Fourier analysis and signal processing. The Gram–Schmidt process

will convert an arbitrary basis for an inner product space into an orthog-

onal basis. In function space, the Gram–Schmidt algorithm is employed

to construct orthogonal and biorthogonal polynomials. Orthogonal poly-

nomials play a fundamental role in approximation theory, integrable

systems, random matrix theory, computer vision, imaging and harmonic

analysis to name just a few areas.

1.6.1 Orthogonality, orthonormal bases

Definition 1.58 Two vectors u, v in an inner product spaceH are called

orthogonal, u ⊥ v, if (u, v) = 0. Similarly, two sets M,N ⊂ H are

orthogonal, M⊥ N , if (u, v) = 0 for all u ∈M, v ∈ N .

Definition 1.59 Let S be a nonempty subset of the inner product space

H. We define S⊥ = {u ∈ H : u ⊥ S}.

Lemma 1.60 S⊥ is a closed subspace of H in the sense that if {u(n)}
is a sequence in S⊥, and u(n) → u ∈ H as n→∞, then u ∈ S⊥.

Proof

1. S⊥ is a subspace. Let u, v ∈ S⊥, α, β ∈ C, then (αu + βv,w) =

α(u,w) + β(v, w) = 0 for all w ∈ S, so αu+ βv ∈ S⊥.

2. S⊥ is closed. Suppose {u(n)} ⊂ S⊥, limn→∞ u(n) = u ∈ H. Then

(u, v) = (limn→∞ u(n), v) = limn→∞(u(n), v) = 0 for all v ∈ S =⇒
u ∈ S⊥. 2

1.6.2 Orthonormal bases for finite-dimensional

inner product spaces

Let H be an n-dimensional inner product space, (say Hn). A vector

u ∈ H is a unit vector if ||u|| = 1. The vectors in a finite subset

{u(1), . . . , u(k)} ⊂ H are mutually orthogonal if u(i) ⊥ u(j) for i 6= j.

The finite subset is orthonormal (ON) if u(i) ⊥ u(j) for i 6= j, and

||ui)|| = 1. Orthonormal bases for H are especially convenient because

the expansion coefficients of any vector in terms of the basis can be

calculated easily from the inner product.
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Theorem 1.61 Let {u(1), . . . , u(n)} be an ON basis for H. If u ∈ H
then

u = α1u
(1) + α2u

(2) + · · ·+ αnu
(n)

where αi = (u, u(i)), i = 1, . . . , n.

Proof

(u, u(i)) = (α1u
(1) +α2u

(2) + · · ·+αnu
(n), u(i)) =

∑
j

αj(u
(j), u(i)) = αi.

2

Example 1.62 ConsiderH3. The set e(1) = (1, 0, 0), e(2) = (0, 1, 0), e(3) =

(0, 0, 1) is an ON basis. The set u(1) = (1, 0, 0), u(2) = (1, 1, 0), u(3) =

(1, 1, 1) is a basis, but not ON. The set v(1) = (1, 0, 0), v(2) = (0, 2, 0),

v(3) = (0, 0, 3) is an orthogonal basis, but not ON.

Exercise 1.6 Write the vector w = (1,−2, 3) as a linear combination

of each of the bases {e(i)}, {u(i)}, {v(i)} of Example 1.62.

The following are very familiar results from geometry, where the inner

product is the dot product, but apply generally:

Corollary 1.63 For u, v ∈ H and {u(i)} an ON basis for H:

• (u, v) = (α1u
(1)+α2u

(2)+· · ·+αnu(n), β1u
(1)+β2u

(2)+· · ·+βnu(n)) =∑n
i=1(u, u(i))(u(i), v).

• ||u||2 =
∑n
i=1 |(u, u(i))|2. Parseval’s equality.

Lemma 1.64 If u ⊥ v then ||u + v||2 = ||u||2 + ||v||2. Pythagorean

Theorem.

Lemma 1.65 If u, v belong to the real inner product space H then ||u+

v||2 = ||u||2 + ||v||2 + 2(u, v). Law of Cosines.

Does every n-dimensional inner product space have an ON basis? Yes!

Recall that [u(1), u(2), . . . , u(m)] is the subspace ofH spanned by all linear

combinations of the vectors u(1), u(2), . . . , u(m).

Theorem 1.66 (Gram–Schmidt) let {u(1), u(2), . . . , u(n)} be an (ordered)

basis for the inner product space H, where n ≥ 1. There exists an ON

basis {f (1), f (2), . . . , f (n)} for H such that

[u(1), u(2), . . . , u(m)] = [f (1), f (2), . . . , f (m)]

for each m = 1, 2, . . . , n.
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Proof Define f (1) by f (1) = u(1)/||u(1)||. This implies ||f (1)|| = 1 and

[u(1)] = [f (1)]. Now set g(2) = u(2) − αf (1) 6= Θ. We determine the con-

stant α by requiring that (g(2), f (1)) = 0. But (g(2), f (1)) = (u(2), f (1))−
α so α = (u(2), f (1)). Now define f (2) by f (2) = g(2)/||g(2)||. At this point

we have (f (i), f (j)) = δij for 1 ≤ i, j ≤ 2 and [u(1), u(2)] = [f (1), f (2)].

We proceed by induction. Assume we have constructed an ON set

{f (1), . . . , f (m)} such that [f (1), · · · , f (k)] = [u(1), . . . , u(k)] for

k = 1, 2, . . . ,m. Set g(m+1) = u(m+1)−α1f
(1)−α2f

(2)−· · ·−αmf (m) 6=
Θ. Determine the constants αi by the requirement (g(m+1), f (i)) = 0 =

(u(m+1), f (i)) − αi, 1 ≤ i ≤ m. Set f (m+1) = g(m+1)/||g(m+1)||. Then

{f (1), . . . , f (m+1)} is ON. 2

LetW be a subspace ofH and let {f (1), f (2), · · · , f (m)} be an ON basis

for W. Let u ∈ H. We say that the vector u′ =
∑m
i=1(u, f (i))f (i) ∈ W is

the projection of u on W.

Example 1.67 The vectors

u(1) = (1,−1, 0) , u(2) = (1, 0, 1) ,

form a basis for a two-dimensional subspace V of R3. Use the Gram–

Schmidt process on these vectors to obtain an orthonormal basis for V .

Solution: Let f (1), f (2) be the ON basis vectors. Then ||u(1)|| = 2, so

f (1) = 1√
2

(1,−1, 0). Now (u(2), f (1)) = 1/
√

2 so (g(2), f (1)) = 0 where

g(2) = u(2) − (u(2), f (1))f (1). Thus

g(2) =

(
1

2
,

1

2
, 1

)
, ||g(2)||2 =

3

2
−→ f (2) =

√
2

3

(
1

2
,

1

2
, 1

)
,

to within multiplication by ±1.

Theorem 1.68 If u ∈ H there exist unique vectors u′ ∈ W, u′′ ∈ W⊥
such that u = u′ + u′′.

Proof

1. Existence: Let {f (1), f (2), . . . , f (m)} be an ON basis for W, set u′ =∑m
i=1(u, f (i))f (i) ∈ W and u′′ = u − u′. Now (u′′, f (i)) = (u, f (i)) −

(u, f (i)) = 0, 1 ≤ i ≤ m, so (u′′, v) = 0 for all v ∈ W. Thus u′′ ∈ W⊥.

2. Uniqueness: Suppose u = u′+u′′ = v′+v′′ where u′, v′ ∈ W, u′′, v′′ ∈
W⊥. Then u′ − v′ = v′′ − u′′ ∈ W ∩W⊥ =⇒ (u′ − v′, u′ − v′) = 0 =

||u′ − v′||2 =⇒ u′ = v′, u′′ = v′′. 2

Corollary 1.69 Bessel’s Inequality. Let {f (1), . . . , f (m)} be an ON set

in H. If u ∈ H then ||u||2 ≥
∑m
i=1 |(u, f (i))|2.
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Proof Set W = [f (1), . . . , f (m)]. Then u = u′ + u′′ where u′ ∈ W,

u′′ ∈ W⊥ and u′ =
∑m
i=1(u, f (i))f (i). Therefore ||u||2 = (u′ + u′′, u′ +

u′′) = ||u′||2 + ||u′′||2 ≥ ||u′||2 = (u′, u′) =
∑m
i=1 |(u, f (i))|2. 2

Note that this inequality holds even if m is infinite.

The projection of u ∈ H onto the subspace W has invariant meaning,

i.e., it is basis independent. Also, it solves an important minimization

problem: u′ is the vector in W that is closest to u.

Theorem 1.70 minv∈W ||u−v|| = ||u−u′|| and the minimum is achieved

if and only if v = u′.

Proof Let v ∈ W and let {f (1), f (2), . . . , f (m)} be an ON basis for

W. Then v =
∑m
i=1 αif

(i) for αi = (v, f (i)) and ||u − v|| = ||u −∑m
i=1 αif

(i)||2 = (u −
∑m
i=1 αif

(i), u −
∑m
i=1 αif

(i)) = ||u||2 −∑m
i=1 ᾱi(u, f

(i))−
∑m
i=1 αi(f

(i), u)+
∑m
i=1 |αi|2 = ||u−

∑m
i=1(u, f (i))f (i)||2

+
∑m
i=1 |(u, f (i))− αi|2 ≥ ||u− u′||2. Equality is obtained if and only if

αi = (u, f (i)), for 1 ≤ i ≤ m. 2

To indicate the uniqueness of the decomposition of each vector in H
into the sum of a vector inW andW⊥, we write H =W⊕W⊥, a direct

sum decomposition.

1.6.3 Orthonormal systems in an infinite-dimensional

separable Hilbert space

Let H be a separable Hilbert space. (We have in mind spaces such as `2
and L2[0, 2π].)

The idea of an orthogonal projection extends to infinite-dimensional

inner product spaces, but there is a problem. If the infinite-dimensional

subspace W of H isn’t closed, the concept may not make sense.

For example, let H = `2 and let W be the subspace consisting of

elements of the form (. . . , α−1, α0, α1, . . .) such that αi = 0 for i =

1, 0,−1,−2, . . . and there are a finite number of nonzero components

αi for i ≥ 2. Choose u = (. . . , β−1, β0, β1, . . .) such that βi = 0 for

i = 0,−1,−2, · · · and βn = 1/n for n = 1, 2, . . . Then u ∈ `2 but the

projection of u on W is undefined. If W is closed, however, i.e., if every

Cauchy sequence {u(n)} inW converges to an element ofW, the problem

disappears.

Theorem 1.71 Let W be a closed subspace of the inner product space

H and let u ∈ H. Set d = infv∈W ||u − v||. Then there exists a unique

ū ∈ W such that ||u − ū|| = d, (ū is called the projection of u on W).

Furthermore u− ū ⊥ W and this characterizes ū.



DAMELIN: “MASTERFILE” — 2011/10/28 — 14:44 — PAGE 44 — #52

44 Normed vector spaces

Proof Clearly there exists a sequence {v(n)} ∈ W such that ||u−v(n)|| =
dn with limn→∞ dn = d. We will show that {v(n)} is Cauchy. To do this

it will be convenient to make use of the parallelogram law for inner

product spaces:

||x+ y||2 + ||x− y||2 = 2||x||2 + 2||y||2,

see Exercise 1.23. Set x = u − v(n), y = u − v(m) in the parallelogram

law and rewrite it to obtain the identity

||v(m) − v(n)||2 = 2||u− v(m)||2 + 2||u− v(n)||2 − 4||u− v(m) + v(n)

2
||2

≤ 2d2
m + 2d2

n − 4d2,

since by definition of d we must have ||u − (v(m) + v(n))/2|| ≥ d. Thus

in the limit

0 ≤ ||v(m) − v(n)||2 ≤ 2d2
m + 2d2

n − 4d2 −→ 0

as m,n −→ +∞. This means that ||v(m) − v(n)|| −→ 0 as m,n go to ∞,

so the sequence {v(n)} is Cauchy.

SinceW is closed, there exists ū ∈ W such that limn→∞ v(n) = ū. Also,

||u− ū|| = ||u− limn→∞ v(n)|| = limn→∞ ||u− v(n)|| = limn→∞ dn = d.

Furthermore, for any v ∈ W, (u − ū, v) = limn→∞(u − v(n), v) = 0 =⇒
u− ū ⊥ W.

Conversely, if u− ū ⊥ W and v ∈ W then ||u− v||2 = ||(u− ū) + (ū−
v)||2 = ||u− ū||2 + ||ū− v||2 = d2 + ||ū− v||2. Therefore ||u− v||2 ≥ d2

and = d2 if and only if ū = v. Thus ū is unique. 2

Corollary 1.72 Let W be a closed subspace of the Hilbert space H and

let u ∈ H. Then there exist unique vectors ū ∈ W, v̄ ∈ W⊥, such that

u = ū+ v̄. We write this direct sum decomposition as H =W ⊕W⊥.

Corollary 1.73 A subspaceM⊆ H is dense in H if and only if u ⊥M
for u ∈ H implies u = Θ.

Proof M dense in H =⇒M = H. Suppose u ⊥M. Then there exists a

sequence {u(n)} in M such that limn→∞ u(n) = u and (u, u(n)) = 0 for

all n. Thus (u, u) = limn→∞(u, u(n)) = 0 =⇒ u = Θ.

Conversely, suppose u ⊥ M =⇒ u = Θ. If M isn’t dense in H then

M 6= H =⇒ there is a u ∈ H such that u 6=M. Therefore there exists a

ū ∈M such that v = u− ū 6= Θ belongs toM⊥ =⇒ v ⊥M. Impossible!

2

Now we are ready to study ON systems on an infinite-dimensional

(but separable) Hilbert space H. If {v(n)} is a sequence in H, we say that
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n=1 v

(n) = v ∈ H if the partial sums
∑k
n=1 v

(n) = u(k) form a Cauchy

sequence and limk→∞ u(k) = v. This is called convergence in the mean or

convergence in the norm, rather than pointwise convergence of functions.

(For Hilbert spaces of functions, such as L2[0, 2π], we need to distinguish

this mean convergence from pointwise or uniform convergence.)

The following results are just slight extensions of results that we have

proved for ON sets in finite-dimensional inner-product spaces. The se-

quence u(1), u(2), . . . ∈ H is orthonormal (ON) if (u(i), u(j)) = δij . (Note

that an ON sequence need not be a basis for H.) Given u ∈ H, the

numbers αj = (u, u(j)) are the Fourier coefficients of u with respect to

this sequence.

Lemma 1.74 u =
∑∞
n=1 αnu

(n) =⇒ αn = (u, u(n)).

Given a fixed ON system {u(n)}, a positive integer N and u ∈ H
the projection theorem tells us that we can minimize the “error” ||u −∑N
n=1 αnu

(n)|| of approximating u by choosing αn = (u, u(n)), i.e., as

the Fourier coefficients. Moreover,

Corollary 1.75
∑N
n=1 |(u, u(n))|2 ≤ ||u||2 for any N .

Corollary 1.76
∑∞
n=1 |(u, u(n))|2 ≤ ||u||2, Bessel’s inequality.

Theorem 1.77 Given the ON system {u(n)} ∈ H, then
∑∞
n=1 βnu

(n)

converges in the norm if and only if
∑∞
n=1 |βn|2 <∞.

Proof Let v(k) =
∑k
n=1 βnu

(n).
∑∞
n=1 βnu

(n) converges if and only if

{v(k)} is Cauchy in H. For k ≥ `,

||v(k) − v(`)||2 = ||
k∑

n=`+1

βnu
(n)||2 =

k∑
n=`+1

|βn|2. (1.14)

Set tk =
∑k
n=1 |βn|2. Then (1.14)=⇒ {v(k)} is Cauchy in H if and only

if {tk} is a Cauchy sequence of real numbers, if and only if
∑∞
n=1 |βn|2 <

∞. 2

Definition 1.78 A subset K of H is complete if for every u ∈ H and

ε > 0 there are elements u(1), u(2), . . . , u(N) ∈ K and α1, . . . , αN ∈ C

such that ||u −
∑N
n=1 αnu

(n)|| < ε, i.e., if the subspace K̃ formed by

taking all finite linear combinations of elements of K is dense in H.

Theorem 1.79 The following are equivalent for any ON sequence {u(n)}
in H.
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1. {u(n)} is complete ({u(n)} is an ON basis for H).

2. Every u ∈ H can be written uniquely in the form u =
∑∞
n=1 αnu

(n),

αn = (u, u(n)).

3. For every u ∈ H, ||u||2 =
∑∞
n=1 |(u, u(n))|2, Parseval’s equality.

4. If u ⊥ {u(n)} then u = Θ.

Proof

1. 1 =⇒ 2 {u(n)} complete =⇒ given u ∈ H and ε > 0 there is an integer

N and constants {αn} such that ||u −
∑N
n=1 αnu

(n)|| < ε =⇒ ||u −∑k
n=1 αnu

(n)|| < ε for all k ≥ N . Clearly
∑∞
n=1(u, u(n))u(n) ∈ H since∑∞

n=1 |(u, u(n))|2 ≤ ||u||2 < ∞. Therefore u =
∑∞
n=1(u, u(n))u(n).

Uniqueness obvious.

2. 2 =⇒ 3 Suppose u =
∑∞
n=1 αnu

(n), αn = (u, u(n)). Then, ||u −∑k
n=1 αnu

(n)||2 = ||u||2 −
∑k
n=1 |(u, u(n))|2 → 0 as k → ∞. Hence

||u||2 =
∑∞
n=1 |(u, u(n))|2.

3. 3 =⇒ 4 Suppose u ⊥ {u(n)}. Then ||u||2 =
∑∞
n=1 |(u, u(n))|2 = 0 so

u = Θ.

4. 4 =⇒ 1 Let M̃ be the dense subspace of H formed from all finite

linear combinations of u(1), u(2), . . . . Then given v ∈ H and ε > 0

there exists a
∑N
n=1 αnu

(n) ∈ M̃ such that ||v−
∑N
n=1 αnu

(n)|| < ε. 2

1.7 Linear operators and matrices,
LS approximations

We assume that the reader has a basic familiarity with linear algebra

and move rapidly to derive the basic results we need for applications.

Let V,W be vector spaces over F (either the real or the complex field).

Definition 1.80 A linear transformation (or linear operator) from V

to W is a function T : V → W , defined for all v ∈ V that satisfies

T(αu + βv) = αTu + βTv for all u, v ∈ V , α, β ∈ F. Here, the set

R(T) = {Tu : u ∈ V } is called the range of T. The dimension r of R(T)

is called the rank. The set N(T) = {u ∈ V : Tu = Θ} is called the null

space or kernel of T. The dimension k of N(T) is called the nullity.

Lemma 1.81 R(T) is a subspace of W and N(T) is a subspace of V .
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Proof Let w = Tu, z = Tv ∈ R(T) and let α, β ∈ F. Then αw +

βz = T(αu + βv) ∈ R(T). Similarly, if u, v ∈ N(T) and α, β ∈ F then

T(αu+ βv) = αΘ + βΘ = Θ, so αu+ βv ∈ N(T). 2

Note that an operator T : V →W is 1-1 or injective if and only if its

null space is zero dimensional. If T is 1-1 and if R(T) = W then T is

invertible and for any w ∈W the equation Tv = w always has a unique

solution v ∈ V . The linear operator T−1 : W → V defined by T−1w = v

is called the inverse operator to T.

If V is n-dimensional with basis v(1), . . . , v(n) and W is m-dimensional

with basis w(1), . . . , w(m) then T is completely determined by its matrix

representation T = (Tjk) with respect to these two bases:

Tv(k) =

m∑
j=1

Tjkw
(j), k = 1, 2, . . . , n.

If v ∈ V and v =
∑n
k=1 αkv

(k) then the action Tv = w is given by

Tv=T

(
n∑
k=1

αkv
(k)

)
=

n∑
k=1

αkTv
(k) =

m∑
j=1

n∑
k=1

(Tjkαk)w
(j) =

m∑
j=1

βjw
(j) =w

Thus the coefficients βj of w are given by βj =
∑n
k=1 Tjkαk, j =

1, . . . ,m. In matrix notation, one writes this as T11 · · · T1n

...
. . .

...

Tm1 · · · Tmn


 α1

...

αn

 =

 β1

...

βm

 ,

or

Ta = b.

The matrix T = (Tjk) has m rows and n columns, i.e., it is m × n,

whereas the vector a = (αk) is n× 1 and the vector b = (βj) is m× 1. If

V and W are Hilbert spaces with ON bases, we shall sometimes represent

operators T by matrices with an infinite number of rows and columns.

Let V,W,X be vector spaces over F , and T, U be linear operators

T : V →W , U : W → X. The product UT of these two operators is the

composition UT : V → X defined by UTv = U(Tv) for all v ∈ V . The

sum T + T′ of two linear operators T : V →W , T′ : V →W , is defined

by (T + T′)v = Tv+ T′v. If α ∈ F the scalar multiple of T is the linear

operator αT defined by (αT)v = α(Tv).

Suppose V is n-dimensional with basis v(1), . . . , v(n),W ism-dimensional

with basis w(1), . . . , w(m) andX is p-dimensional with basis x(1), . . . , x(p).
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Then T has matrix representation T = (Tjk), U has matrix representa-

tion U = (U`j),

Uw(j) =

p∑
`=1

U`jx
(`), j = 1, 2, . . . ,m,

and Y = UT has matrix representation Y = (Y`k) given by

Yv(k) = UTv(k) =

p∑
`=1

Y`kx
(`), k = 1, 2, . . . , n,

A straightforward computation gives Y`k =
∑m
j=1 U`jTjk, ` = 1, . . . , p,

k = 1, . . . , n. In matrix notation, one writes this as U11 · · · U1m

...
. . .

...

Up1 · · · Upm


 T11 · · · T1n

...
. . .

...

Tm1 · · · Tmn

 =

 Y11 · · · Y1n

...
. . .

...

Yp1 · · · Ypn

 ,

or

UT = Y.

Here, U is p×m, T is m× n and Y is p× n. Similarly, if T : V → W ,

T′ : V → W , have m × n matrix representations T, T ′ respectively,

then T + T′ has m × n matrix representation T + T ′, the sum of the

two matrices. The scalar multiple of αT has matrix representation αT

where (αT )jk = αTjk.

Now let us return to our operator T : V → W and suppose that

both V and W are complex inner product spaces, with inner products

(·, ·)V , (·, ·)W , respectively. Then T induces a linear operator T∗ : W →
V and defined by

(Tv, w)W = (v,T∗w)V , v ∈ V,w ∈W.

To show that T∗ exists, we will compute its matrix T ∗. Suppose that

v(1), . . . , v(n) is an ON basis for V and w(1), . . . , w(m) is an ON basis for

W . Then, for k = 1, . . . , n, j = 1, . . . ,m, we have

Tjk = (Tv(k), w(j))W = (v(k),T∗w(j))V = T̄ ∗kj .

Thus the operator T∗ (the adjoint operator to T) has the adjoint matrix

to T : T ∗kj = T̄jk. In matrix notation this is written T ∗ = T̄ tr where the
tr stands for the matrix transpose (interchange of rows and columns).

For a real inner product space the complex conjugate is dropped and

the adjoint matrix is just the transpose.
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There are fundamental relations between the linear transformations

T : V → W and T∗ : W → V that apply directly to the solution of

systems of m×n linear equations Ta = b. Recall that N(T) and R(T∗)

are subspaces of V with dimensions k, r∗, respectively. Similarly, N(T∗)

and R(T) are subspaces of W with dimensions k∗, r, respectively.

Theorem 1.82 The Fundamental Theorem of Linear Algebra. Let T :

V →W as defined above. Then, [94],

1. n = k + r, m = k∗ + r∗,

2. V = N(T)⊕R(T∗), i.e., R(T∗) = N(T)⊥,

3. W = N(T∗)⊕R(T), i.e., N(T∗) = R(T)⊥,

4. r = r∗.

Proof Let {v(1), . . . , v(k)} be an ON basis for N(T) in V . Using the

Gram–Schmidt process we can supplement this set with vectors

v(k+1), . . . , v(n) in V such that {v(1), . . . , v(n)} is an ON basis for V . Now

set w(j) = Tv(j), j = k + 1, . . . , n. We claim that {w(k+1), . . . , w(n)} is

a basis for R(T) in W . For any constants αj we have

T(α1v
(1) + · · ·+ αnv

(n)) =

n∑
i=k+1

αiTv
(i) =

n∑
i=k+1

αiw
(i),

so the {w(j)} form a spanning set for R(T). Further the set {w(j)} is

linearly independent, since if
∑n
j=k+1 αjw

(j) = Θ then

T(

n∑
j=k+1

αjv
(j)) =

n∑
j=k+1

αjTv
(j) =

n∑
j=k+1

αjw
(j) = Θ,

so
∑n
j=k+1 αjv

(j) ∈ N(T), which is possible only if αk+1 = · · · = αn = 0.

Thus dim R(T) = n − k = r. The dual argument, using the fact that

T∗∗ = T, yields dim R(T∗) = m− k∗ = r∗.

For the remaining parts of the proof we first apply the projection

theorem to V and the subspace N(T): V = N(T) ⊕ N(T)⊥. We will

show that R(T∗) = N(T)⊥. Let ṽ ∈ R(T∗) ⊆ V and v̂ ∈ N(T) ⊆ V .

Then there is a w̃ ∈W such that ṽ = T∗w̃ and we have

(v̂, ṽ)V = (v̂,T∗w̃)V = (Tv̂, w̃)W = (Θ, w̃)W = 0,

so ṽ ∈ N(T)⊥. Thus R(T∗) ⊆ N(T)⊥. This means that R(T∗)⊥ ⊇
(N(T)⊥)⊥ = N(T). Counting dimensions we have n − r∗ ≥ k. A

dual argument applied to the projection W = N(T∗) ⊕N(T∗)⊥ yields

R(T)⊥ ⊇ (N(T∗)⊥)⊥ = N(T∗). Counting dimensions we getm−r ≥ k∗.
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Thus we have the inequalities n ≥ k + r∗, m ≥ k∗ + r, or by adding

m + n ≥ (k + k∗) + (r + r∗) where strict equality in the last expres-

sion holds if and only if there is strict equality in the first two ex-

pressions. However, the proof of part 1 shows that indeed m + n =

(k∗ + r∗) + (k + r) = (k + k∗) + (r + r∗). Since R(T∗)⊥ ⊇ N(T) and

the two spaces have the same dimension, they must be equal. A similar

argument gives R(T)⊥ = N(T∗).

To prove 4) we note from 1) that n = k+ r whereas from the proof of

3) n = k + r∗. Thus r = r∗. 2

Note from Theorem 1.82 that the rank of T is equal to the rank of

T∗. This result has an important implication for the matrices T, T ∗ of

these operators with respect to bases in V and W . The rank of T is

just the number of linearly independent column vectors of T , i.e., the

dimension of the vector space of n-tuples (the column space) spanned

by the column vectors of T . The rank of T∗ is the number of linearly

independent column vectors of T ∗, which is the same as the number of

linearly independent row vectors of T , i.e., the dimension of the vector

space of m-tuples (the row space) spanned by the row vectors of T . This

is true even for matrices with complex entries because taking the com-

plex conjugate does not alter the linear independence of row or column

vectors. Note also that any m×n matrix T can be realized as the matrix

of some operator T : V →W with respect to an appropriate basis.

Corollary 1.83 The dimension of the row space of an m× n matrix T

is equal to the dimension of its column space.

There are some special operators and matrices that we will meet often

in this book. Suppose that v(1), . . . , v(m) is a basis for V .

1. The identity operator I : V → V is defined by Iv = v for all v ∈ V .

The matrix of I is I = (δjh) where δjj = 1 and δjh = 0 if j 6= h, 1 ≤
j, h ≤ m. If T is invertible with inverse T−1 then TT−1 = T−1T = I.

In this case the matrix T of T with respect to the basis has rank m

and T−1 is the matrix of T−1, where TT−1 = T−1T = I. We say

that T is nonsingular with inverse matrix T−1,

2. The zero operator Z : V → V is defined by Zv = Θ for all v ∈ V .

The n× n matrix of Z has all matrix elements 0.

3. An operator U : V → V that preserves the inner product, (Uv,Uu) =

(v, u) for all u, v ∈ V is called unitary. The matrix U of a unitary

operator is characterized by the matrix equation UU∗ = I.
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4. If V is a real inner product space, the operators O : V → V that pre-

serve the inner product, (Ov,Ou) = (v, u) for all u, v ∈ V are called

orthogonal. The matrix O of an orthogonal operator is characterized

by the matrix equation OOtr = I.

5. An operator T : V → V that is equal to its adjoint, i.e., T = T∗ is

called self-adjoint if V is a complex vector space and symmetric if V is

real. The m×m matrix T of a self-adjoint operator is characterized by

the matrix equation T ∗ = T (the matrix is self-adjoint) for complex

spaces and T = T tr (the matrix is symmetric) for real spaces.

1.7.1 The singular value decomposition

We recall some important results from linear algebra concerning the

diagonalization of self-adjoint operators, e.g. [94]. Suppose that T : V →
V is an operator on a complex inner product space V . We say that

a nonzero vλ ∈ V is an eigenvector of T with eigenvalue λ ∈ C if

Tvλ = λvλ. This definition is also valid for real vector spaces if λ ∈ R.

Now suppose T is self-adjoint. Then its eigenvalues must be real. In-

deed, since T = T∗ we have

λ||vλ||2 =< Tvλ, vλ >=< vλ,T∗vλ >= λ||vλ||2,

so λ = λ. If λ1, λ2 are distinct eigenvalues for T, then the corresponding

eigenvectors are orthogonal. Indeed

λ1 < vλ1 , vλ2 >=< Tvλ1 , vλ2 >=< vλ1 ,T∗vλ2 >= λ2 < vλ1 , vλ2 >,

so (λ1 − λ2) < vλ1 , vλ2 >= 0, which implies < vλ1 , vλ2 >= 0. A funda-

mental result from linear algebra, the Spectral Theorem for self-adjoint

operators, states that if T is self-adjoint then V has an ON basis {vλi}
of eigenvectors of T:

Tvλj = λjv
λj , j = 1, . . . ,m.

The matrix of T with respect to this basis is diagonal: D = (δjkλj). If

V is real and T is symmetric the same result holds.

Now we give the matrix version of this result for self-adjoint operators.

Let T be the self-adjoint matrix of T with respect to the ON basis {f (j)}
of V : Tjk = (Tf (k), f (j)). We expand this basis in terms of the ON basis

of eigenvectors: f (k) =
∑m
h=1 Uhkv

λh for j = 1, . . . ,m. Note that the

m×m matrix U is unitary, so that U−1 = U∗.

Tjk = (Tf (k), f (j)) =
∑
h,`

UhkU`j < Tvλh , vλ` >=
∑
h,`

UhkU`jδh`λh.
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Thus T = U−1DU or D = UTU−1 where U−1 = U∗ and D is diagonal.

In the real case U = O is real orthogonal and we have T = O−1DO

where O−1 = Otr.

By definition, an operator T : V →W cannot have eigenvectors. Sim-

ilarly it makes no direct sense to talk about eigenvectors and eigenvalues

of nonsquare matrices. However, there is a sense in which T and its ma-

trix T with respect to a pair of ON bases can be diagonalized. This is the

Singular Value Decomposition (SVD) that has proven extremely useful

for applications. Let T : V → W be a linear operator of rank r from

the inner product space V to the inner product space W , with adjoint

operator T∗ : W → V .

Theorem 1.84 (Singular Value Decomposition) There is an ON basis

{v(1), . . . , v(n)} for V and an ON basis {w(1), . . . , w(m)} for W such that

Tv(`) = σ`w
(`), T∗w(`) = σ`v

(`), ` = 1, . . . , r, (1.15)

Tv(h) = Θ, h = r + 1, . . . , n, T∗w(j) = Θ, j = r + 1, . . . ,m.

Here

σ1 ≥ σ2 ≥ · · · ≥ σr > 0

are the singular values of T.

Proof Recall from Theorem 1.82 that V = R(T∗) ⊕ N(T) and W =

R(T) ⊕ N(T∗), where r = dim R(T∗) = dim R(T), k = dim N(T),

k∗ = dim N(T∗) and k + r = n, k∗ + r = m. Note that the operator

TR(T∗) : R(T∗) → R(T), maps the subspace R(T∗) of V 1-1 onto

the subspace R(T) of W . Similarly, the operator T∗R(T) : R(T) →
R(T∗), maps the subspace R(T) of W 1-1 onto the subspace R(T∗) of

V . Further, the compositions

(T∗T)R(T∗) : R(T∗)→ R(T∗), (TT∗)R(T) : R(T)→ R(T),

are 1-1 maps of R(T∗) and R(T), respectively, onto themselves. Both of

these operators are self-adjoint. Indeed if u(1), u(2) ∈ R(T∗) then

< T∗Tu(1), u(2) >V =< Tu(1),Tu(2) >V =< u(1),T∗Tu(2) >V ,

with an analogous demonstration for TT∗.
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It follows from the Spectral Theorem for self-adjoint operators that

there is an ON basis {v(1), . . . , v(r)} for R(T∗) consisting of eigenvectors

of T∗T:

T∗Tv(j) = λjv
(j), j = 1, . . . , r.

Moreover, the eigenvalues λj are strictly positive. Indeed,

0 < ||Tv(j)||2V =< Tv(j),Tv(j) >V =< v(j),T∗Tv(j) >V

= λj ||v(j)||2V = λj .

Thus we can set λj = σ2
j where σj > 0. We reorder the labels on our

eigenvectors so that σ1 ≥ σ2 ≥ · · · ≥ σr. Note that

(TT∗)Tv(j) = T(T∗Tv(j)) = σ2Tv(j),

so Tv(j) ∈ R(T) is an eigenvector of TT∗ with eigenvalue σ2
j . Now we

renormalize these new eigenvectors by defining w(j) = σ−1
j Tv(j). Thus,

Tv(j) = σjw
(j), T∗w(j) = σ−1

j T∗Tv(j) = σjv
(j),

and

< w(j), w(`) >W=
1

σjσ`
< Tv(j),Tv(`) >W=

1

σjσ`
< v(j),T∗Tv(`) >W

=
σ`
σj

< v(j), v(`) >W= δj`,

so {w(j)} is an ON basis for R(T).

Next we choose an ON basis {v(1), . . . , v(n)} for V such that the first r

vectors are the constructed ON eigenvector basis forR(T∗) and the last k

an ON basis for N(T). Similarly, we choose an ON basis {w(1), . . . , w(m)}
for W such that the first r vectors are the constructed ON eigenvector

basis for R(T) and the last k∗ an ON basis for N(T∗). These vectors

satisfy relations (1.15 ). 2

For the matrix version of the theorem we consider the m × n matrix

T = (Tts) of T with respect to the ON bases {e(s), 1 ≤ s ≤ n} for V

and {f (t), 1 ≤ t ≤ m} for W : Tts =< Te(s), f (t) >W . We expand these

bases in terms of the ON bases from Theorem 1.84: e(s) =
∑n
h=1Ahsv

(h)

for s = 1, . . . , n and f (t) =
∑m
q=1Bqtw

(q) for t = 1, . . . ,m. Then

Tts =< Te(s), f (t) >W=

n,m∑
h,q=1

AhsBqt < Tv(h), w(q) >W

=

r∑
h,q=1

AhsBqtσhδhq.
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Thus, T = B∗SA where A is an n×n unitary matrix and B is an m×m
unitary matrix. The m× n matrix S takes the form

S =



σ1 0 · · · · · · · · · 0

0 σ2 · · · · · · · · · 0
...

...
. . .

...
...

0 0 · · · σr 0 · · ·
...

...
...

...
...

0 0 · · · · · · · · · 0


Example 1.85 We consider an example where T is a real 3× 4 matrix,

so B and A will be orthogonal. Here

T =

 −1.7489 −.3837 0.2643 1.5590

−3.9454 −.8777 0.5777 3.5049

4.9900 1.1081 −0.7404 −4.4343

 .

It is an easy exercise with the software program MATLAB to obtain the

singular value decomposition

T = BtrSA = −0.2654 0.8001 0.5379

−0.5979 −0.5743 0.5592

0.7564 −0.1732 0.6308

 9 0 0 0

0 0.01 0 0

0 0 0.003 0

×


0.7330 0.1627 −0.1084 −0.6515

0.2275 0.5127 0.7883 0.2529

0.2063 0.5996 −0.6043 0.4824

0.6069 −0.5925 0.0408 0.5281

 .

Note that in this example σ1 = 9 is much larger than the other two

singular values. If the matrix elements of T are values obtained from

an experiment, we would have reason to suspect that the two smallest

singular values are effects due to “noise” or experimental error, and that

the basic information in the data is contained in the σ1. If that is the

case we could replace S by a new matrix S̃ of singular values σ̃1 = 9,

σ̃2 = σ̃3 = 0 and recompute the matrix

T̃ = BtrS̃A =

 −1.7510 −0.3888 0.2589 1.5562

−3.9445 −0.8757 0.5833 3.5056

4.9900 1.1079 −0.7379 −4.4348

 .

Here T̃ agrees with T to 2 decimal place accuracy and has a much more

transparent structure. Whereas 12 matrix elements are needed to store
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the content of T , only 8 are needed for T̃ : the first row of B, the first

row of A and σ1. Thus we have achieved data compression.

The singular value decomposition displays the underlying structure of

a matrix. In many practical applications only the largest singular values

are retained and the smallest ones are considered as “noise” and set equal

to 0. For large matrices that data compression can be considerable. In

the extreme case where only one singular value is retained for an m× n
matrix, only m + n + 1 numbers are needed to recompute the altered

matrix, rather than mn.

1.7.2 Bounded operators on Hilbert spaces

In this section we present a few concepts and results from functional

analysis that are needed for the study of wavelets, [75, 93].

An operator T: H → K from the Hilbert space H to the Hilbert Space

K is said to be bounded if it maps the unit ball ||u||H ≤ 1 to a bounded

set in K. This means that there is a finite positive number N such that

||Tu||K ≤ N whenever ||u||H ≤ 1.

The norm ||T|| of a bounded operator is its least bound:

||T|| = sup
||u||H≤1

||Tu||K = sup
||u||H=1

||Tu||K. (1.16)

Lemma 1.86 Let T : H → K be a bounded operator.

1. ||Tu||K ≤ ||T|| · ||u||H for all u ∈ H.

2. If S : L → H is a bounded operator from the Hilbert space L to H,

then TS : L → K is a bounded operator with ||TS|| ≤ ||T|| · ||S||.6

Proof

1. The result is obvious for u = Θ. If u is nonzero, then v = ||u||−1
H u

has norm 1. Thus ||Tv||K ≤ ||T||. The result follows from multiplying

both sides of the inequality by ||u||H.

2. From part 1, ||TSw||K = ||T(Sw)||K ≤ ||T|| · ||Sw||H ≤ ||T|| · ||S|| ·
||w||L. Hence ||TS|| ≤ ||T|| · ||S||.

2

A special bounded operator is the bounded linear functional f : H →
C, where C is the one-dimensional vector space of complex numbers

(with the absolute value |·| as the norm). Thus f(u) is a complex number

6 Equality holds for operators which lie in a sigma algebra.
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for each u ∈ H and f(αu+ βv) = αf(u) + βf(v) for all scalars α, β and

u, v ∈ H. The norm of a bounded linear functional is defined in the usual

way:

||f || = sup
||u||H=1

|f(u)|. (1.17)

For fixed v ∈ H the inner product f(u) ≡ (u, v) is an important ex-

ample of a bounded linear functional. The linearity is obvious and the

functional is bounded since |f(u)| = |(u, v)| ≤ ||u|| · ||v||. Indeed it is

easy to show that ||f || = ||v||. A very useful fact is that all bounded lin-

ear functionals on Hilbert spaces can be represented as inner products.

This important result, the Riesz representation theorem, relies on the

fact that a Hilbert space is complete. It is an elegant application of the

projection theorem.

Theorem 1.87 (Riesz representation theorem) Let f be a bounded linear

functional on the Hilbert space H. Then there is a vector v ∈ H such

that f(u) = (u, v) for all u ∈ H.

Proof

• Let N = {w ∈ H : f(w) = 0} be the null space of f . Then N is a closed

linear subspace of H. Indeed if w(1), w(2) ∈ N and α, β ∈ C we have

f(αw(1) + βw(2)) = αf(w(1)) + βf(w(2)) = 0 , so αw(1) + βw(2) ∈ N .

If {w(n)} is a Cauchy sequence of vectors in N , i.e., f(w(n)) = 0, with

w(n) → w ∈ H as n→∞ then

|f(w)| = |f(w)− f(w(n))| = |f(w − w(n))| ≤ ||f || · ||w − w(n)|| → 0

as n→∞. Thus f(w) = 0 and w ∈ N , so N is closed.

• If f is the zero functional, then the theorem holds with v = Θ, the

zero vector. If f is not zero, then there is a vector u0 ∈ H such that

f(u0) = 1. By the projection theorem we can decompose u0 uniquely

in the form u0 = v0 + w0 where w0 ∈ N and v0 ⊥ N . Then 1 =

f(u0) = f(v0) + f(w0) = f(v0).

• Every u ∈ H can be expressed uniquely in the form u = f(u)v0 +w for

w ∈ N . Indeed f(u−f(u)v0) = f(u)−f(u)f(v0) = 0 so u−f(u)v0 ∈ N .

• Let v = ||v0||−2v0. Then v ⊥ N and

(u, v) = (f(u)v0 + w, v) = f(u)(v0, v) = f(u)||v0||−2(v0, v0) = f(u).

2

We may define adjoints of bounded operators on general Hilbert

spaces, in analogy with our construction of adjoints of operators on
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finite-dimensional inner product spaces. We return to our bounded op-

erator T : H → K. For any v ∈ K we define the linear functional

fv(u) = (Tu, v)K on H. The functional is bounded because for ||u||H = 1

we have

|fv(u)| = |(Tu, v)K| ≤ ||Tu||K · ||v||K ≤ ||T|| · ||v||K.

By Theorem 1.87 there is a unique vector v∗ ∈ H such that

fv(u) ≡ (Tu, v)K = (u, v∗)H,

for all u ∈ H. We write this element as v∗ = T∗v. Thus T induces an

operator T∗ : K → H and defined uniquely by

(Tu, v)K = (u,T∗v)H, v ∈ H, w ∈ K.

Note that the above calculations allow us to prove Hölder–Minkowski’s

inequalities. See Exercise 1.19, Exercise 1.21 and Theorem 1.21.

Lemma 1.88 1. T∗ is a linear operator from K to H.

2. T∗ is a bounded operator.

3. ||T∗||2 = ||T||2 = ||TT∗|| = ||T∗T||.

Proof

1. Let v ∈ K and α ∈ C. Then

(u,T∗αv)H = (Tu, αv)K = α(Tu, v)K = α(u,T∗v)H

so T∗(αv) = αT∗v. Now let v1, v2 ∈ K. Then

(u,T∗[v1 + v2])H = (Tu, [v1 + v2])K =

(Tu, v1)K + (Tu, v2)K = (u,T∗v1 + T∗v2)H

so T∗(v1 + v2) = T∗v1 + T∗v2.

2. Set u = T∗v in the defining equation (Tu, v)K = (u,T∗v)H. Then

||T∗v||2H = (T∗v,T∗v)H =

(TT∗v, v)K ≤ ||TT∗v||K||v||K ≤ ||T|| · ||T∗v||H||v||K.

Canceling the common factor ||T∗v||H from the far left and far right-

hand sides of these inequalities, we obtain

||T∗v||H ≤ ||T|| · ||v||K,

so T∗ is bounded.
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3. From the last inequality of the proof of 2 we have ||T∗|| ≤ ||T||. How-

ever, if we set v = Tu in the defining equation (Tu, v)K = (u,T∗v)H,

then we obtain an analogous inequality

||Tu||K ≤ ||T∗|| · ||u||H.

This implies ||T|| ≤ ||T∗||. Thus ||T|| = ||T∗||. From the proof of

part 2 we have

||T∗v||2H = (TT∗v, v)K. (1.18)

Applying the Cauchy–Schwarz inequality to the right-hand side of

this identity we have

||T∗v||2H ≤ ||TT∗v||K||v||K ≤ ||TT∗|| · ||v||2K,

so ||T∗||2 ≤ ||TT∗||. But from Lemma 1.86 we have ||TT∗|| ≤ ||T|| ·
||T∗||, so

||T∗||2 ≤ ||TT∗|| ≤ ||T|| · ||T∗|| = ||T∗||2.

An analogous proof, switching the roles of u and v, yields

||T||2 ≤ ||T∗T|| ≤ ||T|| · ||T∗|| = ||T||2.

2

1.7.3 Least squares approximations

Most physical systems seek stability. For example in a mechanical sys-

tem, equilibrium configurations minimize the total potential energy of

the system; in electrical circuits, the current adjusts itself to minimize

power. In optics and relativity, light rays follow the paths of minimal

distance, the geodesics on curved space-time. In random matrix theory,

approximation theory and harmonic analysis, suitably scaled zeros of

extremal polynomials, eigenvalues of large random ensembles, interpo-

lation points and points of good quadrature often converge weakly to

minimizers of minimal energy problems. Not surprisingly, in data analy-

sis, a common way of fitting a function to a prescribed set of data points

is to first minimize the least squares error which serves to quantify the

overall deviation between the data and sampled function values. Thus

we are given a system of equations to solve of the form Ax = b orA11 · · · A1n

...
. . .

...

Am1 · · · Amn


x1

...

xn

 =

 b1
...

bm

 . (1.19)
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Here b = {b1, . . . , bm} are m measured quantities, the m × n matrix

A = (Ajk) is known, and we have to compute the n quantities x =

{x1, . . . , xn}. Since b is measured experimentally, there may be errors

in these quantities. This will induce errors in the calculated vector x.

Indeed for some measured values of b there may be no solution x.

Example 1.89 Consider the 3× 2 system 3 1

1 1

1 2

( x1

x2

)
=

 0

2

b3

 .

If b3 = 5 then this system has the unique solution x1 = −1, x2 = 3.

However, if b3 = 5 + ε for ε small but nonzero, then there is no solution!

We want to guarantee an (approximate) solution of (1.19) for all vec-

tors b and matrices A. Let’s embed our problem into the inner prod-

uct spaces V and W above. That is A is the matrix of the operator

A : V → W , b is the component vector of a given w ∈ W (with

respect to the {w(j)} basis) and x is the component vector of v ∈ V (with

respect to the {v(k)} basis), which is to be computed. Now the original

equation Ax = b becomes Av = w.

Let us try to find an approximate solution v of the equation Av = w

such that the norm of the error ||w−Av||W is minimized. If the original

problem has an exact solution then the error will be zero; otherwise we

will find a solution v0 with minimum (least squares) error. The square

of the error will be

ε2 = min
v∈V
||w −Av||2W = ||w −Av0||2W .

This may not determine v0 uniquely, but it will uniquely determine Av0.

We can easily solve this problem via the projection theorem. Recall

that the range of A, R(A) = {Au : u ∈ V } is a subspace of W . We need

to find the point on R(A) that is closest in norm to w. By the projection

theorem, that point is just the projection of w on R(A), i.e., the point

Av0 ∈ R(A) such that w −Av0 ⊥ R(A). This means that

(w −Av0,Av)W = 0

for all v ∈ V . Now, using the adjoint operator, we have

(w −Av0,Av)W = (A∗[w −Av0], v)V = (A∗w −A∗Av0, v)V = 0
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for all v ∈ V . This is possible if and only if

A∗Av0 = A∗w.

In matrix notation, our equation for the least squares solution x0 is

A∗Ax0 = A∗b. (1.20)

The original system was rectangular; it involved m equations for n un-

knowns. Furthermore, in general it had no solution. Here however, the

n × n matrix A∗A is square and there are n equations for the n un-

knowns x0 = {x1, . . . , xn}. If the matrix A is real, then Equations (1.20)

become AtrAx0 = Atrb. This problem always has a solution x0 and Ax0

is unique. Moreover, if A is 1-1 (so necessarily m ≥ n) then the n × n
matrix A∗A is invertible and the unique solution is

x0 = (A∗A)−1A∗b. (1.21)

Example 1.90 Consider Example 1.89 with b3 = 6, a 3 × 2 system.

Then the equation A∗Ax = A∗b becomes(
11 6

6 6

)(
x1

x2

)
=

(
8

14

)
.

Inverting the 2× 2 matrix A∗A we obtain the least squares solution(
x1

x2

)
=

(
1/5 −1/5

−1/5 11/30

)(
8

14

)
,

so x1 = −6/5, x2 = 53/15.

We could use another norm to find the best approximation of (1.19),

e.g, we could find the x such that ||Ax − b||p is a minimum for some

`p-norm. (It is easy to see that a minimum must exist for any p ≥ 1.)

However, only for the case p = 2 is there an inner product which permits

the explicit analytic solution (1.21). In all other cases numerical methods

must be used. On the other hand, some of these norms possess special

advantages for certain kinds of signal processing problems. In particular

we shall find the `1 norm to be especially useful in dealing with sparse

signals, discrete signals that contain only a few nonzero terms. Moreover,

minimization of ||Ax− b||1 is an example of a linear programming prob-

lem and there are very fast numerical algorithms (based on the simplex

method) to find the solutions.
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Example 1.91 We consider the same problem as in Example 1.90, ex-

cept that here we minimize the `1 norm

f(x) = ||Ax−b||1 = |3x1+x2|+|x1+x2−2|+|x1+2x2−6| = |y1|+|y2|+|y3|.

Keys to the direct solution of this problem are the lines 3x1+x2 = 0, x1+

x2−2 = 0 and x1+2x2−6 = 0 in the x1−x2 plane. They divide the plane

into up to eight regions based on the eight possibilities (y1, y2, y3≥ 0),

(y1, y2 ≥ 0, y3 ≤ 0),. . ., (y1, y2, y3 ≤ 0). The regions overlap only on the

boundary lines. In each region f(x) is a linear function. Thus in the first

region we have

3x1 + x2 ≥ 0, x1 + x2 ≥ 2, x1 + 2x2 ≥ 6, f(x) = 5x1 + 4x2 − 6.

This region is actually bounded below by the lines y1 = 0 and y3 = 0 be-

cause if y1 ≥ 0 and y3 ≥ 0 we can verify that y2 ≥ 0. The lines f(x) = c

for any c are not parallel to y1 = 0 or y3 = 0 so the minimum of f(x)

in this region must occur at the point of intersection of the two lines

y1 = y3 = 0. This intersection point occurs at (x1, x2) = (−6/5, 18/5).

Here f(−6/5, 18/5) = |y2| = 2/5. Similarly, in the other regions the min-

imum of f never occurs at an interior point but always on the bound-

ary at a vertex where two lines intersect. We have only to check the

three intersection points. If y1 = y2 = 0 then (x1, x2) = (−1, 3) and

f = |y3| = 1. If y2 = y3 = 0 then (x1, x2) = (−2, 4) and f = |y1| = 2.

Thus the minimum value of f occurs at (x1, x2) = (−6/5, 18/5). Note

that this answer differs from the `2 solution. In this case two of the three

equations y1 = y2 = y3 = 0 are satisfied.

In the general case where we minimize the expression

f(x) = ||Ax− b||1 = |y1|+ |y2|+ |y3|+ · · ·+ |ym|

with yj =
∑n
k=1Ajkxk, j = 1, . . . , n and the rank of A is r, we can

always achieve the minimum of f at an x such that at least r of the

yj vanish. For the least squares solution it may be that none of the yj
vanish.

In our previous discussion of the m×n system Ax = b we have mostly

considered cases where the system was overdetermined, i.e., where the

number of conditions m was greater than the number of unknowns n. As

we have seen, these equations are typically inconsistent. They have no

exact solution, but we can obtain approximate solutions via minimiza-

tion with respect to an appropriate norm. If the number of conditions

m is less than the number of unknowns n, then the system is called
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underdetermined. In this case the null space of A has strictly positive

dimension, so if there is a solution at all then there are infinitely many

solutions. In signal processing this situation occurs when we sample an

n-component signal m times where m is much less than n. Then typically

there are many signals x that could yield the same sample b = Ax. If

one solution is xo then the general solution is x = x0 + v where Av = Θ,

i.e., v belongs to the null space N(A) of A. How should we choose an

“optimal” reconstruction of x?

There is no one best answer to the problem we have posed for underde-

termined systems. The approach depends on the nature of the problem.

One way to proceed mathematically would be to choose the solution with

least `p norm. Thus the solution would be x = x0 + v0 where v0 ∈ N(A)

and

||x0 + v0||p = minv∈N(A)||x0 + v||p.

This method can be justified in many applications, particularly for p = 2

and p = 1. Later we shall show that the `1 minimization is exactly the

right approach in compressive sampling. A very simple example will help

demonstrate the difference between `1 and `2 minimization for under-

determined systems of equations. Consider the case m = 1, n = 3 with

single equation

3x1 + 2x2 + x3 = 6.

Via Gaussian elimination we can see that the general solution of this

equation is

x1 = 2− 2

3
c1 −

1

3
c2, x2 = c1, x3 = c2,

where c1, c2 are arbitrary. Geometrically, the solution is a plane in

x1, x2, x3-space that cuts the xj-axes at x1 = 2, x2 = 3 and x3 = 6.

In the `1 norm the unit ball is a cube with vertices (±1, 0, 0), (0,±1, 0)

and (0, 0,±1). To minimize the `1 norm we must find the point on the

plane such that ||x||1 = |2 − 2
3c1 −

1
3c2| + |c1| + |c2| is a minmum. By

dilating the unit ball we see that the minimum value occurs at the vertex

(2, 0, 0). On the other hand, in the `2 norm the unit ball is a sphere cen-

tered at the origin with radius 1. To minimize the `2 norm we must find

the point on the plane such that ||x||22 = (2− 2
3c1−

1
3c2)2 + (c1)2 + (c2)2

is a minmum. Here the solution is the point (9/7, 6/7, 3/7). Thus the
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Figure 1.2 `1 and `2 minimization for an underdetermined system.

`1 solution has only one nonzero term, whereas the `2 solution has all

terms nonzero.

Figure 1.2 will help to fix the ideas. The `2 minimum occurs at the

point on the set x0 + v whose Euclidean distance to the origin is a

minimum, whereas the `1 minimum occurs at points where some of the

components of x are zero. In general, if Ax = b is an underdetermined

m × n system of rank r ≤ m with at least one solution, then there

is always an `1 minimal solution with at least n − r zero components,

whereas an `2 minimal solution may have no zero components. This

property of the `1 norm plays an important role in compressive sampling.
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1.8 Additional exercises

Exercise 1.7 (a) Let V be a vector space. Convince yourself that V

and {Θ} are subspaces of V and every subspace W of V is a vector

space over the same field as V .

(b) Show that there are only two nontrivial subspaces of R3. (1) A plane

passing through the origin and (2) A line passing through the origin.

Exercise 1.8 (a) Prove or give a counterexample to the following state-

ment: If v(1), . . . , v(k) are elements of a vector space V and do not

span V , then v(1), . . . , v(k) are linearly independent.

(b) Prove that if v(1), . . . , v(m) are linearly independent, then any subset

v(1), . . . , v(k) with k < m is also linearly independent.

(c) Does the same hold true for linearly dependent vectors? If not, give

a counterexample.

Exercise 1.9 Show that the basic monomials
{

1, x, x2, x3, . . . , xn
}

are

linearly independent in the space of polynomials in x. Hint: Use the Fun-

damental Theorem of Algebra which states that a non-zero polynomial

of degree n ≥ 1 has at most n distinct real roots (and exactly n complex

roots, not necessarily distinct).

Exercise 1.10 The Wronskian of a pair of differentiable, real-valued

functions f and g is the scalar function

W [f(x), g(x)] = det

(
f(x) g(x)

f ′(x) g′(x)

)
= f(x)g′(x)− f ′(x)g(x).

(a) Prove that if f, g are linearly dependent, then W [f(x), g(x)] ≡ 0.

(b) Prove that if W [f(x), g(x)] 6≡ 0, then f, g are linearly independent.

(c) Let f(x) = x3 and g(x) = |x|3. Prove that f and g are twice continu-

ously differentiable on R, are linearly independent butW [f(x), g(x)] ≡
0. Thus (b) is sufficient but not necessary. Indeed, one can show the

following: W [f(x), g(x)] ≡ 0 iff f, g satisfy a second-order linear or-

dinary differential equation.

Exercise 1.11 Prove the following theorem. Suppose that V is an n ≥ 1

dimensional vector space. Then the following hold.

(a) Every set of more than n elements of V is linearly dependent.

(b) No set of less than n elements spans V .

(c) A set of n elements forms a basis iff it spans V .
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(d) A set of n elements forms a basis iff it is linearly independent.

Exercise 1.12 The Legendre polynomials Pn(x), n = 0, 1, . . . are the

ON set of polynomials on the real space L2[−1, 1] with inner product

(f, g) =

∫ 1

−1

f(x)g(x)dx,

obtained by applying the Gram–Schmidt process to the monomials 1, x, x2,

x3, . . . and defined uniquely by the requirement that the coefficient of

tn in Pn(t) is positive. (In fact they form an ON basis for L2[−1, 1].)

Compute the first four of these polynomials.

Exercise 1.13 Using the facts from the preceding exercise, show that

the Legendre polynomials must satisfy a three-term recurrence relation

xPn(x) = anPn+1(x) + bnPn(x) + cnPn−1(x), n = 0, 1, 2, . . .

where we take P−1(x) ≡ 0. (Note: If you had a general sequence of poly-

nomials {pn(x)}, where the highest-order term on pn(x) was a nonzero

multiple of tn, then the best you could say was that

xpn(x) =

n+1∑
j=0

αjpj(x).

What is special about orthogonal polynomials that leads to three-term

relations?) What can you say about an, bn, cn without doing any detailed

computations?

Exercise 1.14 Let L2[R, ω(x)] be the space of square integrable func-

tions on the real line, with respect to the weight function ω(x) = e−x
2

.

The inner product on this space is thus

(f, g) =

∫ ∞
−∞

f(x)g(x)ω(x)dx.

The Hermite polynomials Hn(x), n = 0, 1, . . . are the ON set of polyno-

mials on L2[R, ω(x)], obtained by applying the Gram–Schmidt process

to the monomials 1, x, x2, x3, . . . and defined uniquely by the require-

ment that the coefficient of xn in Hn(x) is positive. (In fact they form

an ON basis for L2[R, ω(x)].) Compute the first four of these polyno-

mials. NOTE: In the study of Fourier transforms we will show that∫∞
−∞ e−isxe−x

2

dt =
√
πe−s

2/4. You can use this result, if you wish, to

simplify the calculations.
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Exercise 1.15 Note that in the last problem, H0(x), H2(x) contained

only even powers of x and H1(x), H3(x) contained only odd powers. Can

you find a simple proof, using only the uniqueness of the Gram–Schmidt

process, of the fact that Hn(−x) = (−1)nHn(x) for all n?

Exercise 1.16 Use least squares to fit a straight line of the form y =

bx+ c to the data

x= 0 1 3 4

y= 0 8 8 20

in order to estimate the value of y when x = 2.0. Hint: Write the problem

in the form 
0

8

8

20

 =


0 1

1 1

3 1

4 1

( b

c

)
.

Exercise 1.17 Repeat the previous problem to find the best least squares

fit of the data to a parabola of the form y = ax2 +bx+c. Again, estimate

the value of y when x = 2.0.

Exercise 1.18 Project the function f(t) = t onto the subspace of

L2[0, 1] spanned by the functions φ(t), ψ(t), ψ(2t), ψ(2t− 1), where

φ(t) =

{
1, for 0 ≤ t ≤ 1

0, otherwise
ψ(t) =


1, for 0 ≤ t ≤ 1

2

−1, for 1
2 ≤ t < 1

0, otherwise.

(This is related to the Haar wavelet expansion for f .)

Exercise 1.19 A vector space pair V :=(V, ||·||) is called a quasi-normed

space if for every x, y ∈ V and α ∈ F, there exists a map ||·|| : V → [0,∞)

such that

(i) ||x|| > 0 if x 6= 0 and ||0|| = 0. (positivity)

(ii) ||αx|| = |α|||x||. (homogeneity)

(iii) ||x+ y|| ≤ C(||x||+ ||y||) for some C > 0 independent of x and y.

If C = 1 in (iii), then V is just a normed space since (iii) is just the

triangle inequality. If C = 1, ||x|| = 0 but x 6≡ 0, then V is called a

semi-normed space.
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(a) Let n ≥ 1 and for x = (x1, x2, . . . , xn) ∈ Rn and y = (y1, y2, . . . , yn) ∈
Rn let (x, y) :=

∑n
j=1 xjyj . Recall and prove that (·, ·) defines the

Euclidean inner product on the finite-dimensional vector space Rn
with Euclidean norm (x2

1 + · · · + x2
n)1/2. Note that the Euclidean

inner product is exactly the same as the dot product we know from

the study of vectors. In this sense, inner product is a natural gener-

alization of dot product.

(b) Use the triangle inequality to show that any metric is a continuous

mapping. From this deduce that any norm and inner product are

continuous mappings.

(c) Let 0 < p < ∞, [a, b] ⊂ R and consider the infinite-dimensional

vector space Lp[a, b] of p integrable functions f : [a, b]→ R, i.e., for

which
∫ b
a
|f(x)|pdx < ∞ where we identify functions equal if they

are equal almost everywhere. Use the Cauchy–Schwarz inequality to

show that (f, g) =
∫ b
a
f(x)g(x)dx is finite and also that (·, ·), defines

an inner product on L2[a, b]. Hint: you need to show that∫ b

a

|f(x)g(x)|dx ≤ (

∫ b

a

|f(x)|2dx)1/2(

∫ b

a

|g(x)|2dx)1/2.

Let 1/p+ 1/q = 1, p > 1. The Hölder–Minkowski inequality∫ b

a

|f(x)g(x)|dx ≤ (

∫ b

a

|f(x)|pdx)1/p(

∫ b

a

|g(x)|qdx)1/q

for f ∈ Lp[a, b], g ∈ Lq[a, b], generalizes the former inequality. Prove

this first for step functions using the Hölder inequality, Theorem

1.21, and then in general by approximating Lp[a, b] and Lq[a, b] func-

tions by step functions. Note that without the almost everywhere

identification above, Lp[a, b] is a semi-normed space.

(d) Show that Lp[a, b] is a complete metric space for all 0 < p < ∞ by

defining d(f, g) := (
∫ b
a
|f(x)− g(x)|pdx)1/p.

(e) Show that Lp[a, b] is a complete normed space (Banach space) for

all 1 ≤ p < ∞ and a quasi-normed space for 0 < p < 1 by defining

||f || := (
∫ b
a
|f(x)|pdx)1/p.

(f) Show that Lp[a, b] is a complete inner product space (Hilbert space)

iff p = 2.

(g) L∞[a, b] is defined as the space of essentially bounded functions f :

[a, b] → R for which ||f ||∞[a, b] := supx∈[a,b] |f(x)| < ∞. C[a, b] is

the space of continuous functions f : [a, b]→ R with the same norm.

Show that both these spaces are Banach spaces.
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Exercise 1.20 Prove that

(f, g) :=

∫ b

a

[f(x)g(x) + f ′(x)g′(x)]dx

defines an inner product on C1[a, b], the space of real-valued continuously

differentiable functions on the interval [a, b]. The induced norm is called

the Sobolev H1 norm.

Exercise 1.21 Let 1 ≤ p < ∞ and consider the infinite-dimensional

space lp(R) of all real sequences {xi}∞i=1 so that (
∑∞
i=1 |xi|p)1/p < ∞.

Also define

l∞(R) := sup {|x1|, |x2|, . . .} .

Then show the following.

(a) (xi, yi) =
∑∞
i=1 xiyi defines an inner product on lp(R) iff p = 2.

(b) lp(R) is a complete normed space for all 1 ≤ p ≤ ∞.

(c) lp(R) is a quasi-normed, complete space for 0 < p < 1.

(d) Recall the Hölder–Minkowski inequality for lp(R), 1 < p < ∞. See

Theorem 1.21. In particular, prove that

(x1 + x2 + · · ·+ xn)2 ≤ n(x2
1 + x2

2 + · · ·+ x2
n)

for all real numbers x1, . . . , xn. When does equality hold in the

above?

Exercise 1.22 Let V be an inner product space with induced norm

|| · ||. If x ⊥ y show that

||x||+ ||y|| ≤
√

2||x+ y||, x, y ∈ V.

Exercise 1.23 Let V be an inner product space with induced norm

|| · ||. Prove the parallelogram law:

||x+ y||2 + ||x− y||2 = 2|x||2 + 2||y||2, x, y ∈ V.

The parallelogram law does not hold for normed spaces in general.

Indeed, inner product spaces are completely characterized as normed

spaces satisfying the parallelogram law.

Exercise 1.24 Show that for 0 < p < ∞, f, g ∈ Lp[a, b] and xi, yi ∈
lp(F), the Minkowski and triangle inequalities yield the following:
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• For all f, g ∈ Lp[a, b], there exists C > 0 independent of f and g such

that

(

∫ b

a

|f(x) + g(x)|pdx)1/p ≤ C[(

∫ b

a

|f(x)|pdx)1/p + (

∫ b

a

|g(x)|pdx)1/p].

• For all xi, yi ∈ lp(F), there exists C ′ > 0 independent of xi and yi
such that

(

∞∑
i=1

|xi + yi|p)1/p ≤ C ′[(
∞∑
i=1

|xi|p)1/p + (

∞∑
i=1

|yi|p)1/p].

Exercise 1.25 An n × n matrix K is called positive definite if it is

symmetric, KT = K and K satisfies the positivity condition xTKx > 0

for all x 6= 0 ∈ Rn. K is is called positive semi definite if xTKx ≥ 0 for

all x ∈ Rn. Show the following:

• Every inner product on Rn is given by

(x, y) = xTKy, x, y ∈ Rn

where K is symmetric and a positive definite matrix.

• If K is positive definite, then K is nonsingular.

• Every diagonal matrix is positive definite (semi positive definite) iff all

its diagonal entries are positive (nonnegative). What is the associated

inner product?

Exercise 1.26 • Let V be an inner product space and let v1, v2, . . . , vn ∈V .

The associated Gram matrix

K :=



(v1, v1) (v1, v2) ... (v1, vn)

(v2, v1) (v2, v2) ... (v2, vn)

. . . .

. . . .

. . . .

(vn, v1) (vn, v2) ... (vn, vn)


is the n × n matrix whose entries are the inner products between

selective vector space elements. Show that K is positive semi definite

and positive definite iff all v1, . . . , vn are linearly independent.

• Given an m× n matrix V , n ≤ m, show that the following are equiv-

alent:

– The m× n Gram matrix ATA is positive definite.

– A has linearly independent columns.

– A has rank n.

– N(A) = {0}.
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Exercise 1.27 Given n ≥ 1, a Hilbert matrix is of the form

K(n) :=



1 1/2 · · · 1/n

1/2 1/3 · · · 1/(n+ 1)

. . . .

. . . .

. . . .

1/n 1/(n+ 1) · · · 1/(2n− 1)


.

• Show that in L2[0, 1], the Gram matrix from the monomials 1, x, x2 is

the Hilbert matrix K(3).

• More generally, show that the Gram matrix corresponding to the

monomials 1, x, . . . , xn has entries 1
i+j−1 , i, j = 1, . . . , n + 1 and is

K(n+ 1).

• Deduce that K(n) is positive definite and nonsingular.

Exercise 1.28 • Use Exercise 1.25 to prove: If K is a symmetric, posi-

tive definite n×n, n ≥ 1 matrix, f ∈ Rn and c ∈ R, then the quadratic

function

xTKx− 2xT f + c

has a unique minimizer c − fTK−1f = c − fTx∗ = c − (x∗)TKx∗

which is a solution to the linear system Kx = f .

• Prove the following: Let v1, . . . , vn form a basis for a subspace V ⊂
Rm, n,m ≥ 1. Then given b ∈ Rm, the closest point v∗ ∈ V is the

solution x∗ = K−1f of Kx = f where K is the Gram matrix, whose

(i, j)th entry is (vi, vj) and f ∈ Rn is the vector whose ith entry is

the inner product (vi, b). Show also that the distance

||v∗ − b|| =
√
||b||2 − fTx∗.

Exercise 1.29 Suppose w : R → (0,∞) is continuous and for each

fixed j ≥ 0, the moments, µj :=
∫
R x

jw(x)dx are finite. Use Gram–

Schmidt to construct for j ≥ 0, a sequence of orthogonal polynomials Pj
of degree at most j such that

∫
R Pi(x)Pj(x) = δij where δij is 1 when

i = j and 0 otherwise. Recall the Pj are orthogonal if we only require
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R Pi(x)Pj(x) = 0, i 6= j. Now consider the Hankel matrix

K :=


µ0 µ1 ...

µ1 µ2 ...

µ2 µ3 ...

. . ...

. . ...

 .

Prove that K is positive-semi definite and hence that Pj are unique. The

sequence {Pj} defines the unique orthonormal polynomials with respect

to the weight w.

Exercise 1.30 • For n ≥ 1, let t1, t2, . . . , tn+1 be n+ 1 distinct points

in R. Define the 1 ≤ k ≤ n + 1th Lagrange interpolating polynomial

by

Lk(t) :=

∏n+1
j=1 (t− tj)
(tk − tj)

, t ∈ R.

Verify that for each fixed k, Lk is of exact degree n and Lk(ti) = δik.

• Prove the following: Given a collection of points (say data points),

y1, . . . , yn+1 in R, the polynomial p(t) :=
∑n+1
j=1 yjLj(t), t ∈ R is of

degree at most n and is the unique polynomial of degree at most n

interpolating the pairs (tj , yj), j = 1, . . . , n + 1, i.e. p(tj) = yj for

every j ≥ 0.

• Now let y be an arbitrary polynomial of full degree n on R with

coefficients cj , 0 ≤ j ≤ n. Show that the total least squares error

between m ≥ 1 data points t1, . . . , tm and the sample values y(ti), 1 ≤
i ≤ m is ||y −Ax||2 where x = [c1, . . . , cm]T , y = [y1, . . . , ym]T and

A :=



1 t1 t21 · · · tn1
1 t2 t22 · · · tn2
. . . . .

. . . . .

. . . . .

1 tm t2m · · · tnm


which is called the Vandermonde matrix.7

• Show that

detA =
∏

1≤i<j≤n+1

(ti − tj)

7 The Vandermonde matrix is named after the eighteenth-century French
mathematician, scientist and musicologist Alexander-Theophile Vandermonde.
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when A is of size n+ 1× n+ 1.

———–

For additional background material concerning the linear algebra and

functional analysis topics in this chapter, see [55, 76, 89, 102].
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Analytic tools

In this chapter we develop simple analytic tools that provide essential

examples, approximation methods and convergence procedures for the

study of linear transform analysis and its applications, particularly to

signal processing. They are not directly part of the theoretical devel-

opment of transform analysis, but rather related results and techniques

needed at critical points in the development. Thus, particular improper

integrals are needed in Fourier analysis and infinite products are em-

ployed in the cascade algorithm of wavelet analysis. Depending on the

interests of the reader, parts of this chapter can be omitted at a first

reading.

2.1 Improper integrals

In order to proceed, we need the notion of an improper Riemann inte-

gral. Henceforth and throughout, by a Riemann integral on a bounded

closed interval [a, b], we mean the usual definite integral,
∫ b
a
f(x)dx

with upper limits and lower limits on the real line. This motivates the

following:

Definition 2.1 R[a, b] is the class of all functions f : [a, b] → R which

are bounded and Riemann integrable on a finite interval [a, b].

In this chapter, we shall define integrals of functions on infinite inter-

vals and also integrals of unbounded functions on finite intervals.
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2.1.1 Integrals on [a,∞)

Definition 2.2 Let f : [a,∞) → R. Assume that for every s > a,

f ∈ R[a, s]. Then we define∫ ∞
a

f(x)dx = lim
s→∞

∫ s

a

f(x)dx

if the limit exists and is finite. (Note that for every fixed s,
∫ s
a
f(x)dx

is well defined since f is bounded and Riemann integrable on [a, s].) In

this case, we say that
∫∞
a
f(x)dx is convergent. Otherwise, we say that

the integral is divergent. We call such an integral an improper integral

of the first kind.

Remarks (a) If
∫∞
a
f(x)dx = ±∞, we say that the integral diverges to

±∞.

(b) Suppose that b > a. Then for s > b,∫ s

a

f(x)dx =

∫ b

a

f(x)dx+

∫ s

b

f(x)dx

so, letting s→∞, we see that
∫∞
a
f(x)dx is convergent iff

∫∞
b
f(x)dx

is convergent.

(c) When f is nonnegative, then we can write
∫∞
a
f(x)dx <∞ to indi-

cate that the integral converges.

(d) We note that everything we have said above, and in what follows,

applies to functions f : [a, b]→ C if we agree to write f = Ref+iImf

where both Ref and Imf are real valued with domain [a, b]. In what

follows, we choose to work with real valued functions, keeping this

fact in mind.

Example 2.3 For what values of a ∈ R is
∫∞

1
dx
xa convergent?

Solution Let f(x) := 1/xa, x ∈ (1,∞). Then it is clear that f ∈ R[1, s]

for every s > 1. Now:∫ s

1

f(x)dx =

{
log s, a = 1
s1−a

1−a + 1
a−1 , a 6= 1

.

Hence

lim
s→∞

∫ s

1

f(x)dx =

{
∞, a ≤ 1

1
a−1 , a > 1

and the integral converges iff a > 1.
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Note the equivalent well-known fact (1) from series of positive num-

bers:
∑∞
n=1 1/na converges iff a > 1. This follows from the integral test

for series:

Let J be a positive integer and let f : [J,∞)→ [0,∞) be decreasing.

Then
∑∞
n=J converges iff

∫∞
J

converges. The fact of the matter is that f

decreases on [1,∞). Thus we deduce that there exists a positive constant

C depending only on a such that

1

C

∫ ∞
1

f(x)dx ≤
∞∑
n=1

1

na
≤ C

∫ ∞
1

f(x)dx

from which (1) follows.

Exercise 2.1 Use the integral test and Example (2.3) to show that∑∞
n=2

1
n(logn)a converges iff a > 1.

We may also define integrals over (−∞, b] and (−∞,∞). We have:

Definition 2.4 Let f : (−∞, b] → R. Suppose that for every s < b,

f ∈ R[s, b]. Then we define∫ b

−∞
f(x)dx = lim

s→−∞

∫ b

s

f(x)dx

if the limit exists and is finite. In this case, we say that the integral is

convergent; otherwise it is divergent.

Definition 2.5 Let f : (−∞,∞) → R. Assume that for every −∞ <

a < b <∞, f ∈ R[a, b]. Then we define∫ ∞
−∞

f(x)dx =

∫ 0

−∞
f(x)dx+

∫ ∞
0

f(x)dx

provided that both the integrals on the right-hand side are finite. We

say that the integral is convergent; otherwise it is divergent.

Exercise 2.2 Are
∫∞
−∞ e−|x|dx and

∫∞
−∞ xdx convergent? If so, evaluate

them.

Solution e−|x| is continuous and bounded on R. So e−|x| is in R[a, b]

for every −∞ < a < b <∞. Next, note that∫ ∞
0

e|x|dx = lim
s→∞

(−e−s + 1) = 1
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and similarly, ∫ 0

−∞
e|x|dx = lim

s→−∞
(1− es) = 1.

Hence
∫∞
−∞ e|x|dx = 2. On the other hand, we have

lim
s→∞

∫ s

0

xdx =∞

and so
∫∞
−∞ xdx diverges. Note also that for every finite s, we have∫ s

−s xdx = 0. (We note that this latter observation, allows us to define

principal-valued, infinite integrals, see Exercise 2.16.)

2.1.2 Absolute convergence and conditional convergence

Just as one treats absolutely convergent series and conditionally conver-

gent series, one can do the same for integrals.

Definition 2.6 Let f : [a,∞) → R. If f ∈ R[a, s] for every s > a

and
∫∞
a
|f(x)|dx converges, then we say that

∫∞
a
f(x)dx is absolutely

convergent. If
∫∞
a
f(x)dx converges but

∫∞
a
|f(x)|dx diverges, then we

say that
∫∞
a
f(x)dx is conditionally convergent.

We have the following lemma which we state (without proof [92]).

Lemma 2.7 Cauchy criterion for limits at infinity Let F : (a,∞)→ R
be a function. The following are equivalent:

(a) limx→∞ F (x) exists and is finite.

(b) ∀ε > 0, there exists C = C(ε) ≥ a such that for s, t ≥ C, we have

|F (s)− F (t)| < ε.

Exercise 2.3 In Chapter 1, we defined completeness of a metric space.

Formulate Lemma 2.7 into a statement about completeness of the real

numbers.

As a direct consequence of Lemma 2.7, we obtain:

Theorem 2.8 Let f : [a,∞) → R and f ∈ R[a, s], ∀s > a. Then∫∞
a
f(x)dx is convergent iff ∀ε > 0, there exists C = C(ε) such that for

s, t ≥ C, we have ∣∣∣∣∫ s

a

f(x)dx−
∫ t

a

f(x)dx

∣∣∣∣ < ε.
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We know that if
∫∞
a
f(x)dx converges absolutely, then it converges.

Another criterion, besides the Cauchy criterion above, for testing con-

vergence of integrals is given by the following:

Theorem 2.9 Let f, g : [a,∞)→ R and suppose that f, g ∈ R[a, s],∀s >
a. Assume that g is nonnegative and

∫∞
a
g(x)dx converges and there exist

nonnegative constants C,C ′ such that for x ≥ C ′, |f(x)| ≤ Cg(x). Then∫∞
a
f(x)dx converges.

Exercise 2.4 Prove Theorem 2.9 using the fact that a monotone (i.e.

all terms have the same sign) bounded sequence converges. What is this

limit?

Examples 2.10 Show that
∫∞

1
sin(3x) log x

x2 dx is absolutely convergent

(hence convergent), and
∫∞

1
sin(x)
x dx is convergent.

Indeed, given any fixed 1 > δ > 0, one has for x sufficiently large

that
∣∣∣ sin(3x) log x

x2

∣∣∣ ≤ 1
2x2−δ . Thus the first integral converges absolutely

by Example 2.3. For the second integral, integrate by parts. Indeed, let

s > 1, and write∫ s

1

sin(x)

x
dx = cos(1)− cos(s)

s
−
∫ s

1

cos(x)

x2
dx.

Using the method of the first integral in this example, we see that∫ s
1

cos(x)
x2 dx is absolutely convergent as s → ∞. Hence

∫∞
1

sin(x)
x dx con-

verges. But this integral is not absolutely convergent as we will demon-

strate in Section 2.3.

2.1.3 Improper integrals on finite intervals

This section deals with integrals of functions that are unbounded on a

finite interval. We have in analogy to Definition 2.2, the following:

Definition 2.11 Let f : [a, b] → R and f ∈ R[s, b] for every s ∈ (a, b)

but f not bounded at a. Thus f /∈ R[a, b]. We define∫ b

a

f(x)dx = lim
s→a+

∫ a

s

f(x)dx

if the limit exists and is finite. In this case, we say that the integral is

convergent; otherwise it is divergent. (Such integrals are called improper

integrals of the second kind.)
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We have the following:

Example 2.12 For what values of a > 0, does
∫ 1

0
dx
xa converge?

It is straightforward to show that for any s ∈ (0, 1), one has

lim
s→0+

∫ 1

s

xadx =

{
1

1−a , a < 1

∞, a ≥ 1

which implies that the integral in question converges only for a < 1.

(Clearly this integral is trivially finite for a ≤ 0.)

Much as in Definition 2.11, we may define improper integrals of func-

tions f : [a, b] → R that satisfy f ∈ R[a, s] for every s ∈ (a, b) but

f 6∈ R[a, b] and also for functions unbounded at both endpoints. We

have:

Definition 2.13 Let f : [a, b] → R and assume that f ∈ R[c, d] for all

a < c < d < b but f 6∈ R[a, d] and f 6∈ R[c, b]. Then we choose α ∈ (a, b)

and define ∫ b

a

f(x)dx =

∫ α

a

f(x)dx+

∫ b

α

f(x)dx

if both improper integrals on the right-hand side converge. In this case,

as before, we say that the integral is convergent; otherwise it is divergent.

Exercise 2.5 Show, using Definition 2.13 that
∫ 1

−1
dx√
1−x2

= π.

Remark Just as for improper integrals of the first kind, we may de-

fine absolute and conditional convergence for improper integrals of the

second kind.

Exercise 2.6 (a) Show that
∫ 1

0
sin(ln x)√

x
dx is absolutely convergent.

(b) Show that
∫ π/2

0
1/
√
t cos(t)dt is divergent. (Hint: Split the integral

into two integrals from [0, π/4] and from [π/4, π/2]. For the first

integral use that cos(t) is decreasing and for the second integral

expand cos(t) about π/2.)

(c) Show that
∫ 1

−1
1
xdx is divergent.

2.2 The gamma functions and beta functions

Sometimes, we have integrals that are improper of both first (infinite

interval) and second (unbounded function) kind. Important examples

are given by the gamma functions and beta functions.
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Definition 2.14 The gamma function Γ is defined by way of

Γ(x) :=

∫ ∞
0

e−ttx−1dt, x > 0.

The later integral is often called Euler’s integral for Γ. It is easy to see

that Γ is a convergent improper integral for x > 0.

Next we have:

Definition 2.15 For p, q > 0, the Beta function is:

B(p, q) :=

∫ 1

0

tp−1(1− t)q−1dt.

Then using Example 2.12, it is straightforward to see that B(p, q) is

a proper Riemann integral. Moreover, if 0 < p < 1 and/or 0 < q < 1,

then B(p, q) is a convergent improper Riemann integral. We have

Lemma 2.16 For p, q > 0,

B(p, q) := 2

∫ π/2

0

(sinψ)2p−1(cosψ)2q−1dψ.

Proof We pick 0 < c < d < 1 and make a substitution t = sin 2(ψ) in

the integral. This gives,∫ d

c

tp−1(1− t)q−1dt = 2

∫ arcsin(
√
d)

arcsin(
√
c)

(sin(ψ)2p−1(cos(ψ))2q−1dψ.

Now let c→ 0+ and d→ 1−. 2

The following classical result relates the functions Γ and B.

Theorem 2.17 For p, q > 0, we have B(p, q) = Γ(p)Γ(q)
Γ(p+q) .

Proof Exercise. (Hint: Write out the right-hand side, make a substitution

t = x2 in each integral and evaluate the resulting double integral over a

1/4 circle using polar coordinates.)

2.3 The sinc function and its improper relatives

In this section we compute some improper Riemann integrals that are

important both in Fourier analysis and in applications to such fields as

wavelets and splines. First of all we will need the value of the

improper Riemann integral
∫∞

0
sin x
x dx. The function sinc x is one of
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the most important that occurs in this book, both in the theory and in

the applications.

Definition 2.18 sinc x =

{
sinπx
πx for x 6= 0

1 for x = 0.

The sinc function is one of the few we will study that is not Lebesgue

integrable. Indeed we will show that the L1[0,∞] norm of the sinc func-

tion is infinite. (The L2[0,∞] norm is finite.) However, the sinc function

is improper Riemann integrable because it is related to a (conditionally)

convergent alternating series. Computing the integral is easy if you know

about contour integration. If not, here is a direct verification (with some

tricks).

Lemma 2.19 The sinc function doesn’t belong to L1[0,∞]. However the

improper Riemann integral I = limN→∞
∫ Nπ

0
sin x
x dx does converge and

I =

∫ ∞
0

sinx

x
dx = π

∫ ∞
0

sinc x dx =
π

2
. (2.1)

Proof Set Ak =
∫ (k+1)π

kπ
| sin xx |dx. Note that

2

k + 1
=

∫ (k+1)π

kπ

| sinx|
(k + 1)π

dx <

∫ (k+1)π

kπ

| sinx
x
|dx

<

∫ (k+1)π

kπ

| sinx|
kπ

dx| = 2

k
,

so 2
(k+1)π < Ak <

2
(k)π for k > 0. Thus Ak → 0 as k → ∞ and Ak+1 <

Ak, so I =
∑∞
k=0(−1)kAk converges. (Indeed, it is easy to see that

the even sums Eh =
∑2h
k=0(−1)kAk form a decreasing sequence E0 >

E1 > · · · > Eh > · · · > I of upper bounds for I and the odd sums

Oh =
∑2h+1
k=0 (−1)kAk form an increasing sequence O0 < O1 < · · · <

Oh < · · · < I of lower bounds for I. Moreover Eh −Oh = A2h+1 → 0 as

h→∞.) However,∫ ∞
π

| sinx
x
|dx =

∞∑
k=1

Ak >
2

π
(1 +

1

2
+

1

3
+ · · ·+ 1

k
+ · · · )

diverges, since the harmonic series diverges.

Now consider the function

G(t) =

∫ ∞
0

e−tx
sinx

x
dx, (2.2)
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defined for Re t ≥ 0. Note that

G(t) =

∞∑
k=0

(−1)k
∫ (k+1)π

kπ

(−1)ke−tx
sinx

x
dx

converges uniformly on [0,∞] which implies that G(t) is continuous for

t ≥ 0 and infinitely differentiable for t > 0. Also G(0) = limt→0,t>0

G(t) = G(+0).

Now, G′(t) = −
∫∞

0
e−tx sinx dx. Integrating by parts we have∫ ∞

0

e−tx sinx dx=
−e−tx sinx

t
|∞0 +

∫ ∞
0

e−tx cosx dx=
−e−tx cosx

t2
|∞0

−
∫ ∞

0

e−tx sinx

t2
dx.

Hence,
∫∞

0
e−tx sinx dx = 1

1+t2 and G′(t) = −1
1+t2 . Integrating this equa-

tion we have G(t) = − arctan t + c where c is the integration constant.

However, from the integral expression for G we have limt→+∞G(t) = 0,

so c = π/2. Therefore G(0) = π/2. 2

Remark: We can use this construction to compute some other impor-

tant integrals. Consider the integral
∫∞

0
sin x
x e−iλxdx for λ a real num-

ber. (If integrals of complex functions are new to you, see Exercise 2.13.)

Taking real and imaginary parts of this expression and using the trigono-

metric identities

sinα sinβ =
1

2
[cos(α− β)− cos(α+ β)],

sinα cosβ =
1

2
[sin(α− β) + sin(α+ β)],

we can mimic the construction of the lemma to show that the improper

Riemann integral converges for |λ| 6= 1. Then∫ ∞
0

sinx

x
eiλxdx = lim

ε→0,ε>0
G(iλ+ ε)

where, as we have shown, G(t) = − arctan t+ π
2 = i

2 ln 1+it
1−it + π

2 . Using

the property that ln(eiθ) = iθ for −π ≤ θ < π and taking the limit

carefully, we find∫ ∞
0

sinx

x
e−iλxdx =

{
π
2 + i

2 ln | 1−λ1+λ | for |λ| < 1
i
2 ln | 1−λ1+λ | for |λ| > 1.

Noting that
∫∞
−∞

sin x
x e−iλxdx = 2

∫∞
0

sin x
x cos(λx)dx we find

∫ ∞
−∞

sinx

x
e−iλxdx =


π for |λ| < 1
π
2 for |λ| = 1

0 for |λ| > 1.

(2.3)
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It is easy to compute the L2 norm of sinc x:

Lemma 2.20 ∫ ∞
0

sin2 x

x2
dx = π

∫ ∞
0

sinc2x dx =
π

2
. (2.4)

Proof Integrate by parts.∫ ∞
0

sin2 x

x2
dx = − sin2 x

x
|∞0 +

∫ ∞
0

2 sinx cosx

x
dx =

∫ ∞
0

sin 2x

x
dx

=

∫ ∞
0

sin y

y
dy =

π

2
.

2

Here is a more complicated proof, using the same technique as for

Lemma 13. Set G(t) =
∫∞

0
e−tx( sin x

x )2dx, defined for t ≥ 0. Now,

G′′(t) =
∫∞

0
e−tx sin2 x dx for t > 0. Integrating by parts we have∫ ∞

0

e−tx sin2 x dx = 2

∫ ∞
0

e−tx

t2
dx− 4

∫ ∞
0

e−tx sinx

t2
dx.

Hence, G′′(t) = 2
4t+t3 . Integrating this equation twice we have

G(t) =
1

2
t ln t− 1

4
t ln(4 + t2)− arctan

t

2
+ bt+ c

where b, c are the integration constants. However, from the integral ex-

pression for G we have limt→+∞G(t) = limt→+∞G′(t) = 0, so b =

0, c = π/2. Therefore G(0) = π/2. 2

Again we can use this construction to compute some other important

integrals. Consider the integral
∫∞

0
( sin x

x )2e−iλxdx for λ a real number.

Then ∫ ∞
0

(
sinx

x
)2eiλxdx = lim

ε→0,ε>0
G(iλ+ ε)

where,

G(t) =
1

2
t ln t− 1

4
t ln(4 + t2)− arctan

t

2
+
π

2
.

Using the property that ln(eiθ) = iθ for −π ≤ θ < π and taking the

limit carefully, we find ∫ ∞
0

(
sinx

x
)2e−iλxdx =

{
iλ
2 (ln |λ| ± iπ2 )− iλ

4 ln |4− λ2|+ i
2 ln | 2−λ2+λ |+

π
2 for± λ ≤ 2

iλ
2 (ln |λ| ± iπ2 )− iλ

4 (ln |4− λ2| ± iπ) + i
2 ln | 2−λ2+λ | for± λ > 2.
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Noting that
∫∞
−∞( sin x

x )2e−iλxdx = 2
∫∞

0
( sin x

x )2 cos(λx)dx we find∫ ∞
−∞

(
sinx

x
)2e−iλxdx =

{
π(1− |λ|2 ) for|λ| < 2

0 for|λ| ≥ 2.
(2.5)

2.4 Infinite products

The next sections deal with the infinite products used in various areas of

computer vision, signal processing, approximation theory and wavelets.

We have already developed the notion of an improper integral rigorously

which has, as one of its motivations, the idea of adding infinitely often.

In what follows, we will develop the notion of multiplying and dividing

infinitely often as well.

2.4.1 Basics

Consider some r ∈ (0,∞) and Πn
k=1r = rn. We know that

rn →
{

0, r < 1

∞, r > 1
as n→∞.

This suggests that if we wish to multiply more and more numbers, their

product can only remain bounded and tend to a finite number, if they

approach 1. This motivates:

Definition 2.21 Let {ak}∞k=1 ∈ R. For n ≥ 1, we define the nth partial

product

Pn = Πn
k=1(1 + ak) = (1 + a1) · · · (1 + an).

We assume ak 6= −1,∀k.

(a) If

P = lim
n→∞

Pn

exists, and is nonzero, then we say that the infinite product Π∞k=1(1+

ak) converges and has value P .

(b) Otherwise, we say that the product diverges. In the special case,

when limn→∞ Pn = 0, then we say the product diverges to zero. We

remark that dropping/adding finitely many nonzero terms does not

change convergence.
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Example 2.22 Is Π∞k=2(1− 1/k2) convergent? If so, evaluate it.

Solution Note that we start for k = 2, since 1− 1/k2 = 0 for k = 1. We

form the partial product Pn:

Πn
k=2(1− 1

k2
) = Πn

k=2

(
(k − 1)(k + 1)

k2

)
=

Πn
k=2(k − 1)Πn

k=2(k + 1)

(Πn
k=2k)

2

=
[1 · 2 · 3 · · · (n− 2)(n− 1)][3 · 4 · 5 · · ·n(n+ 1)]

[2 · 3 · · · (n− 1)n]2[3 · 4 · 5 · · · (n− 1)n]
=
n+ 1

2n
.

Thus

Π∞k=2(1− 1/k2) = lim
n→∞

Πn
k=2(1− 1/k2) = 1/2

converges.

Example 2.23 Is Π∞k=2(1− 1/k) convergent? If so, evaluate it.

Solution Form

Pn = Π∞k=2(1− 1/k) = Πn
k=2

(
k − 1

k

)
=

Πn
k=2(k − 1)

Πn
k=2k

=
1 · 2 · 3 · · · (n− 2)(n− 1)

2 · 3 · · · (n− 1)n
= 1/n

So Π∞k=2(1− 1/k) diverges to zero.

Example 2.24 Let

ak =

{
1, k even

−1/2, k odd.

Does Π∞k=1(1 + ak) converge?

Solution By induction on n, it is easy to see that

Pn =

{
1/2, n odd

1, n even

and so limn→∞ Pn doesn’t exist.

This example, helps to motivate

Theorem 2.25 A necessary condition for convergence If P =

Π∞k=1(1 + ak) converges, then limk→∞ ak = 0.

Proof Our hypothesis ensures that P 6= 0 and Pn = Πn
k=1(1 + ak) has

limn→∞ Pn = P. Then

1 =
limn→∞ Pn

limn→∞ Pn−1
= lim
n→∞

Pn
Pn−1

= lim
n→∞

(1 + an).

2
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The condition above is necessary but not sufficient, since with an =

−1/n, the product does not converge.

Definition 2.26 We say that Π∞k=1(1 + ak) converges absolutely iff

Π∞k=1(1 + |ak|) converges.

This motivates:

Theorem 2.27 Let ak 6= −1, k ≥ 1. The following are equivalent:

(a) Π∞k=1(1 + ak) converges absolutely.

(b)
∑∞
k=1 ak converges absolutely.

Proof Set pk = |ak| and

Qn =
n∑
k=1

pk, Pn = Πn
k=1(1 + pk).

Now

1 +Qn ≤ Pn = Πn
k=1(1 + pk) ≤ e

∑n
k=1 pk = eQn ,

where the last inequality is a consequence of 1 + pk ≤ epk . (The left-

hand side is just the first two terms in the power series of epk , and the

power series contains only nonnegative terms.) Thus the infinite product

converges if and only if the power series converges. 2

Corollary 2.28 Let ak 6= −1, k ≥ 1. Then if Π∞k=1(1 + ak) converges

absolutely, it converges.

Proof We have that limk→∞ |ak| = 0. So there exists L > 0 such that

|ak| ≤ 1/2, k ≥ L.

But by the inequality in the previous proof, we have

| log(1 + ak)| ≤ 3/2|ak|, k ≥ L.

Then much as before, we have that

∞∑
k=L

| log(1 + ak)| ≤ 3/2

∞∑
k=L

|ak| <∞

so that
∑∞
k=L ln(1 + ak) converges to say finite S. Then clearly, as ln(x)

is continuous away from 0, we deduce taking limits that

lim
n→∞

Πn
k=L(1 + ak) = exp(S) 6= 0

which of course implies that Π∞k=1(1 + ak) converges. 2
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Example 2.29 For what value of p > 0 does Π∞k=2(1 + ak) converge

with ak = (−1)k/kp, k ≥ 2? Note that

∞∑
k=2

|ak| =
∞∑
k=2

1

kp
<∞

if p > 1. If p = 1, then one easily observes that if

Pn = Πn
k=1(1 + ak), n ≥ 1,

then

Pn =

{
1, n even

1− 1/(2n+ 1), n odd.

So the product converges also for p = 1 but not absolutely. In fact, one

can show that the product converges for all p > 0.

2.5 Additional exercises

Exercise 2.7 Test the following integrals for convergence/absolute con-

vergence/conditional convergence:

(a)
∫∞

10
1

x(ln x)(ln ln x)a dx, a > 0.

(b)
∫∞

1
cos x
x dx.

(c)
∫∞
−∞ P (x)e−|x|dx, P a polynomial.

(d)
∫∞
−∞ P (x) ln(1 + x2)e−x

2

dx, P a polynomial.

(e)
∫∞

1
cos x sin x

x dx.

(f)
∫∞
−∞ sign(x)dx.

(g)
∫∞

1
cos 2x
x dx.

(h)
∫∞

9
ln x

x(ln ln x)100 dx.

Exercise 2.8 Let f : [a,∞)→ R with f ∈ R[a, s], ∀s > a and suppose

that
∫∞
a
f(x)dx converges. Show that ∀ ε > 0, there exists Bε > 0 such

that

s ≥ Bε implies

∣∣∣∣∫ ∞
s

f(x)dx

∣∣∣∣ < ε.

Exercise 2.9 Show that if f, g : [a,∞) → R and
∫∞
a
f(x)dx and∫∞

a
g(x)dx converge, then ∀α, β ∈ R,

∫∞
a

[αf(x) + βg(x)]dx converges

to α
∫∞
a
f(x)dx +β

∫∞
a
g(x)dx.
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Exercise 2.10 The substitution rule for improper integrals.

Suppose that g : [a,∞) → R is monotone, increasing and continuously

differentiable and limt→∞ g(t) = ∞. Suppose that f : [g(a),∞) → R
and f ∈ R[a, s],∀s > g(a). Show that

∫∞
a
f(g(t))g′(t)dt converges iff∫∞

g(a)
f(x)dx converges and if either converges, both are equal.

Exercise 2.11 For what values of a do the series below converge?

∞∑
n=1

1

na
,

∞∑
n=2

1

n(lnn)a
,

∞∑
n=3

1

n(lnn)(ln lnn)a
.

Exercise 2.12 Use integration by parts for the integral
∫ s

1
sin(x)
x dx to

establish the convergence of the improper integral
∫∞

1
sin(x)
x dx.

Exercise 2.13 If f = f1 + if2 is a complex-valued function on [a,∞),

we define ∫ ∞
a

f(x)dx =

∫ ∞
a

f1(x)dx+ i

∫ ∞
a

f2(x)dx

whenever both integrals on the right-hand side are defined and finite.

Show that ∫ ∞
1

eix

x
dx

converges.

Exercise 2.14 Suppose that f : [−a, a] → R and f ∈ R[−s, s] ∀ 0 <

s < a, but f 6∈ R[−a, a]. Suppose furthermore that f is even or odd.

Show that
∫ a
−a f(x)dx converges iff

∫ a
0
f(x)dx converges and∫ a

−a
f(x)dx =

{
2
∫ a

0
f(x)dx, if f even

0, if f odd.

Exercise 2.15 Test the following integrals for convergence/absolute

convergence/conditional convergence. Also say whether or not they are

improper.

(a)
∫ 1

−1
|x|−adx, a > 0.

(b)
∫ 1

0
sin(1/x)

x dx.

(c)
∫ 1

0
(t(1− t))−adt, a > 0.

(d)
∫ 1

0
sin x
x dx.

(e)
∫∞

1
e−x(x− 1)−2/3dx.

(f)
∫∞
−∞ e−x

2 |x|−1dx.
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(g) The Beta function, Definition 33:

B(p, q) =

∫ 1

0

tp−1(1− t)q−1dt.

Exercise 2.16 Cauchy Principal Value. Sometimes, even when
∫ b
a
f(x)dx

diverges for a function f that is unbounded at some c ∈ (a, b), we may

still define what is called the Cauchy Principal Value Integral: Suppose

that f ∈ R[a, c− ε] and f ∈ R[c+ ε, b] for all small enough ε > 0 but f

is unbounded at c. Define

P.V.

∫ b

a

f(x)dx := lim
ε→0+

[∫ c−ε

a

f(x)dx+

∫ b

c+ε

f(x)dx

]
if the limit exists. (P.V. stands for Principal Value).

(a) Show that
∫ 1

−1
1
xdx diverges but P.V.

∫ 1

−1
1
xdx = 0.

(b) Show that P.V.
∫ b
a

1
x−cdx = ln

(
b−c
c−a

)
if c ∈ (a, b).

(c) Show that if f is odd and f ∈ R[ε, 1], ∀ 0 < ε < 1, then

P.V.
∫ 1

−1
f(x)dx = 0.

Exercise 2.17 (a) Use integration by parts to show that

Γ(x+ 1) = xΓ(x), x > 0.

This is called the difference equation for Γ(x).

(b) Show that Γ(1) = 1 and deduce that for n ≥ 0, Γ(n+ 1) = n!. Thus

Γ generalizes the factorial function.

(c) Show that for n ≥ 1,

Γ (n+ 1/2) = (n− 1/2) (n− 3/2) · · · (3/2)(1/2)π1/2.

Exercise 2.18 (a) Show that

B(p, q) =

∫ ∞
0

yp−1(1 + y)−p−qdy.

(b) Show that

B(p, q) = (1/2)
p+q−1

∫ 1

−1

(1 + x)p−1(1− x)q−1dx.

Also B(p, q) = B(q, p).

(c) Show that

B(p, q) = B(p+ 1, q) +B(p, q + 1).

(d) Write out B(m,n) for m and n positive integers.
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Exercise 2.19 Large O and little o notation Let f and h : [a,∞)→
R, g : [a,∞)→ (0,∞). We write f(x) = O(g(x)), x→∞ iff there exists

C > 0 independent of x such that

|f(x)| ≤ Cg(x), ∀ large enoughx.

We write f(x) = o(g(x)), x → ∞ iff limx→∞ f(x)/g(x) = 0. Quite

often, we take g ≡ 1. In this case, f(x) = O(1), x→∞ means |f(x)| ≤
C for some C independent of x, i.e. f is uniformly bounded above in

absolute value for large enough x and f(x) = o(1), x → ∞ means

limx→∞ f(x) = 0.

(a) Show that if f(x) = O(1) and h(x) = o(1) as x→∞, then f(x)h(x) =

o(1), x→∞ and f(x) +h(x) = O(1), x→∞. Can we say anything

about the ratio h(x)/f(x) in general for large enough x?

(b) Suppose that f, g ∈ R[a, s], ∀s > a and
∫∞
a
g(x)dx converges. Show

that if f(x) = O(g(x)), x → ∞, then
∫∞
a
f(x)dx converges abso-

lutely.

(c) Show that if also h is nonnegative and

f(x) = O(g(x)), x→∞, g(x) = O(h(x)), x→∞

then this relation is transitive, that is

f(x) = O(h(x)), x→∞.

Exercise 2.20 Show that

Π∞n=2

(
1− 2

n(n+ 1)

)
= 1/3.

Exercise 2.21 Show that

Π∞n=1

(
1 +

6

(n+ 1)(2n+ 9)

)
= 21/8.

Exercise 2.22 Show that

Π∞n=0(1 + x2n) =
1

1− x
, |x| < 1.

Hint: Multiply the partial products by 1− x.

Exercise 2.23 Let a, b ∈ C and suppose that they are not negative

integers. Show that

Π∞n=1

(
1 +

a− b− 1

(n+ a)(n+ b)

)
=

a

b+ 1
.

Exercise 2.24 Is Π∞n=0(1 + n−1) convergent?
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Exercise 2.25 Prove the inequality 0 ≤ eu − 1 ≤ 3u for u ∈ (0, 1) and

deduce that Π∞n=1

(
1 + 1

n [e1/n − 1]
)

converges.

Exercise 2.26 The Euler–Mascheroni Constant. Let

Hn =

n∑
k=1

1

k
, n ≥ 1.

Show that 1/k ≥ 1/x, x ∈ [k, k + 1] and hence that

1

k
≥
∫ k+1

k

1

x
dx.

Deduce that

Hn ≥
∫ n+1

1

1

x
dx = ln(n+ 1)

and that

[Hn − ln(n+ 1)]− [Hn − lnn] =
1

n+ 1
+ ln

(
1− 1

n+ 1

)
= −

∞∑
k=2

(
1

n+ 1

)k
/k < 0.

Deduce that Hn − lnn decreases as n increases and thus has a non-

negative limit γ, called the Euler–Mascheroni constant and with value

approximately 0.5772... not known to be either rational or irrational.

Finally show that

Πn
k=1(1+1/k)e−1/k = Πn

k=1(1+1/k)Πn
k=1e

−1/k =
n+ 1

n
exp(−(Hn−lnn)).

Deduce that

Π∞k=1(1 + 1/k)e−1/k = e−γ .

Many functions have nice infinite product expansions which can be

derived from first principles. The following examples, utilizing contour

integration in the complex plane, illustrate some of these nice expan-

sions.

Exercise 2.27 The aim of this exercise is to establish Euler’s reflection

formula:

Γ(x)Γ(1− x) =
π

sin(πx)
, Re(x) > 0.
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Step 1: Set y = 1− x, 0 < x < 1 in the integral∫ ∞
0

sx−1

(1 + s)x+y
ds =

Γ(x)Γ(y)

Γ(x+ y)

to obtain

Γ(x)Γ(1− x) =

∫ ∞
0

tx−1

1 + t
dt.

Step 2: Let now C consist of two circles about the origin of radii R

and ε respectively which are joined along the negative real axis from R

to −ε. Show that ∫
C

zx−1

1− z
dz = −2iπ

where zx−1 takes its principal value.

Now let us write,

−2iπ =

∫ π

−π

iRx exp(ixθ)

1−R exp(iθ)
dθ +

∫ ε

R

tx−1 exp(ixπ)

1 + t
dt

+

∫ π

−π

iεx exp(ixθ)

1− ε exp(iθ)
dθ +

∫ R

ε

tx−1 exp(−ixπ)

1 + t
dt.

Let R→∞ and ε→ 0+ to deduce the result for 0 < x < 1 and then for

Re x > 0 by continuation.

Exercise 2.28 Using the previous exercise, derive the following expan-

sions for those arguments for which the RHS is meaningful.

(1)

sin(x) = xΠ∞j=1

(
1− (x/jπ)

2
)
.

(2)

cos(x) = Π∞j=1

(
1−

(
x

(j − 1/2)π

)2
)
.

(3) Euler’s product formula for the gamma function

xΓ(x) = Π∞n=1

[
(1 + 1/n)x(1 + x/n)−1

]
.

(4) Weierstrass’s product formula for the gamma function

(Γ(x))−1 = xexγΠ∞k=1

[
(1 + x/k)e−x/k

]
.

Here, γ is the Euler–Mascheroni constant.



DAMELIN: “MASTERFILE” — 2011/10/28 — 14:44 — PAGE 92 — #100

3
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Jean Baptiste Joseph Fourier (1768–1830) was a French mathematician,

physicist and engineer, and the founder of Fourier analysis. In 1822 he

made the claim, seemingly preposterous at the time, that any function

of t, continuous or discontinuous, could be represented as a linear com-

bination of functions sinnt. This was a dramatic distinction from Taylor

series. While not strictly true in fact, this claim was true in spirit and

it led to the modern theory of Fourier analysis, with wide applications

to science and engineering.

3.1 Definitions, real Fourier series and
complex Fourier series

We have observed that the functions en(t) = eint/
√

2π, n = 0,±1,±2, . . .

form an ON set in the Hilbert space L2[0, 2π] of square-integrable func-

tions on the interval [0, 2π]. In fact we shall show that these functions

form an ON basis. Here the inner product is

(u, v) =

∫ 2π

0

u(t)v(t) dt, u, v ∈ L2[0, 2π].

We will study this ON set and the completeness and convergence of

expansions in the basis, both pointwise and in the norm. Before we

get started, it is convenient to assume that L2[0, 2π] consists of square-

integrable functions on the unit circle, rather than on an interval of

the real line. Thus we will replace every function f(t) on the interval

[0, 2π] by a function f∗(t) such that f∗(0) = f∗(2π) and f∗(t) = f(t)

for 0 ≤ t < 2π. Then we will extend f∗ to all −∞ < t <∞ by requiring

periodicity: f∗(t + 2π) = f∗(t). This will not affect the values of any
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integrals over the interval [0, 2π], though it may change the value of f at

one point. Thus, from now on our functions will be assumed 2π-periodic.

One reason for this assumption is:

Lemma 3.1 Suppose f is 2π − periodic and integrable. Then for any

real number a ∫ 2π+a

a

f(t)dt =

∫ 2π

0

f(t)dt.

Proof Each side of the identity is just the integral of f over one period.

For an analytic proof, note that∫ 2π

0

f(t)dt =

∫ a

0

f(t)dt+

∫ 2π

a

f(t)dt =

∫ a

0

f(t+ 2π)dt+

∫ 2π

a

f(t)dt

=

∫ 2π+a

2π

f(t)dt+

∫ 2π

a

f(t)dt =

∫ 2π+a

a

f(t)dt.

2

Thus we can transfer all our integrals to any interval of length 2π

without altering the results.

Exercise 3.1 Let g(a) =
∫ 2π+a

a
f(t)dt and give a new proof of of Lemma

3.1 based on a computation of the derivative g′(a).

For students who don’t have a background in complex variable theory

we will define the complex exponential in terms of real sines and cosines,

and derive some of its basic properties directly. Let z = x + iy be a

complex number, where x and y are real. (Here and in all that follows,

i =
√
−1.) Then z̄ = x− iy.

Definition 3.2 ez = exp(x)(cos y + i sin y).

Lemma 3.3 Properties of the complex exponential: ez1ez2 = ez1+z2 ,

|ez| = exp(x), ez = ez = exp(x)(cos y − i sin y).

Exercise 3.2 Verify Lemma 3.3. You will need the addition formulas

for sines and cosines.

Simple consequences for the basis functions en(t) = eint/
√

2π, n =

0,±1,±2, . . . where t is real, are given by

Lemma 3.4 Properties of eint: ein(t+2π) = eint, |eint| = 1, eint = e−int,

eimteint = ei(m+n)t, e0 = 1,

d

dt
eint = ineint, cosnt =

eint + e−int

2
, sinnt =

eint − e−int

2i
.
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Lemma 3.5 (en, em) = δnm.

Proof If n 6= m then

(en, em) =
1

2π

∫ 2π

0

ei(n−m)tdt =
1

2π

ei(n−m)t

i(n−m)
|2π0 = 0.

If n = m then (en, em) = 1
2π

∫ 2π

0
1 dt = 1. 2

Since {en} is an ON set, we can project any f ∈ L2[0, 2π] on the

closed subspace generated by this set to get the Fourier expansion

f(t) ∼
∞∑

n=−∞
(f, en)en(t),

or

f(t) ∼
∞∑

n=−∞
cne

int, cn =
1

2π

∫ 2π

0

f(t)e−intdt. (3.1)

This is the complex version of Fourier series. (For now the ∼ just de-

notes that the right-hand side is the Fourier series of the left-hand side.

In what sense the Fourier series represents the function is a matter to

be resolved.) From our study of Hilbert spaces we already know that

Bessel’s inequality holds: (f, f) ≥
∑∞
n=−∞ |(f, en)|2 or

1

2π

∫ 2π

0

|f(t)|2dt ≥
∞∑

n=−∞
|cn|2. (3.2)

An immediate consequence is the Riemann–Lebesgue Lemma.

Lemma 3.6 (Riemann–Lebesgue, weak form) lim|n|→∞
∫ 2π

0
f(t)e−intdt

= 0.

Thus, as |n| gets large the Fourier coefficients go to 0.

If f is a real-valued function then cn = c−n for all n. If we set

cn =
an − ibn

2
, n = 0, 1, 2, . . .

c−n =
an + ibn

2
, n = 1, 2, . . .

and rearrange terms, we get the real version of Fourier series:

f(t) ∼ a0

2
+

∞∑
n=1

(an cosnt+ bn sinnt), (3.3)

an =
1

π

∫ 2π

0

f(t) cosnt dt bn =
1

π

∫ 2π

0

f(t) sinnt dt
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with Bessel inequality

1

π

∫ 2π

0

|f(t)|2dt ≥ |a0|2

2
+

∞∑
n=1

(|an|2 + |bn|2),

and Riemann–Lebesgue Lemma

lim
n→∞

∫ 2π

0

f(t) cos(nt)dt = lim
n→∞

∫ 2π

0

f(t) sin(nt)dt = 0.

Remark: The set { 1√
2π
, 1√

π
cosnt, 1√

π
sinnt} for n = 1, 2, . . . is also ON

in L2[0, 2π], as is easy to check, so (3.3) is the correct Fourier expansion

in this basis for complex functions f(t), as well as real functions.

Later we will prove the following fundamental result called Parseval’s

equality:

Theorem 3.7 Let f ∈ L2[0, 2π]. Then

(f, f) =

∞∑
n=−∞

|(f, en)|2.

In terms of the complex and real versions of Fourier series this reads

1

2π

∫ 2π

0

|f(t)|2dt =
∞∑

n=−∞
|cn|2 (3.4)

or

1

π

∫ 2π

0

|f(t)|2dt =
|a0|2

2
+

∞∑
n=1

(|an|2 + |bn|2).

Let f ∈ L2[0, 2π] and remember that we are assuming that all such

functions satisfy f(t+ 2π) = f(t). We say that f is piecewise continuous

on [0, 2π] if it is continuous except for a finite number of discontinuities.

Furthermore, at each t the limits f(t + 0) = limh→0,h>0 f(t + h) and

f(t − 0) = limh→0,h>0 f(t − h) exist. NOTE: At a point t of continuity

of f we have f(t + 0) = f(t − 0), whereas at a point of discontinuity

f(t+ 0) 6= f(t− 0) and f(t+ 0)− f(t− 0) is the magnitude of the jump

discontinuity.

Theorem 3.8 Suppose

• f(t) is periodic with period 2π.

• f(t) is piecewise continuous on [0, 2π].

• f ′(t) is piecewise continuous on [0, 2π].
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Then the Fourier series of f(t) converges to f(t+0)+f(t−0)
2 at each point t.

We will first illustrate this theorem and then prove it.

3.2 Examples

We will use the real version of Fourier series for these examples. The

transformation to the complex version is elementary.

1. Let

f(t) =


0, t = 0
π−t

2 , 0 < t < 2π

0, t = 2π

and f(t+ 2π) = f(t). We have a0 = 1
π

∫ 2π

0
π−t

2 dt = 0 and for n ≥ 1,

an =
1

π

∫ 2π

0

π − t
2

cosnt dt =
π−t

2 sinnt

nπ

∣∣2π
0 +

1

2πn

∫ 2π

0

sinnt dt = 0,

bn =
1

π

∫ 2π

0

π − t
2

sinnt dt = −
π−t

2 cosnt

nπ

∣∣2π
0 −

1

2πn

∫ 2π

0

cosnt dt =
1

n
.

Therefore,

π − t
2

=

∞∑
n=1

sinnt

n
, 0 < t < 2π.

By setting t = π/2 in this expansion we get an alternating series for

π/4:

π

4
= 1− 1

3
+

1

5
− 1

7
+

1

9
− · · ·

Parseval’s identity gives

π2

6
=

∞∑
n=1

1

n2
.

2. Let

f(t) =


1
2 , t = 0

1, 0 < t < π
1
2 , t = π

0 π < t < 2π
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and f(t + 2π) = f(t) (a step function). We have a0 = 1
π

∫ π
0
dt = 1,

and for n ≥ 1,

an =
1

π

∫ π

0

cosnt dt =
sinnt

nπ
|π0 = 0,

bn =
1

π

∫ π

0

sinnt dt = −cosnt

nπ
|π0 =

(−1)n+1 + 1

nπ
=

{
2
πn , n odd

0, n even.

Therefore,

f(t) =
1

2
+

2

π

∞∑
j=1

sin(2j − 1)t

2j − 1
.

For 0 < t < π this gives

π

4
= sin t+

sin 3t

3
+

sin 5t

5
+ · · · ,

and for π < t < 2π it gives

−π
4

= sin t+
sin 3t

3
+

sin 5t

5
+ · · ·

Parseval’s equality becomes

π2

8
=

∞∑
j=1

1

(2j − 1)2
.

3.3 Intervals of varying length, odd and
even functions

Although it is convenient to base Fourier series on an interval of length

2π there is no necessity to do so. Suppose we wish to look at functions

f(x) in L2[α, β]. We simply make the change of variables

t =
2π(x− α)

β − α
= 2πu

in our previous formulas. Every function f(x) ∈ L2[α, β] is uniquely

associated with a function f̂(t) ∈ L2[0, 2π] by the formula f(x) =

f̂( 2π(x−α)
β−α ). The set { 1√

β−α ,
√

2
β−α cos 2πn(x−α)

β−α ,
√

2
β−α sin 2πn(x−α)

β−α } for

n = 1, 2, . . . is an ON basis for L2[α, β], The real Fourier expansion is,

for u = (x− α)/(β − α),
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f(x) ∼ a0

2
+

∞∑
n=1

(an cos 2πnu+ bn sin 2πnu), (3.5)

an =
2

β − α

∫ β

α

f(x) cos 2πnu dx, bn =
2

β − α

∫ β

α

f(x) sin 2πnu dx

with Parseval’s equality

2

β − α

∫ β

α

|f(x)|2dx =
|a0|2

2
+

∞∑
n=1

(|an|2 + |bn|2).

For our next variant of Fourier series it is convenient to consider the

interval [−π, π] and the Hilbert space L2[−π, π]. This makes no difference

in the formulas for the coefficients, since all elements of the space are

2π-periodic. Now suppose f(t) is defined and square integrable on the

interval [0, π]. We define F (t) ∈ L2[−π, π] by

F (t) =

{
f(t) on [0, π]

f(−t) for − π < t < 0.

The function F has been constructed so that it is even, i.e., F (−t) =

F (t). For an even function the coefficients bn = 1
π

∫ π
−π F (t) sinnt dt = 0

so

F (t) ∼ a0

2
+

∞∑
n=1

an cosnt

on [−π, π] or

f(t) ∼ a0

2
+

∞∑
n=1

an cosnt, for 0 ≤ t ≤ π (3.6)

an =
1

π

∫ π

−π
F (t) cosnt dt =

2

π

∫ π

0

f(t) cosnt dt.

Here, (3.6) is called the Fourier cosine series of f .

We can also extend the function f(t) from the interval [0, π] to an odd

function on the interval [−π, π]. We define G(t) ∈ L2[−π, π] by

G(t) =


f(t) on (0, π]

0 for t = 0

−f(−t) for − π < t < 0.



DAMELIN: “MASTERFILE” — 2011/10/28 — 14:44 — PAGE 99 — #107

3.4 Convergence results 99

The function G has been constructed so that it is odd, i.e., G(−t) =

−G(t). For an odd function the coefficients an = 1
π

∫ π
−π G(t) cosnt dt = 0

so

G(t) ∼
∞∑
n=1

bn sinnt

on [−π, π] or

f(t) ∼
∞∑
n=1

bn sinnt, for 0 < t ≤ π, (3.7)

bn =
1

π

∫ π

−π
G(t) sinnt dt =

2

π

∫ π

0

f(t) sinnt dt.

Here, (3.7) is called the Fourier sine series of f .

Example 3.9 Let f(t) = t, 0 ≤ t ≤ π.

1. Fourier Sine series.

bn =
2

π

∫ π

0

t sinnt dt =
−2t cosnt

nπ
|π0 +

2

nπ

∫ π

0

cosnt dt =
2(−1)n+1

n
.

Therefore,

t =
∞∑
n=1

2(−1)n+1

n
sinnt, 0 < t < π.

2. Fourier Cosine series.

an =
2

π

∫ π

0

t cosnt dt =
2t sinnt

nπ
|π0 −

2

nπ

∫ π

0

sinnt dt =
2[(−1)n − 1]

n2π
,

for n ≥ 1 and a0 = 2
π

∫ π
0
t dt = π, so

t =
π

2
− 4

π

∞∑
j=1

cos(2j − 1)t

(2j − 1)2
, 0 < t < π.

3.4 Convergence results

In this section we will prove Theorem 3.8 on pointwise convergence. Let

f be a complex-valued function such that

• f(t) is periodic with period 2π.

• f(t) is piecewise continuous on [0, 2π].

• f ′(t) is piecewise continuous on [0, 2π].
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Expanding f in a Fourier series (real form) we have

f(t) ∼ a0

2
+

∞∑
n=1

(an cosnt+ bn sinnt) = S(t), (3.8)

an =
1

π

∫ 2π

0

f(x) cosnx dx, bn =
1

π

∫ 2π

0

f(x) sinnx dx.

For a fixed t we want to understand the conditions under which the

Fourier series converges to a number S(t), and the relationship between

this number and f . To be more precise, let

Sk(t) =
a0

2
+

k∑
n=1

(an cosnt+ bn sinnt)

be the kth partial sum of the Fourier series. This is a finite sum, a

trigonometric polynomial, so it is well defined for all t ∈ R. Now we have

S(t) = lim
k→∞

Sk(t),

if the limit exists. To better understand the properties of Sk(t) in the

limit, we will recast this finite sum as a single integral. Substituting the

expressions for the Fourier coefficients an, bn into the finite sum we find

Sk(t) =
1

π

∫ 2π

0

[
1

2
+

k∑
n=1

(cosnx cosnt+ sinnx sinnt)

]
f(x)dx

=
1

π

∫ 2π

0

[
1

2
+

k∑
n=1

cos[n(t− x)]

]
f(x)dx

=
1

π

∫ 2π

0

Dk(t− x)f(x)dx. (3.9)

We can find a simpler form for the Dirichlet kernel

Dk(t) =
1

2
+

k∑
n=1

cosnt = −1

2
+

k∑
m=0

cosmt = −1

2
+

1

2

k∑
m=0

[
eitm + e−itm

]
.

Recalling the geometric series

k∑
m=0

(eit)m =
(eit)k+1 − 1

eit − 1

we find, for eit 6= 1, Dk(t) =

−1

2
+

1

2

[
eit(k+1) − 1

eit − 1
+
e−it(k+1) − 1

e−it − 1

]
=
eitk + e−itk − eit(k+1) − e−it(k+1)

2(eit − 1)(e−it − 1)
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=
− cos t(k + 1) + cos tk

2 sin2 t
2

=
sin(k + 1

2 )t

2 sin t
2

, (3.10)

where we have made use of standard addition and double angle formulas

for the trigonometric functions. For eit = 1 we have cosmt = 1 so it is

clear that Dk(0) = k + 1/2.

Exercise 3.3 Verify the details of the derivation of the expression (3.10)

for Dk(t).

Note that Dk has the properties:

• Dk(t) = Dk(t+ 2π)

• Dk(−t) = Dk(t)

• Dk(t) is defined and differentiable for all t and Dk(0) = k + 1
2 .

From these properties it follows that the integrand of (3.9) is a 2π-

periodic function of x, so that we can take the integral over any full

2π-period:

Sk(t) =
1

π

∫ a+π

a−π
Dk(t− x)f(x)dx,

for any real number a. Let us set a = t and fix a δ such that 0 < δ < π.

(Think of δ as a very small positive number.) We break up the integral

as follows:

Sk(t) =
1

π

(∫ t−δ

t−π
+

∫ t+π

t+δ

)
Dk(t−x)f(x)dx+

1

π

∫ t+δ

t−δ
Dk(t−x)f(x)dx.

For fixed t we can write Dk(t− x) in the form

Dk(t− x) =
f1(x, t) cos k(t− x) + f2(x, t) sin k(t− x)

sin[ 1
2 (t− x)]

= g1(x, t) cos k(t− x) + g2(x, t) sin k(t− x).

In the interval [t − π, t − δ] the functions g1, g2 are bounded. Thus the

functions

G`(x, t) =

{
g`(x, t) for x ∈ [t− π, t− δ]
0 elsewhere

, ` = 1, 2

are elements of L2[−π, π] (and its 2π-periodic extension). Hence, by the

Riemann–Lebesgue Lemma, applied to the ON basis determined by the

orthogonal functions cos k(t−x), sin k(t−x) for fixed t, the first integral

goes to 0 as k → ∞. A similar argument shows that the integral over
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the interval [t + δ, t + π] goes to 0 as k → ∞. (This argument doesn’t

hold for the interval [t− δ, t+ δ] because the term sin[ 1
2 (t− x)] vanishes

in the interval, so that the G` are not square integrable.) Thus,

lim
k→∞

Sk(t) = lim
k→∞

1

π

∫ t+δ

t−δ
Dk(t− x)f(x)dx, (3.11)

where,

Dk(t) =
sin(k + 1

2 )t

2 sin t
2

.

Theorem 3.10 The sum S(t) of the Fourier series of f at t is com-

pletely determined by the behavior of f in an arbitrarily small interval

(t− δ, t+ δ) about t.

This is a remarkable fact! It is called the Localization Theorem. Al-

though the Fourier coefficients contain information about all of the val-

ues of f over the interval [0, 2π), only the local behavior of f affects the

convergence at a specific point t.

Now we are ready to prove a basic pointwise convergence result. It

makes use of another simple property of the kernel function Dk(t):

Lemma 3.11 ∫ 2π

0

Dk(x)dx = π.

Proof ∫ 2π

0

Dk(x)dx =

∫ 2π

0

(
1

2
+

k∑
n=1

cosnx)dx = π,

since each of the last k functions integrates to 0. 2

Theorem 3.12 Suppose

• f(t) is periodic with period 2π.

• f(t) is piecewise continuous on [0, 2π].

• f ′(t) is piecewise continuous on [0, 2π].

Then the Fourier series of f(t) converges to f(t+0)+f(t−0)
2 at each point t.

Proof It will be convenient to modify f , if necessary, so that

f(t) =
f(t+ 0) + f(t− 0)

2
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at each point t. This condition affects the definition of f only at a finite

number of points of discontinuity. It doesn’t change any integrals and

the values of the Fourier coefficients. Then, using Lemma 3.11 we can

write

Sk(t)− f(t) =
1

π

∫ 2π

0

Dk(t− x)[f(x)− f(t)]dx

=
1

π

∫ π

0

Dk(x)[f(t+ x) + f(t− x)− 2f(t)]dx

=
1

π

∫ π

0

[f(t+ x) + f(t− x)− 2f(t)]

2 sin x
2

sin(k +
1

2
)x dx

=
1

π

∫ π

0

[H1(t, x) sin kx+H2(t, x) cos kx]dx.

From the assumptions, H1, H2 are square integrable in x. Indeed, we can

use L’Hospital’s rule and the assumptions that f and f ′ are piecewise

continuous to show that the limit

lim
x→0+

[f(t+ x) + f(t− x)− 2f(t)]

2 sin x
2

exists. Thus H1, H2 are bounded for x → 0+. Then, by the Riemann–

Lebesgue Lemma, the last expression goes to 0 as k →∞:

lim
k→∞

[Sk(t)− f(t)] = 0.

2

Exercise 3.4 Suppose f is piecewise continuous and 2π-periodic. For

any point t define the right-hand derivative f ′R(t) and the left-hand

derivative f ′L(t) of f by

f ′R(t) = lim
u→t+

f(u)− f(t+ 0)

u− t
, f ′L(t) = lim

u→t−

f(u)− f(t− 0)

u− t
,

respectively. Show that in the proof of Theorem 3.12 we can drop the

requirement for f ′ to be piecewise continuous and the conclusion of the

theorem will still hold at any point t such that both f ′R(t) and f ′L(t)

exist.

Exercise 3.5 Show that if f and f ′ are piecewise continuous then for

any point t we have f ′(t + 0) = f ′R(t) and f ′(t − 0) = f ′L(t). Hint: By
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the mean value theorem of calculus, for u > t and u sufficiently close to

t there is a point c such that t < c < u and

f(u)− f(t+ 0)

u− t
= f ′(c).

Exercise 3.6 Let

f(t) =

{
t2 sin( 1

t ) for t 6= 0

0 for t = 0.

Show that f is continuous for all t and that f ′R(0) = f ′L(0) = 0. Show

that f ′(t + 0) and f ′(t − 0) do not exist for t = 0. Hence, argue that

f ′ is not a piecewise continuous function. This shows that the result of

Exercise 3.4 is a true strengthening of Theorem 3.12.

Exercise 3.7 Let

f(t) =

{
2 sin t

2

t if 0 < |t| ≤ π,
1 if t = 0.

Extend f to be a 2π-periodic function on the entire real line. Verify that

f satisfies the hypotheses of Theorem 3.12 and is continuous at t = 0.

Apply the Localization Theorem (3.11) to f at t = 0 to give a new

evaluation of the improper integral
∫∞

0
sin x
x dx = π/2.

3.4.1 Uniform pointwise convergence

We have shown that for functions f with the properties:

• f(t) is periodic with period 2π,

• f(t) is piecewise continuous on [0, 2π],

• f ′(t) is piecewise continuous on [0, 2π],

then at each point t the partial sums of the Fourier series of f ,

f(t) ∼ a0

2
+

∞∑
n=1

(an cosnt+ bn sinnt) = S(t), an =
1

π

∫ 2π

0

f(t) cosnt dt

bn =
1

π

∫ 2π

0

f(t) sinnt dt,

converge to f(t+0)+f(t−0)
2 :

Sk(t) =
a0

2
+

k∑
n=1

(an cosnt+bn sinnt), lim
k→∞

Sk(t) =
f(t+ 0) + f(t− 0)

2
.
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(If we require that f satisfies f(t) = f(t+0)+f(t−0)
2 at each point then the

series will converge to f everywhere. In this section we will make this

requirement.) Now we want to examine the rate of convergence.

We know that for every ε > 0 we can find an integer N(ε, t) such that

|Sk(t)−f(t)| < ε for every k > N(ε, t). Then the finite sum trigonometric

polynomial Sk(t) will approximate f(t) with an error < ε. However, in

general N depends on the point t; we have to recompute it for each t.

What we would prefer is uniform convergence. The Fourier series of f

will converge to f uniformly if for every ε > 0 we can find an integer

N(ε) such that |Sk(t) − f(t)| < ε for every k > N(ε) and for all t.

Then the finite sum trigonometric polynomial Sk(t) will approximate

f(t) everywhere with an error < ε.

We cannot achieve uniform convergence for all functions f in the class

above. The partial sums are continuous functions of t. Recall from cal-

culus that if a sequence of continuous functions converges uniformly, the

limit function is also continuous. Thus for any function f with disconti-

nuities, we cannot have uniform convergence of the Fourier series.

If f is continuous, however, then we do have uniform convergence.

Theorem 3.13 Assume f has the properties:

• f(t) is periodic with period 2π,

• f(t) is continuous on [0, 2π],

• f ′(t) is piecewise continuous on [0, 2π].

Then the Fourier series of f converges uniformly.

Proof Consider the Fourier series of both f and f ′:

f(t) ∼ a0

2
+

∞∑
n=1

(an cosnt+ bn sinnt), an =
1

π

∫ 2π

0

f(t) cosnt dt

bn =
1

π

∫ 2π

0

f(t) sinnt dt,

f ′(t) ∼ A0

2
+

∞∑
n=1

(An cosnt+Bn sinnt), An =
1

π

∫ 2π

0

f ′(t) cosnt dt

Bn =
1

π

∫ 2π

0

f ′(t) sinnt dt.

Now

An =
1

π

∫ 2π

0

f ′(t) cosnt dt =
1

π
f(t) cosnt|2π0 +

n

π

∫ 2π

0

f(t) sinnt dt
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=

{
nbn, n ≥ 1

0, n = 0.

(We have used the fact that f(0) = f(2π).) Similarly, Bn =

1

π

∫ 2π

0

f ′(t) sinnt dt =
1

π
f(t) sinnt|2π0 −

n

π

∫ 2π

0

f(t) cosnt dt = −nan.

Using Bessel’s inequality for f ′ we have
∞∑
n=1

(|An|2 + |Bn|2) ≤ 1

π

∫ 2π

0

|f ′(t)|2dt <∞,

hence
∞∑
n=1

n2(|an|2 + |bn|2) ≤ ∞.

Now ∑m
n=1 |an|∑m
n=1 |bn|

≤
m∑
n=1

√
|an|2 + |bn|2 =

m∑
n=1

1

n

√
|An|2 + |Bn|2

≤ (

m∑
n=1

1

n2
)(

m∑
n=1

(|An|2 + |Bn|2))

which converges as m → ∞. (We have used the Schwarz inequality for

the last step.) Hence
∑∞
n=1 |an| <∞,

∑∞
n=1 |bn| <∞. Now

|a0

2
+

∞∑
n=1

(an cosnt+ bn sinnt)| ≤ |a0

2
|+

∞∑
n=1

(|an cosnt|+ |bn sinnt|)

≤ |a0

2
|+

∞∑
n=1

(|an|+ |bn|) <∞,

so the series converges uniformly and absolutely. 2

Corollary 3.14 For f satisfying the hypotheses of the preceding theorem

|a0|2

2
+

∞∑
n=1

(|an|2 + |bn|2) =
1

π

∫ 2π

0

|f(t)|2dt.

Proof This is Parseval’s Theorem. The Fourier series of f converges uni-

formly, so for any ε > 0 there is an integer N(ε) such that |Sk(t)−f(t)| <
ε for every k > N(ε) and for all t. Thus∫ 2π

0

|Sk(t)− f(t)|2 dt = ||Sk − f ||2

= ||f ||2 − π

(
|a0|2

2
+

k∑
n=1

(
|an|2 + |bn|2

))
< 2πε2

for k > N(ε). 2
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Remark: Parseval’s Theorem actually holds for any f ∈ L2[0, 2π], as

we shall show later.

Remark: As the proof of the preceding theorem illustrates, differentia-

bility of a function improves convergence of its Fourier series. The more

derivatives the faster the convergence. There are famous examples to

show that continuity alone is not sufficient for convergence, [91, 92].

3.5 More on pointwise convergence, Gibbs
phenomena

We return to our first Example of Fourier series:

h(t) =


0, t = 0
π−t

2 , 0 < t < 2π

0, t = 2π

and h(t + 2π) = h(t). In this case, an = 0 for all n and bn = 1/n.

Therefore,

π − t
2

=

∞∑
n=1

sinnt

n
, 0 < t < 2π.

The function h has a discontinuity at t = 0 so the convergence of this

series can’t be uniform. Let’s examine this case carefully. What happens

to the partial sums near the discontinuity?

Here, Sk(t) =
∑k
n=1

sinnt
n so

S′k(t) =

k∑
n=1

cosnt = Dk(t)− 1

2
=

sin(k + 1
2 )t

2 sin t
2

− 1

2
=

sin kt
2 cos (k+1)t

2

sin t
2

.

Thus, since Sk(0) = 0 we have

Sk(t) =

∫ t

0

S′k(x)dx =

∫ t

0

(
sin kx

2 cos (k+1)x
2

2 sin x
2

)
dx.

Note that S′k(0) > 0 so that Sk starts out at 0 for t = 0 and then

increases. Looking at the derivative of Sk we see that the first maximum

is at the critical point tk = π
k+1 (the first zero of cos (k+1)x

2 as x increases

from 0). Here, h(tk) = π−tk
2 . The error is

Sk(tk)− h(tk) =

∫ tk

0

sin(k + 1
2 )x

2 sin x
2

dx− π

2
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=

∫ tk

0

sin(k + 1
2 )x

x
dx+

∫ tk

0

(
1

2 sin x
2

− 1

x

)
sin(k +

1

2
)x dx− π

2

= I(tk) + J(tk)− π

2

where I(tk) =∫ tk

0

sin(k + 1
2 )x

x
dx =

∫ (k+ 1
2 )tk

0

sinu

u
du→

∫ π

0

sinu

u
du ≈ 1.851397052

(according to MAPLE). Also

J(tk) =

∫ tk

0

(
1

2 sin x
2

− 1

x

)
sin(k +

1

2
)x dx.

Note that the integrand is bounded near x = 0 (indeed it goes to 0 as

x → 0) and the interval of integration goes to 0 as k → ∞. Hence we

have J(tk)→ 0 as k →∞. We conclude that

lim
k→∞

(Sk(tk)− h(tk)) ≈ 1.851397052− π

2
≈ 0.280600725

To sum up, limk→∞ Sk(tk) ≈ 1.851397052 whereas limk→∞ h(tk) = π
2 ≈

1.570796327. The partial sum is overshooting the correct value by about

17.86359697%! This is called the Gibbs Phenomenon.

To understand it we need to look more carefully at the convergence

properties of the partial sums Sk(t) =
∑k
n=1

sinnt
n for all t.

First some preparatory calculations. Consider the geometric series

Ek(t) =
∑k
n=1 e

int = eit(1−eikt)
1−eit .

Lemma 3.15 For 0 < t < 2π,

|Ek(t)| ≤ 2

|1− eit|
=

1

sin t
2

.

Note that Sk(t) is the imaginary part of the complex series
∑k
n=1

eint

n .

Lemma 3.16 Let 0 < α < β < 2π. The series
∑∞
n=1

eint

n converges

uniformly for all t in the interval [α, β].

Proof (tricky)

k∑
n=j

eint

n
=

k∑
n=j

En(t)− En−1(t)

n
=

k∑
n=j

En(t)

n
−

k∑
n=j

En(t)

n+ 1
−Ej−1(t)

j
+
Ek(t)

k + 1
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so

|
k∑
n=j

eint

n
| ≤ 1

sin t
2

 k∑
n=j

(
1

n
− 1

n+ 1
) +

1

j
+

1

k + 1

 =
2

j sin t
2

.

This implies by the Cauchy Criterion that
∑k
n=j

eint

n converges uni-

formly on [α, β]. 2

This shows that the Fourier series for h(t) converges uniformly on

any closed interval that doesn’t contain the discontinuities at t = 2π`,

` = 0,±1,±2, . . . Next we will show that the partial sums Sk(t) are

bounded for all t and all k. Thus, even though there is an overshoot

near the discontinuities, the overshoot is strictly bounded.

From Lemma 3.16 on uniform convergence above we already know

that the partial sums are bounded on any closed interval not containing

a discontinuity. Also, Sk(0) = 0 and Sk(−t) = −Sk(t), so it suffices to

consider the interval 0 < t < π/2.

We will use the facts that 2/π ≤ sin t/t ≤ 1 for 0 < t ≤ π/2. The

right-hand inequality is a basic calculus fact and the left-hand one is

obtained by solving the calculus problem of minimizing sin t/t over the

interval 0 < t < π/2. Note that

|
k∑

n=1

sinnt

n
| ≤ |

∑
1≤n<1/t

t sinnt

nt
|+ |

∑
1/t≤n≤k

sinnt

n
|.

Using the calculus inequalities and the lemma, we have

|
k∑

n=1

sinnt

n
| ≤

∑
1≤n<1/t

t+
2

1
t sin t

2

≤ t · 1

t
+

2
1
t
t
2

2
π

= 1 + 2π.

Thus the partial sums are uniformly bounded for all t and all k.

We conclude that the Fourier series for h(t) converges uniformly to

h(t) in any closed interval not including a discontinuity. Furthermore

the partial sums of the Fourier series are uniformly bounded. At each

discontinuity tN = 2πN of h the partial sums Sk overshoot h(tN + 0)

by about 17.9% (approaching from the right) as k →∞ and undershoot

h(tN −0) by the same amount. This is illustrated in Figures 3.1 and 3.2.

All of the work that we have put into this single example will pay off,

because the facts that have emerged are of broad validity. Indeed we can

consider any function f satisfying our usual conditions as the sum of

a continuous function for which the convergence is uniform everywhere

and a finite number of translated and scaled copies of h(t).
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Figure 3.1 Plot of the sum of the first 10 nonzero terms in the Fourier
series for h(t) on the interval 0 ≤ t ≤ 2π. Note the overshoot and
undershoot around the discontinuities.

Figure 3.2 Plot of the sum of the first 22 nonzero terms in the
Fourier series for h(t) on the interval 0 ≤ t ≤ 2π. Note that as
the number of terms in the partial sum increases, the width of the
overshoot/undershoot region narrows, but that the magnitude of the
error stays the same.



DAMELIN: “MASTERFILE” — 2011/10/28 — 14:44 — PAGE 111 — #119

3.5 More on pointwise convergence, Gibbs phenomena 111

Theorem 3.17 Let f be a complex-valued function such that

• f(t) is periodic with period 2π.

• f(t) is piecewise continuous on [0, 2π].

• f ′(t) is piecewise continuous on [0, 2π].

• f(t) = f(t+0)+f(t−0)
2 at each point t.

Then

f(t) =
a0

2
+

∞∑
n=1

(an cosnt+ bn sinnt)

pointwise. The convergence of the series is uniform on every closed in-

terval in which f is continuous.

Proof Let x1, x2, . . . , x` be the points of discontinuity of f in [0, 2π). Set

s(xj) = f(xj + 0)− f(xj − 0). Then the function

g(t) = f(t)−
∑̀
j=1

s(xj)

π
h(t− xj)

is everywhere continuous and also satisfies all of the hypotheses of the

theorem. Indeed, at the discontinuity xj of f we have g(xj − 0) =

f(xj − 0)− 2s(xj)

π
h(−0) = f(xj − 0)− f(xj + 0)− f(xj − 0)

π
(
−π
2

)

=
f(xj − 0) + f(xj + 0)

2
= f(xj).

Similarly, g(xj+0) = f(xj). Therefore g(t) can be expanded in a Fourier

series that converges absolutely and uniformly. However,
∑`
j=1

s(xj)
π

h(t−xj) can be expanded in a Fourier series that converges pointwise

and uniformly in every closed interval that doesn’t include a discontinu-

ity. But

f(t) = g(t) +
∑̀
j=1

s(xj)

π
h(t− xj),

and the conclusion follows. 2

Corollary 3.18 Parseval’s Theorem. For f satisfying the hypotheses of

the preceding theorem

|a0|2

2
+

∞∑
n=1

(|an|2 + |bn|2) =
1

π

∫ 2π

0

|f(t)|2dt.
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Proof As in the proof of the theorem, let x1, x2, . . . , x` be the points of

discontinuity of f in [0, 2π) and set s(xj) = f(xj+0)−f(xj−0). Choose

a ≥ 0 such that the discontinuities are contained in the interior of I =

(−a, 2π − a). From our earlier results we know that the partial sums of

the Fourier series of h are uniformly bounded with bound M > 0. Choose

P = supt∈[0,2π] |f(t)|. Then |Sk(t)− f(t)|2 ≤ (M + P )2 for all t and all

k. Given ε > 0 choose non-overlapping open intervals I1, I2, . . . , I` ⊂ I

such that xj ∈ Ij and (
∑`
j=1 |Ij |)(M+P )2 < ε/2. Here, |Ij | is the length

of the interval Ij . Now the Fourier series of f converges uniformly on

the closed set A = [−a, 2π − a] − I1 ∪ I2 ∪ · · · ∪ I`. Choose an integer

N(ε) such that |Sk(t)− f(t)|2 < ε/4π for all t ∈ A, k ≥ N(ε). Then∫ 2π

0

|Sk(t)− f(t)|2dt =

∫ 2π−a

−a
|Sk(t)− f(t)|2dt =

∫
A

|Sk(t)− f(t)|2dt+

∫
I1∪I2∪···∪I`

|Sk(t)− f(t)|2dt

< 2π
ε

4π
+ (
∑̀
j=1

|Ij |)(M + P )2 <
ε

2
+
ε

2
= ε.

Thus limk→∞ ||Sk − f || = 0 and the partial sums converge to f in the

mean.

Furthermore,

ε >

∫ 2π

0

|Sk(t)−f(t)|2 dt = ||Sk−f ||2 = ||f ||2−π(
|a0|2

2
+

k∑
n=1

(|an|2+|bn|2))

for k > N(ε). 2

Exercise 3.8 Expand

f(x) =


0 −π < x ≤ −π2
1 −π2 < x ≤ π

2

0 π
2 < x ≤ π

in a Fourier series on the interval −π ≤ x ≤ π. Plot both f and the

partial sums Sk for k = 5, 10, 20, 40. Observe how the partial sums ap-

proximate f . What accounts for the slow rate of convergence?
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3.6 Further properties of Fourier series

The convergence theorem and the version of the Parseval identity proved

in the previous section apply to step functions on [0, 2π]. However, we

already know that the space of step functions on [0, 2π] is dense in

L2[0, 2π]. Since every step function is the limit in the norm of the par-

tial sums of its Fourier series, this means that the space of all finite

linear combinations of the functions {eint} is dense in L2[0, 2π]. Hence

{eint/
√

2π} is an ON basis for L2[0, 2π] and we have

Theorem 3.19 Parseval’s Equality (strong form) [Plancherel Theo-

rem]. If f ∈ L2[0, 2π] then

|a0|2

2
+

∞∑
n=1

(|an|2 + |bn|2) =
1

π

∫ 2π

0

|f(t)|2dt,

where an, bn are the Fourier coefficients of f .

Integration of a Fourier series term-by-term yields a series with

improved convergence.

Theorem 3.20 Let f be a complex-valued function such that

• f(t) is periodic with period 2π.

• f(t) is piecewise continuous on [0, 2π].

• f ′(t) is piecewise continuous on [0, 2π].

Let

f(t) ∼ a0

2
+

∞∑
n=1

(an cosnt+ bn sinnt)

be the Fourier series of f . Then∫ t

0

f(x)dx =
a0

2
t+

∞∑
n=1

1

n
[an sinnt− bn(cosnt− 1)]

where the convergence is uniform on the interval [0, 2π].

Proof Let F (t) =
∫ t

0
f(x)dx− a0

2 t. Then

• F (2π) =
∫ 2π

0
f(x)dx− a0

2 (2π) = 0 = F (0).

• F (t) is continuous on [0, 2π].

• F ′(t) = f(t)− a0
2 is piecewise continuous on [0, 2π].
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Thus the Fourier series of F converges to F uniformly and absolutely on

[0, 2π]:

F (t) =
A0

2
+

∞∑
n=1

(An cosnt+Bn sinnt).

Now

An =
1

π

∫ 2π

0

F (t) cosnt dt =
F (t) sinnt

nπ

∣∣∣∣2π
0

− 1

nπ

∫ 2π

0

(f(t)−a0

2
) sinnt dt

= −bn
n
, n 6= 0,

and

Bn =
1

π

∫ 2π

0

F (t) sinnt dt = −F (t) cosnt

nπ

∣∣∣∣2π
0

+
1

nπ

∫ 2π

0

(f(t)−a0

2
) cosnt dt

=
an
n
.

Therefore,

F (t) =
A0

2
+

∞∑
n=1

(−bn
n

cosnt+
an
n

sinnt),

F (2π) = 0 =
A0

2
−
∞∑
n=1

bn
n
.

Solving for A0 we find

F (t) =

∫ t

0

f(x)dx− a0

2
t =

∞∑
n=1

1

n
[an sinnt− bn(cosnt− 1)] .

2

Example 3.21 Let

f(t) =

{
π−t

2 0 < t < 2π

0 t = 0, 2π.

Then

π − t
2
∼
∞∑
n=1

sinnt

n
.

Integrating term-by term we find

2πt− t2

4
= −

∞∑
n=1

1

n2
(cosnt− 1), 0 ≤ t ≤ 2π.
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Differentiation of Fourier series, however, makes them less smooth and

may not be allowed. For example, differentiating the Fourier series

π − t
2
∼
∞∑
n=1

sinnt

n
,

formally term-by term we get

−1

2
∼
∞∑
n=1

cosnt,

which doesn’t converge on [0, 2π]. In fact it can’t possibly be a Fourier

series for an element of L2[0, 2π]. (Why?)

If f is sufficiently smooth and periodic it is OK to differentiate term-

by-term to get a new Fourier series.

Theorem 3.22 Let f be a complex-valued function such that

• f(t) is periodic with period 2π.

• f(t) is continuous on [0, 2π].

• f ′(t) is piecewise continuous on [0, 2π].

• f ′′(t) is piecewise continuous on [0, 2π].

Let

f(t) =
a0

2
+

∞∑
n=1

(an cosnt+ bn sinnt)

be the Fourier series of f . Then at each point t ∈ [0, 2π] where f ′′(t)

exists we have

f ′(t) =

∞∑
n=1

n (−an sinnt+ bn cosnt) .

Proof By the Fourier convergence theorem the Fourier series of f ′ con-

verges to f ′(t0+0)+f ′(t0−0)
2 at each point t0. If f ′′(t0) exists at the point

then the Fourier series converges to f ′(t0), where

f ′(t) ∼ A0

2
+

∞∑
n=1

(An cosnt+Bn sinnt).

Now

An =
1

π

∫ 2π

0

f ′(t) cosnt dt =
f(t) cosnt

π

∣∣∣∣2π
0

+
n

π

∫ 2π

0

f(t) sinnt dt

= nbn,
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A0 = 1
π

∫ 2π

0
f ′(t)dt = 1

π (f(2π)−f(0)) = 0 (where, if necessary, we adjust

the interval of length 2π so that f ′ is continuous at the endpoints) and

Bn =
1

π

∫ 2π

0

f ′(t) sinnt dt =
f(t) sinnt

π

∣∣∣∣2π
0

− n

π

∫ 2π

0

f(t) cosnt dt

= −nan.

Therefore,

f ′(t) ∼
∞∑
n=1

n(bn cosnt− an sinnt).

2

Note the importance of the requirement in the theorem that f is

continuous everywhere and periodic, so that the boundary terms vanish

in the integration by parts formulas for An and Bn. Thus it is OK to

differentiate the Fourier series

f(t) =
2πt− t2

4
− π2

6
= −

∞∑
n=1

1

n2
cosnt, 0 ≤ t ≤ 2π

term-by-term, where f(0) = f(2π), to get

f ′(t) =
π − t

2
∼
∞∑
n=1

sinnt

n
.

However, even though f ′(t) is infinitely differentiable for 0 < t < 2π we

have f ′(0) 6= f ′(2π), so we cannot differentiate the series again.

Exercise 3.9 Consider Example 3.9: f(t) = t, 0 ≤ t ≤ π. Is it permissi-

ble to differentiate the Fourier sine series for this function term-by-term?

If so, say what the differentiated series converges to at each point. Is it

permissible to differentiate the Fourier cosine series for the function f(t)

term-by-term? If so, say what the differentiated series converges to at

each point.

3.7 Digging deeper: arithmetic summability and
Fejér’s theorem

We know that the kth partial sum of the Fourier series of a square

integrable function f :

Sk(t) =
a0

2
+

k∑
n=1

(an cosnt+ bn sinnt)
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is the trigonometric polynomial of order k that best approximates f in

the Hilbert space sense. However, the limit of the partial sums

S(t) = lim
k→∞

Sk(t),

doesn’t necessarily converge pointwise. We have proved pointwise con-

vergence for piecewise smooth functions, but if, say, all we know is that

f is continuous then pointwise convergence is much harder to establish.

Indeed there are examples of continuous functions whose Fourier series

diverge at uncountably many points ([103], Chapter 8). Furthermore we

have seen that at points of discontinuity the Gibbs phenomenon occurs

and the partial sums overshoot the function values. In this section we

will look at another way to recapture f(t) from its Fourier coefficients,

by Cesàro sums (arithmetic means). This method is surprisingly simple,

gives uniform convergence for continuous functions f(t) and avoids most

of the Gibbs phenomenon difficulties.

The basic idea is to use the arithmetic means of the partial sums to

approximate f . Recall that the kth partial sum of f(t) is defined by

Sk(t) =
1

2π

∫ 2π

0

f(x)dx +

1

π

k∑
n=1

(∫ 2π

0

f(x) cosnx dx cosnt+

∫ 2π

0

f(x) sinnx dx sinnt

)
,

so

Sk(t) =
1

π

∫ 2π

0

[
1

2
+

k∑
n=1

(cosnx cosnt+ sinnx sinnt)

]
f(x)dx

=
1

π

∫ 2π

0

[
1

2
+

k∑
n=1

cos[n(t− x)]

]
f(x)dx

=
1

π

∫ 2π

0

Dk(t− x)f(x)dx.

where the kernel Dk(t) = 1
2 +
∑k
n=1 cosnt = − 1

2 +
∑k
m=0 cosmt. Further,

Dk(t) =
cos kt− cos(k + 1)t

4 sin2 t
2

=
sin(k + 1

2 )t

2 sin t
2

.

Rather than use the partial sums Sk(t) to approximate f(t) we use

the arithmetic means σk(t) of these partial sums:

σk(t) =
S0(t) + S1(t) + · · ·+ Sk−1(t)

k
, k = 1, 2, . . . (3.12)
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Then we have

σk(t) =
1

kπ

k−1∑
j=0

∫ 2π

0

Dj(t−x)f(x)dx =

∫ 2π

0

 1

kπ

k−1∑
j=0

Dj(t− x)

 f(x)dx

=
1

π

∫ 2π

0

Fk(t− x)f(x)dx (3.13)

where

Fk(t) =
1

k

k−1∑
j=0

Dj(t) =
1

k

k−1∑
j=0

sin(j + 1
2 )t

2 sin t
2

.

Lemma 3.23

Fk(t) =
1

k

(
sin kt/2

sin t/2

)2

.

Proof Using the geometric series, we have

k−1∑
j=0

ei(j+
1
2 )t = ei

t
2
eikt − 1

eit − 1
= ei

kt
2

sin kt
2

sin t
2

.

Taking the imaginary part of this identity we find

Fk(t) =
1

k sin t
2

k−1∑
j=0

sin(j +
1

2
)t =

1

k

(
sin kt/2

sin t/2

)2

.

2

Note that F has the properties:

• Fk(t) = Fk(t+ 2π)

• Fk(−t) = Fk(t)

• Fk(t) is defined and differentiable for all t and Fk(0) = k

• Fk(t) ≥ 0.

From these properties it follows that the integrand of (3.13) is a 2π-

periodic function of x, so that we can take the integral over any full

2π-period. Finally, we can change variables and divide up the integral,

in analogy with our study of the Dirichlet kernel Dk(t), and obtain the

following simple expression for the arithmetic means:

Lemma 3.24

σk(t) =
2

kπ

∫ π/2

0

f(t+ 2x) + f(t− 2x)

2

(
sin kx

sinx

)2

dx.
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Exercise 3.10 Derive Lemma 3.24 from expression (3.13) and Lemma

3.23.

Lemma 3.25

2

kπ

∫ π/2

0

(
sin kx

sinx

)2

dx = 1.

Proof Let f(t) ≡ 1 for all t. Then σk(t) ≡ 1 for all k and t. Substituting

into the expression from Lemma 3.24 we obtain the result. 2

Theorem 3.26 (Fejér) Suppose f(t) ∈ L1[0, 2π], periodic with period

2π and let

σ(t) = lim
x→0+

f(t+ x) + f(t− x)

2
=
f(t+ 0) + f(t− 0)

2

whenever the limit exists. For any t such that σ(t) is defined we have

lim
k→∞

σk(t) = σ(t) =
f(t+ 0) + f(t− 0)

2
.

Proof From Lemmas 3.24 and 3.25 we have

σk(t)− σ(t) =
2

kπ

∫ π/2

0

[
f(t+ 2x) + f(t− 2x)

2
− σ(t)

](
sin kx

sinx

)2

dx.

For any t for which σ(t) is defined, let Gt(x) = f(t+2x)+f(t−2x)
2 − σ(t).

Then Gt(x) → 0 as t → 0 through positive values. Thus, given ε > 0

there is a δ < π/2 such that |Gt(x)| < ε/2 whenever 0 < x ≤ δ. We have

σk(t)−σ(t) =
2

kπ

∫ δ

0

Gt(x)

(
sin kx

sinx

)2

dx+
2

kπ

∫ π/2

δ

Gt(x)

(
sin kx

sinx

)2

dx.

Now ∣∣∣∣∣ 2

kπ

∫ δ

0

Gt(x)

(
sin kx

sinx

)2

dx

∣∣∣∣∣ ≤ ε

kπ

∫ π/2

0

(
sin kx

sinx

)2

dx =
ε

2

and∣∣∣∣∣ 2

kπ

∫ π/2

δ

Gt(x)

(
sin kx

sinx

)2

dx

∣∣∣∣∣ ≤ 2

kπ sin2 δ

∫ π/2

δ

|Gt(x)|dx ≤ 2I

kπ sin2 δ
,

where I =
∫ π/2

0
|Gt(x)|dx. This last integral exists because F is in L1.

Now choose K so large that 2I/(Kπ sin2 δ) < ε/2. Then if k ≥ K we

have |σk(t)− σ(t)| ≤∣∣∣∣∣ 2

kπ

∫ δ

0

Gt(x)

(
sin kx

sinx

)2

dx

∣∣∣∣∣+

∣∣∣∣∣ 2

kπ

∫ π/2

δ

Gt(x)

(
sin kx

sinx

)2

dx

∣∣∣∣∣ < ε.

2
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Corollary 3.27 Suppose f(t) satisfies the hypotheses of the theorem

and also is continuous on the closed interval [a, b]. Then the sequence of

arithmetic means σk(t) converges uniformly to f(t) on [a, b].

Proof If f is continuous on the closed bounded interval [a, b] then it is

uniformly continuous on that interval and the function Gt is bounded

on [a, b] with upper bound M , independent of t. Furthermore one can

determine the δ in the preceding theorem so that |Gt(x)| < ε/2 whenever

0 < x ≤ δ and uniformly for all t ∈ [a, b]. Thus we can conclude that

σk → σ, uniformly on [a, b]. Since f is continuous on [a, b] we have

σ(t) = f(t) for all t ∈ [a, b]. 2

Corollary 3.28 (Weierstrass approximation theorem) Suppose f(t) is

real and continuous on the closed interval [a, b]. Then for any ε > 0 there

exists a polynomial p(t) such that

|f(t)− p(t)| < ε

for every t ∈ [a, b].

Sketch of proof Using the methods of Section 3.3 we can find a linear

transformation to map [a, b] 1-1 on a closed subinterval [a′, b′] of [0, 2π],

such that 0 < a′ < b′ < 2π. This transformation will take polynomials

in t to polynomials. Thus, without loss of generality, we can assume

0 < a < b < 2π. Let g(t) = f(t) for a ≤ t ≤ b and define g(t) outside

that interval so that it is continuous at t = a, b and is periodic with

period 2π. Then from the first corollary to Fejér’s theorem, given an

ε > 0 there is an integer N and arithmetic sum

σ(t) =
A0

2
+

N∑
j=1

(Aj cos jt+Bj sin jt)

such that |f(t) − σ(t)| = |g(t) − σ(t)| < ε/2 for a ≤ t ≤ b. Now σ(t) is

a trigonometric polynomial and it determines a power series expansion

in t about the origin that converges uniformly on every finite interval.

The partial sums of this power series determine a series of polynomials

{pn(t)} of order n such that pn → σ uniformly on [a, b], Thus there is

an M such that |σ(t)− pM (t)| < ε/2 for all t ∈ [a, b]. Hence

|f(t)− pM (t)| ≤ |f(t)− σ(t)|+ |σ(t)− pM (t)| < ε

for all t ∈ [a, b]. 2
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This important result implies not only that a continuous function on a

bounded interval can be approximated uniformly by a polynomial func-

tion but also (since the convergence is uniform) that continuous functions

on bounded domains can be approximated with arbitrary accuracy in

the L2 norm on that domain. Indeed the space of polynomials is dense

in that Hilbert space.

Another important offshoot of approximation by arithmetic sums is

that the Gibbs phenomenon doesn’t occur. This follows easily from the

next result.

Lemma 3.29 Suppose the 2π-periodic function f(t) ∈ L2[−π, π] is

bounded, with M = supt∈[−π,π] |f(t)|. Then |σn(t)| ≤M for all t.

Proof From Lemma 3.13 and Lemma 3.24 we have |σk(t)| ≤

1

2kπ

∫ 2π

0

|f(t+ x)|
(

sin kx/2

sinx/2

)2

dx ≤ M

2kπ

∫ 2π

0

(
sin kx/2

sinx/2

)2

dx = M.

2

Now consider the example which has been our prototype for the Gibbs

phenomenon:

h(t) =


0, t = 0
π−t

2 , 0 < t < 2π

0, t = 2π

and h(t+ 2π) = h(t). Here the ordinary Fourier series gives

π − t
2

=

∞∑
n=1

sinnt

n
, 0 < t < 2π

and this series exhibits the Gibbs phenomenon near the simple discon-

tinuities at integer multiples of 2π. Furthermore the supremum of |h(t)|
is π/2 and it approaches the values ±π/2 near the discontinuities. How-

ever, the lemma shows that |σ(t)| ≤ π/2 for all n and t. Thus the arith-

metic sums never overshoot or undershoot as t approaches the disconti-

nuities, so there is no Gibbs phenomenon in the arithmetic series for this

example. This is illustrated in Figure 3.3, which should be compared with

Figure 3.1.

In fact, the example is universal; there is no Gibbs phenomenon for

arithmetic sums. To see this, we can mimic the proof of Theorem 3.17.

This then shows that the arithmetic sums for all piecewise smooth

functions converge uniformly except in arbitrarily small neighborhoods

of the discontinuities of these functions. In the neighborhood of each



DAMELIN: “MASTERFILE” — 2011/10/28 — 14:44 — PAGE 122 — #130

122 Fourier series

Figure 3.3 Plot of the average of the first 10 partial sums for the
Fourier series of h(t) on the interval 0 ≤ t ≤ 2π. Note that the
overshoot disappears.

discontinuity the arithmetic sums behave exactly as does the series for

h(t). Thus there is no overshooting or undershooting.

Exercise 3.11 Expand

f(x) =


0 −π < x ≤ −π2
1 −π2 < x ≤ π

2

0 π
2 < x ≤ π

in a Fourier series on the interval −π ≤ x ≤ π. Plot both f and the

arithmetic sums σk for k = 5, 10, 20, 40. Observe how the arithmetic

sums approximate f . Compare with Exercise 3.8.

Remark The pointwise convergence criteria for the arithmetic means

are much more general (and the proofs of the theorems are simpler)

than for the case of ordinary Fourier series. Further, they provide a

means of getting around the most serious problems caused by the Gibbs

phenomenon. The technical reason for this is that the kernel function

Fk(t) is nonnegative. Why don’t we drop ordinary Fourier series and

just use the arithmetic means? There are a number of reasons, one being

that the arithmetic means σk(t) are not the best L2 approximations for

order k, whereas the Sk(t) are the best L2 approximations. There is no
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Parseval theorem for arithmetic means. Further, once the approximation

Sk(t) is computed for ordinary Fourier series, in order to get the next

level of approximation one needs only to compute two more constants:

Sk+1(t) = Sk(t) + ak+1 cos(k + 1)t+ bk+1 sin(k + 1)t.

However, for the arithmetic means, in order to update σk(t) to σk+1(t)

one must recompute ALL of the expansion coefficients. This is a serious

practical difficulty.

Fourier Series in Lp(0 < p ≤ ∞) There is an old mathematical say-

ing that L1, L2 and L∞ were invented by God and man invented all else.

Among the many manifestations of this for Fourier series and more gen-

erally orthogonal expansions on the real line, is the best approximation

property in L2 which ensures polynomials are dense in the space of con-

tinuous functions (the generalized Weierstrass approximation problem).

But since it is part of the mathematician’s spirit to take important tools

out of their natural domain, so it is not surprising that much effort has

been devoted to studying mean convergence of orthogonal expansions

on the line. Many fundamental advances have ensued. For example, the

boundedness of the Hilbert transform in Lp for 1 < p < ∞ was estab-

lished in order to prove that Fourier series converge in Lp. The theory of

so-called Ap weights started with Mukenhoupt and Pollard’s efforts to

prove convergence in Lp of Hermite expansions and general expansions

in orthogonal polynomials with respect to exponential weights. We refer

the reader to the references [61, 80] and the references cited therein for

more on this specialized but interesting topic.

3.8 Additional exercises

Exercise 3.12 Let f(x) = x, x ∈ [−π, π].

(a) Show that f(x) has the Fourier series

∞∑
n=1

2

n
(−1)n−1 sin(nx).

(b) Let α > 0. Show that f(x) = exp(αx), x ∈ [−π, π] has the Fourier

series(
eαπ − e−απ

π

)(
1

2α
+

∞∑
k=1

(−1)k
α cos(kx)− k sin(kx)

α2 + k2

)
.
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(c) Let α be any real number other than an integer. Let f(x) = cos(αx), x ∈
[−π, π]. Show that f has a Fourier series

sin(απ)

απ
+

1

π

∞∑
n=1

[
sin(α+ n)π

α+ n
+

sin(α− n)π

α− n

]
cos(nx).

(d) Find the Fourier series of f(x) = −α sin(αx), x ∈ [−π, π]. Do you

notice any relationship to that in (c)?

(e) Find the Fourier series of f(x) = |x|, x ∈ [−π, π].

(f) Find the Fourier series of

f(x) = sign(x) =


−1, x < 0

0, x = 0

1, x > 0.

Do you notice any relationship to that in (e)?

Exercise 3.13 Sum the series
∑∞
n=0 2−n cosnt and

∑∞
n=1 2−n sinnt.

Hint: Take the real and imaginary parts of
∑∞
n=0 2−neint. You should

be able to sum this last series directly.

Exercise 3.14 Find the L2[−π, π] projection of the function f1(x) = x2

onto the (2n+ 1)-dimensional subspace spanned by the ON set

{ 1√
2π
,

cos kx√
π

,
sin kx√

π
: k = 1, . . . , n}

for n = 1. Repeat for n = 2, 3. Plot these projections along with f1. (You

can use MATLAB, a computer algebra system, a calculator, etc.) Repeat

the whole exercise for f2(x) = x3. Do you see any marked differences

between the graphs in the two cases?

Exercise 3.15 By substituting special values of x in convergent Fourier

series, we can often deduce interesting series expansions for various num-

bers, or just find the sum of important series.

(a) Use the Fourier series for f(x) = x2 to show that

∞∑
n=1

(−1)n−1

n2
=
π2

12
.

(b) Prove that the Fourier series for f(x) = x converges in (−π, π) and

hence that
∞∑
l=0

(−1)l

2l + 1
=
π

4
.
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(c) Show that the Fourier series of f(x) = exp(αx), x ∈ [−π, π) con-

verges in [−π, π) to exp(αx) and at x = π to exp(απ)+exp(−απ)
2 . Hence

show that

απ

tanh(απ)
= 1 +

∞∑
k=1

2α2

k2 + α2
.

(d) Show that

π

4
=

1

2
+

∞∑
n=1

(−1)n−1

4n2 − 1
.

(e) Plot both f(s) = x2 and the partial sums

Sk(x) =
a0

2
+

k∑
n=0

(an cosnx+ bn sinnx)

for k = 1, 2, 5, 7. Observe how the partial sums approximate f .

Exercise 3.16 Let f1(x) = x and f2(x) = π2 − 3x2, −π ≤ t ≤ π. Find

the Fourier series of f1 and f2 and use them alone to sum the following

series:

1.
∑∞
n=1

(−1)n

2n+1

2.
∑∞
n=1

1
n2

3.
∑∞
n=1

(−1)n

n2

4.
∑∞
n=1

1
n4

Exercise 3.17 By applying Parseval’s identity to suitable Fourier se-

ries:

(a) Show that
∞∑
n=1

1

n4
=
π4

90
.

(b) Evaluate
∞∑
n=1

1

α2 + n2
, α > 0.

(c) Show that
∞∑
l=0

1

(2l + 1)4
=
π4

96
.
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Exercise 3.18 Is
∞∑
n=1

cos(nx)

n1/2

the Fourier series of some square integrable function f on [−π, π]? The

same question for the series

∞∑
n=1

cos(nx)

log(n+ 2)
.
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The Fourier transform

4.1 Fourier transforms as integrals

There are several ways to define the Fourier transform (FT) of a function.

In this section, we define it using an integral representation and state

some basic uniqueness and inversion properties, without proof. There-

after, we will define it as a suitable limit of Fourier series, and will prove

the results stated here.

Definition 4.1 Let f : R → C. The Fourier transform of f ∈ L1(R),

denoted by F [f ](·), is given by the integral:

F [f ](λ) :=
1√
2π

∫ ∞
−∞

f(t) exp(−iλt)dt

for λ ∈ R for which the integral exists.

We have the Dirichlet condition for inversion of Fourier integrals.

Theorem 4.2 Let f : R → R. Suppose that (1)
∫∞
−∞ |f | dt converges

and (2) in any finite interval, f ,f ′ are piecewise continuous with at most

finitely many maxima/minima/discontinuities. Let F = F [f ]. Then if f

is continuous at t ∈ R, we have

f(t) =
1√
2π

∫ ∞
−∞

F (λ) exp(itλ)dλ.

Moreover, if f is discontinuous at t ∈ R and f(t+0) and f(t−0) denote

the right and left limits of f at t, then

1

2
[f(t+ 0) + f(t− 0)] =

1√
2π

∫ ∞
−∞

F (λ) exp(itλ)dλ.

From the above, we deduce a uniqueness result:
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Theorem 4.3 Let f, g : R→ R be continuous, f ′, g′ piecewise continu-

ous. If

F [f ](λ) = F [g](λ), ∀λ

then

f(t) = g(t), ∀t.

Proof We have from inversion, easily that

f(t) =
1√
2π

∫ ∞
−∞
F [f ](λ) exp(itλ)dλ

=
1√
2π

∫ ∞
−∞
F [g](λ) exp(itλ)dλ

= g(t).

2

Example 4.4 Find the Fourier transform of f(t) = exp(−|t|) and, using

inversion, deduce that
∫∞

0
dx

1+x2 = π
2 and

∫∞
0

λ sin(λt)
1+λ2 dλ = π exp(−t)

2 ,

t > 0.

Solution We write

F (λ) =
1√
2π

∫ ∞
−∞

f(t) exp(−iλt)dt

=
1√
2π

[∫ 0

−∞
exp(t(1− iλ))dt+

∫ ∞
0

exp(−t(1 + iλ))

]
=

√
2

π

1

1 + λ2
.

Now by the inversion formula,

exp(−|t|) =
1√
2π

∫ ∞
−∞

F (λ) exp(iλt)dλ

=
1

π

[∫ ∞
0

exp(iλt) + exp(−iλt)
1 + λ2

dt

]
=

2

π

∫ ∞
0

cos(λt)

1 + λ2
dλ.

This formula holds at t = 0, so substituting t = 0 into the above gives

the first required identity. Differentiating with respect to t as we may

for t > 0, gives the second required identity. 2.

We will show that we can reinterpret Definition 4.1 to obtain the

Fourier transform of any complex-valued f ∈ L2(R), and that the Fourier

transform is unitary on this space:
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Theorem 4.5 If f, g ∈ L2(R) then F [f ],F [g] ∈ L2(R) and∫ ∞
−∞

f(t)g(t) dt =

∫ ∞
−∞
F [f ](λ)F [g](λ) dλ.

This is a result of fundamental importance for applications in signal

processing.

4.2 The transform as a limit of Fourier series

We start by constructing the Fourier series (complex form) for functions

on an interval [−πL, πL]. The ON basis functions are

en(t) =
1√
2πL

e
int
L , n = 0,±1, . . . ,

and a sufficiently smooth function f of period 2πL can be expanded as

f(t) =
∞∑

n=−∞

(
1

2πL

∫ πL

−πL
f(x)e−

inx
L dx

)
e
int
L .

For purposes of motivation let us abandon periodicity and think of the

functions f as differentiable everywhere, vanishing at t = ±πL and iden-

tically zero outside [−πL, πL]. We rewrite this as

f(t) =

∞∑
n=−∞

e
int
L

1

2πL
f̂(
n

L
)

which looks like a Riemann sum approximation to the integral

f(t) =
1

2π

∫ ∞
−∞

f̂(λ)eiλtdλ (4.1)

to which it would converge as L→∞. (Indeed, we are partitioning the

λ interval [−L,L] into 2L subintervals, each with partition width 1/L.)

Here,

f̂(λ) =

∫ ∞
−∞

f(t)e−iλtdt. (4.2)

Similarly the Parseval formula for f on [−πL, πL],∫ πL

−πL
|f(t)|2dt =

∞∑
n=−∞

1

2πL
|f̂(

n

L
)|2
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goes in the limit as L→∞ to the Plancherel identity

2π

∫ ∞
−∞
|f(t)|2dt =

∫ ∞
−∞
|f̂(λ)|2dλ. (4.3)

Expression (4.2) is called the Fourier integral or Fourier transform

of f . Expression (4.1) is called the inverse Fourier integral for f . The

Plancherel identity suggests that the Fourier transform is a 1-1 norm-

preserving map of the Hilbert space L2[R] onto itself (or to another

copy of itself). We shall show that this is the case. Furthermore we shall

show that the pointwise convergence properties of the inverse Fourier

transform are somewhat similar to those of the Fourier series. Although

we could make a rigorous justification of the steps in the Riemann sum

approximation above, we will follow a different course and treat the

convergence in the mean and pointwise convergence issues separately.

A second notation that we shall use is

F [f ](λ) =
1√
2π

∫ ∞
−∞

f(t)e−iλtdt =
1√
2π
f̂(λ) (4.4)

F∗[g](t) =
1√
2π

∫ ∞
−∞

g(λ)eiλtdλ (4.5)

Note that, formally, F∗[f̂ ](t) =
√

2πf(t). The first notation is used more

often in the engineering literature. The second notation makes clear that

F and F∗ are linear operators mapping L2(R) onto itself in one view, and

F mapping the signal space onto the frequency space with F∗ mapping

the frequency space onto the signal space in the other view. In this

notation the Plancherel theorem takes the more symmetric form∫ ∞
−∞
|f(t)|2dt =

∫ ∞
−∞
|F [f ](λ)|2dλ.

Examples 4.5

1. The box function (or rectangular wave)

Π(t) =


1 if − π < t < π
1
2 if t = ±π
0 otherwise.

(4.6)

Then, since Π(t) is an even function and e−iλt = cos(λt) + i sin(λt),

we have

Π̂(λ) =
√

2πF [Π](λ) =

∫ ∞
−∞

Π(t)e−iλtdt =

∫ ∞
−∞

Π(t) cos(λt)dt
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=

∫ π

−π
cos(λt)dt =

2 sin(πλ)

λ
= 2π sinc λ.

Thus sinc λ is the Fourier transform of the box function. The inverse

Fourier transform is ∫ ∞
−∞

sinc(λ)eiλtdλ = Π(t), (4.7)

as follows from (2.3). Furthermore, we have∫ ∞
−∞
|Π(t)|2dt = 2π

and ∫ ∞
−∞
| sinc (λ)|2dλ = 1

from (2.4), so the Plancherel equality is verified in this case. Note

that the inverse Fourier transform converged to the midpoint of the

discontinuity, just as for Fourier series.

2. A triangular wave.

f(t) =


1 + t if − 1 ≤ t ≤ 0

1− t if 0 ≤ t ≤ 1

0 otherwise.

(4.8)

Then, since f is an even function, we have

f̂(λ) =
√

2πF [f ](λ) =

∫ ∞
−∞

f(t)e−iλtdt = 2

∫ 1

0

(1− t) cos(λt)dt

=
2− 2 cosλ

λ2
.

3. A truncated cosine wave.

f(t) =


cos t if − π < t < π

− 1
2 if t = ±π

0 otherwise.

Then, since the cosine is an even function, we have

f̂(λ) =
√

2πF [f ](λ) =

∫ ∞
−∞

f(t)e−iλtdt =

∫ π

−π
cos(t) cos(λt)dt

=
2λ sin(λπ)

1− λ2
.
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4. A truncated sine wave.

f(t) =

{
sin t if − π ≤ t ≤ π

0 otherwise.

Since the sine is an odd function, we have

f̂(λ) =
√

2πF [f ](λ) =

∫ ∞
−∞

f(t)e−iλtdt = −i
∫ π

−π
sin(t) sin(λt)dt

=
−2i sin(λπ)

1− λ2
.

5. The Gaussian distribution.

f(t) = e−t
2/2, −∞ < t <∞.

This is an even function and it can be shown that

f̂(λ) =
√

2πe−λ
2/2,

see Exercise 4.27.

NOTE: The Fourier transforms of the discontinuous functions above de-

cay as 1/λ for |λ| → ∞ whereas the Fourier transforms of the continuous

functions decay at least as fast as 1/λ2.

4.2.1 Properties of the Fourier transform

Recall that

F [f ](λ) =
1√
2π

∫ ∞
−∞

f(t)e−iλtdt =
1√
2π
f̂(λ)

F∗[g](t) =
1√
2π

∫ ∞
−∞

g(λ)eiλtdλ

We list some properties of the Fourier transform that will enable us to

build a repertoire of transforms from a few basic examples. Suppose that

f, g belong to L1(R), i.e.,
∫∞
−∞ |f(t)|dt <∞ with a similar statement for

g. We can state the following rules:

• F and F∗ are linear operators. For a, b ∈ C we have

F [af + bg] = aF [f ] + bF [g], F∗[af + bg] = aF∗[f ] + bF∗[g].
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• Suppose tnf(t) ∈ L1(R) for some positive integer n. Then

F [tnf(t)](λ) = in
dn

dλn
F [f ](λ).

Similarly, suppose λnf(λ) ∈ L1(R) for some positive integer n. Then

F∗[λnf(λ)](t) = in
dn

dtn
F∗[f ](t).

• Suppose the nth derivative f (n)(t) ∈ L1(R) and piecewise continuous

for some positive integer n, and f and the lower derivatives are all

continuous in (−∞,∞). Then

F [f (n)](λ) = (iλ)nF [f ](λ).

Similarly, suppose the nth derivative f (n)(λ) ∈ L1(R) and piecewise

continuous for some positive integer n, and f and the lower derivatives

are all continuous in (−∞,∞). Then

F∗[f (n)](t) = (−it)nF∗[f ](t).

• The Fourier transform of a translated and scaled function is given by

F [f(bt− a)](λ) =
1

b
e−iλa/bF [f ](

λ

b
).

Exercise 4.1 Verify the rules for Fourier transforms listed above.

Examples 4.6 • We want to compute the Fourier transform of the

rectangular box function with support on [c, d]:

R(t) =


1 if c < t < d
1
2 if t = c, d

0 otherwise.

Recall that the box function

Π(t) =


1 if − π < t < π
1
2 if t = ±π
0 otherwise

has the Fourier transform Π̂(λ) = 2π sinc λ. But we can obtain R from

Π by first translating t→ s = t− (c+d)
2 and then rescaling s→ 2π

d−cs:

R(t) = Π(
2π

d− c
t− π c+ d

d− c
).

R̂(λ) =
4π2

d− c
eiπλ(c+d)/(d−c)sinc(

2πλ

d− c
). (4.9)
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Furthermore, from (2.3) we can check that the inverse Fourier trans-

form of R̂ is R, i.e., F∗(F)R(t) = R(t).

• Consider the truncated sine wave

f(t) =

{
sin t if − π ≤ t ≤ π

0 otherwise

with

f̂(λ) =
−2i sin(λπ)

1− λ2
.

Note that the derivative f ′ of f(t) is just g(t) (except at 2 points)

where g(t) is the truncated cosine wave

g(t) =


cos t if − π < t < π

−1
2 if t = ±π

0 otherwise.

We have computed

ĝ(λ) =
2λ sin(λπ)

1− λ2
,

so ĝ(λ) = (iλ)f̂(λ), as predicted. Reversing this example above we can

differentiate the truncated cosine wave to get the truncated sine wave.

The prediction for the Fourier transform doesn’t work! Why not?

• If f(t) = e−t
2/2, then for g(t) = e−(bt−a)2/2 we have ĝ(λ) =

1
b e
−iλa/be−λ

2/2b2 .

4.2.2 Fourier transform of a convolution

The following property of the Fourier transform is of particular impor-

tance in signal processing. Suppose f, g belong to L1(R).

Definition 4.7 The convolution of f and g is the function f ∗ g defined

by

(f ∗ g)(t) =

∫ ∞
−∞

f(t− x)g(x)dx.

Note also that (f ∗ g)(t) =
∫∞
−∞ f(x)g(t− x)dx, as can be shown by a

change of variable.

Lemma 4.8 f ∗ g ∈ L1(R) and∫ ∞
−∞
|f ∗ g(t)|dt =

∫ ∞
−∞
|f(x)|dx

∫ ∞
−∞
|g(t)|dt.
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Sketch of proof∫ ∞
−∞
|f ∗ g(t)|dt =

∫ ∞
−∞

(∫ ∞
−∞
|f(x)g(t− x)|dx

)
dt =

∫ ∞
−∞

(∫ ∞
−∞
|g(t− x)|dt

)
|f(x)|dx =

∫ ∞
−∞
|g(t)|dt

∫ ∞
−∞
|f(x)|dx.

2

Theorem 4.9 Let h = f ∗ g. Then

ĥ(λ) = f̂(λ)ĝ(λ).

Sketch of proof

ĥ(λ) =

∫ ∞
−∞

f ∗ g(t)e−iλtdt =

∫ ∞
−∞

(∫ ∞
−∞

f(x)g(t− x)dx

)
e−iλtdt =

∫ ∞
−∞

f(x)e−iλx
(∫ ∞
−∞

g(t− x)e−iλ(t−x)dt

)
dx =

∫ ∞
−∞

f(x)e−iλxdx ĝ(λ)

= f̂(λ)ĝ(λ).

2

Exercise 4.2 Let f, g, h : R→ R. Let a, b ∈ R. Show that:

(i) Convolution is linear:

(af + bg) ∗ h = a(f ∗ h) + b(g ∗ h).

(ii) Convolution is commutative:

f ∗ g = g ∗ f.

(iii) Convolution is associative:

(f ∗ g) ∗ h = f ∗ (g ∗ h).

4.3 L2 convergence of the Fourier transform

In this book our primary interest is in Fourier transforms of functions in

the Hilbert space L2(R). However, the formal definition of the Fourier

integral transform,

F [f ](λ) =
1√
2π

∫ ∞
−∞

f(t)e−iλtdt (4.10)
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doesn’t make sense for a general f ∈ L2(R). If f ∈ L1(R) then f is

absolutely integrable and the integral (4.10) converges. However, there

are square integrable functions that are not integrable. (Example: f(t) =
1

1+|t| .) How do we define the transform for such functions?

We will proceed by defining F on a dense subspace of f ∈ L2(R) where

the integral makes sense and then take Cauchy sequences of functions in

the subspace to define F on the closure. Since F preserves inner product,

as we shall show, this simple procedure will be effective.

First some comments on integrals of L2 functions. If f, g ∈ L2(R)

then the integral (f, g) =
∫∞
−∞ f(t)g(t)dt necessarily exists, whereas the

integral (4.10) may not, because the exponential e−iλt is not an element

of L2. However, the integral of f ∈ L2 over any finite interval, say

[−N,N ] does exist. Indeed for N a positive integer, let χ[−N,N ] be the

characteristic function for that interval:

χ[−N,N ](t) =

{
1 if −N ≤ t ≤ N
0 otherwise.

(4.11)

Then χ[−N,N ] ∈ L2(R) so
∫ N
−N f(t)dt exists because, using the Cauchy–

Schwarz inequality,∫ N

−N
|f(t)|dt = |(|f |, χ[−N,N ])| ≤ ||f ||L2 ||χ[−N,N ]||L2 = ||f ||L2

√
2N <∞.

Now the space of step functions is dense in L2(R), so we can find a con-

vergent sequence of step functions {sn} such that limn→∞ ||f −sn||L2 =

0. Note that the sequence of functions {fN = fχ[−N,N ]} converges to f

pointwise as N →∞ and each fN ∈ L2 ∩ L1.

Lemma 4.10 {fN} is a Cauchy sequence in the norm of L2(R) and

limn→∞ ||f − fn||L2 = 0.

Proof Given ε > 0 there is step function sM such that ||f − sM || < ε/2.

Choose N so large that the support of sM is contained in [−N,N ], i.e.,

sM (t)χ[−N,N ](t) = sM (t) for all t. Then ||sM − fN ||2 =
∫ N
−N |sM (t) −

f(t)|2dt ≤
∫∞
−∞ |sM (t)− f(t)|2dt = ||sM − f ||2, so

||f − fN || − ||(f − sM ) + (sM − fN )|| ≤ ||f − sM ||+ ||sM − fN ||
≤ 2||f − sM || < ε.

2

Here we will study the linear mapping F : L2(R)→ L̂2[−∞,∞] from

the signal space to the frequency space. We will show that the mapping is
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unitary, i.e., it preserves the inner product and is 1-1 and onto. Moreover,

the map F∗ : L̂2[−∞,∞]→ L2(R) is also a unitary mapping and is the

inverse of F :

F∗F = IL2 , FF∗ = IL̂2

where IL2 , IL̂2
are the identity operators on L2 and L̂2, respectively. We

know that the space of step functions is dense in L2. Hence to show

that F preserves inner product, it is enough to verify this fact for step

functions and then go to the limit. Once we have done this, we can define

Ff for any f ∈ L2[−∞,∞]. Indeed, if {sn} is a Cauchy sequence of step

functions such that limn→∞ ||f−sn||L2 = 0, then {Fsn} is also a Cauchy

sequence (in fact, ||sn − sm|| = ||Fsn − Fsm||) so we can define Ff by

Ff = limn→∞ Fsn. The standard methods of Section 1.3 show that Ff
is uniquely defined by this construction. Now the truncated functions

fN have Fourier transforms given by the convergent integrals

F [fN ](λ) =
1√
2π

∫ N

−N
f(t)e−iλtdt

and limN→∞ ||f − fN ||L2 = 0. Since F preserves inner product we have

||Ff − FfN ||L2 = ||F(f − fN )||L2 = ||f − fN ||L2 , so limN→∞ ||Ff −
FfN ||L2 = 0. We write

F [f ](λ) = l.i.m.N→∞F [fN ](λ) = l.i.m.N→∞
1√
2π

∫ N

−N
f(t)e−iλtdt

where ‘l.i.m.’ indicates that the convergence is in the mean (Hilbert

space) sense, rather than pointwise.

We have already shown that the Fourier transform of the rectangular

box function with support on [c, d]:

Rc,d(t) =


1 if c < t < d
1
2 if t = c, d

0 otherwise

is

F [Rc,d](λ) =
4π2

√
2π(d− c)

eiπλ(c+d)/(d−c)sinc(
2πλ

d− c
)

and that F∗(F)Rc,d(t) = Rc,d(t). (Since here we are concerned only with

convergence in the mean the value of a step function at a particular point

is immaterial. Hence for this discussion we can ignore such niceties as

the values of step functions at the points of their jump discontinuities.)
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Lemma 4.11

(Ra,b, Rc,d)L2 = (FRa,b,FRc,d)L̂2

for all real numbers a ≤ b and c ≤ d.

Proof

(FRa,b,FRc,d)L̂2 =

∫ ∞
−∞
F [Ra,b](λ)F [Rc,d](λ)dλ

= lim
N→∞

∫ N

−N

(
F [Ra,b](λ)

∫ d

c

eiλt√
2π
dt

)
dλ

= lim
N→∞

∫ d

c

(∫ N

−N
F [Ra,b](λ)

eiλt√
2π
dλ

)
dt.

Now the inside integral is converging to Ra,b as N → ∞ in both the

pointwise and L2 sense, as we have shown. Thus

(FRa,b,FRc,d)L̂2 =

∫ d

c

Ra,bdt = (Ra,b, Rc,d)L2 .

2

Since any step functions u, v are finite linear combinations of in-

dicator functions Raj ,bj with complex coefficients, u =
∑
j αjRaj ,bj ,

v =
∑
k βkRck,dk we have

(Fu,Fv)L̂2 =
∑
j,k

αjβk(FRaj ,bj ,FRck,dk)L̂2

=
∑
j,k

αjβk(Raj ,bj , Rck,dk)L2 = (u, v)L2 .

Thus F preserves inner product on step functions, and by taking Cauchy

sequences of step functions, we have

Theorem 4.12 (Plancherel Formula) Let f, g ∈ L2(R). Then

(f, g)L2 = (Ff,Fg)L̂2
, ||f ||2L2

= ||Ff ||2
L̂2
.

In the engineering notation this reads

2π

∫ ∞
−∞

f(t)g(t)dt =

∫ ∞
−∞

f̂(λ)ĝ(λ)dλ.
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Theorem 4.13 The map F∗ : L̂2(R)→ L2(R) has the following properties:

1. It preserves inner product, i.e.,

(F∗f̂ ,F∗ĝ)L2 = (f̂ , ĝ)L̂2

for all f̂ , ĝ ∈ L̂2(R).

2. F∗ is the adjoint operator to F : L2(R)→ L̂2(R), i.e.,

(Ff, ĝ)L̂2
= (f,F∗ĝ)L2 ,

for all f ∈ L2(R), ĝ ∈ L̂2(R).

Proof

1. This follows immediately from the facts that F preserves inner prod-

uct and F [f ](λ) = F∗[f ](λ).

2.

(FRa,b, Rc,d)L̂2 = (Ra,b,F∗Rc,d)L2

as can be seen by an interchange in the order of integration. Then

using the linearity of F and F∗ we see that

(Fu, v)L̂2
= (u,F∗v)L2 ,

for all step functions u, v. Since the space of step functions is dense

in L̂2(R) and in L2(R)

2

Theorem 4.14 1. The Fourier transform F : L2(R) → L̂2(R) is a

unitary transformation, i.e., it preserves the inner product and is 1-1

and onto.

2. The adjoint map F∗ : L̂2(R)→ L2(R) is also a unitary mapping.

3. F∗ is the inverse operator to F :

F∗F = IL2 , FF∗ = IL̂2

where IL2 , IL̂2
are the identity operators on L2 and L̂2, respectively.

Proof

1. The only thing left to prove is that for every ĝ ∈ L̂2(R) there is a

f ∈ L2(R) such that Ff = ĝ, i.e., R ≡ {Ff : f ∈ L2(R)} = L̂2(R).

Suppose this isn’t true. Then there exists a nonzero ĥ ∈ L̂2(R) such

that ĥ ⊥ R, i.e., (Ff, ĥ)L̂2
= 0 for all f ∈ L2(R). But this means that

(f,F∗ĥ)L2 = 0 for all f ∈ L2(R), so F∗ĥ = Θ. But then ||F∗ĥ||L2 =

||ĥ||L̂2
= 0 so ĥ = Θ, a contradiction.
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2. Same proof as for 1.

3. We have shown that FF∗Ra,b = F∗FRa,b = Ra,b for all indicator

functions Ra,b. By linearity we have FF∗s = F∗Fs = s for all step

functions s. This implies that

(F∗Ff, g)L2 = (f, g)L2

for all f, g ∈ L2(R). Thus

([F∗F − IL2 ]f, g)L2 = 0

for all f, g ∈ L2(R), so F∗F = IL2 . An analogous argument gives

FF∗ = IL̂2
.

2

4.4 The Riemann–Lebesgue lemma and pointwise
convergence

Lemma 4.15 (Riemann–Lebesgue) Suppose f is absolutely Riemann

integrable in (−∞,∞) (so that f ∈ L1(R)), and is bounded in any finite

subinterval [a, b], and let α, β be real. Then

lim
α→+∞

∫ ∞
−∞

f(t) sin(αt+ β)dt = 0.

Proof Without loss of generality, we can assume that f is real, because

we can break up the complex integral into its real and imaginary parts.

1. The statement is true if f = Ra,b is an indicator function, for∫ ∞
−∞

Ra,b(t) sin(αt+β)dt =

∫ b

a

sin(αt+β)dt =
−1

α
cos(αt+β)|ba → 0

as α→ +∞.

2. The statement is true if f is a step function, since a step function is

a finite linear combination of indicator functions.

3. The statement is true if f is bounded and Riemann integrable on the

finite interval [a, b] and vanishes outside the interval. Indeed given

any ε > 0 there exist two step functions s (Darboux upper sum) and

s (Darboux lower sum) with support in [a, b] such that s(t) ≥ f(t) ≥
s(t) for all t ∈ [a, b] and

∫ b
a
|s− s| < ε/2. Then∫ b

a

f(t) sin(αt+ β)dt =∫ b

a

[f(t)− s(t)] sin(αt+ β)dt+

∫ b

a

s(t) sin(αt+ β)dt.
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Now

|
∫ b

a

[f(t)− s(t)] sin(αt+ β)dt| ≤
∫ b

a

|f(t)− s(t)|dt ≤
∫ b

a

|s− s| < ε

2

and (since s is a step function), by choosing α sufficiently large we

can ensure

|
∫ b

a

s(t) sin(αt+ β)dt| < ε

2
.

Hence

|
∫ b

a

f(t) sin(αt+ β)dt| < ε

for α sufficiently large.

4. The statement of the lemma is true in general. Indeed

|
∫ ∞
−∞

f(t) sin(αt+ β)dt| ≤ |
∫ a

−∞
f(t) sin(αt+ β)dt|

+|
∫ b

a

f(t) sin(αt+ β)dt|+ |
∫ ∞
b

f(t) sin(αt+ β)dt|.

Given ε > 0 we can choose a and b such that the first and third

integrals are each < ε/3, and we can choose α so large that the second

integral is < ε/3. Hence the limit exists and is 0.

2

The sinc function has a delta-function property:

Lemma 4.16 Let c > 0, and F (x) a function on [0, c]. Suppose

• F (x) is piecewise continuous on [0, c]

• F ′(x) is piecewise continuous on [0, c]

• F ′(+0) exists.

Then

lim
L→∞

∫ δ

0

sinLx

x
F (x)dx =

π

2
F (+0).

Proof We write∫ c

0

sin kx

x
F (x)dx = F (+0)

∫ c

0

sinLx

x
dx+

∫ c

0

F (x)− F (+0)

x
sinLx dx.

Set G(x) = F (x)−F (+0)
x for x ∈ [0, δ] and G(x) = 0 elsewhere. Since

F ′(+0) exists it follows that G ∈ L2. Hence, by the Riemann–Lebesgue
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Lemma, the second integral goes to 0 in the limit as L→∞. Thus

lim
L→∞

∫ c

0

sinLx

x
F (x)dx = F (+0) lim

L→∞

∫ c

0

sinLx

x
dx

= F (+0) lim
L→∞

∫ Lc

0

sinu

u
du =

π

2
F (+0).

For the last equality we have used our evaluation (2.1) for the integral

of the sinc function. 2

We have the Fourier convergence theorem.

Theorem 4.17 Let f be a complex-valued function such that

1. f(t) is absolutely Riemann integrable on (−∞,∞).

2. f(t) is piecewise continuous on (−∞,∞), with only a finite number

of discontinuities in any bounded interval.

3. f ′(t) is piecewise continuous on (−∞,∞), with only a finite number

of discontinuities in any bounded interval.

4. f(t) = f(t+0)+f(t−0)
2 at each point t.

Let

f̂(λ) =

∫ ∞
−∞

f(t)e−iλtdt

be the Fourier transform of f . Then

f(t) =
1

2π

∫ ∞
−∞

f̂(λ)eiλtdλ (4.12)

for every t ∈ (−∞,∞).

Proof Fix t and for real L > 0 set

fL(t) =

∫ L

−L
f̂(λ)eiλtdλ =

1

2π

∫ L

−L

[∫ ∞
−∞

f(x)e−iλxdx

]
eiλtdλ

=
1

2π

∫ ∞
−∞

f(x)

[∫ L

−L
eiλ(t−x)dλ

]
dx =

∫ ∞
−∞

f(x)∆L(t− x)dx,

where

∆L(x) =
1

2π

∫ L

−L
eiλxdλ =

{
L
π if x = 0

sinLx
πx otherwise.
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Here we have interchanged the order of integration, which we can since

the integral is absolutely convergent. Indeed∫ L

−L

∣∣∣∣∫ ∞
−∞

f(x)e−iλxeiλt
∣∣∣∣ dx dλ ≤ ∫ L

−L

∫ ∞
−∞
|f(x)|dx dλ <∞.

We have for any c > 1,

fL(t)− f(t) =

∫ ∞
0

∆L(x)[f(t+ x) + f(t− x)]dx− f(t)

=

∫ c

0

{f(t+ x) + f(t− x)

πx
} sinLx dx− f(t)

+

∫ ∞
c

[f(t+ x) + f(t− x)]
sinLx

πx
dx.

Now choose ε > 0. Since∣∣∣∣∫ ∞
c

[f(t+ x) + f(t− x)]
sinLx

πx
dx

∣∣∣∣ ≤ 1

π

∫ ∞
c

|f(t+ x) + f(t− x)| dx

and f is absolutely integrable, by choosing c sufficiently large we can

make ∣∣∣∣∫ ∞
c

[f(t+ x) + f(t− x)]
sinLx

πx
dx

∣∣∣∣ < ε

2
.

On the other hand, by applying Lemma 4.16 to the expression in curly

brackets we see that for this c and sufficiently large L we can achieve

|
∫ c

0

{f(t+ x)

πx
} sinLx dx−f(t+ 0)

2
+

∫ c

0

{f(t− x)

πx
} sinLx dx−f(t− 0)

2
|

< ε/2. Thus for any ε > 0 we can assure |fL(t) − f(t)| < ε by choosing

L sufficiently large. Hence limL→∞ fL(t) = f(t). 2

NOTE: Condition 4 is just for convenience; redefining f at the discrete

points where there is a jump discontinuity doesn’t change the value of

any of the integrals. The inverse Fourier transform converges to the

midpoint of a jump discontinuity, just as does the Fourier series.

Exercise 4.3 Let

Π(t) =

{
1 for − 1

2 < t < 1
2

0 otherwise
,

the box function on the real line. We will often have the occasion to

express the Fourier transform of f(at+ b) in terms of the Fourier trans-

form f̂(λ) of f(t), where a, b are real parameters. This exercise will give

you practice in correct application of the transform.
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1. Sketch the graphs of Π(t), Π(t− 3) and Π(2t− 3) = Π(2(t− 3/2)).

2. Sketch the graphs of Π(t), Π(2t) and Π(2(t − 3)). Note: In the first

part a right 3-translate is followed by a 2-dilate; but in the second

part a 2-dilate is followed by a right 3-translate. The results are not

the same.

3. Find the Fourier transforms of g1(t) = Π(2t− 3) and g2(t) = Π(2(t−
3)) from parts 1 and 2.

4. Set g(t) = Π(2t) and check your answers to part 3 by applying the

translation rule to

g1(t) = g(t− 3

2
), g2(t) = g(t− 3), noting g2(t) = g1(t− 3

2
).

Exercise 4.4 Assuming that the improper integral
∫∞

0
(sinx/x)dx = I

exists, establish its value (2.1) by first using the Riemann–Lebesgue

lemma for Fourier series to show that

I = lim
k→∞

∫ (k+1/2)π

0

sinx

x
dx = lim

k→∞

∫ π

0

Dk(u)du

where Dk(u) is the Dirichlet kernel function. Then use Lemma 3.11.

Exercise 4.5 Define the right-hand derivative f ′R(t) and the left-hand

derivative f ′L(t) of f by

f ′R(t) = lim
u→t+

f(u)− f(t+ 0)

u− t
, f ′L(t) = lim

u→t−

f(u)− f(t− 0)

u− t
,

respectively, as in Exercise 3.4. Show that in the proof of Theorem 4.17

we can drop the requirements 3 and 4, and the right-hand side of (4.12)

will converge to f(t+0)+f(t−0)
2 at any point t such that both f ′R(t) and

f ′L(t) exist.

Exercise 4.6 Let a > 0. Use the Fourier transforms of sinc(x) and

sinc2(x), together with the basic tools of Fourier transform theory, such

as Parseval’s equation, substitution, . . . to show the following. (Use only

rules from Fourier transform theory. You shouldn’t do any detailed com-

putation such as integration by parts.)

•
∫∞
−∞

(
sin ax
x

)3
dx = 3a2π

4

•
∫∞
−∞

(
sin ax
x

)4
dx = 2a3π

3

Exercise 4.7 Show that the n-translates of sinc are orthonormal:∫ ∞
−∞

sinc(x− n) · sinc(x−m) dx =

{
1 for n = m

0 otherwise,
n,m = 0,±, 1, . . .
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Exercise 4.8 Let

f(x) =


1 −2 ≤ t ≤ −1

1 1 ≤ t ≤ 2

0 otherwise.

• Compute the Fourier transform f̂(λ) and sketch the graphs of f and

f̂ .

• Compute and sketch the graph of the function with Fourier transform

f̂(−λ).

• Compute and sketch the graph of the function with Fourier transform

f̂ ′(λ).

• Compute and sketch the graph of the function with Fourier transform

f̂ ∗ f̂(λ).

• Compute and sketch the graph of the function with Fourier transform

f̂(λ2 ).

Exercise 4.9 Deduce what you can about the Fourier transform f̂(λ)

if you know that f(t) satisfies the dilation equation

f(t) = f(2t) + f(2t− 1).

Exercise 4.10 Just as Fourier series have a complex version and a real

version, so does the Fourier transform. Under the same assumptions as

Theorem 4.17 set

Ĉ(α) =
1

2
[f̂(α) + f̂(−α)], Ŝ(α) =

1

2i
[−f̂(α) + f̂(−α)], α ≥ 0,

and derive the expansion

f(t) =
1

π

∫ ∞
0

(
Ĉ(α) cosαt+ Ŝ(α) sinαt

)
dα, (4.13)

Ĉ(α) =

∫ ∞
−∞

f(s) cosαs ds, Ŝ(α) =

∫ ∞
−∞

f(s) sinαs ds.

Show that the transform can be written in a more compact form as

f(t) =
1

π

∫ ∞
0

dα

∫ ∞
−∞

f(s) cosα(s− t) ds.

Exercise 4.11 There are also Fourier integral analogs of the Fourier

cosine series and the Fourier sine series. Let f(t) be defined for all t ≥ 0

and extend it to an even function on the real line, defined by

F (t) =

{
f(t) if t ≥ 0,

f(−t) if t < 0.
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By applying the results of Exercise 4.10 show that, formally,

f(t) =
2

π

∫ ∞
0

cosαt dα

∫ ∞
0

f(s) cosαs ds, t ≥ 0. (4.14)

Find conditions on f(t) such that this pointwise expansion is rigorously

correct.

Exercise 4.12 Let f(t) be defined for all t > 0 and extend it to an odd

function on the real line, defined by

G(t) =

{
f(t) if t > 0,

−f(−t) if t < 0.

By applying the results of Exercise 4.10 show that, formally,

f(t) =
2

π

∫ ∞
0

sinαt dα

∫ ∞
0

f(s) sinαs ds, t > 0. (4.15)

Find conditions on f(t) such that this pointwise expansion is rigorously

correct.

Exercise 4.13 Find the Fourier Cosine and Sine transforms of the fol-

lowing functions:

f(t) :=

{
1, t ∈ [0, a]

0, t > a

f(t) :=

{
cos(at), t ∈ [0, a]

0, t > a.

4.5 Relations between Fourier series and
integrals: sampling

For the purposes of Fourier analysis we have been considering signals

f(t) as arbitrary L2(R) functions. In the practice of signal processing,

however, one can treat only a finite amount of data. Typically the sig-

nal is digitally sampled at regular or irregular discrete time intervals.

Then the processed sample alone is used to reconstruct the signal. If the

sample isn’t altered, then the signal should be recovered exactly. How is

this possible? How can one reconstruct a function f(t) exactly from dis-

crete samples? Of course, this is not possible for arbitrary functions f(t).

The task isn’t hopeless, however, because the signals employed in signal

processing, such as voice or images, are not arbitrary. The human voice

for example is easily distinguished from static noise or random noise.
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One distinguishing characteristic is that the frequencies of sound in the

human voice are mostly in a narrow frequency band. In fact, any signal

that we can acquire and process with real hardware must be restricted

to some finite frequency band. In this section we will explore Shannon–

Whittaker–Kotelnikov sampling, one way that the special class of signals

restricted in frequency can be sampled and then reproduced exactly. This

method is of immense practical importance as it is employed routinely

in telephone, radio and TV transmissions, radar, etc. (In later chapters

we will study other special structural properties of signal classes, such as

sparsity, that can be used to facilitate their processing and efficient re-

construction.) We say that a function f ∈ L2(R) is frequency bandlimited

if there exists a constant B > 0 such that f̂(λ) = 0 for |λ| > B.

Theorem 4.18 (Sampling theorem) Suppose f is a function such that

1. f satisfies the hypotheses of the Fourier convergence theorem 4.17.

2. f̂ is continuous and has a piecewise continuous first derivative on its

domain.

3. There is a B > 0 such that f̂(λ) = 0 for |λ| > B.

Then

f(t) =

∞∑
−∞

f(
jπ

B
) sinc(

Bt

π
− j), (4.16)

where the series converges uniformly on (−∞,∞).

(NOTE: The theorem states that for a frequency bandlimited function,

to determine the value of the function at all points, it is sufficient to

sample the function at the Nyquist rate or sampling rate, i.e., at intervals

of π/B. The method of proof is obvious: compute the Fourier series

expansion of f̂(λ) on the interval [−B,B].)

Proof We have

f̂(λ) =
∞∑

k=−∞

cke
iπkλ
B , ck =

1

2B

∫ B

−B
f̂(λ)e−

iπkλ
B dλ,

where the convergence is uniform on [−B,B]. This expansion holds only

on the interval: f̂(λ) vanishes outside the interval.
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Taking the inverse Fourier transform we have

f(t) =
1

2π

∫ ∞
−∞

f̂(λ)eiλtdλ =
1

2π

∫ B

−B
f̂(λ)eiλtdλ

=
1

2π

∫ B

−B

∞∑
k=−∞

cke
i(πk+tB)λ

B dλ

=
1

2π

∞∑
k=−∞

ck

∫ B

−B
e
i(πk+tB)λ

B dλ =

∞∑
k=−∞

ck
B sin(Bt+ kπ)

π(Bt+ kπ)
.

Now

ck =
1

2B

∫ B

−B
f̂(λ)e−

iπkλ
B dλ =

1

2B

∫ ∞
−∞

f̂(λ)e−
iπkλ
B dλ =

π

B
f(−πk

B
).

Hence, setting k = −j,

f(t) =
∞∑

j=−∞
f(
jπ

B
)
sin(Bt− jπ)

Bt− jπ
.

2

Exercise 4.14 Use the fact that f(t) = sinc(t + a) is frequency ban-

dlimited with B = π to show that

sinc(t+ a) =
∞∑

j=−∞
sinc(j + a)sinc(t− j)

for all a, t. Derive the identity

1 =
∞∑

j=−∞
sinc2(t− j).

Exercise 4.15 Suppose f(t) satisfies the conditions of Theorem 4.18.

Derive the Parseval formula∫ ∞
−∞
|f(t)|2dt =

1

2π

∫ ∞
−∞
|f̂(λ)|2dλ =

π

B

∞∑
k=−∞

|f(
πk

B
)|2.

Exercise 4.16 Let

f(t) =

{
( sin t

t )2 for t 6= 0

1 for t = 0.

Then from Equation (2.5) we have

f̂(λ) =

{
π(1− |λ|2 ) for |λ| < 2

0 for |λ| ≥ 2
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1. Choose B = 1 and use the sampling theorem to write f(t) as a series.

2. Graph the sum of the first 20 terms in the series and compare with

the graph of f(t).

3. Repeat the last two items for B = 2 and B = 3.

There is a trade-off in the choice of B. Choosing it as small as possible

reduces the sampling rate, hence the amount of data to be processed or

stored. However, if we increase the sampling rate, i.e. oversample, the

series converges more rapidly. Moreover, sampling at the smallest pos-

sible rate leads to numerical instabilities in the reconstruction of the

signal. This difficulty is related to the fact that the reconstruction is

an expansion in sinc (Bt/π − j) = sin(Bt− jπ)/(Bt− jπ). The sinc

function is frequency bandlimited, but its Fourier transform is discon-

tinuous, see (2.3), (4.7). This means that the sinc function decays slowly

in time, like 1/(Bt− jπ). Summing over j yields the divergent, harmonic

series:
∑∞
j=−∞ |sinc (Bt/π−j)|. Thus a small error ε for each sample can

lead to arbitrarily large reconstruction error. Suppose we could replace

sinc (t) in the expansion by a frequency bandlimited function g(t) such

that ĝ(λ) was infinitely differentiable. Since all derivatives ĝ(n)(λ) have

compact support it follows from Section 4.2.1 that tng(t) is square inte-

grable for all positive integers n. Thus g(t) decays faster than |t|−n as

|t| → ∞. This fast decay would prevent the numerical instability.

Exercise 4.17 If the continuous-time band limited signal is x(t) =

cos t, what is the period T that gives sampling exactly at the Nyquist

(minimal B) rate? What samples x(nT ) do you get at this rate? What

samples do you get from x(t) = sin t?

In order to employ such functions g(t) in place of the sinc function

it will be necessary to oversample. Oversampling will provide us with

redundant information but also flexibility in the choice of expansion

function, and improved convergence properties. We will now take sam-

ples f(jπ/aB) where a > 1. (A typical choice is a = 2.) Recall that the

support of f̂ is contained in the interval [−B,B] ⊂ [−aB, aB]. We choose

g(t) such that (1) ĝ(λ) is arbitrarily differentiable, (2) its support is con-

tained in the interval [−aB, aB] and (3) ĝ(λ) = 1 for λ ∈ [−B,B]. Note

that there are many possible functions g that could satisfy these require-

ments, see for example Exercise 4.18. Now we repeat the major steps of

the proof of the sampling theorem, but for the interval [−aB, aB]. Thus

f̂(λ) =
∞∑

k=−∞

cke
iπkλ
aB , ck =

1

2aB

∫ aB

−aB
f̂(λ)e−

iπkλ
aB dλ.
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At this point we insert ĝ by noting that f̂(λ) = f̂(λ)ĝ(λ), since ĝ(λ) = 1

on the support of f̂ . Thus,

f̂(λ) =

∞∑
k=−∞

ckĝ(λ)e
iπkλ
aB , (4.17)

where from one of the properties listed in Section 4.2.1, ĝ(λ)e
iπkλ
aB , is the

Fourier transform of g(t+πk/aB). Taking the inverse Fourier transform

of both sides (OK since the series on the right converges uniformly) we

obtain

f(t) =
∞∑

j=−∞
f(
jπ

aB
)g(t− πj/aB). (4.18)

Since |g(t)tn| → 0 as |t| → ∞ for any positive integer n this series

converges very rapidly and is not subject to instabilities.

Exercise 4.18 Show that the function

h(λ) =

{
exp( 1

1−λ2 ) if − 1 < λ < 1

0 if |λ| ≥ 1,

is infinitely differentiable with compact support. In particular compute

the derivatives dn

dλnh(±1) for all n.

Exercise 4.19 Construct a function ĝ(λ) which (1) is arbitrarily dif-

ferentiable, (2) has support contained in the interval [−4, 4] and (3)

ĝ(λ) = 1 for λ ∈ [−1, 1]. Hint: Consider the convolution 1
2cR[−2,2] ∗h2(λ)

where R[−2,2] is the rectangular box function on the interval [−2, 2],

h2(λ) = h(λ/2), h is defined in Exercise 4.18 and c =
∫∞
−∞ h(λ)dλ.

Remark: We should note that, theoretically, it isn’t possible to restrict

a finite length signal in the time domain f(t) to a finite frequency inter-

val. Since the support of f is bounded, the Fourier transform integral

f̂(λ) =
∫∞
−∞ f(t)e−iλtdt converges for all complex λ and defines f̂(λ) as

an analytic function for all points in the complex plane. A well-known

property of functions analytic in the entire complex plane is that if they

vanish along a segment of a curve, say an interval on the real axis, then

they must vanish everywhere, [92]. Thus a finite length time signal can-

not be frequency bounded unless it is identically 0. For practical trans-

mission of finite signals the frequency bandlimited condition must be

relaxed. One way to accomplish this is to replace the bandlimited condi-

tion in Theorem 4.18 by the weaker requirement that |f̂(λ)| ≤ M/(1 +

λ2) for some positive constant M . Thus we require that |f̂(λ)| decays
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rapidly for large |λ|. Now we divide the Fourier transform up into non-

overlapping strips, each of which is bandlimited:

f̂n(λ) =

{
f̂(λ) if B(2n− 1) ≤ λ ≤ B(2n+ 1),

0 otherwise.

We define

fn(t) =
1

2π

∫ ∞
−∞

f̂n(λ)eiλtdλ.

Then

f̂(λ) =

∞∑
n=−∞

f̂n(λ) −→ f(t) =

∞∑
−∞

fn(t),

and the last series converges absolutely and uniformly, since
∑∞
−∞ |fn(t)|

≤
∫∞
−∞ |f̂(λ)| dλ <∞. Computing the Fourier series expansion for each

strip, just as in the proof of Theorem 4.18, we find

fn(t) = e2iBtn
∑
j

fn(
jπ

B
) sinc(

Bt

π
− j),

where this series also converges absolutely and uniformly, due to our

assumptions on f̂ . Now, |f(t)−
∑∞
j=−∞ f( jπB ) sinc(Btπ − j)| =

|f(t)−
∞∑

j=−∞

∞∑
n=−∞

f(
jπ

B
) sinc(

Bt

π
− j)| =

|f(t)−
∞∑

n=−∞

∞∑
j=−∞

f(
jπ

B
) sinc(

Bt

π
−j)| = |

∞∑
n=−∞

fn(t)−
∞∑

n=−∞
e−2iBtnfn(t)|

= |
∞∑

n=−∞
(1− e−2iBtn)fn(t)| ≤ 2

∑
n6=0

|fn(t)| ≤ 2

∫
|λ|≥B

|f̂(λ)|dλ.

Up to this point we have not chosen B. From the last inequality we

see that for any given ε > 0, if we choose B large enough such that∫
|λ|≥B |f̂(λ)|dλ < ε/2, then we can assure that

|f(t)−
∞∑

j=−∞
f(
jπ

B
) sinc(

Bt

π
− j)| < ε

for all t. This computation is valid, assuming that the interchange in

order of summation between n and j is valid. From advanced calculus,
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the interchange is justified if the iterated summation converges absolutely:

∞∑
n=−∞

∞∑
j=−∞

|fn(
jπ

B
)| |sinc(

Bt

π
− j)| <∞.

To see this we use the Cauchy–Schwarz inequality, and results of Exer-

cises 4.14 and 4.15 to obtain

∞∑
n=−∞

∞∑
j=−∞

|fn(
jπ

B
)| |sinc(

Bt

π
− j)| ≤

∞∑
n=−∞

√√√√ ∞∑
j=−∞

|fn(
jπ

B
)|2

=

∞∑
n=−∞

√
B

2

∫ ∞
−∞
|f̂n(λ)|2dλ.

Now ∫ ∞
−∞
|f̂n(λ)|2dλ ≤


2BM2/[1 +B2(2n− 1)2]2 for n > 0,

2BM2/[1 +B2(2n+ 1)2]2 for n < 0,

2BM2 for n = 0.

Thus the iterated sum converges. We conclude that if the signal f(t) is

nearly frequency band limited, in the sense given above, then for any

ε > 0 we can find B such that the expansion (4.16) holds for f and all

t, with error < ε.

4.6 Fourier series and Fourier integrals:
periodization

Another way to compare the Fourier transform with Fourier series is to

periodize a function. The periodization of a function f(t) on the real line

is the function

P [f ](t) =
∞∑

m=−∞
f(t+ 2πm). (4.19)

It is easy to see that P [f ] is 2π-periodic: P [f ](t) =P [f ](t+ 2π), assum-

ing that the series converges. However, this series will not converge in

general, so we need to restrict ourselves to functions that decay suffi-

ciently rapidly at infinity. We could consider functions with compact

support, say infinitely differentiable. Another useful but larger space of

functions is the Schwartz class. We say that f ∈ L2(R) belongs to the

Schwartz class if f is infinitely differentiable everywhere, and there exist
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constants Cn,q (depending on f) such that |tn dq

dtq f | ≤ Cn,q on R for

each n, q = 0, 1, 2, . . . Then the projection operator P maps an f in

the Schwartz class to a continuous function in L2[0, 2π] with period 2π.

(However, periodization can be applied to a much larger class of func-

tions, e.g. functions on L2(R) that decay as c/t2 as |t| → ∞.) Assume

that f is chosen appropriately so that its periodization is a continuous

function. Thus we can expand P [f ](t) in a Fourier series to obtain

P [f ](t) =
∞∑

n=−∞
cne

int

where

cn =
1

2π

∫ 2π

0

P [f ](t)e−intdt =
1

2π

∫ ∞
−∞

f(t)e−intdt =
1

2π
f̂(n)

and f̂(λ) is the Fourier transform of f(t). Then,

∞∑
n=−∞

f(t+ 2πn) =
1

2π

∞∑
n=−∞

f̂(n)eint, (4.20)

and we see that P [f ](t) tells us the value of f̂ at the integer points

λ = n, but not in general at the non-integer points. (For t = 0, Equation

(4.20) is known as the Poisson summation formula. If we think of f

as a signal, we see that periodization (4.19) of f results in a loss of

information. However, if f vanishes outside of [0, 2π) then P [f ](t) ≡ f(t)

for 0 ≤ t < 2π and

f(t) =
∑
n

f̂(n)eint, 0 ≤ t < 2π

without error.)

Exercise 4.20 Let f(t) = a
t2+a2 for a > 0.

• Show that f̂(t) = πe−a|λ|. Hint: It is easier to work backwards.

• Use the Poisson summation formula to derive the identity

∞∑
n=−∞

1

n2 + a2
=
π

a

1 + e−2πa

1− e−2πa
.

What happens as a→ 0+? Can you obtain the value of∑∞
n=1

1
n2 from this?
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4.7 The Fourier integral and the uncertainty
principle

The uncertainty principle gives a limit to the degree that a function f(t)

can be simultaneously localized in time as well as in frequency. To be

precise, we introduce some basic ideas from probability theory.

A continuous probability distribution for the random variable t on the

real line R is a continuous function ρ(t) on R such that 0 ≤ ρ(t) ≤ 1 and∫∞
−∞ ρ(t) dt = 1. We also require that

∫∞
−∞ p(t)ρ(t) dt converges for any

polynomial p(t). Here
∫ t2
t1
ρ(t) dt is interpreted as the probability that a

sample t taken from R falls in the interval t1 ≤ t ≤ t2. The expectation

(or mean) µ of the distribution is µ = Eρ(t) ≡
∫∞
−∞ tρ(t) dt and the

standard deviation σ ≥ 0 is defined by

σ2 =

∫ ∞
−∞

(t− µ)2ρ(t) dt = Eρ
(
(t− µ)2

)
.

Here σ is a measure of the concentration of the distribution about its

mean. The most famous continuous distribution is the normal (or Gaus-

sian) distribution function

ρ0(t) =
1

σ
√

2π
e−(t−µ)2/2σ2

(4.21)

where µ is a real parameter and σ > 0. This is just the bell curve,

centered about t = µ. In this case Eρ0(t) = µ and σ2 = Eρ0((t−µ)2). The

usual notation for the normal distribution with mean µ and standard

deviation σ is N(µ, σ).

Every nonzero continuous f ∈ L2(R) defines a probability distribution

function ρ(t) = |f(t)|2
||f ||2 , i.e., ρ(t) ≥ 0 and

∫∞
−∞ ρ(t)dt = 1.

Definition 4.19 The mean of the distribution defined by f is

µ = Eρ(t) =

∫ ∞
−∞

t
|f(t)|2

||f ||2
dt.

The dispersion of f about t0 ∈ R is

Dt0f = Eρ((t− t0)2) =

∫ ∞
−∞

(t− t0)2 |f(t)|2

||f ||2
dt.

Dµf = σ2 is called the variance of f .

The dispersion of f about t0 is a measure of the extent to which the

graph of f is concentrated at t0. If f=δ(x−a), the “Dirac delta function,”
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the dispersion is zero. The constant f(t) ≡ 1 has infinite dispersion.

(However there are no such L2 functions.) Similarly we can define the

dispersion of the Fourier transform of f about some point λ0 ∈ R:

Dλ0 f̂ =

∫ ∞
−∞

(λ− λ0)2 f̂(λ)|2

||f̂ ||2
dλ.

It makes no difference which definition of the Fourier transform that

we use, f̂ or Ff , because the normalization gives the same probability

measure.

Example 4.20 Let fs(t) = ( 2s
π )1/4e−st

2

for s > 0, the Gaussian distri-

bution. From the fact that
∫∞
−∞ e−t

2

dt =
√
π we see that ||fs|| = 1. The

Fourier transform of fs is f̂s(λ) = ( s
2π )1/4e

−λ2
4s . By plotting some graphs

one can see informally that as s increases the graph of fs concentrates

more and more about t = 0, i.e., the dispersion D0fs decreases. However,

the dispersion of f̂s increases as s increases. We can’t make both val-

ues, simultaneously, as small as we would like. Indeed, a straightforward

computation gives

D0fs =
1

4s
, D0f̂s = s,

so the product of the variances of fs and f̂s is always 1/4, no matter

how we choose s.

We now introduce Heisenberg’s inequality and the Uncertainty theo-

rem.

Theorem 4.21 If f(t) 6= 0 and tf(t) belong to L2(R) then for any

t0, λ0 ∈ R, we have (Dt0f)(Dλ0 f̂) ≥ 1/4.

Sketch of proof We will give the proof under the added assumptions

that f ′(t) exists everywhere and also belongs to L2(R). (In particular

this implies that f(t)→ 0 as t→ ±∞.) The main ideas occur there.

Let g(t) = f(t+ t0)e−iλ0t. Then from the rules for Fourier transforms

it is straightforward to show that

||g|| = ||f ||, ||ĝ|| = ||f̂ ||, D0g = Dt0f, D0ĝ = Dλ0 f̂ , (4.22)

so to verify the theorem it is enough to consider the case t0 = 0, λ0 = 0.

We make use of the canonical commutation relation of quantum me-

chanics, the fact that the operations of multiplying a function f(t) by t,
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(Tf(t) = tf(t)) and of differentiating a function (Df(t) = f ′(t)) don’t

commute: DT − TD = I. Thus

d

dt
[tf(t)]− t

[
d

dt
f(t)

]
= f(t).

Taking the inner product of the left-hand side of this identity with f we

obtain (
d

dt
[tf(t)], f(t)

)
−
(
t[
d

dt
f(t)], f(t)

)
= (f, f) = ||f ||2.

Integrating by parts in the first integral (inner product), we can rewrite

the identity as

−
(

[tf(t)], [
d

dt
f(t)]

)
−
(

[
d

dt
f(t)], [tf(t)]

)
= ||f ||2.

The Schwarz inequality and the triangle inequality now yield

2||tf(t)|| · || d
dt
f(t)|| ≥ ||f ||2. (4.23)

From the list of properties of the Fourier transform in Section 4.2.1

and the Plancherel formula, we see that || ddtf(t)|| = 1√
2π
||λf̂(λ)|| and

||f || = 1√
2π
||f̂ ||. Then, squaring, we have

(D0f)(D0f̂) ≥ 1

4
.

2

NOTE: We see that the Schwarz inequality becomes an equality if and

only if 2stf(t) + d
dtf(t) = 0 for some constant s. Solving this differential

equation we find f(t) = c0e
−st2 where c0 is the integration constant,

and we must have s > 0 in order for f to be square integrable. Thus the

Heisenberg inequality becomes an equality only for Gaussian distribu-

tions.

Exercise 4.21 Verify Equations (4.22).

Exercise 4.22 Let

f(t) =

{
0 if t < 0,√

2e−t if t ≥ 0.

Compute (Dt0f)(Dλ0 f̂) for any t0, λ0 ∈ R and compare with Theorem

4.21.
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These considerations suggest that for proper understanding of signal

analysis we should be looking in the two-dimensional time–frequency

space (phase space), rather than the time domain or the frequency

domains alone. In subsequent chapters we will study tools such as win-

dowed Fourier transforms and wavelet transforms that probe the full

phase space. The Heisenberg inequality also suggests that probabilistic

methods have an important role to play in signal analysis, and we shall

make this clearer in later sections.

We now look at probabilistic tools.

4.8 Digging deeper

The notion of a probability distribution can easily be extended to n

dimensions. A continuous probability distribution (multivariate distri-

bution) for the vector random variables t = (t1, t2, . . . , tn) ∈ Rn is a

continuous function ρ(t) = ρ(t1, . . . , tn) on Rn such that 0 ≤ ρ(t) ≤ 1

and
∫
Rn ρ(t) dt1 · · · dtn = 1. We also require that

∫∞
−∞ p(t)ρ(t) dt con-

verges for any polynomial p(t1, . . . , tn). If S is an open subset of Rn and

χS(t) is the characteristic function of S, i.e.,

χS(t) =

{
1 if t ∈ S
0 if t /∈ S,

then
∫
S
ρ(t) dt1 · · · dtn is interpreted as the probability that a sample t

taken from Rn lies in the set S. The expectation (or mean) µi of random

variable ti is

µi = Eρ(ti) ≡
∫
Rn
tiρ(t) dt1 · · · dtn, i = 1, 2, · · · , n

and the standard deviation σi ≥ 0 is defined by

σ2
i =

∫
Rn

(ti − µi)2ρ(t) dt1 · · · dtn = Eρ
(
(ti − µi)2

)
.

The covariance matrix of the distribution is the n × n symmetric

matrix

C(i, j) = E ((ti − µi)(tj − µj)) , 1 ≤ i, j ≤ n.

Note that σ2
i = C(i, i). In general, the expectation of any function

f(t1, . . . , tn) of the random variables is defined as E (f(t1, . . . , tn)).

Exercise 4.23 Show that the eigenvalues of a covariance matrix are

nonnegative.
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One of the most important multivariate distributions is the multivari-

ate normal distribution

ρ(t) =
1√

(2π)n det(C)
exp

[
−1

2
(t− µ)C−1(t− µ)tr

]
. (4.24)

Here µ is the column vector with components µ1, · · · , µn where µi =

E(ti) and C is an n× n nonsingular real symmetric matrix.

Exercise 4.24 Show that C is in fact the covariance matrix of the

distribution (4.24). This takes some work and involves making an or-

thogonal change of coordinates where the new coordinate vectors are

the orthonormal eigenvectors of C.

Important special types of multivariate distributions are those in which

the random variables are independently distributed, i.e., there are one-

variable probability distributions ρ1(t1), . . . , ρn(tn) such that ρ(t) =

Πn
i=1ρi(t1). If, further, ρ1(τ) = · · · = ρn(τ) for all τ we say that the

random variables are independently and identically distributed (iid).

Exercise 4.25 If the random variables are independently distributed,

show that

C(ti, tj) = σ2
i δij .

Example 4.22 If C is a diagonal matrix in the multivariate normal dis-

tribution (4.24) then the random variables t1, . . . , tn are independently

distributed . If C = σ2I where I is the n×n identity matrix and µi = µ

for all i then the distribution is iid, where each random variable is dis-

tributed according to the normal distributionN(µ, σ2), i.e., the Gaussian

distribution (4.21) with mean µ and variance σ2.

An obvious way to construct an iid multivariate distribution is to

take a random sample T1, . . . , Tn of values of a single random variable

t with probability distribution ρ(t). Then the multivariate distribution

function for the vector random variable T = (T1, . . . Tn) is the function

ρ(T ) = Πn
i=1ρ(Ti). It follows that for any integers k1, . . . , kn we have

E(T k11 · · ·T knn ) = Πn
i=1E(T kii ).

Note that if t has mean µ and standard deviation σ2 then E(Ti) = µ,

E((Ti − µ)2) = σ2 and E(T 2
i ) = σ2 + µ2.

Exercise 4.26 Show that E(TiTj) = µ2 + σ2δij .
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Now we define the sample mean of the random sample as

T̄ =
1

n

n∑
i=1

Ti.

The sample mean is itself a random variable with expectation

E(T̄ ) = E

(
1

n

∑
i

Ti

)
=

1

n

∑
i

E(Ti) =
1

n

∑
i

µ = µ (4.25)

and variance

E
(
(T̄ − µ)2

)
=

1

n2

n∑
i,j=1

E(TiTj)−
2µ

n

n∑
i=1

E(Ti) + E(µ2) (4.26)

=
1

n2
(
∑
i,j

(µ2 + δijσ
2)− 2nµ2

n
+ µ2 = µ2 +

n

n2
σ2 − µ2 =

σ2

n
.

Thus the sample mean has the same mean as a random variable as

does t, but its variance is less than the variance of t by the factor 1/n.

This suggests that the distribution of the sample mean is increasingly

“peaked” around the mean as n grows. Thus if the original mean is

unknown, we can obtain better and better estimates of it by taking

many samples. This idea lies behind the Law of Large Numbers that we

will prove later.

A possible objection to the argument presented in the previous para-

graph is that we already need to know the mean of the distribution to

compute the variance of the sample mean. This leads us to the definition

of the sample variance:

S2 =
1

n− 1

n∑
i=1

(Ti − T̄ )2, (4.27)

where T̄ is the sample mean. Here S is the sample standard devia-

tion. (The sample mean and sample standard deviation are typically

reported as outcomes for an exam in a high enrollment undergraduate

math course.) We will explain the factor n− 1, rather than n.

Theorem 4.23 The expectation of the sample variance S2 is E(S2) =

σ2.

Proof E(S2) =

1

n− 1
E(
∑
i

(Ti − T̄ )2) =
1

n− 1

[∑
i

E(T 2
i )− 2E(T̄

∑
i

Ti) + nE(T̄ 2)

]
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=
1

n− 1

n(µ2 + σ2)− 2

n

∑
i,j

E(TiTj) +
1

n

∑
i,j

E(TiTj)


=

1

n− 1
[(n− 2n+ n)µ2 + (n− 2 + 1)σ2] = σ2. 2

If we had used n as the denominator of the sample variance then the

expectation would not have been σ2.

We continue to explore the extent to which the probability distribution

function of a random variable peaks around its mean. For this we make

use of a form of the Markov inequality, a simple but powerful result that

applies to a wide variety of probability distributions.

Theorem 4.24 Let x be a nonnegative random variable with continuous

probability distribution function p(x) (so that p(x) = 0 for x < 0) and

let d be a positive constant. Then

Pr(x ≥ d) ≤ 1

d
E(x). (4.28)

Proof Here the symbol Pr(x ≥ d) should be interpreted as the probabil-

ity that a random selection of the variable x has a value ≥ d. The claim

is that this probability is ≤ 1
dE(x). Now

E(x) =

∫ ∞
0

xp(x) dx =

∫ d

0

xp(x) dx+

∫ ∞
d

xp(x) dx

≥
∫ d

0

xp(x) dx+ d

∫ ∞
d

p(x) dx ≥ d
∫ ∞
d

p(x) dx = d Pr(X ≥ d).

2

We now have Chebyshev’s inequality.

Corollary 4.25 Let t be a random variable with expected value µ and

finite variance σ2. Then for any real number α > 0,

Pr(|t− µ| ≥ ασ) ≤ 1

α2
.

Proof We apply the Markov inequality to the random variable x = (t−
µ)2 with d = (σα)2. Thus

Pr
(
(t− µ)2 ≥ (σα)2

)
≤ 1

(σα)2
E
(
(t− µ)2

)
=

1

(α)2
.

This is equivalent to the statement of the Chebyshev inequality. 2
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Example 4.26 Setting α = 1/
√

2 we see that at least half of the sample

values will lie in the interval (µ− σ/
√

2, µ+ σ/
√

2).

As a corollary, we have the Law of Large Numbers.

Corollary 4.27 Let ρ(t) be a probability distribution with mean µ and

standard deviation σ′. Take a sequence of independent random sam-

ples from this population: T1, . . . , Tn, . . . and let T̄ (n) = 1
n

∑n
i=1 Ti be

the sample mean of the first n samples. Then for any ε > 0 we have

limn→∞ Pr(|T̄ (n) − µ| > ε) = 0.

Proof From Equations (4.25) and (4.26) we have

E(T̄ (n)) = µ, E
(

(T̄ (n) − µ)2
)

= σ′2/n.

Applying the Chebyshev inequality to the random variable T̄ (n) with

σ = σ′/
√
n, α =

√
nε/σ′ we obtain

Pr(
∣∣∣T̄ (n) − µ

∣∣∣ ≥ ε) ≤ σ′2

nε2
.

Thus the probability that the sample mean differs by more than ε from

the distribution mean gets smaller as n grows and approaches 0. In

particular limn→∞ Pr(|T̄ (n) − µ| > ε) = 0. 2

This form of the Law of Large Numbers tells us that for any fixed

ε > 0 and sufficiently large sample size, we can show that the sample

average will differ by less than ε from the mean with high probability, but

not with certainty. It shows us that the sample distribution is more and

more sharply peaked around the mean as the sample size grows. With

modern computers that can easily generate large random samples and

compute sample means, this insight forms the basis for many practical

applications, as we shall see.

4.9 Additional exercises

Exercise 4.27 Let f(x) = exp(−sx2) for fixed s > 0 and all x. Ver-

ify that f̂(λ) =
√
π/s exp(−λ2/4s). Hint: By differentiating under the

integral sign and integration by parts, establish that

df̂(λ)

dλ
= − λ

2s
f̂(λ), so f̂(λ) = C exp(−λ2/4s)
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for some constant C. To compute C, note that[∫ ∞
−∞

e−sx
2

dx

]2

=

∫ ∞
−∞

∫ ∞
−∞

e−s(x
2+y2)dx dy =

∫ 2π

0

dθ

∫ ∞
0

e−sr
2

r dr.

Exercise 4.28 Let g : R→ R. Find a function H such that for all x,

1√
2π

∫ x

−∞
g(t)dt = (H ∗ g)(x).

(H is called the Heaviside function.)

Exercise 4.29 Let f, g : R→ R. Let f ′ exist. Assuming the convergence

of the relevant integrals below, show that

(f ∗ g)′(x) = f ′(x) ∗ g(x).

Exercise 4.30 For a ∈ R, let

fa(t) =

{
0, t < a

1, t ≥ a.

Compute fa ∗ fb for a, b ∈ R. Deduce that

(fa ∗ f−a)(x) =
xf0(x)√

2π
.

Does fa ∗ (1− fb) exist? For a ∈ R, let

ga(t) :=

{
0, t < 0

exp(−at), t ≥ 0.

Compute ga ∗ gb.

Exercise 4.31 Fourier transforms are useful in “deconvolution” or solv-

ing “convolution integral equations.” Suppose that we are given func-

tions g, h and are given that

f ∗ g = h.

Our task is to find f in terms of g, h.

(i) Show that

F [f ] = F [h]/F [g]

and hence, if we can find a function k such that

F [h]/F [g] = F [k]

then f = k.
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(ii) As an example, suppose that

f ∗ exp(−t2/2) = (1/2)t exp(−t2/4).

Find f .

Exercise 4.32 (i) The Laplace transform of a function f : [0,∞)→ R
is defined as

L[f ](p) =

∫ ∞
0

f(t) exp(−pt)dt

whenever the right-hand side makes sense. Show formally, that if we

set

g(x) :=

{
f(x), x ≥ 0

0, x < 0

then

L[f ](p) :=
√

2πF [g](−ip).

(ii) Let h : R→ R and define:

h+(x) :=

{
h(x), x ≥ 0

0, x < 0

and

h−(x) :=

{
h(−x), x > 0

0, x ≤ 0.

Show that h(x) = h+(x)+h−(x) and express F [h] in terms of L[h+]

and L[h−].

———–

For additional background information about Fourier series and the

Fourier transform see [55, 90, 96].
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Compressive sampling

5.1 Introduction

Although it is convenient for conceptual and theoretical purposes to

think of signals as general functions of time, in practice they are usually

acquired, processed, stored and transmitted as discrete and finite time

samples. We need to study this sampling process carefully to determine

to what extent a sampling or discretization allows us to reconstruct

the original information in the signal. Furthermore, real signals such as

speech or images are not arbitrary functions. Depending on the type of

signal, they have special structure. No one would confuse the output of

a random number generator with human speech. It is also important to

understand the extent to which we can compress the basic information

in the signal to minimize storage space and maximize transmission time.

Shannon sampling is one approach to these issues. In that approach

we model real signals as functions f(t) in L2(R) that are bandlimited.

Thus if the frequency support of f̂(ω) is contained in the interval [−Ω,Ω]

and we sample the signal at discrete time intervals with equal spacing

less than 1/2πΩ, i.e., faster than the Nyquist rate, we can reconstruct

the original signal exactly from the discrete samples. This method will

work provided hardware exists to sample the signal at the required rate.

Increasingly this is a problem because modern technologies can generate

signals of higher bandwidth than existing hardware can sample.

There are other models for signals that exploit different properties

of real signals and can be used as alternatives to Shannon sampling.

In this chapter we introduce an alternative model that is based on the

sparsity of many real signals. Intuitively we think of a signal as sparse if

its expression with respect to some chosen basis has coefficients that are

mostly zero (or very small). The content of the signal is in the location
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and values of the spikes, the nonzero terms. For example the return from

a radar signal at an airport is typically null, except for a few spikes lo-

cating the positions and velocities of nearby aircraft. A time trace of

the sound from a musical instrument might not be sparse, whereas the

Fourier transform of the same signal would be sparse. Compressive sam-

pling is an approach to the modeling, processing and storage of sparse

signals.

We start with a simple model of a signal as an n-tuple x ∈ Rn or Cn.

Think of n as large. We are especially interested in the case where x is k-

sparse. That is, at most k of the components x1, . . . , xn of x are nonzero.

We take k to be small with respect to n. In order to obtain information

about the signal x we sample it. Here, a sample is defined by a linear

functional fr. That is, the sample fr(x) = r · x where r = (r1, . . . , rn) is

a given sample vector and r · x is the dot product of r and x. Once r is

chosen, the dot product is easy to implement in hardware. In the case

where ri = δij for fixed j and i = 1, . . . , n the sample would yield the

value of the component xj . Now suppose we take m different samples y`
of x, i.e., we have m distinct sample vectors r(`), ` = 1, . . . ,m. We can

describe the sampling process by the equation y = Φx where the m× n
sampling matrix Φ is defined by

(Φ`,j) =
(
r

(`)
j

)
=

 r(1)

...

r(m)

 = (c(1), . . . , c(n)) (5.1)

and y is an m-tuple. The n-vectors r(`) are the row vectors of Φ whereas

the m-vectors c(j) are the column vectors of Φ. Note that r
(`)
j = c

(j)
` .

For compressive sampling m is less than n, so that the system is under-

determined. The problem is to design the sampling matrix Φ so that we

can determine the signal x uniquely from m samples. Obviously, this is

impossible for arbitrary signals x. It is possible if we know in advance

that x has some special form. For compressive sampling at its simplest,

the only requirement on the signal x is that it is k-sparse, i.e., that at

most k < n of the components xj are nonzero. The only assumption is

k-sparsity, not the possible locations of the nonzero components.

A simple example, the bit counter, will illustrate the utility of com-

pressive sampling. Suppose we have a sequence of long n-component

signals x(h) that are 1-sparse. Thus, each signal consists of a single spike

at some location j(h) with all other components 0. To determine the sig-

nal uniquely we need only find the location and the value of the spike.
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How can we do this from a minimum number of samples? This problem

has an elegant solution, particularly simple in the case n = 2` for ` a

positive integer. For each 1-sparse signal x we number the components

xj from j = 0 to j = 2` − 1. Similarly we will number the columns of

Φ, starting from 0. Recall that each j can be written uniquely in binary

numbers as [j`−1, j`−2 . . . , j1, j0] where j = j020 + j121 + · · ·+ j`−12`−1

where each js = 0, 1. We design the m × n sampling matrix Φ where

m = ` + 1 by first filling the top (0th) row with ones: Φ0,j = 1. For

the remaining m− 1 terms in the 0th column of Φ we enter the binary

number for 0, for the remaining m − 1 terms in the 1st column we en-

ter the binary number for 1, . . ., and for the remaining m − 1 terms

in the (n − 1)st column we enter the binary number of n − 1. Thus

the sampling matrix is given by Φij = j`−i for i = 1, · · · , `. Comput-

ing y = Φx we have y0 = xj(h) the magnitude of the spike, whereas if

y0 6= 0, [ym/y0, · · · , y1/y0] is the location of the spike, written in binary.

For example, suppose ` = 3, m = 4, n = 8 and the signal x has the

spike x6 = 6.1. Then y = Φx becomes


6.1

0

6.1

6.1

 =


1 1 1 1 1 1 1 1

0 1 0 1 0 1 0 1

0 0 1 1 0 0 1 1

0 0 0 0 1 1 1 1





0

0

0

0

0

0

6.1

0


, (5.2)

and from y we see that the value of the spike is y0 = 6.1 and the location

is [1, 1, 0] = 6. We see from this construction that for 1-sparse signals of

large length n we can identify the signal uniquely with only log2 n + 1

samples; it isn’t necessary to sample all n components individually. For

storage or transmission of the information, the compression is impressive.

Rather than store n numbers we need only store m ≈ log2 n numbers.

Exercise 5.1 Why is the row of 1’s needed in the sample matrix for

example (5.2)?.

Exercise 5.2 Using the method of expression (5.2) design a sample

matrix to detect a 1-sparse signal of length n = 16. Apply your matrix

to a signal with a spike x9 = −2.

In this chapter we will study the problem, for given k, n with k < n,

of how to design m × n sampling matrices (or encoders) to determine
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k-sparse signals x uniquely such that the number of samples m is as small

as possible. Later we shall treat the more important case where noise

and measuring errors are allowed and we want to find a k-sparse approx-

imation x̃ of x with approximation error and m as small as possible.

This chapter is the most technical of the book and many readers

may decide to skim the results and then proceed to the last section

where compressive sampling is implemented. However, the basic ideas

are relatively simple and we will outline these before entering into details.

A fundamental observation is that if y = Φx(0) so that y is the sample

produced by the signal x(0) then y is also produced by all signals x =

x(0) + u where u is a solution of the homogeneous equation Φu = Θ,

and only by such signals. Now if x(1), x(2) are k-sparse signals with the

same sample Φx(1) = Φx(2) then Φ(x(2) − x(1)) = Θ, so Φu = Θ has

a solution u = x(2) − x(1) that is at most 2k-sparse. If we can design a

sampling matrix Φ such that its homogeneous equation has no nonzero

solutions u that are 2k-sparse, then for a given sample y there is at most

one k-sparse signal x(0) such that y = Φx. How do we recover x(0)? A

solution advanced here is to design the sample matrix such that among

all signals x with sample y the k-sparse solution x(0) has minimal `1
norm (but not in general minimal `2, least squares norm). For such a

matrix, if the homogeneous equation has no 2k-sparse solutions then

we can recover a k-sparse signal x(0) from its sample y by solving the

minimization problem x(0) = ArgminΦx=y||x||1. For real signals and

sample matrices this is a straightforward linear programming problem

that can be solved in polynomial time by standard algorithms, freely

available even for spreadsheets. This works, basically, because the `1
minimum always occurs for a vector with a maximal number of zeros.

In summary, we need to address two problems. First, for given k,m, n

how do we characterize sample matrices whose homogeneous equation

has no 2k-sparse solutions? For such sample matrices we can, in prin-

ciple, identify a k-sparse signal, but determining the signal may be im-

practical. Our second problem is in determining those matrices for which

it is easy to recover the k-sparse signal in practice. Here we shall employ

`1 minimization.

Given k � n how do we construct an m × n sample matrix Φ with

m as small as possible? The surprising answer is that the bit counter

example is somewhat misleading. Matrices with homogeneous equations

admitting 2k-sparse solutions are rather special. An arbitrarily chosen

matrix is less likely to have this failing. We can use a random number

generator, or coin flipping, to choose the matrix elements of Φ. Using
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random matrix theory we can show that the smallest m that works is

about m = Ck log2(n/k) ∼ Ck log2(n) where C is a constant, close to

1 in practice (though still much larger in theory). We can construct the

matrices via random number generators and guarantee that they will

“probably” work, e.g., guarantee no more than one failure in 109 sample

matrices. An implementation of the entire process is given in the last

section.

5.2 Algebraic theory of compressive sampling

The sampling problem is closely associated with the structure of the null

space N(Φ) of the m×n sampling matrix/encoding matrix. Clearly, the

rank of Φ is ≤ m, and m < n since our system is underdetermined.

There will be many signals x that will yield the same sample y. Recall

that for Φ a complex m × n matrix and complex signals x we have

N(Φ) = {h ∈ Cn : Φh = Θ} and dimN(Φ) ≥ n −m. The hyperplane

F (y) of signals giving the sample y takes the form

F (y) = {x ∈ Cn : Φx = y} = x(0) +N(Φ)

for any x(0) ∈ F (y). Note that every signal x lies on one and only one

of these hyperplanes. Once we have sampled or encoded the signal we

will need to try to reconstruct the signal from the sample. We define

a decoder as a mapping ∆ : Cm → Cn, which could be nonlinear.

Given a signal x and a decoder ∆ we think of x̂ = ∆(Φ(x)) = ∆(y)

as our approximation to x, based on the sample. Ideally we would like

an encoding-decoding pair Φ, ∆ such that x̂ = x. However, this is not

possible for an underdetermined system, unless we restrict the set of

signals. Clearly, ensuring that at most one allowable signal x gives a

particular sample y (so that we can recover x from y via a suitable

decoder) is equivalent to requiring that each hyperplane F (y) contains

at most one allowable signal. Initially we restrict to signals that are

sparse with respect to the standard basis e(j) for Cn, without any other

requirements. More precisely, given a positive integer k < n we will

restrict x to the subset Σk of k-sparse signals. Here,

Σk = {x ∈ Cn : #supp (x) ≤ k}, where supp (x) = {i : xi 6= 0} (5.3)

and #supp is the cardinality of the support of x. In other words, Σk
is the subset of Cn consisting of all signals with at most k nonzero

components. Note that Σk is not a subspace of Cn because the sum of
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two k-sparse signals may not be k-sparse. Indeed, if x(1), x(2) ∈ Σk, the

best that we can guarantee is that x(1) + x(2) ∈ Σ2k. Though we have

expressed our problem in terms of complex matrices, complex signals

and complex null spaces, we could give virtually identical definitions for

real matrices, real signals and real null spaces, and the algebraic theory

to follow will be virtually the same for both.

Exercise 5.3 Show that even though Σk is not a vector space, it can

be expressed as the set-theoretical union of subspaces XTk = {x :

supp (x) ⊂ Tk} where Tk runs over all k-element subsets of the inte-

gers {1, 2, . . . , n}, i.e.,

Σk = ∪TkXTk .

If we choose Σk for some fixed k < n as our set of allowable signals,

in order to recover each k-sparse signal x from its sample y, we need to

find the possible m × n sample matrices Φ such that y = Φx uniquely

determines x for all x ∈ Σk. The basic idea behind the algebraic theory

of compressive sampling is very simple. If x(1), x(2) are two k-sparse

signals with the same sample y then the signal x(1) − x(2) is an at most

2k-sparse signal in the null space N(Φ). Thus to guarantee that each

sample corresponds to at most one k-sparse signal, we need only require

that the null space of Φ contains no 2k-sparse signals.

To characterize the sampling matrices we first recall the representation

(5.1) of Φ in terms of its column vectors and introduce notation to

describe submatrices of Φ. Let T be a set of #(T ) = ` column indices

1 ≤ i1 < i2 < · · · < i` ≤ n. Then ΦT =
(
c(i1), . . . , c(i`)

)
is the m×#(T )

submatrix of Φ formed from the columns indexed by T . Thus, Φ∗TΦT
is the #(T ) ×#(T ) matrix with (s, t) matrix element given by the dot

product c(is) · c(it), 1 ≤ s, t ≤ #(T ).

Theorem 5.1 Let Φ be a m × n matrix and k a positive integer ≤ n.

The following are equivalent

(1) For all y ∈ Cm, each F (y) contains at most one element of Σk.

(2) Σ2k ∩N(Φ) = {Θ}.
(3) For any set of column indices T with #(T ) = 2k, the matrix ΦT has

rank 2k.

(4) For any set of column indices T with #(T ) = 2k, the 2k×2k matrix

Φ∗TΦT has all eigenvalues λj > 0 and is invertible. (Here Φ∗ is the

n×m adjoint matrix: Φ∗ij = Φji.)
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Proof

(1)→ (2). Suppose x ∈ Σ2k and Φx = Θ. Since x has at most 2k

nonzero components, we can always find vectors x(1), x(2) each

with at most k nonzero components, and such that x = x(1) −
x(2). Now set y = Φx(1). Since Φx = Φx(1)−Φx(2) = Θ we have

that both x(1), x(2) ∈ F (y). By (1), x(1) = x(2), so x = Θ.

(2)→ (3). Let T be a set of indices 1≤ i1<i2< · · ·<i2k ≤n with

#(T ) = 2k and let x∈Rn such that supp(x)⊆T , so x∈Σ2k. If∑2k
`=1 xi`c

(i`) = Φx= Θ then x∈N(Φ), so x= Θ by (2). Thus the

2k column vectors indexed by T must be linearly independent.

(3)→ (4). Let T and x be chosen as in the preceding proof and consider

the quadratic form < x,Φ∗Φx >=

2k∑
s,t=1

xis(c
(is) · c(it))xit = (

2k∑
s=1

xisc
(is)) · (

2k∑
t=1

xitc
(it))

= ||
2k∑
t=1

xitc
(it)||22.

By (3), the 2k column vectors c(it) are linearly independent, so

the quadratic form < x,Φ∗Φx > is > 0 for all nonzero x with

supp(x) ⊆ T . Note that the matrix Φ∗TΦT is self-adjoint. It is a

well-known fact from linear algebra that any N ×N self-adjoint

matrix A has N real eigenvalues and that these eigenvalues are

all positive if and only if the hermitian form
∑N
i,j=1 yiAijyj > 0

for all complex nonzero vectors y. Furthermore a self-adjoint

matrix with all positive eigenvalues is invertible. This estab-

lishes (4).

(4)→ (1). Suppose x(1), x(2) ∈F (y) ∩ Σk for some y ∈Cm. Setting

x=x(1)−x(2) we see that Φx= Φx(1)−Φx(2) = y− y= Θ and

x∈Σ2k. Let T be the index set {it} for the support of x. Then

the fact that x is in the null space of Φ can be expressed in terms

of the column vectors of Φ as
∑2k
t=1 xitc

(it) = Φx = Θ. Thus

< x,Φ∗Φx >=

2k∑
s,t=1

xis(c
(is) · c(it))xit = ||

2k∑
t=1

xitc
(it)||22 = 0.

By (4), the eigenvalues of Φ∗TΦT are all positive so the only way

for this last sum to vanish is if x = Θ. This implies x(1) = x(2).

2
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Example 5.2 Consider the 2k × n Vandermonde matrix

Φ =


1 1 · · · 1

a1 a2 · · · an
a2

1 a2
2 · · · a2

n
...

...
...

...

a2k−1
1 a2k−1

2 · · · a2k−1
n

 ,

where a1 < a2 < · · · < an. It is an exercise in linear algebra to show that

the determinant of a square Vandermonde matrix is equal to ±Πi>j(ai−
aj) 6= 0, i.e., a square Vandermonde matrix is invertible. Thus any 2k×2k

submatrix of Φ has rank 2k and Φ satisfies the conditions of Theorem

5.1 with m = 2k.

Exercise 5.4 Verify that the matrix Φ∗TΦT is self-adjoint.

If the m×n sample matrix Φ satisfies the requirements of the theorem

for some k with 2k ≤ m < n, then we can show the existence of a en-

coder/decoder system that reproduces any k-sparse signal x. Necessary

and sufficient conditions for unique reproduction are that every subset of

2k column vectors must be linearly independent. If this is true we have

m ≥ 2k. Now let T be any 2k-index set that contains the support of x.

Then the encoder gives the sample y = Φx = ΦTx, so Φ∗T y = (Φ∗TΦT )x.

Since the 2k × 2k matrix Φ∗TΦT is invertible, we can recover x from y

via the decoding operation

x = ∆(y) = (Φ∗TΦT )−1Φ∗T y.

However, this construction requires us to find some T containing the

support of x, a highly nontrivial problem for large n! Thus this appears

not to be a very efficient means of implementing compressive sensing.

Next we shall pursue a more practical way of finding a k-sparse solution

by using the `1 norm to find x from the minimization problem:

x = ∆(y) = Argminz∈F (y)||z||1,

where by Argmin we mean the vector z that achieves the minimum value

of ||z||1.
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5.3 Analytic theory of compressive sampling

The algebraic solution to the compressed sampling problem presented

in the preceding section, by itself, seems of only modest practical im-

portance. Firstly, there is a significant numerical problem of actually

computing x for large values of n. Also, the solution assumes that the

signals are precisely k-sparse, that the inverse of the matrix (Φ∗TΦT )−1

can be computed with no error, and we have to find T ! Real signals typ-

ically have a few spikes with all other components small but not zero.

The numerical computation of the matrix inverse may be unstable for

large n and k. (This is the case with the Vandermonde matrix.) The sig-

nals may be partially corrupted by noise. We need to develop analytic

estimates that enable us to determine how well the encoding/decoding

procedure approximates the initial signal. We also need to be concerned

with the design of the decoder, so that it can compute the approximation

efficiently.

5.3.1 Recovering a sparse solution of y = Φx

via `1 minimization

Theorem 5.1 gave necessary and sufficient conditions that there was at

most one signal x̂ ∈ Σk ∩ F (y) that produced a given sample y. (Recall

that if x = x̃ is one solution of the equation y = Φx then all solutions

are of the form x ∈ F (y) = {x̃ + h : h ∈ N(Φ)} where N(Φ) is the

null space of the m× n sampling matrix Φ.) However, the theorem did

not lead directly to an efficient method for explicit computation of the

k-sparse solution from the sample y. Here we will study the feasibility

of finding x̂ by solving the `1 minimization problem

x̂ = Argminx∈F (y)||x||1. (5.4)

Already, we have seen examples of the special ability of the `1 norm to

produce solutions x of y = Φx with maximal sparsity. Now we will find

necessary and sufficient conditions that this `1 minimization will lead to

a unique k-sparse solution.

Suppose that the equation y = Φx has a k-sparse solution x̂ and that

this solution also satisfies (5.4), i.e., it has minimal `1 norm. This means

that

||x̂+ h||1 ≥ ||x̂||1
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for all h ∈ N(Φ). If T ⊂ {1, 2, . . . , n} is the index set for the support of x̂

and T c is the set of remaining indices, then #(T ) = k, #(T c) = n−k and

the minimization condition can be written in terms of absolute values as∑
i∈T
|x̂i + hi|+

∑
i∈T c
|hi| ≥

∑
i∈T
|x̂i|.

Let S ⊂ {1, 2, . . . , n} and z an n-tuple,. We define zS as the n-tuple

such that (zS)i = zi for i ∈ S and (zS)i = 0 for i ∈ Sc. Thus zS
agrees with z for all indices i ∈ S, but the remaining elements are zero.

Similarly we define zSc as the n-tuple such that (zSc)i = zi for i ∈ Sc,
and (zSc)i = 0 for i ∈ S. Note that z = zS + zSc .

Definition 5.3 The m × n complex matrix Φ satisfies the null space

property of order k provided for every index set S with #(S) = k we

have

||hS ||1 < ||hSc ||1, ∀ h ∈ N(Φ), h 6= Θ. (5.5)

Theorem 5.4 Every k-sparse vector x̂ is the unique solution of the

`1 minimization problem (5.4) if and only if Φ satisfies the null space

property of order k.

Proof First, suppose every k-sparse x̂ is the unique solution of the `1
minimization problem (5.4), with y = Φx̂. Now let h ∈ N(Φ) with

h 6= Θ and let S be any index set such that #(S) = k. Then hS is k-

sparse, hence the unique `1 minimizer for the problem Φx = ΦhS . Now

Φ(h) = Φ(hS + hSc) = 0, so Φ(−hSc) = Φ(hS) 6= Θ. By uniqueness, we

must have ||hSc ||1 > ||hS ||1 which is the null space property.

Conversely, assume Φ satisfies the null space property of order s and

S is the index set of x̂, i.e., the set of indices i for which x̂i 6= 0. Then

any solution x of Φx = Φx̂ = y with x 6= x̂ can be written as x = x̂− h
with h ∈ N(Φ). Then

||x̂||1 = ||(x̂−xS)+xS ||1 ≤ ||(x̂−xS)||1+||xS ||1 = ||(x̂S−xS)||1+||xS ||1 =

||hS ||1 + ||xS ||1 < ||hSc ||1 + ||xS ||1 = || − xSc ||1 + ||xS ||1 = ||x||1.

Hence ||x̂||1 < ||x||1. 2

Exercise 5.5 In the proof of Theorem 5.4 show in detail why Φ(−hSc) =

Φ(hS) 6= Θ.

Exercise 5.6 In the proof of Theorem 5.4 show why the `1 norm rather

than some other `p norm is essential.
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Exercise 5.7 Show that if Φ satisfies the null space property of order

k then it also satisfies the null space property for orders 1, 2, . . . , k − 1.

A case of special importance for the above definition and theorem

occurs for real m× n matrices and real signal vectors x. Then we have

Definition 5.5 The m×n real matrix Φ acting on real vectors satisfies

the null space property of order k provided for every index set S with

#(S) = k we have

||hS ||1 < ||hSc ||1, ∀ h ∈ N(Φ), h 6= Θ. (5.6)

Theorem 5.6 Every k-sparse vector x̂ is the unique solution of the

`1 minimization problem (5.4) if and only if Φ satisfies the null space

property of order k.

The proof of the real version of the theorem is identical to the proof

of the complex version. The only difference is that the vectors x, h in

the second case are restricted to be real. It is not immediately obvious

for a real matrix Φ that the two definitions and results agree.

Conditions (5.5), (5.6) while difficult to verify in practice, point to

an important property that the null space must possess for construction

by `1 minimization. In order that the sample matrix be able to recon-

struct sparse signals supported on small index sets T , the null space

must counterbalance by being distributed through all indices. This is of-

ten referred to as an uncertainty principle for compressive sampling. It

suggests that the components of the sampling matrix, rather than being

highly structured to fit a particular type of signal, should be chosen at

random. We shall see that this insight is correct.

If we can show that the conditions of Theorem 5.4 or 5.6 are satisfied

then we can recover uniquely the k-sparse signal x̂ from the sample y by

solving the minimization problem

x̂ = Argminx∈F (y)||x||1. (5.7)

Although, unlike `2 (least squares) minimization, this problem has no

analytic solution, it can be solved by numerically efficient optimization

algorithms. The complex case is equivalent to a convex second-order

cone program (CSOCP), [16]. The real case is particularly easy to solve

because it can be recast as a linear programming problem, and such

routines are widely available.

This text is not meant to cover linear programming, but it is worth

pointing out that the real `1 minimization problem for real Φ and x is
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equivalent to a linear programming problem. To see this we first express

the m× n real sampling matrix in terms of its row vectors r(k):

Φ =

 r(1)

...

r(m)

 , r(k) ∈ Rn, i = 1, . . . ,m.

Then we can express the `1 minimization problem (5.7) as the linear

programming problem

min

n∑
j=1

uj , such that yk = r(k) · x, −uj ≤ xj ≤ uj . (5.8)

Similarly the (possibly overdetermined) `1 problem

minx∈F (y)||y − Φx||1 = min

m∑
i+1

|yi − r(i) · x| (5.9)

can be expressed as the linear programming problem

min

m∑
k=1

uk, such that − uk ≤ yk − r(k) · x ≤ uk. (5.10)

(Note that if the xj are complex numbers then this approach fails.) In

general, a linear programming problem (LP) is a maximization or mini-

mization problem that can be expressed entirely through linear equations

and linear inequalities [16]. Such problems can be solved, for example,

by the simplex method.

In the case where x and Φ are complex we write

xj = xrj + ixij , yk = yrk+ iyik, r
(k) = r(k)

r + ir
(k)
i , 1 ≤ j ≤ n 1 ≤ k ≤ m,

where xrj , x
i
j , y

r
k, y

i
k, r

(k)
r , r

(k)
i are real. Then the `1 minimization problem

(5.7) can be expressed as

min

n∑
j=1

uj , such that (5.11)

uj =
√

(xrj)
2 + (xij)

2, yr = r(k)
r · xr − r(i) · xi, yi = r(k)

r · xi + r
(k)
i · x

r.

This has the form of a convex second-order cone program (CSOCP),

[16].
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5.3.2 A theoretical structure for deterministic

compressive sampling

Instead of restricting to signals x ∈ Cn that are strictly k-sparse we

will consider the larger class of compressible signals, those that can be

approximated by elements of Σk. As a measure of the approximation of

x by k-sparse signals we adopt

σk(x) = inf
z∈Σk

||x− z||1. (5.12)

Exercise 5.8 We order the components of x ∈ Cn in terms of the

magnitude of the absolute value, so that

|xi1 | ≥ |xi2 | ≥ · · · ≥ |xin |.

Show that σk(x) =
∑n
j=k+1 |xij |, i.e., σk(x) is the sum of the absolute

values of the n− k smallest components of x. Show that

Argmin inf
z∈Σk

||x− z||1 = xk

where xk has index set T = {i1, i2, . . . , ik}. Thus, xk is the closest k-

sparse approximation of x with respect to the `1 norm.

Exercise 5.9 If

x = (3,−2, 6, 0, 3,−1, 2,−5) ∈ C8,

find xk and σk(x) for k = 1, 2, . . . , 7.

Clearly, σk(x) = 0 ⇐⇒ x ∈ Σk. We could consider x as a good

candidate for compression provided σk(x) < ε for some suitably small

ε. If x is compressible but not exactly k-sparse we cannot expect to

reproduce it exactly, but we can try to approximate it by a k-sparse

signal.

To make clearer the relation between σk and the null space of Φ it

will prove useful to quantify the degree to which the null space property

is satisfied.

Definition 5.7 Given a sampling matrix Φ, we say that Φ satisfies the

null space property (NSP) of order k with constant ρ ∈ (0, 1) provided

||hT ||1 ≤ ρ||hT c ||1

for all index sets T with #T ≤ k and all h ∈ N(Φ).

This definition applies either to the complex case or to the real case

where both Φ and N(Φ) are required to be real.
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Exercise 5.10 Show that if Φ satisfies the null space property of order

k, Definition 5.3, then there exists a ρ ∈ (0, 1) such that Φ satisfies the

null space property of order k with constant ρ.

Now we come to the essence of our problem. Suppose x ∈ Cn is a

signal that we consider is “nearly” k-sparse and let y = Φx ∈ Cm be its

corresponding sample. We define a decoder

∆(y) = Argminz,Φz=y||z||1 = x̂.

We want our decoder to capture the closest k-sparse approximation xk to

x and ignore the smallest n−k components.. Thus we want to guarantee

that the decoder will yield a unique m-sparse solution x̂ that is as close

as possible to x. In particular, if x ∈ Σk we want x̂ = x. Recall from

Exercise 5.8 that σk(x) = ||x− xk||1.

Theorem 5.8 Suppose Φ has the null space property of order k with

constant ρ. Let x ∈ Cn with y = Φx and let x̂ = ∆(y). Then

||x̂− x||1 ≤ 2
1 + ρ

1− ρ
||x− xk||1. (5.13)

If x is k-sparse then x̂ = x.

Proof Since y = Φx̂, there is a unique h ∈ N(Φ) such that x̂ = x + h.

Since x̂ is a `1 minimum solution we must have

||x̂||1 = ||x+ h||1 ≤ ||x||1. (5.14)

Now let T0 be the set of indices corresponding to the k largest compo-

nents of x in absolute value. (Thus T0 is the index set of xk.) Recall

from the triangle inequality |a| = |(a + b) + (−b)| ≤ |a + b| + | − b|, so

|a+b| ≥ |a|−|b| and, by symmetry, |a+b| ≥ |b|−|a|. Also, for any index

set T and n-tuple z, let zT be the vector with components (zT )i = zi
for i ∈ T and all other components zero. Then

||x+h||1 =
∑
i∈T0

(|xi+hi|)+
∑
i∈T c0

(|xi+hi|) ≥
∑
i∈T0

(|xi|−|hi|)+
∑
i∈T c0

(|hi|−|xi|)

(5.15)

= (||x||1 − ||xT c0 ||1 − ||hT0 ||1) + (||hT c0 ||1 − ||xT c0 ||1)

= (||x||1 + ||hT c0 ||1)− (2||xT c0 ||1 + ||hT0
||1).

Comparing the inequalities (5.14) and (5.15) and noting that ||xT c0 ||1 =

||x− xk||1, we obtain

2||x− xk||1 ≥ ||hT c0 ||1 − ||hT0
||1 ≥ (1− ρ)||hT c0 ||1. (5.16)
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Since ρ < 1 we obtain

||hT c0 ||1 ≤
2

1− ρ
||x− xk||1.

Since x̂ = x+ h, it follows that

||x̂−x||1 = ||h||1 = ||hT0 ||1+||hT c0 ||1 ≤ (ρ+1)||hT c0 ||1 ≤ 2
1 + ρ

1− ρ
||x−xk||1.

2

The proof of the theorem shows that the k-sparse solution x̂ of the

minimization problem is unique, and allows us to get a bound on the

error of reconstruction of the nearly k-sparse signal x by x̂. It is still

possible that there is more than one k-sparse signal with sample y even

though any other solution doesn’t satisfy the `1 minimum property. In

the next section we shall see how that possibility can be eliminated.

5.3.3 Restricted Isometry Property

Theorem 5.8 is an important theoretical result but it will not be of

much practical use unless we find methods for determining ρ and for

designing encoder/decoder pairs with ρ < 1 for k small with respect

to n. The null space property doesn’t have direct intuitive meaning for

us. A more intuitive concept is the Uniform Uncertainty Principle or

Restricted Isometry Property (RIP). Let Φ be our usual m×n sampling

matrix. For each k we define the restricted isometry constant δk as the

smallest nonnegative number such that

(1− δk)||x||22 ≤ ||Φ(x)||22 ≤ (1 + δk)||x||22 (5.17)

for all k-sparse signals x, i.e., x ∈ Σk. (Note that here we are using

the `2 norm.) Expression (5.17) captures in an efficient and easily un-

derstandable manner how well the k-sparse signal x is captured by the

sample y = Φx ∈ Rm. Indeed if δk ≥ 1 so that the left-hand term is

≤ 0 then we could have a nonzero signal that produces a zero sample,

so that we would have no capability of recapturing it. If the constant on

the right-hand side of (5.17) is large then a small change in the sample

y = Φx could correspond to a large change in x. This would introduce

numerical instabilities in our computation of x from y. Thus a desirable

property for an encoder is δk < 1.

Definition 5.9 Φ has the Restricted Isometry Property (RIP) for k if

it has a restricted isometry constant such that 0 < δk < 1.
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Another way to understand RIP is in terms of eigenvalues. If x is

k-sparse with index set T then

||Φx||22 =< ΦTx,ΦTx >=< Φ∗TΦTx, x > .

As pointed out in the proof of Theorem 5.1, Φ∗Φ is self-adjoint and

nonnegative, Thus all eigenvalues λi(T ) of this square matrix are real

and nonnegative, and λmin(T )||x||22 ≤ < Φtr
T ΦTx, x > ≤ λmax(T )||x||22.

It follows that

1− δk = λmin ≤ λmax = 1 + δk, (5.18)

where the maximum and minimum are taken over all index sets T with

≤ k indices.

Exercise 5.11 Give the details of the derivation of inequalities (5.18).

If we have two signals x, x′ ∈ Σk then x−x′ may not be k-sparse, but

it is 2k-sparse. Thus (x− x′) ∈ Σ2k and

(1− δ2k)||x− x′||22 ≤ ||Φ(x− x′)||22 ≤ (1 + δ2k)||x− x′||22. (5.19)

If x 6= x′ then, to distinguish the signals, we must have δ2k < 1, i.e.,

Φ must satisfy RIP for 2k. Moreover, for x very close to x′ in norm we

want the samples y = Φx and y′ = Φx′ to be very close in norm, and

this would be implied by ||Φ(x− x′)||22 ≤ (1 + δ2k)||x− x′||22.

It is worth pointing out here that the basic idea behind RIP is perva-

sive in signal processing theory. For signals in Hilbert spaces the concept

is a frame which is discussed in Section 8.2. These concepts are not iden-

tical because frames refer to vector spaces and Σk is not a vector space.

Now we will show that the null space property can be implied by the

more intuitive RIP. Since RIP is expressed in terms of `2 whereas the

null space property is expressed in terms of `1, we need the result from

Section 1.3 that the norms of a k-sparse signal x satisfy the relation

||x||2 ≤ ||x||1 ≤
√
k||x||2. Now suppose Φ satisfies RIP for some fixed

2k. This will imply that for each sample y ∈ Cm there will be at most

one k-sparse solution x to y = Φx. In particular N(Φ) will contain no

k-sparse vectors.

Now let us examine what RIP implies about the null space property.

We want to guarantee that for all k-index sets T the inequality ||hT ||1 <
ρ||hT c ||1 holds for a constant ρ < 1 and all h ∈ N(Φ). We start by taking

any h ∈ N(Φ). Our approach will be to take the worst case possible for

h: T = T0 is the index set of the k largest components of h, in absolute

value. We want to guarantee that ||hT0
||1 < ρ||hT c0 ||1. Note that RIP
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applies only to k-sparse signals and, in general, the h is not k-sparse. In

order to apply RIP we will decompose hT c0 as a sum of signals hTi , each

of which is at most k-sparse. Noting that h is an n-tuple, we use the

Euclidean algorithm to write n = ak + r where a is a positive integer

and the integer r is the remainder, 0 ≤ r < k. We divide the indices of h

into a+1 disjoint sets. The first set T0 contains the k indices i for which

|hi| is maximal, the set T1 contains the indices of the next k maximal

components, and so forth. The last index set Ta contains the indices i

of the remaining r components, for which |hi| is the smallest. Now let

hT` be the n-tuple such that the component (hT`)i = hi for i ∈ T` and

(hT c` )i = 0 for i ∈ T c` .

Exercise 5.12 Show that (1) hT` ∈ Σk, (2) hT` · hT`′ = 0 for ` 6= `′

and (3)

h =

a∑
`=0

hT` . (5.20)

The following material is quite technical, but it leads to the easily

understood result: Theorem 5.12 with an upper bound for the constant

ρ in the null space property as a function of the index δ2k in RIP. Let

hT0∪T1
be the n-tuple such that (hT0∪T1

)i = hi for i ∈ T0 ∪ T1 with all

other components zero. Thus hT0∪T1 ∈ Σ2k. We can apply RIP to each

k-sparse signal hT` and from (5.20) we have

Φ(h) = Φ(hT0∪T1
) +

a∑
`=2

Φ(hT`) = Θ. (5.21)

Thus,

||ΦhT0∪T1 ||22 =< ΦhT0∪T1 ,−
a∑
j=2

ΦhTj >= −
a∑
j=2

< ΦhT0 ,ΦhTj >

−
a∑
j=2

< ΦhT1
,ΦhTj >

so

||ΦhT0∪T1 ||22 ≤
a∑
j=2

(
| < ΦhT0 ,ΦhTj > |+ | < ΦhT1 ,ΦhTj > |

)
. (5.22)

To obtain an upper bound for the right-hand side we need the following

result.
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Lemma 5.10 Suppose x, x′ ∈ Σk with k-index sets S, S′ respectively

and such that S and S′ don’t intersect. Let < ·, · > be the `2 inner

product on Rn. Then | < Φx,Φx′ > | ≤ 2δ2k||x||2||x′||2.

Proof Let

κ = max
||z||2=||z′||2=1

| < Φz,Φz′ > |

where the maximum is taken for all k-sparse unit vectors z with index set

S and k-sparse unit vectors z′ with index set S′. Then, by renormalizing,

it follows that | < Φx,Φx′ > | ≤ κ||x||2 ||x′||2. Since z+z′ and z−z′ are

2k-sparse and ||z±z′||22 = ||z||22+||z′||22 = 2, we have the RIP inequalities

2(1− δ2k) ≤ ||Φ(z + z′)||22 ≤ 2(1 + δ2k),

2(1− δ2k) ≤ ||Φ(z − z′)||22 ≤ 2(1 + δ2k).

From the parallelogram law for `2, see Exercise 1.23, we have

< Φz,Φz′ >=
1

4
(||Φ(z + z′)||22 − ||Φ(z − z′)||22),

so the RIP inequalities imply | < Φz,Φz′ > | ≤ δ2k. Thus κ ≤ δ2k. 2

Exercise 5.13 Verify the details of the proof of Lemma 5.10.

Applying Lemma 5.10 to the right-hand side of (5.22) we find

||ΦhT0∪T1
||22 ≤ δ2k(||hT0

||2 + ||hT1
||2)

 a∑
j=2

||hTj ||2

 . (5.23)

On the right we use the inequality ||hT0
||2 + ||hT1

||2 ≤
√

2||hT0∪T1
||2, see

Exercise 1.22, and on the left-hand side we use RIP for 2k to obtain

(1− δ2k)||hT0∪T1
||22 ≤ ||ΦhT0∪T1

||22 ≤
√

2δ2k||hT0∪T1
||2

 a∑
j=2

||hTj ||2

 ,

so

||hT0∪T1 ||2 ≤
√

2δ2k
1− δ2k

a∑
`=2

||hT` ||2. (5.24)

Now for some tricky parts and the reason that we have chosen the T`
by putting the indices of h in decreasing order of magnitude.
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Lemma 5.11

||hT` ||2 ≤
1√
k
||hT`−1

||1, ` = 2, . . . , a.

Proof For any j ∈ T`, i ∈ T`−1, we have |hj | ≤ |hi|, so |hj | is also

bounded by the average of the |hi| as i ranges over T`−1:

|hj | ≤
1

k

∑
i∈T`−1

|hi|.

Thus

||hT` ||22 =
∑
j∈T`

|hj |2 ≤ k

(∑
i∈T`−1

|hi|
k

)2

.

Taking the square root, we have ||hT` ||2 ≤ ||hT`−1
||1/
√
k. 2

From the lemma we have

a∑
`=2

||hT` ||2 ≤ (k)−1/2
a−1∑
`=1

||hT` ||1 ≤ (k)−1/2
a∑
`=1

||hT` ||1 = (k)−1/2||hT c0 ||1,

which gives an upper bound for the right-hand side of (5.24). From

||hT` ||1/
√
k ≤ ||hT` ||2 we get a lower bound for the left-hand side of

(5.24): ||hT0
||1/
√
k ≤ ||hT0

||2 ≤ ||hT0∪T1
||2. Putting this all together we

find

||hT0
||1 ≤

√
2δ2k

1− δ2k
||hT c0 ||1 = ρ||hT c0 ||1. (5.25)

To guarantee the null space property we must have ρ < 1.

Theorem 5.12 A sufficient condition for the null space property to hold

and for each class F (y) to contain at most one k-sparse signal is that

RIP holds for 2k-sparse signals with

ρ =

√
2δ2k

1− δ2k
< 1.

It follows that if δ2k < 1/(1 +
√

2) ≈ 0.4142 then the null space

property is satisfied.

Exercise 5.14 If δ2k = 1/4 for some k and the sample matrix Φ, verify

from Theorem 5.13 that the estimate ||x̂−x||1 ≤ 5.5673||x−xk||1 holds

for the approximation of a signal x by a k-sparse signal x̂.
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Exercise 5.15 Show that even though RIP implies the null space prop-

erty, the converse is false. Hint: Given an m × n sample matrix Φ let

Ξ = AΦ be a new sample matrix, where A is an invertible m ×m ma-

trix. If Φ satisfies the null space property, then so does Ξ. However, if Φ

satisfies RIP we can choose A so that Ξ violates RIP.

Many different bounds for ρ can be derived from RIP using modifica-

tions of the preceding argument, but the result of Theorem 5.12, due to

Candés and Tao, is sufficient for our purposes. The point is that for a

given m× n sample matrix Φ we would like to be able to guarantee the

null space property for k as large as possible, and for a given k we would

like to design appropriate sample matrices with m as small as possible.

There are also important results on `2 minimization with `1 recovery.

In particular, suppose one wishes to recover the signal x from the sample

y if y = Φx+ z where z is either deterministic or a noise term, and such

that ||z||2 < ε. It follows from results in [27] that if δ2k <
√

2− 1 then

||x̂− x||2 ≤ C1
||x− xk||1√

k
+ C2ε.

In practice the constants are small (on the order of 10). The proof of this

result is technical, but similar to that of Theorem 5.8. See also [63, 97].

———————-

For more results concerning the deterministic theory of compressive

sampling see [6, 21, 60, 83].

5.4 Probabilistic theory of compressive sampling

For practical computation of sampling matrices Φ for compressive sens-

ing we employ a probabilistic approach. Rather than designing a sam-

pling matrix especially adapted for a given type of signal, we chose a

general purpose sampling matrix at random. To motivate this approach

we recall that all eigenvalues λi(T ) of the self-adjoint matrix Φ∗TΦT are

strictly positive and

1− δk = λmin ≤ λmax = 1 + δk

where the maximum and minimum are taken over all index sets T with

#(T ) = k. Thus RIP is satisfied provided λi(T ) ≈ 1. This means that

Φ∗TΦT must be close to the k×k identity matrix for every k-index set T .

Thus the column vectors c(j) of the sampling matrix Φ = (c(1), . . . , c(m))
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should satisfy c(j1) · c(j2) ≈ 0 for j1 6= j2 and c(j) · c(j) ≈ 1 to obtain

RIP. We want each column vector to be approximately an `2 unit vector

but distinct columns should be nearly orthogonal, i.e., uncorrelated. One

way to try to achieve this is to choose the elements of Φ as independent

samples from a probability space with mean 0 and standard deviation 1.

Now suppose we choose each of themnmatrix elements of Φ = (Φij) =

(tij), 1 ≤ i ≤ m, 1 ≤ j ≤ n, independently from the population with

normal distribution N(0, 1/
√
m). Then t = (tij) is a matrix random

variable on Rmn with probability density function

∆(t) = (
m

2π
)mn/2 exp

(
−m

2
Σmi=1Σnj=1t

2
ij

)
. (5.26)

Given any function f(t) ∈ L1(Rmn,∆) we define its expectation by

f̄(t) = E(f(t)) =

∫
Rmn

f(t)∆(t)Πij dtij .

Note that E is linear, i.e.,

E(αf1(t) + βf2(t)) = αE(f1(t)) + βE(f2(t))

for real parameters α, β. Further we have the properties

E(1) = 1, E(ti1j1ti2j2) = δi1i2δj1j2/m. (5.27)

The second identity is a consequence of the property that two distinct

matrix elements of Φ are uncorrelated.

Now let x be an n-tuple and choose the matrix elements of Φ inde-

pendently from the normal distribution N(0, 1/
√
m) as just described.

Then

E∆(||Φx||2`m2 ) = E∆(< Φtr
T ΦTx, x >) = Σmi=1Σnj1,j2=1xj1xj2E∆(tij1tij2)

= ||x||2`n2 .

Thus, if Φ lies sufficiently close to its mean value then it will satisfy RIP.

In this chapter we will show that for n sufficiently large with respect to

m, the probability that the random matrix Φ lies very close to the mean

and satisfies RIP is near certainty. Such random matrices are relatively

easy to construct. Even standard spreadsheets will do the job.

Another simple means of constructing random matrices that might

satisfy RIP is through use of the distribution ρ1(t) on R:

ρ1(t) =

{ √
m
12 , −

√
3
m ≤ t ≤

√
3
m

0, otherwise.
(5.28)
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Here,

Eρ1(1) = 1, t̄ = Eρ1(t) = 0, σ2 = Eρ1(t2) =
1

m
.

We choose Φij = tij where t = (tij) is a matrix random variable on Rmn
with density function

∆1(t) =

{
(m12 )mn/2 if −

√
3
m ≤ tij ≤

√
3
m for all i, j

0 otherwise.
(5.29)

Given any function f(t) of the mn components of t we define its expec-

tation by

f̄(t) = Eρ1(f(t)) =

∫
Rmn

f(t)∆1(t)Πij dt.

Again we find Eρ1(||Φx||22) = 1 so these random matrices appear to be

good candidates to satisfy RIP for large n. A related construction is

where each column vector c(j) of the sample matrix Φ = (Φij) is chosen

randomly as a vector on the unit m-sphere Sm: Σmi=1Φ2
ij = ||c(j)||2`m2 = 1.

Each unit column vector is chosen independently of the others. Here the

probability density is just the area measure on the n-sphere. In this case

||Φx||2`m2 = Σnj=1x
2
j ||c(j)||2`m2 + 2Σ1≤j<`≤n xjx` < c(j), c(`) >`m2 (5.30)

= ||x||2`n2 + 2Σ1≤j<`≤n xjx` < c(j), c(`) >`m2 .

Since the unit vectors c(j) and c(`) are chosen randomly on the unit

sphere and independently if j 6= `, the inner product < c(j), c(`) >`m2
will be a random variable with mean 0. Thus E(||Φx||2`m2 ) = ||x||2`n2 , and

this is another good candidate to satisfy RIP.

A fourth method of construction is in terms of the discrete probability

measure (Bernoulli distribution)

ρ2(t) =

{
1
2 , t = ±1

0 otherwise.
(5.31)

We define the expectation of any polynomial p(t) in t by

p̄(t) = Eρ2(p(t)) ≡ 1

2
Σt=±1p(t).

Here, t̄ = 0 and σ2 = Eρ2(t2) = 1. In this case we choose Φij = tij/
√
m

where each tij is obtained by a “coin flip.” Given any polynomial function

p(t) of the mn components of t = tij we define its expectation by

p̄(t) = E(p(t)) =
1

2mn
Σtij=±1p(t). (5.32)
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Again E is linear and we have the properties

E(1) = 1, E(ti1j1ti2j2) = δi1i2δj1j2 . (5.33)

Further, Eρ2(||Φx||22) = 1 so these random matrices are again good can-

didates to satisfy RIP for large n.

5.4.1 Covering numbers

In the preceding section we have exhibited four families of random ma-

trices such that for any real n-tuple x the random variable ||Φx||2`m2 has

expected value E(||Φx||2`m2 ) = ||x||2`n2 . In order to prove RIP for matrices

Φ so chosen we need to show that this random variable is concentrated

about its expected value. For this we will make use of the concentration

of measure inequality

Pr
(
| ||Φx||2`m2 − ||x||

2
`n2
| ≥ ε||x||2`n2 )

)
≤ 2e−mc0(ε), 0 < ε < 1. (5.34)

The left-hand side of the inequality is the probability that | ||Φx||2`m2 −
||x||2`n2 | ≥ ε||x||

2
`n2

, where the probability is taken over all m× n matrices

Φ in one of the families. Here c0(ε) > 0 depends only on ε. Relations

(5.34) quantify the degree to which each of the probability distributions

is concentrated about its expected value. We will derive (5.34) for three

of the families and give explicit expressions for c0(ε). Here we assume

these results and proceed with the verification of RIP.

Our proof makes use of an estimate for the number of closed balls of

radius η that are needed to completely cover the unit ball B1 centered

at the origin in N -dimensional Euclidean space. (The ball of radius r

centered at the origin is Br = {x ∈ `N2 : ||x|| ≤ r}.) This geometrical

result is particularly interesting because it has applications to many

practical problems concerning high-dimensional spaces, such as point

clouds and learning theory, as well as compressive sampling.

Let S be a closed bounded subset of N dimensional Euclidean space.

We define the covering number N (S, η) as the smallest number n of

closed balls D1(η), . . . , Dn(η) of radius η that are needed to cover S:

S ⊆ ∪ni=1Di(η). There is no explicit formula for this number, even for

the unit ball S = B1. However, it is relatively easy to derive an upper

bound for N (B1, η) and that is our aim.

We say thatm points x(1), . . . , x(m) in S are η-distinguishable if ||x(i)−
x(j)|| > η for i 6= j. We define M(S, η) as the maximal number of η-

distinguishable points in S. Since S is closed and bounded this maximum

exists, although the points x(i) are not unique.
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Lemma 5.13

M(S, 2η) ≤ N (S, η) ≤M(S, η).

Proof For the right-hand inequality, note that if m = M(S, η) then

there exist m points x(1), . . . , x(m) that are η-distinguishable in S. By

the maximality of m it follows that any x ∈ S satisfies ||x − x(i)|| ≤ η

for some i. Hence S ⊆ ∪mj=1Dj(η) and N (S, η) ≤ m.

To prove the left hand inequality we use the pigeonhole principle Let

M =M(S, 2η). Then there exist M points x(1), . . . , x(M) in S that are

2η-distinguishable. If N (S, η) < M then S is covered by fewer than M

balls of radius η. If so, at least two of the M distinct points x(i), x(j)

must lie in the same ball Dh(η) with center h. By the triangle inequality

||x(i) − x(j)|| ≤ ||x(i) − h||+ ||h− x(j)|| ≤ η + η = 2η.

However, this is impossible since x(i) and x(j) are 2η-distinguishable.

Hence M ≤ N (S, η). 2

Theorem 5.14 For the unit ball B1 in N -dimensional Euclidean space

and any 0 < η ≤ 1, we have

(1/2η)N ≤ N (B1, η) ≤ (3/η)N .

Proof If m = M(B1, η) there must exist m η-distinguishable points

x(1), . . . , x(m) in B1. By the maximality of m it follows that any point

x ∈ B1 satisfies ||x− x(i)|| ≤ η for some i. Hence, if Dj(η) is the ball of

radius η centered at x(j), we have B1 ⊆ ∪mj=1Dj(η) and
∑k=1
j=1 V (Dj) ≥

V (B1) where V (D) is the volume of the ball D. Since V (Dj) = ηNV (B1)

we find mηN ≥ 1. This implies (1/η)N ≤M(B1, η).

On the other hand, we can construct balls Dj(η/2) about each x(j).

If x ∈ Dj(η/2) then, since x = (x− x(j)) + x(j), we have

||x|| ≤ ||x− x(j)||+ ||x(j)|| ≤ η

2
+ 1 ≤ 3

2
.

Thus each ball Dj(η/2) is contained in the ball B3/2. Further, since

the m points x(i) are η-distinguishable, no two of these balls overlap.

Thus,
∑k=1
j=1 V (Dj) ≤ V (B3/2) where V (D) is the volume of the ball

D. Since V (Dj) = (η/2)NV (B1) and V (B3/2) = (3/2)NV (B1) we have

m(η/2)N ≤ (3/2)N . This implies M(B1, η) ≤ (3/η)N . The theorem is

now an immediate consequence of Lemma 5.13. 2

Lemma 5.15 Let Φ be an m × n matrix whose matrix elements Φij
are drawn randomly and independently from a probability distribution
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that satisfies the concentration of measure inequality (5.34). Let T be an

index set with #(T ) = k < m, and XT be the set of all n-tuples x with

index set T . Then for any 0 < δ < 1 and all x ∈ XT we have

(1− δ)||x||`n2 ≤ ||Φx||`m2 ≤ (1− δ)||x||`n2 (5.35)

with probability at least 1− 2(12/δ)ke−c0(δ/2)m.

Remark Although this result appears to be RIP, it is not. First of all,

the lemma applies only to k-sparse signals x with a specific index set

T , not to all k-sparse signals. Secondly the inequalities (5.35) do not

hold in general, but only with a guaranteed probability. The lemma

says that the probability of failure of (5.35) to hold is bounded above

by 2(12/δ)ke−c0(δ/2)m. This will be a practical method for constructing

sample matrices only if we can show that this bound is so close to 0 that

failure virtually never occurs.

The proof of the lemma and results to follow depend on a simple but

basic result from probability theory, the union bound. We sketch the

derivation. Suppose p(A(1)) is the probability that inequalities (5.35)

fail to hold for x = x(1), and p(A(2)) is the probability of failure for

x = x(2). Then

p(A(1)) = p(A(1) ∩A(2)c) + p(A(1) ∩A(2)),

i.e., the probability of failure for x(1) is the probability of simultaneous

failure for x(1) and success for x(2) plus the probability of simultane-

ous failure for both x(1) and x(2). Here, 0 ≤ p(C) ≤ 1 for all these

probabilities. Similarly we have the decomposition

p(A(2)) = p(A(1)c ∩A(2)) + p(A(1) ∩A(2)).

The probability that there is failure for at least one of x(1), x(2) is denoted

p(A(1) ∪A(2)) and it has the decomposition

p(A(1) ∪A(2)) = p(A(1) ∩A(2)c) + p(A(1)c ∩A(2)) + p(A(1) ∩A(2)),

i.e., the probability of simultaneous failure for x(1) and success for x(2),

plus the probability of simultaneous success for x(1) and failure for x(2),

plus the probability of simultaneous failure for both x(1) and x(2). Com-

paring these identities and using the fact that p(A(1) ∩ A(2)) ≥ 0 we

obtain the inequality

p(A(1) ∪A(2)) ≤ p(A(1)) + p(A(2)).

By a simple induction argument we can establish
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Lemma 5.16 (union bound ) p(A(1) ∪A(2) · · · ∪A(h)) ≤
∑h
i=1 p(A

(i)).

Thus the probability that at least one of h events occurs is bounded

above by the sum of the probabilities of occurrence of each of the events

separately.

Proof of Lemma 5.15 We can assume ||x||`n2 = 1 since this can be

achieved for any nonzero x by multiplying (5.35) by 1/||x||`n2 . Now con-

sider a finite set QT of n-tuples q(1), . . . , q(K), such that QT is contained

in the unit ball in XT , i.e., q(i) ∈ XT and ||q(i)||`n2 ≤ 1. We choose

these vectors such that the unit ball in XT is covered by the closed balls

D1, . . . , DK where Di is centered at q(i) and has radius δ/4. Thus, if

x ∈ XT with ||x||`n2 ≤ 1 then there is some point q(j) ∈ QT such that

||x− q(j)||`n2 ≤ δ/4.

From Theorem 5.14, N (B1, δ/4) ≤ (12/δ)k, so we can require #(QT ) ≤
(12/δ)k.

The concentration of measure inequality (5.34) can be written in the

form

(1− ε)||x||2`n2 ≤ ||Φx||
2
`m2
≤ (1 + ε)||x||2`n2 , 0 < ε < 1, (5.36)

with probability of failure bounded above by 2e−mc0(ε). Now we set

ε = δ/2 and use the union bound for #(QT ) events to obtain

(1− δ/2)||x||2`n2 ≤ ||Φx||
2
`m2
≤ (1 + δ/2)||x||2`n2 , for all q ∈ QT

with probability of failure bounded above by 2(12/δ)ke−mc0(δ/2). We can

take square roots on each side of the inequality and use the facts that

1− δ/2 ≤
√

1− δ/2 and
√

1 + δ/2 ≤ 1 + δ/2 for 0 < δ/2 < 1 to obtain

(1− δ/2)||x||`n2 ≤ ||Φx||`m2 ≤ (1 + δ/2)||x||`n2 , for all q ∈ QT

with the same probability of failure as before.

We have verified (5.35) for x ∈ QT . We extend the result to any x in

the unit sphere of XT by using the fact that ||x − q||`n2 ≤ δ/4 for some

q ∈ QT . First we prove the right-hand inequality. Let A be the smallest

number such that

||Φx||`m2 ≤ (1 +A)||x||`m2 (5.37)
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for all x in the unit sphere of XT . (Since this sphere is closed and

bounded, A must exist and be finite.) Choosing any such x in the unit

sphere, and approximating it by q as above, we find

||Φx||`m2 ≤ ||Φq||`m2 + ||Φ(x− q)||`m2 ≤ (1 + δ/2)||q||`n2 + (1 +A)||x− q||`n2

≤ 1 + δ/2 + (1 +A)δ/4.

Since A is the smallest number such that (5.37) holds we have 1 +A ≤
1 + δ/2 + (1 +A)δ/4 or A ≤ (3δ/4)/(1− δ/4) ≤ δ. (This last inequality

follows from a simple calculus argument and verifies the right-hand side

of (5.35).) The left-hand side of (5.35) follows from

||Φx||`m2 ≥ ||Φq||`m2 − ||Φ(x− q)||`m2 ≥ (1− δ/2)− (1 + δ)δ/4 ≥ 1− δ.

2

Theorem 5.17 Let Φ be an m×n matrix whose matrix elements Φij are

drawn randomly and independently from a probability distribution that

satisfies the concentration of measure inequality (5.34). Let 0 < δ < 1.

Then there exist constants c1, c2 > 0, depending only on δ, such that for

all k-sparse signals x with 1 ≤ k < m and k ≤ c1m/ ln(n/k) we have

(1− δ)||x||`n2 ≤ ||Φx||`m2 ≤ (1− δ)||x||`n2 (5.38)

with probability of failure bounded above by e−mc2 .

Proof From Lemma 5.15 we have established (5.38) for all k-sparse sig-

nals x ∈ XT , with failure probability bounded by 2(12/δ)ke−mc0(δ/2).

We employ the union bound to establish the result for all k-sparse sig-

nals. There are (
n

k

)
=

n!

(n− k)!k!
≤ (

en

k
)k (5.39)

possible index sets T , where the last inequality follows from Stirling’s

formula, see Exercise 5.16. Therefore, (5.38) will fail to hold for all k-

sparse signals with probability bounded by

2(
en

k
)k(

12

δ
)ke−mc0( δ2 ) = exp

(
−mc0(

δ

2
) + k[ln(

en

k
) + ln(

12

δ
)] + ln 2

)
.

To finish the proof we need to find a constant c2 such that

0 < c2 ≤ c0(
δ

2
)− k

m
[ln(

n

k
) + 1 + ln(12/δ)]− ln 2

m
. (5.40)

If we limit k to values such that k ≤ c1m/ ln(n/k) for some positive con-

stant c1 then (5.40) will hold if 0 < c2 ≤ c0( δ2 )−c1(1+ (2+ln(12/δ))
ln(n/k) ). (Here
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we have used the bound ln 2 ≤ k.) By choosing the positive constant c1
sufficiently small we can guarantee that c2 > 0. 2

Exercise 5.16 Verify the inequality (5.39) via the following elementary

argument.

1. Using upper and lower Darboux sums for
∫ n

1
lnx dx, establish the

inequality
n−1∑
j=1

ln j ≤
∫ n

1

lnx dx ≤
n∑
j=2

ln j.

2. Show that

(n− 1)! ≤ e(n
e

)n ≤ n!.

3. Verify that (
n

k

)
≡ n!

k!(n− k)!
≤ nk

k!
≤
(ne
k

)k
.

——————–

For more properties of covering numbers see [61, 79]. For relations to

learning theory see [47].

5.4.2 Digging deeper: concentration of measure

inequalities

The normal distribution

We proceed with the derivation of the concentration of measure inequal-

ity (5.34) for sample matrices chosen by means of the normal distribution

N(0, 1/
√
m). Then Φ = t = (tij) is a matrix random variable on Rmn

with distribution function

∆(t) = (
m

2π
)mn/2 exp

(
−m

2
Σmi=1Σnj=1t

2
ij

)
. (5.41)

We chose an n-tuple x with ||x||`n2 = 1 as signal and determine the

probability distribution function for the random variable ||Φx||2`m2 =∑m
i=1(

∑n
j=1 tijxj)

2. First we determine the cumulative probability func-

tion for ||Φx||`m2 , i.e., P (τ) =

Pr
(
||Φx||`m2 ≤ τ

)
= (

m

2π
)mn/2

∫
||Φx||`m2 ≤τ

exp
(
−m

2
Σmi=1Σnj=1t

2
ij

)
dt

(5.42)

where τ ≥ 0. This multiple integral appears difficult to evaluate because

of the dependence on the vector x. However, there is rotational symmetry
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here so that P (τ) is the same for all unit vectors x. To see this, note

that we can use the Gram–Schmidt process to construct an orthonormal

basis {O(1), O(2), . . . , O(n)} for `n2 such that O(1) = x. Then the n × n
matrix O whose jth row is O(j) will be orthogonal, i.e.,

O =


O(1)

O(2)

...

O(n)

 = (Oij), OOtr = I

where I is the n×n identity matrix. Using well-known properties of the

determinant det(A) of the matrix A we have

1 = det(I) = det(OOtr) = det(O)det(Otr) = (det(O))
2
,

so det(O) = ±1. Now we make the orthogonal change of variables,

Tij =

n∑
k=1

tikOjk, i = 1, . . . ,m, j = 1, . . . , n,

so that, in particular, ||Φx||2`m2 = Σmi=1T
2
i1. Since O is orthogonal this

coordinate transformation preserves the sum of squares

Σmi=1Σnj=1T
2
ij = Σmi=1Σnj=1t

2
ij . (5.43)

Exercise 5.17 Verify the identity (5.43).

Furthermore, the Jacobian of the coordinate transformation has de-

terminant [det(O)]m, so its absolute value is 1. Thus via the standard

rules for change of variables in multiple integrals we have

P (τ) = (
m

2π
)mn/2

∫
∑m
i=1 T

2
i1≤τ

exp
(
−m

2
Σmi=1Σnj=1T

2
ij

)
dT.

Here the region of integration is −∞ < Tij < ∞ for j 6= 1, so we can

carry out m(n− 1) integrations immediately. For the remaining integra-

tions we introduce spherical coordinates Ti1 = rωi where
∑m
i=1 ω

2
i = 1,

i.e. r is a radial coordinate and (ω1, . . . , ωm) ranges over the unit sphere

in m-space. Then dT = rm−1 dr dΩ, where dΩ is the area measure on

the sphere, and Σmi=1T
2
i1 = r2. Thus

P (τ) = c

∫ √τ
0

e−mr
2/2rm−1 dr = c′

∫ mτ/2

0

e−RR(m/2−1) dR

where c′ is a positive constant. The easiest way to compute c′ is to note

that P (+∞) = 1, so c′ = 1/Γ(m/2) by the definition of the Gamma
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function. Now P (τ) =
∫ τ

0
p(α) dα where p(τ) is the probability distri-

bution function for ||Φx||2`n2 , so

p(τ) =
(m/2)m/2

Γ(m/2)
τm/2−1e−mτ/2. (5.44)

This is a famous distribution in probability theory, the Chi-square (or

Gamma) distribution [5, 78].

Exercise 5.18 Show that E(||Φx||`n2 ) =
∫∞

0
τp(τ) dτ = 1 by evaluating

the integral explicitly.

Now we are ready to verify the concentration of measure inequalities

for the probability distribution p(τ) of the random variable X = ||Φx||2`m2
with E(X) = 1. For any ε > 0 us first consider

Pr(X − E(X) > ε) =

∫ ∞
E(X)+ε

p(τ) dτ.

We will use the idea that leads to the famous Chernoff inequality [70].

Let u > 0 and note that

Pr(X − E(X) > ε) = Pr(X > E(X) + ε) = Pr(euX > eu(E(X)+ε))

= Pr(eu(X−E(X)−ε) > 1).

This is because the exponential function is 1-1 and order preserving.

Thus, applying the Markov inequality (Theorem 4.24) to the random

variable Y = eu(X−E(X)−ε) with d = 1 and E(X) = 1 we have

Pr(X − E(X) > ε) ≤ E(eu(X−E(X)−ε)) =

∫ ∞
0

eu(τ−1−ε)p(τ) dτ = e−u(1+ε)E(euX),

for u > 0. Using the explicit formula (5.44) for p(τ) and assuming 0 <

u < m/2 we find

E(euX) =
(m/2)m/2

(m/2− u)m/2
. (5.45)

Thus

Pr(X − 1 > ε) ≤ (m/2)m/2e−u(1+ε)

(m/2− u)m/2
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for all 0 < u < m/2. This gives us a range of inequalities. The strongest

is obtained by minimizing the right-hand side in u. A first year calculus

computation shows that the minimum occurs for u = mε/2(1 + ε). Thus

Pr(X − 1 > ε) ≤ [e−ε(1 + ε)]m/2 ≤ e−m(ε2/4−ε3/6). (5.46)

Exercise 5.19 Verify the right-hand inequality in (5.46) by showing

that the maximum value of the function f(ε) = (1 + ε) exp(−ε+ ε2/2−
ε3/3) on the interval 0 ≤ ε is 1.

For the other inequality we reason in a similar manner.

Pr(X − E(X) < −ε) = Pr(eu(E(X)−X−ε) > 1) < eu(1−ε)E(e−uX),

for u > 0, so from (5.45),

Pr(X − E(X) < −ε) < eu(1−ε) (m/2)m/2

(m/2 + u)m/2
.

For 0 < ε < 1 the minimum of the right-hand side occurs at u =

mε/2(1− ε) and equals [(1− ε)eε]m/2, smaller than the right-hand side

of (5.46). Indeed

Pr(X − 1 < −ε) < [(1− ε)eε]m/2 ≤ e−m(ε2/4−ε3/6). (5.47)

We conclude from (5.46), (5.47) and the union bound that the concen-

tration of measure inequality (5.34) holds with c0 = ε2/4− ε3/6.

Exercise 5.20 Verify the right-hand inequality in (5.47) by showing

that g(ε) = (1− ε)eε+ε2/2−ε3/3 ≤ 1 for 0 < ε < 1.

The Bernoulli distribution

For the coin flip (Bernoulli) distribution we choose the sample matrix

via Φij = tij/
√
m where the mn random variables tij take the values ±1

independently and with equal probability 1/2. The expectation is now

given by the sum (5.32) and has properties (5.33). If x is an n-tuple with

||x||`n2 = 1 then

||Φx||2`m2 = Σmi=1Qi(x)2, Qi(x) = Σnj=1xjΦij . (5.48)

Note that each of the random variablesQi(x) has mean 0, i.e., E(Qi(x)) =

0 and variance E((Q2
i (x)) = 1/m. One consequence of this and (5.48) is

E(||Φx||2) = E(1) = 1. Since for any ε > 0 we have

Pr(||Φx||2`m2 − E(||Φx||2) ≥ ε) = Pr(Σmi=1Q
2
i (x)− 1 ≥ ε)
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the concentration of measure inequalities for the Bernoulli distribution

reduce to properties of sums of independent, identically distributed, ran-

dom variables.

Just as with the normal distribution, we make use of the Markov

inequality and introduce a parameter u > 0 that we can adjust to get

an optimal inequality. Now Pr(Σmi=1Q
2
i (x)− 1 ≥ ε) =

Pr(euΣQ2
i (x) ≥ eu(1+ε)) = Pr(Πm

i=1e
uQ2

i (x) ≥ eu(1+ε))

= Pr(e−u(1+ε)Πm
i=1e

uQi(x) ≥ 1) ≤ e−u(1+ε)Πm
i=1E(euQ

2
i (x)),

where the last step is the Markov inequality. Finally we have

Pr(Σmi=1Q
2
i (x)− 1 ≥ ε) ≤ e−u(1+ε)[E(euQ

2
1(x))]m, (5.49)

since the Qi(x) are identically distributed. Similarly we have

Pr(Σmi=1Q
2
i (x)− 1 ≤ −ε) ≤ eu(1−ε)[E(e−uQ

2
1(x))]m. (5.50)

Returning to inequality (5.49) note that

E(euQ
2
1(x)) = E(

∞∑
k=0

ukQ1(x)2k

k!
) =

∞∑
k=0

uk

k!
E(Q1(x)2k), (5.51)

where the interchange in order of summation and integration can be

justified by the monotone convergence theorem of Lebesgue integration

theory [92]. Thus, to bound (5.49) it is sufficient to bound E(Q1(x)2k)

for all k. However, in distinction to the case of the normal distribution,

the bounds for E(euQ
2
1(x)) and E(Q1(x)2k) depend on x. Thus to obtain

a concentration of measure inequality valid uniformly for all signals we

need to find the “worst case,” i.e., to determine the vector x = w on the

unit n-sphere such that E(euQ
2
1(w)) is maximal. We will show that this

worst case is achieved for w = (1, 1, . . . , 1)/
√
n, [1].

We focus our attention on two components of the unit vector x. By

relabeling we can assume they are the first two components x1 = a, x2 =

b, so that Q1(x) = (at11 + bt12 + U)/
√
m where U = Σnj=3xjt1j . Let

x̂ = (c, c, x3, . . . , xn) where c =
√

(a2 + b2)/2. Note that ||x̂||`n2 = 1, i.e.,

x̂ is also a unit vector.

Lemma 5.18 For k = 1, 2, . . . we have E(Q1(x)2k) ≤ E(Q1(x̂)2k).

Thus E(euQ
2
1(x)) ≤ E(euQ

2
1(x̂)).

Proof We fix U and average Q1(x̂)2k−Q1(x)2k over the four possibilities

t11 = ±1, t12 = ±1. This average is Sk/4m
k where

Sk = (U + 2c)2k + 2U2k + (U − 2c)2k − (U + a+ b)2k − (U + a− b)2k
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−(U − a+ b)2k − (U − a− b)2k.

We will show that Sk ≥ 0. To see this we use the binomial theorem to

expand each term of Sk except 2U2k and regroup to obtain

Sk = 2U2k + Σ2k
i=0

(
2k

i

)
U2k−iDi,

Di = (2c)i + (−2c)i − (a+ b)i − (a− b)i − (−a+ b)i − (−a− b)i.

If i is odd it is clear that Di = 0. If i = 2j is even then since 2c2 = a2+b2

and 2(a2 + b2) = (a+ b)2 + (a− b)2 we have

D2j = 2(2a2 + 2b2)j − 2(a+ b)2j − 2(a− b)2j = 2[(X + Y )j −Xj − Y j ],

where X = (a+ b)2, Y = (a− b)2. It is an immediate consequence of the

binomial theorem that (X+Y )j ≥ Xj +Y j for X,Y ≥ 0. Thus D2j ≥ 0

and

Sk = 2U2k + Σkj=0

(
2k

2j

)
U2(k−j)D2j ≥ 0.

To compute the expectations E(Q1(x)2k), E(Q1(x̂)2k) we can first av-

erage over t11, t12 as above and then average over U . This process will

preserve the inequality Sk ≥ 0 so we have E(Q1(x)2k) ≤ E(Q1(x̂)2k). 2

If x is any unit vector with two components that are not equal, say

x1 = a, x2 = b with a 6= b then we can use Lemma 5.18 to obtain a new

unit vector x̂ = (c, c, x3, . . . , xn) such that E(euQ
2
1(x)) ≤ E(euQ

2
1(x̂)).

Proceeding in this way it will take at most n − 1 steps to construct

the unit vector w = (C, . . . , C) where C = 1/
√
n and E(euQ

2
1(x)) ≤

E(euQ
2
1(w)). If all components of x are equal then x = ±w and Q2

1(±w) =

Q2
1(w). Thus the “worst case” is achieved for x = w.

For the worst case we have Q1(w) ≡ Q = (τ1 + · · · + τn)/
√
n where

the τj are independent random variables each taking the values ±1/
√
m

with probability 1/2. Substituting this expression for Q1 in (5.51) and

using the multinomial expansion we can obtain an expression of the form

E(euQ
2

) = Σk1,··· ,knKk1,··· ,knu
k1+···+knE(τk11 · · · τknn )

where the kj range over the nonnegative integers and Kk1,··· ,kn ≥ 0.

Moreover E(τk11 · · · τknn ) = 0 if any of the kj are odd. Thus the only

nonzero terms are of the form

E(τ2`1
1 · · · τ2`n

n ) = Πj=1,··· ,nE(τ
2`j
j ) = Πj=1,...,nE(τ2`j )

where the `j range over the nonnegative integers and τ is a single random

variable taking the values ±1/
√
m, each with probability 1/2. This is
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because the τj are independently distributed. (Note that τ has mean 0

and standard deviation 1/
√
m.) We conclude that the value of E(euQ

2

)

is uniquely determined by a power series in the values E(τ2k) for k =

1, 2, . . ., such that all terms are nonnegative:

E(euQ
2

) = Σ`1,··· ,`nK2`1,··· ,2`nu
2(`1+···+`n)E(τ2`1) · · ·E(τ2`n). (5.52)

We will not attempt to evaluate this sum! What we need is an up-

per bound and we can get it by comparing this computation with cor-

responding computations for the normal distribution. There we had

X = ||Φx||2`m2 = Σmi=1Q
2
i (x) with Qi(x) = Σnj=1xjtij , where the tij

are independently distributed normal random variables with distribu-

tion N(0, 1/
√
m). In that case we found, using spherical symmetry, that

E(euQi(x)) was independent of the unit vector x. Thus we could choose

x = w without changing the result, and we could write Qi = Q =

(t1 + · · · + tn)/
√
n where the tj are independently distributed normal

random variables each with distribution N(0, 1/
√
m). Then the expan-

sion for E(euQ
2

) would take exactly the form (5.52), with the same

coefficientsK2`1,··· ,2`n and with E(τ2`/m`) replaced by E(t2`). A straight-

forward computation for the normal distribution yields

E(t2k) =
(2k)!

k!(2m)k
≥ 1

mk
, (5.53)

whereas, since τ2 = 1 we have E(τ2k/mk) = 1/mk. Thus E(τ2k/mk) ≤
E(t2k), so [E(euQ

2
1(x))]m from (5.49) is bounded by the corresponding

expression (5.45) for the normal distribution

[E(euQ
2
1(x))]m ≤ (m/2)m/2

(m/2− u)m/2
. (5.54)

A similar argument gives E(Q2k
i (x)) ≤ (2k)!/k!(2m)k.

Using the techniques for the Chernoff inequality we achieve the same

estimate as (5.46) for the normal distribution,

Pr(||Φx||2`m2 − 1 > ε) ≤ [e−ε(1 + ε)]m/2 ≤ e−m(ε2/4−ε3/6). (5.55)

Rather than follow the exact same method for Pr(||Φx||2`m2 − 1 < −ε),
(5.50), we recast this inequality in the form

Pr(||Φx||2`m2 − 1 < −ε) ≤ eu(1−ε)[E(e−uQ
2
1(x))]m (5.56)

≤ eu(1−ε)[E(1− uQ2
1(x) +

u2

2!
Q4

1(x)/2!)]m

= eu(1−ε)[1− uE(Q2
1(x)) +

u2

2
E(Q4

1(x))]m,
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taking advantage of the fact that we are dealing with a convergent alter-

nating series. Now always E(Q2
1(x)) = 1/m and E(Q2k

i (x)) ≤ (2k)!/

k!(2m)k, so a bound for the right-hand side of (5.56) is

Pr(||Φx||2`m2 −1 < −ε) ≤ eu(1−ε)[1− u

m
+

3u2

2m2
]m, 0 ≤ u < m/2. (5.57)

Just as in the derivation of (5.46) we make the substitution u = mε/2(1+

ε), not optimal in this case but good enough. The result, after some

manipulation, is

Pr(||Φx||2`m2 − 1 < −ε) ≤ e−m(ε2/4−ε3/6). (5.58)

It follows directly from (5.55), (5.58) and the union bound that the

concentration of measure inequality (5.34) holds with c0 = ε2/4− ε3/6,

the same as for the normal distribution case.

The uniform distribution

A modification of the method applied to the Bernoulli distribution will

also work for the uniform distribution ρ1(t) on R:

ρ1(t) =

{ √
m
12 , if −

√
3
m ≤ t ≤

√
3
m

0, otherwise.
(5.59)

Here, the sample matrices are defined by Φij = tij where t = (tij) is a

matrix random variable on Rmn with density function

∆1(t) =

{
(m12 )mn/2, if −

√
3
m ≤ tij ≤

√
3
m for all i, j

0, otherwise.
(5.60)

A function f(t) has expectation

f̄(t) = Eρ1(f(t)) =

∫
Rmn

f(t)∆1(t) dt.

Here Qi(x) = Σnj=1xjtij and we take x to be a unit vector. Much of the

derivation is word for word the same as in the Bernoulli case. Just as

in that case the bounds for E(euQ
2
1(x)) and E(Q1(x)2k) depend on x.

To obtain a concentration of measure inequality valid uniformly for all

signals we need to find a “worst case” vector x = w on the unit n-sphere

such that E(euQ
2
1(w)) is maximal.

We focus our attention on two components of the unit vector x. By

relabeling we can assume they are the first two components x1 = a, x2 =
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b, so that Q1(x) = (at11 + bt12 + U) where U = Σnj=3xjt1j . Let x̂ =

(c, c, x3, . . . , xn) where c =
√

(a2 + b2)/2. Note that ||x̂||`n2 = 1, i.e., x̂ is

also a unit vector.

Lemma 5.19 Suppose ab < 0. Then for k = 1, 2, . . . we have E(Q1(x)2k) ≤
E(Q1(x̂)2k), and E(euQ

2
1(x)) ≤ E(euQ

2
1(x̂)) if u > 0.

Proof We fix U and averageQ1(x̂))2k−Q1(x)2k over the range−
√

3/m ≤
t11, t12 ≤

√
3/m, i.e., we integrate over this square with respect to the

measure 12dt11dt12/m. This average is 4SkK
2k/(2k + 1)(2k + 2) where

K =
√

3/m, V = U/K and

Sk =
1

c2
[(V + 2c)2k+2 − 2V 2k+2 + (V − 2c)2k+2]

− 1

ab
[(V +a+b)2k+2−(V +a−b)2k+2−(V −a+b)2k+2 +(V −a−b)2k+2].

We will show that Sk ≥ 0. To see this we use the binomial theorem to

expand each term of Sk except 2V 2k and regroup to obtain

Sk = Σ2k+2
i=1

(
2k + 2

i

)
V 2k+2−iDi,

Di =
1

c2
[(2c)i + (−2c)i]− 1

ab
[(a+ b)i − (a− b)i − (−a+ b)i + (−a− b)i].

If i is odd it is clear that Di = 0. If i = 2j is even then since 2c2 = a2+b2

and 2(a2 + b2) = (a+ b)2 + (a− b)2 we have

D2j = 4(2a2+2b2)j−1− 1

ab
[2(a+b)2j−2(a−b)2j ] = 2[(X+Y )j−Xj−Y j ],

where X = (a+ b)2, Y = (a− b)2. If ab < 0 then − 1
ab > 0 and (a+ b)2 >

(a− b)2, so D2j > 0 and

Sk = Σkj=1

(
2k + 2

2j

)
V 2(k+1−j)D2j > 0.

To compute the expectations E(Q1(x)2k), E(Q1(x̂)2k) we can first av-

erage over t11, t12 as above and then average over U . This process will

preserve the inequality Sk ≥ 0 so we have E(Q1(x)2k) ≤ E(Q1(x̂)2k). 2

Since ||Φx||2 = ||Φ(−x)||2 we can always assume that the unit vector

x has at least one component x` > 0. The lemma shows that the “worst

case” must occur for all xj ≥ 0. Now, assume the first two components

are x1 = a > 0, x2 = b > 0, so Q1(x) = (at11 + bt12 + U) where

U = Σnj=3xjt1j . Then we can write a = r cos θ, b = r sin θ where r > 0
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and 0 < θ < π/2. We investigate the dependence of E(Q2k
1 (xθ)) on θ for

fixed r. Here xθ is a unit vector for all θ.

Lemma 5.20 Let fk(θ) = E(Q2k
1 (xθ)). Then

f ′k(θ)


> 0 for 0 < θ < π/4

= 0 for θ = π/4

< 0 for π/4 < θ < π/2.

It follows from this result and the mean value theorem of calculus that

the “worst case” is again w = (1, 1, . . . , 1)/
√
n.

Proof We fix U and averageQ1(xθ)
2k over the range−

√
3/m ≤ t11, t12 ≤√

3/m, with respect to the measure 12dt11dt12/m. This

average is 4Sk(rK)2k/(2k + 1)(2k + 2)2 where K =
√

3/m, V = U/rK

and

Sk =
1

sin θ cos θ
[(V + cos θ + sin θ)2k+2 − (V + cos θ − sin θ)2k+2

− (V − cos θ + sin θ)2k+2 + (V − cos θ − sin θ)2k+2].

We use the binomial theorem to expand each term of Sk and regroup to

obtain

Sk = Σ2k+2
i=1

(
2k + 2

i

)
V 2k+2−iDi,

Di =
1

sin θ cos θ
[(cos θ + sin θ)i − (cos θ − sin θ)i

− (− cos θ + sin θ)i + (− cos θ − sin θ)i].

If i is odd it is clear that Di = 0. If i = 2j is even we have D0 = 0 and

D2j(θ) =
2

cos θ sin θ
[(cos θ + sin θ)2j − (cos θ − sin θ)2j ], j ≥ 1,

where

Sk = Σkj=1

(
2k + 2

2j

)
V 2(k+1−j)D2j(θ). (5.61)

We investigate the dependence of D2j on θ by differentiating:

d

dθ
D2j(θ) = (cos2 θ − sin2 θ)

[
(cos θ + sin θ)2j

(
2j cos θ sin θ

(cos θ + sin θ)2
− 1

)
+ (cos θ − sin θ)2j

(
2j cos θ sin θ

(cos θ − sin θ)2
+ 1

)]
=

(cos2 θ − sin2 θ)Σj−1
`=0

[
4j

(
2j − 2

2`

)
− 2

(
2j

2`+ 1

)]
cos2`+1 θ sin2j−2`−1 θ.
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Now

4j

(
2j − 2

2`

)
− 2

(
2j

2`+ 1

)
> 0, ` = 0, 1, . . . , j − 1, j = 1, 2, . . . ,

(5.62)

so

d

dθ
D2j(θ)


> 0 for 0 < θ < π/4

= 0 for θ = π/4

< 0 for π/4 < θ < π/2.

Now we average 4Sk(rK)2k/(2k+1)(2k+2)2 over U to get E(Q1(xθ)
2k)

From (5.61) we obtain the same result for f ′k(θ) as we got uniformly for

each term D′2j(θ)). 2

Exercise 5.21 Using Lemmas 5.19, 5.20 and the mean value theorem,

show that for the uniform probability distribution ρ1 the “worst case”

is w = (1, . . . , 1)/
√
n.

Now that we know that w = (1, . . . , 1)/
√
n is the “worst case” we can

parallel the treatment for the Bernoulli distribution virtually word for

word to obtain the concentration of measure inequality for the constant

probability distribution ρ1. To show that the “worst case” is dominated

by the normal distribution we have to verify

EN(0, 1√
m

)(t
2k)=

(2k)!

k!(2m)k
≥Eρ1(t2k)=

√
m

12

∫ √ 3
m

−
√

3
m

t2k dt=
3k

(2k+1)mk
,

(5.63)

for all k = 1, 2, . . ., and this is straightforward.

Thus the concentration of measure inequality (5.34) again holds with

c0 = ε2/4− ε3/6, the same as for the normal distribution and Bernoulli

cases.

5.5 Discussion and practical implementation

Theorem 5.17 provides important justification for the method of com-

pressive sampling and qualitative information about the relationship

between δ, n,m and k for successful sampling. To understand this re-

lationship let us choose δ, n, k with 0 < δ < 1 and n >> k. We see from

the proof of Theorem 5.17 that we cannot guarantee that the method
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will work at all unless expression (5.40) is nonnegative. Then, grad-

ually increasing m, there will be a threshold m ≈ Ck ln(n/k) where

C−1 = c0(δ/2)/[1 + (2 + ln(12/δ))/ ln(n/k)] such that the probability of

failure is finite for all larger m. The probability of failure drops expo-

nentially in m as m increases past the threshold. If the threshold value

of m is ≤ n then the method will work. Otherwise we have no guarantee

of success. In summary, our analysis says that there is a constant C such

that the probability of failure is finite for

m ≥ Ck ln(
n

k
). (5.64)

Here, C depends only on the ratio n/k, so is unchanged under a scal-

ing (k, n) → (pk, pn) for p a positive integer. However the probabil-

ity of failure decreases under scaling: exp(−mc2) → exp(−pmc2) =

[exp(−mc2)]p.

Our analysis, leading to (5.64), says that we can achieve logarithmic

compression for signals with very large n (for fixed k) and this predic-

tion holds up well in practice. However, Theorem 5.17 is not practical

in determining the smallest values of C that will work and the resulting

probability of failure. The estimates are overly conservative. Compres-

sive sensing works well over a much wider range of values of k, n,m than

is guaranteed by the theorem. For example, let us choose δ ≈ 0.4142 in

accordance with the deterministic theory and c0(ε) = ε2/4− ε3/6 as we

have computed for each of our methods of sample matrix generation. If

n = 100 000, k = 6,m = 11 000 then the estimate (5.64) guarantees that

the method will work with a probability of failure less than 8×10−8. If m

is decreased to 10 000, the method still works but the probability of fail-

ure is only guaranteed to be less than 8×10−4. If m is further decreased

to 9 000, then (5.64) becomes negative, and there is no guarantee that

the method will work. Furthermore, we have set δ = δ2k = 1/(1 +
√

2),

and in accordance with the deterministic theory, this only guarantees

success for k = 3 in this case. Thus, according to our theory we can only

guarantee success in identifying an arbitrary 3-sparse signal of length

100 000 if we take about 11 000 samples, a nontrivial but not impressive

result! In fact, the method performs impressively, as a little experimen-

tation shows. In practice, the constant C is less than 3. Moreover, with

a little more work we could sharpen our bounds and get more precise

estimates for C. The important thing, however, was to establish that

the method works, and ways of analyzing its viability, not to compute

optimal values of C.
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What follows is a MATLAB computer experiment that generates

sparse signals and sample matrices randomly, samples the signals, re-

constructs the signals from the samples, via `1 minimization and linear

programming, graphs the results and checks for errors. The optimization

package used is CVX, designed by Michael Grant and Stephen Boyd,

with input from Yinyu Ye, which is available, free for downloading via

the Internet. Compression ratios of about 10 to 1 are achievable. The

first example shows perfect reconstruction for a 10-sparse signal in a 1024

length real signal vector with 110 samples. However, the parameters can

easily be varied. Another issue to keep in mind is that actual signals are

seldom random. They have some structure and compressive sampling

may work much better for these cases. For example, if the sparse data is

clumped, rather than being randomly scattered, phenomenal compres-

sion ratios of 100 to 1 can sometimes be achieved.

% Step 1: Define relative parameters

n=1024 % n is total length of signal vector

k=10 % k is number of sparse signals

m=110 % m*n is size of sample matrix

good=0; % Used to check reconstructed signal

successful=0; % Used to show if method is successful

t=(0:1:(n-1)); % This parameter is for graphing

% Step 2: Create sparse signal

support=randsample(n,k); %Determines positions of non-zero

%signals by selecting k distinct integers from 1 to n

x0=zeros(n,1); % Creates n*1 vector of zeros

x0(support)=randn(k,1); %Fills in selected positions with

%number from normal distribution

% Step 3: Create sample matrix using uniform distribution

A=unifrnd(-1,1,m,n)/sqrt(2*m/3); %Creates m*n matrix A

% Step4: Compress & reconstruct signal

b=A*x0; % Multiplies signal by sample matrix

% b is compressed signal of length m

cvx_begin % "cvx" is program used for reconstruction

variable x(n) % This solves for x by minimizing L1 norm

minimize(norm(x,1)) % ’A’&’b’ and x is reconstructed signal

subject to
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A*x==b;

cvx_end

% Step 5: Check difference between original/recovered signals

z=x-x0; % Calculates difference. when

for i=1:n %difference is < 10^(-8), then it’s good

if (abs(z(i,1))<(10^-8))

good=good+1;

else

end

end

if good==n % If all points on reconstructed signal

successful=successful+1 %are good then "successful=1"

else % Otherwise, " successful=0 "

successful=successful

end

% Last Step: Graph signals and compare them

plot(t,x0,’r:p’) % Original signal represented in red

hold on

plot(t,x,’b’) % Reconstructed signal represented in blue

hold off

The second example illustrates modifications needed in the MATLAB

program for `1 minimization of a complex signal, where again we have

used a real sample matrix. CVX switches automatically to CSOCP to

perform the minimization.

n=1024;

k=10;

m=110;

good=0;

OK=0;

successful=0;

success=0;

t=(0:1:(n-1));

support=randsample(n,k);

x0=zeros(n,1);



DAMELIN: “MASTERFILE” — 2011/10/28 — 14:44 — PAGE 205 — #213

5.5 Discussion and practical implementation 205

x0(support)=randn(k,1);

y0=zeros(n,1);

y0(support)=randn(k,1);

z0=complex(x0,y0);

A=randn(m,n)/sqrt(m);

b=A*z0;

br=real(b);

cvx_begin

variable x(n) complex;

minimize(norm(x,1))

subject to

A*x==b;

cvx_end

z=x-z0;

for i=1:n

if (abs(z(i,1))<(10^-8))

good=good+1;

else

end

end

if good==n

successful=successful+1

else

successful=successful

end

subplot(1,2,1)

plot(t,x0,’r:p’),axis([0,1024,-2.5,2.5])

hold on

plot(t,real(x),’b’)

title (’Real part of signal (red pentagram) vs real part of

reconst. (blue line)’)

hold off
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subplot(1,2,2)

plot(t,y0,’m:p’),axis([0,1024,-2.5,2.5])

hold on

plot(t,imag(x),’g’)

title (’Imag. part of signal (magenta) vs. imag. part of

reconst. (green)’)

hold off

Exercise 5.22 Demonstrate the roughly logarithmic dependence of re-

quired sample size on n for fixed k by verifying that if n = 1010, k =

6,m = 22 000 then the estimate (5.64) guarantees that the method will

work with a probability of failure less than 6× 10−22. Thus squaring n

requires only that m be doubled for success.

5.6 Additional exercises

Exercise 5.23 Work out explicitly the action of the Vandermonde

coder/decoder Example 5.2 for (a) k = 1, and (b) k = 2.

Exercise 5.24 (a) Show that the minimization problems (5.7) and (5.8)

are equivalent. (b) Show that the minimization problems (5.9) and

(5.10) are equivalent.

Exercise 5.25 Show that the `∞ minimization problems analogous to

(5.7) and (5.9) can be expressed as problems in linear programming.

Exercise 5.26 Let Φ be a sample matrix with identical columns Φ =

(c, c, . . . , c) where ||c||2 = 1. Show that δ1 = 0, so this matrix does not

satisfy RIP.

Exercise 5.27 Use the eigenvalue property (5.18) to show that for any

sample matrix Φ it is not possible for δk = 0 if k ≥ 2.

Exercise 5.28 Use the m×n sample matrix Φ with constant elements

Φij = 1/
√
m and k-sparse signals x such that xj = 1 for x ∈ T to show

that this sample matrix is not RIP for k ≥ 2.

Exercise 5.29 Derive (5.53).

Exercise 5.30 Verify the right-hand inequality in (5.58).

Exercise 5.31 Verify the inequality (5.62).

Exercise 5.32 Verify the inequality (5.63).
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————————

To probe deeper into the theory and application of compressive sensing

see [14, 26, 27, 28, 29, 30, 38, 62, 82, 83]. For an application of compres-

sive sensing to radar see [67, 68]. For more advanced topics in compres-

sive sensing, sparsity, wavelets, curvelets, edgelets, ridgelets, shearlets,

sparse approximation, approximation using sparsity, sparse representa-

tions via dictionaries, robust principal component analysis, recovery of

functions in high dimensions, learning, linear approximation and nonlin-

ear approximation, the curse of dimensionality, see [6, 7, 9, 12, 14, 18,

20, 21, 22, 23, 24, 25, 28, 29, 30, 35, 36, 37, 38, 39, 40, 41, 42, 43, 47, 52,

54, 58, 59, 60, 61] and the references cited therein.
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Discrete transforms

In this chapter, we study discrete linear transforms such as Z transforms,

the Discrete Fourier transform and the Discrete Cosine transform.

6.1 Z transforms

Thus far, we have studied transforms of functions. Now we transform

sequences. Let {xk}∞0 or just x := {xk} = {x0, . . .} denote a sequence

of complex numbers.

Definition 6.1 The Z transform of x is the function

X[z] :=
∞∑
0

xkz
−k,

where z is a complex variable.

If x has a finite number of components, X[z] is a polynomial in z−1,

otherwise we have a formal power series.

Example 6.2 Let a ∈ C and x =
{
ak
}∞

0
. Find X[z].

Solution:

X[z] =
∞∑
0

ak/zk =
∞∑
0

(a/z)k =
z

z − a
,

where for pointwise convergence we require |a/z| < 1. The next theorem

deals with properties of Z transforms considered as formal power series.

Theorem 6.3 (i) Linearity: For a, b ∈ R and w = x+ y,

W [z] = aX[z] + bY [z].
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(ii) Uniqueness:

X[z] = Y [z] =⇒ x = y.

(iii) Derivative property:

(d/dz)X[z] =
1

z
X̃[z], x̃ = {−kxk} .

Proof (i) and (iii) are formally self evident. (ii) follows formally from

uniqueness of power series.

Exercise 6.1 Use the theorems above to show the following:

(i) If x =
{
kak
}

then X[z] = az
(z−a)2 .

(ii) If x =
{
kak−4

}
then X[z] = a−3z

(z−a)2 .

Shift properties of Z transforms are important and are contained in

the next theorem.

Theorem 6.4 (i) Delayed shift property: Fix l ≥ 0. Suppose we

replace x by

x(−l) = {0, 0, ..., 0, x0, x1, x2...} ,

adding l zeros on the left. If we then set xj := 0, j < 0, we can write

this as

x(−l) = {x−l, x−l+1, . . . x−1, x0, x1, . . .} = {xk−l}∞0 .

Then,

X(−l)[z] =
1

zl
X[z].

(ii) Forward shift property: Fix l ≥ 0. Suppose we replace x by

x(l) = {xl, xl+1...}. Thus we shift forward the sequence and drop the

first l terms. Then we have

X(l)[z] = zl

X[z]−
l−1∑
j=0

xjz
j

 .

Exercise 6.2 Verify Theorem 6.4.

Exercise 6.3 Let xk = ak, k ≥ 0, a ∈ R. Recalling that

Z[
{
ak
}

] =
z

z − a
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show that

X(−2)[z] =
1

z(z − a)

and that

X(3)[z] =
z3(a/z)3

1− a/z
.

The following theorem gives Multiplication properties of the

Z transform.

Theorem 6.5 (i) Multiplication by ak. Fix a ∈ C, and let y =
{
akxk

}∞
0

,

i.e., yk = akxk. Then

Y [z] = X[
z

a
].

(ii) Multiplication by kn. Fix n ≥ 1 and replace x by y where yk = knxk.

Then

Y [z] = (−zd/dz)nX[z].

Proof

(i)

Y [z] =

∞∑
k=0

akxk
zk

=

∞∑
k=0

xk
(z/a)k

= X[
z

a
].

(ii) By induction, we have

(−zd/dz)n(z−k) = knz−k, n ≥ 1.

Thus, formally,

(−zd/dz)nX[z] =

∞∑
k=0

xkk
nz−k = Y [z].

2

In analogy to continuous convolution ∗, we may now introduce con-

volution of sequences:

Definition 6.6 Let x = {xk}∞0 and y = {yk}∞0 be sequences. We define

the convolution or Cauchy product of x and y by

x ∗ y = w = {xk ∗ yk}∞0 =


k∑
j=0

xjyk−j


∞

0

,

i.e. wk =
∑k
j=0 xjyk−j , a finite sum for each k ≥ 0.
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This definition is motivated by the theorem below which should be

interpreted as the formal manipulation of power series.

Theorem 6.7 We have W [z] = X[z]Y [z], or the Z transform of a con-

volution of x and y is the product of the Z transforms of x and y.

Proof

X[z]Y [z] =

 ∞∑
j=0

xjz
−j

( ∞∑
k=0

ykz
−k

)
=

∞∑
j,k=0

xjxkz
−(j+k)

=
∞∑
l=0

z−l
∑

j,k≥0, j+k=l

xjxk =
∞∑
l=0

z−l
l∑

j=0

xjyl−j

=
∞∑
k=0

z−k
k∑
j=0

xjyk−j = W [z].

2

Note that if x, y have only a finite number of nonzero components then

the Z transforms in the theorem are polynomials in z−1 and converge

pointwise for all z 6= 0.

Example 6.8 Use the above theorem to show that

k∑
j=0

(−1)j

j!(k − j)!
= 0, k ≥ 1.

Solution Let xj = (−1)j/j! and yj = 1/j!. Thus X[z] =
∑∞
j=0

(−1)j

j!zj =

exp(−1/z). Similarly, Y [z] = exp(1/z). Thus by the theorem,X[z]Y [z] =

W [z] = 1. However, 1 is the Z transform of the vector u = (1, 0, . . .).

By uniqueness of Z transforms, w = u so
∑k
j=0 xjyk−j = 0, k ≥ 1 or∑k

j=0
(−1)j

j!(k−j)! = 0, k ≥ 1.

6.2 Inverse Z transforms

As in the previous section, we work with formal power series.

Definition 6.9 Given the formal power series, X(z) =
∑∞
k=0 xkz

−k

where x = {xk}, we define, formally, the inverse Z transform of X(z),

X [−1] by X [−1](X[z]) = x.
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Lemma 6.10 Let a, b ∈ C and X[z], Y [z] be formal power series. Then

for W [z] = aX[z] + bY [z] we have

W [−1](W [z]) = aX [−1](X) + bY [−1](Y ) = ax+ by.

Example 6.11 Find (1) X [−1] for X[z] = z/(z − a) and (2) Y [−1] for

Y [z] = z/(z − a)(z − b) with a 6= b. (1) is easily seen to be x =
{
ak
}∞

0

from uniqueness of the Z transform and the fact that Z
[{
ak
}∞

0

]
=

z/(z − a). To deal with (2) we use partial fractions and (i) to deduce

that

Y [−1]

(
z

(z − a)(z − b)

)
= Y [−1]

(
1

b− a

(
z

(z − a)
− z

(z − b)

))
=

{
bk − ak

b− a

}∞
0

.

Example 6.12 Find (i) X [−1]
(

z
z2+α2

)
, (ii) Y [−1]

(
z

z3+4z2+5z+2

)
, (iii)

Z [−1]
(

1
(z−a)2

)
and (iv) W [−1]

(
z2

(z−a)2

)
, α, a ∈ R.

Solution (i) We write

X [−1]

(
z

(z − iα)(z + iα)

)
=

{
(iα)k − (−iα)k

2iα

}∞
0

=

{
αk−1 sin

(
kπ

2

)}∞
0

=

{
0, k even

(−1)(k−1)/2 k odd.

To see (ii), we write,

Y [−1]

[
1

z3 + 4z2 + 5z + 2

]
= Y [−1]

(
− z

z + 1

z

(z + 1)2
− z

z + 2

)
.

Now,

(d/dz)

(
z

(z − a)

)
=

−a
(z − a)2

and

(d/dz)
∞∑
k=0

akz−k =
−a

(z − a)2
.

Thus, the inverse Z transform of z/(z − a)2 is
{
kak−1

}∞
k=0

. It then fol-

lows easily that (ii) is

Y [−1]

(
z

z3 + 4z2 + 5z + 2

)
=
{

(−1)k−1(k + 1)− (−2)k
}∞

0
.
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Next, we write using (ii) and dividing by z,

1

(z − a)2
=
∞∑
j=1

(j − 1)aj−2

zj
.

Thus

Z [−1]

(
1

(z − a)2

)
=
{

(j − 1)aj−2
}∞

0

except that for j = 0, we must set (j − 1)aj−2 = 0. To see (iv), we

multiply by z and observe that

z2

(z − a)2
=
∞∑
j=0

(j + 1)aj

zj

and so W [−1]
(

z2

(z−a)2

)
=
{

(j + 1)aj
}∞
j=0

.

6.3 Difference equations

In this section we we show how to use Z transforms to solve difference

equations which often arise in step signal analysis.

Example 6.13 Solve the difference equations:

(i)

yk+1 − cyk = 0, k ≥ 0.

(ii)

yk+2 + yk+1 − 2yk = 1, k ≥ 0

subject to y0 = 0 and y1 = 1.

(iii)

yk+2 + 2yk = 1

subject to y0 = 1 and y1 = 1. Here, c is real and nonzero.

Solution First we look at (i): Set y = {yk}∞k=0. Taking Z transforms

and using the forward shifts, we have

z (Y [z]− y0)− cY [z] = 0

so

Y [z] = y0

(
z

z − c

)
.
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Thus,

y = Y [−1]

(
y0(

z

z − c
)

)
= y0

{
ck
}∞

0
.

So yk = y0c
k, k ≥ 0. To see (ii), we take Z transforms and use shift

properties to deduce that

z2
(
Y [z]− y0 −

y1

z

)
+ z(Y [z]− y0)− 2Y [z] =

z

z − 1
.

Thus, we have

Y [z]

z
=

z

(z − 1)2(z + 2)
=

2

9(z − 1)
+

1

3(z − 1)2
− 2

9(z + 2)

from which we can now deduce that

yk = 2/9 + 1/3k − 2/9(−2)k, k ≥ 0.

Finally for (iii), taking Z transforms and using shifts, we have

Y [z](z2 + 2)− z2 − z =
z

z − 1

so that

Y [z]

z
=

z2

(z +
√

2i)(z −
√

2i)(z − 1)

=
2 +
√

2i

6

(
1

z +
√

2i

)
+

2−
√

2i

6

(
z

z −
√

2i

)
+

z

3(z − 1)

from which we deduce that

yk =

{
1/3

[
2k/2+1(−1)k/2 + 1

]
, k even

1/3
[
2k/2(−1)(k+1)/2+1 + 1

]
, k odd.

6.4 Discrete Fourier transform and relations to
Fourier series

Suppose that f is a square integrable function on the interval [0, 2π],

periodic with period 2π, and that the Fourier series expansion converges

pointwise to f everywhere:

f(t) =
∑
n

f̂(n)eint, 0 ≤ t ≤ 2π. (6.1)



DAMELIN: “MASTERFILE” — 2011/10/28 — 14:44 — PAGE 215 — #223

6.4 Discrete Fourier transform and Fourier series 215

What is the effect of sampling the signal at a finite number of equally

spaced points? For an integer N > 1 we sample the signal at points

2πm/N , m = 0, 1, . . . , N − 1:

f

(
2πm

N

)
=
∑
n

f̂(n)e2πinm/N , 0 ≤ m < N.

From the Euclidean algorithm we have n = a + bN where 0 ≤ a < N

and a, b are integers. Thus

f

(
2πm

N

)
=
N−1∑
a=0

[∑
b

f̂(a+ bN)

]
e2πima/N , 0 ≤ m < N. (6.2)

Note that the quantity in brackets is the projection of f̂ at integer points

to a periodic function of period N . Furthermore, the expansion (6.2) is

essentially the finite Fourier expansion, as we shall see. However, simply

sampling the signal at the points 2πm/N tells us only
∑
b f̂(a+bN), not

(in general) f̂(a). This is known as aliasing error. If f is sufficiently

smooth and N sufficiently large that all of the Fourier coefficients f̂(n)

for n > N can be neglected, then this gives a good approximation of the

Fourier series.

To further motivate the discrete Fourier transform (DFT) it is helpful

to consider the periodic function f(t) above as a function on the unit

circle: f(t) = g(eit). Thus t corresponds to the point (x, y) = (cos t, sin t)

on the unit circle, and the points with coordinates t and t + 2πn are

identified, for any integer n. In the complex plane the points on the unit

circle would just be eit. Given an integer N > 0, let us sample f at N

points e
2πi
N n, n = 0, 1, . . . , N − 1, evenly spaced around the unit circle.

We denote the value of f at the nth point by f [n], and the full set of

values by the column vector

f = (f [0], f [1], . . . f [N − 1]). (6.3)

We can extend the definition of f [n] for all integers n by the periodicity

requirement f [n] = f [n + kN ] for all integers k, i.e., f [n] = f [m] if

n = m mod N . (This is precisely what we should do if we consider these

values to be samples of a function on the unit circle.)

We will consider the vectors (6.3) as belonging to an N -dimensional

inner product space PN and expand f in terms of a specially chosen

ON basis. To get basis functions for PN we sample the Fourier basis

functions e(k)(t) = eikt around the unit circle:

e(k)[n] = e
2πi
N nk = ω−nk
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or as a column vector

e(k) = (e(k)[0], e(k)[1], . . . e(k)[N − 1]) = (1, ω−k, ω−2k, . . . ω−(N−1)k),

(6.4)

where ω is the primitive Nth root of unity ω = e−
2πi
N .

Lemma 6.14

N−1∑
n=0

ωkn =

{
0 if k = 1, 2, . . . , N − 1,modN

N if k = 0,modN.

Proof Since ωN = 1 and ω 6= 1 we have

1− ωN = 0 = (1− ω)(1 + ω + ω2 + · · ·+ ωN−1).

Thus
N−1∑
n=0

ωn = 1 + ω + ω2 + · · ·+ ωN−1 = 0.

Since ωk is also an Nth root of unity and ωk 6= 1 for k = 1, . . . , N − 1,

the same argument shows that
∑N−1
n=0 ω

kn = 0. However, if k=0 the sum

is N . 2

We define an inner product on PN by

(f, g)N =
1

N

N−1∑
n=0

f [n]g[n], f [n], g[n] ∈ PN .

Lemma 6.15 The functions e(k), k = 0, 1, . . . , N − 1 form an ON basis

for PN .

Proof (e(j), e(k))N =

1

N

N−1∑
n=0

e(j)[n]e(k)[n] =
1

N

N−1∑
n=0

ω(k−j)n =

{
0 if j 6= k mod N

1 if j = k mod N.

2

Thus (e(j), e(k))N = δjk where the result is understood mod N . Now

we can expand f ∼ {f [n]} in terms of this ON basis:

f =
1

N

N−1∑
k=0

F [k]e(k),

or in terms of components,

f [n] =
1

N

N−1∑
k=0

F [k]e2πikn/N =
1

N

N−1∑
k=0

F [k]ω−nk. (6.5)
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The Fourier coefficients F [k] of f are computed in the standard way:

F [k]/N = (f, e(k))N or

F [k] =
N−1∑
n=0

f [n]e(k)[−n] =
N−1∑
n=0

f [n]ωkn. (6.6)

The Parseval (Plancherel) equality reads

N−1∑
n=0

f [n]g[n] =
N−1∑
k=0

F [k]G[k]

for f, g ∈ PN .

The column vector

F = (F [0], F [1], F [2], . . . , F [N − 1])

is the discrete Fourier transform (DFT) of f={f [n]}. It is illuminating to

express the discrete Fourier transform and its inverse in matrix notation.

The DFT is given by the matrix equation F =FNf or
F [0]

F [1]

F [2]
...

F [N − 1]

=


1 1 1 · · · 1

1 ω ω2 · · · ωN−1

1 ω2 ω4 · · · ω2(N−1)

...
...

...
. . .

...

1 ωN−1 ω2(N−1) · · · ω(N−1)(N−1)




f [0]

f [1]

f [2]
...

f [N − 1]

.
(6.7)

Here FN is an N×N matrix. The inverse relation is the matrix equation

f = F−1
N F or
f [0]

f [1]

f [2]
...

f [N − 1]

=
1

N


1 1 1 · · · 1

1 ω̄ ω̄2 · · · ω̄N−1

1 ω̄2 ω̄4 · · · ω̄2(N−1)

...
...

...
. . .

...

1 ω̄N−1 ω̄2(N−1) · · · ω̄(N−1)(N−1)




F [0]

F [1]

F [2]
...

F [N − 1]

,
(6.8)

where ω = e−2πi/N , ω̄ = ω−1 = e2πi/N .

NOTE: At this point we can drop any connection with the sampling

of values of a function on the unit circle. The DFT provides us with a

method of analyzing any N -tuple of values f in terms of Fourier com-

ponents. However, the association with functions on the unit circle is a

good guide to our intuition concerning when the DFT is an appropriate

tool.
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Examples 6.16

1.

f [n] = δ[n] =

{
1 if n = 0

0 otherwise.

Here, F [k] = 1.

2. f [n] = 1 for all n. Then F [k] = Nδ[k].

3. f [n] = rn for n = 0, 1, · · · , N − 1 and r ∈ C. Here

F [k] =

{
N if r = e2πik/N

rN−1
(re−2πik/N−1)

otherwise.

4. Upsampling. Given f ∈ PN ′ where N ′ = N/2 we define g ∈ PN by

g[n] =

{
f [n2 ] if n = 0,±2,±4, . . .

0 otherwise.

Then G[k] = F [k] where F [k] is periodic with period N/2.

5. Downsampling. Given f ∈ P2N we define g ∈ PN by g[n]

= f [2n], n = 0, 1, · · · , N . Then G[k] = 1
2 (F [k] + F [k +N ]).

6.4.1 More properties of the DFT

Note that if f [n] is defined for all integers n by the periodicity property,

f [n+jN ] = f [n] for all integers j, the transform F [k] has the same prop-

erty. Indeed F [k] =
∑N−1
n=0 f [n]ωkn, so F [k+jN ] =

∑N−1
n=0 f [n]ω(k+jN)n =

F [k], since ωN = 1.

Here are some other properties of the DFT. Most are just observations

about what we have already shown. A few take some proof.

Lemma 6.17

• Symmetry: Ftr
N = FN .

• Unitarity: F−1
N = 1

NFN .

Set GN = 1√
N
FN . Then GN is unitary. That is G−1

N = GN
tr

. Thus

the row vectors of GN are mutually orthogonal and of length 1.

• Let S : PN → PN be the shift operator on PN . That is Sf [n] = f [n−1]

for any integer n. Then SF [k] = ωkF [k] for any integer k. Further,

S−1f [n] = f [n+ 1] and S−1F [k] = ω−kF [k].

• Let M : PN → PN be an operator on PN such that Mf [n] = ω−nf [n]

for any integer n. Then MF [k] = F [k + 1] for any integer k.

• If f = {f [n]} is a real vector then F [N − k] = F [k].
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• For f, g ∈ PN define the convolution f ∗ g ∈ PN by

f ∗ g[n] =
N−1∑
m=0

f [m]g[n−m].

Then f ∗ g[n] = g ∗ f [n] and f ∗ g[n+ jN ] = f ∗ g[n].

• Let h[n] = f ∗ g[n]. Then H[k] = F [k]G[k].

Here are some simple examples of basic transformations applied to

the 4-vector (f [0], f [1], f [2], f [3]) with DFT (F [0], F [1], F [2], F [3]) and

ω = e−iπ/2: We deal with Left shift, Right shift, Upsampling and Down-

sampling.

Operation Data vector DFT

Left shift (f [1], f [2], f [3], f [0]) (F [0], ω−1F [1], ω−2

F [2], ω−3F [3])

Right shift (f [3], f [0], f [1], f [2]) (F [0], ω1F [1], ω2F [2],

ω3F [3])

Upsampling (f [0], 0, f [1], 0, f [2], 0, f [3], 0) (F [0], F [1], F [2], F [3],

F [0], F [1], F [2], F [3])

Downsampling (f [0], f [2]) 1
2 (F [0] + F [2], F [1]

+F [3]).
(6.9)

6.4.2 The discrete cosine transform

One feature that the discrete Fourier transform shares with the complex

Fourier transform and the complex Fourier integral transform is that,

even if the original signal or data is real, the transformed signal will be

complex. It is often useful, however, to have a transform that takes real

data to real data. Then, for example, one can plot both the input signal

and the transformed signal graphically in two dimensions. The Fourier

cosine series has this property, see expression (3.6). If the input signal

is a real function the coefficients in the Fourier cosine series are real.

Recall that this series was constructed for a function f(t) on the interval

[0, π] by extending it to the interval [−π, π] through the requirement

f(t) = f(−t). A similar construction works for the DFT, with some

complications. One starts with the N -tuple f = {f [n]} and constructs

from it the 2N -tuple

Rf = (f [N − 1], f [N − 2], . . . , f [0], f [0], . . . , f [N − 2], f [N − 1]) (6.10)

by requiring symmetry with respect to reflection in the midpoint of the

vector. Then one uses the DFT for 2N -tuples on the extended vector and
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restricts the results to N -tuples again. The result is called the discrete

cosine transform (DCT). We will work out the details in a series of

exercises.

Exercise 6.4 Consider the space of 2N -tuples f ′= (f ′[0], . . . , f ′

[2N − 1]). Let µ= e−2πi/2N , define the appropriate inner product

(f ′, g′)2N for this space and verify that the vectors e(`)′= (e(`)′[0], . . . ,

e(`)′[2N − 1]), `= 0. . . . , 2N − 1, form an ON basis for the space, where

e(`)′[n] =µ−`n.

Exercise 6.5 1. Show that a 2N -tuple f ′ satisfies the relation f ′[n] =

f ′[2N − n − 1] for all integers n if and only if f ′ = Rf , (6.10), for

some N -tuple f .

2. Show that f ′ = Rf for f an N -tuple if and only if f ′ is a linear

combination of 2N -tuples E(k), k = 0, 1, . . . , N − 1 where

E(k)[n] =
1

2
(µ−k/2e(k)′[n] + µk/2e(−k)′[n]) = cos[

π

N
(n+ 1/2)k],

and n = 0, 1, . . . , 2N − 1. Recall that e(−k)′[n] = e(2N−k)′[n].

Exercise 6.6 Verify the orthogonality relations

< E(k), E(h) >2N=


1
2 if h = k 6= 0

1 if h = k = 0

0 if h 6= k

, 0 ≤ h, k ≤ N − 1. (6.11)

Exercise 6.7 Using the results of the preceding exercises and the fact

that f [n] = f [N + n] for 0 ≤ n ≤ N − 1, establish the discrete cosine

transform and its inverse:

F [k] = ω[k]
N−1∑
n=0

f [n] cos[
π

N
(n+ 1/2)k], k = 0, . . . , N − 1, (6.12)

f [n] =
N−1∑
k=0

ω[k]F [k] cos[
π

N
(n+ 1/2)k], n = 0, . . . , N − 1,

where ω[0] = 1/
√
N and ω[k] =

√
2/N for 1 ≤ k ≤ N − 1.

Note that the N -tuple f is real if and only if its cosine transform F

is real. The DCT is implemented in MATLAB.

6.4.3 An application of the DFT to finding the

roots of polynomials

It is somewhat of a surprise that there is a simple application of the

DFT to find the Cardan formulas for the roots r0, r1, r2 of a third-order
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polynomial:

P3(x) = x3 + ax2 + bx+ c = (x− r0)(x− r1)(x− r2). (6.13)

Let ω be a primitive cube root of unity and define the 3-vector

(F [0], F [1], F [2]) = (r0, r1, r2).

Then

F [k] = rk = f [0] + f [1]ωk + f [2]ω2k, k = 0, 1, 2 (6.14)

where

f [n] = zn =
1

3

(
F [0] + F [1]ω−n + F [2]ω−2n

)
, n = 0, 1, 2.

Substituting relations (6.14) for the rk into (6.13), we can expand the

resulting expression in terms of the transforms zn and powers of ω (re-

membering that ω3 = 1):

P3(x) = A(x, zn) +B(x, zn)ω + C(x, zn)ω2.

This expression would appear to involve powers of ω in a nontrival

manner, but in fact they cancel out. To see this, note that if we make

the replacement ω → ω2 in (6.14), then r0 → r0, r1 → r2, r2 → r1.

Thus the effect of this replacement is merely to permute the roots r1, r2

of the expression P3(x) = (x− r0)(x− r1)(x− r2), hence to leave P3(x)

invariant. This means that B = C, and P3(x) = A+B(ω+ω2). However,

1 + ω + ω2 = 0 so P3(x) = A−B. Working out the details we find

P3(x) = x3 − 3z0x
2 + 3(z2

0 − z1z2)x+ (3z0z1z2 − z3
0 − z3

1 − z3
2)

= x3 + ax2 + bx+ c.

Comparing coefficients of powers of x we obtain the identities

z0 = −a
3
, z1z2 =

a2 − 3b

9
, z3

1 + z3
2 =
−2a3 + 9ab− 27c

27
,

or

z3
1z

3
2 =

(
a2 − 3b

9

)3

, z3
1 + z3

2 =
−2a3 + 9ab− 27c

27
.

It is simple algebra to solve these two equations for the unknowns z3
1 , z

3
2 :

z3
1 =
−2a3 + 9ab− 27c

54
+D, z3

2 =
−2a3 + 9ab− 27c

54
−D,

where

D2 =

(
−2a3 + 9ab− 27c

54

)2

−
(
a2 − 3b

9

)3

.
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Taking cube roots, we can obtain z1, z2 and plug the solutions for z0, z1, z2

back into (6.14) to arrive at the Cardan formulas for r0, r1, r2, [98].

This method also works for finding the roots of second-order polyno-

mials (where it is trivial) and fourth-order polynomials (where it is much

more complicated). Of course it, and all such explicit methods, must fail

for fifth- and higher-order polynomials.

6.5 Fast Fourier transform (FFT)

We have shown that the DFT for the column N -vector {f [n]} is deter-

mined by the equation F = FNf , or in detail,

F [k] =
N−1∑
n=0

f [n]e(k)[−n] =
N−1∑
n=0

f [n]ωkn, ω = e−2πi/N .

From this equation we see that each computation of the N -vector F

requires N2 multiplications of complex numbers. However, due to the

special structure of the matrix FN we can greatly reduce the number

of multiplications and speed up the calculation. (We will ignore the

number of additions, since they can be done much faster and with much

less computer memory.) The procedure for doing this is the fast Fourier

transform (FFT). It reduces the number of multiplications to about

N log2N .

The algorithm requires N = 2M for some integer M , so F = F2M f .

We split f into its even and odd components:

F [k] =

N/2−1∑
n=0

f [2n]ω2kn + ωk
N/2−1∑
n=0

f [2n+ 1]ω2kn.

Note that each of the sums has period N/2 = 2M−1 in k, so

F [k +N/2] =

N/2−1∑
n=0

f [2n]ω2kn − ωk
N/2−1∑
n=0

f [2n+ 1]ω2kn.

Thus by computing the sums for k = 0, 1 . . . , N/2− 1, hence computing

F [k] we get the F [k +N/2] virtually for free. Note that the first sum is

the DFT of the downsampled f and the second sum is the DFT of the

data vector obtained from f by first left shifting and then downsampling.

Let’s rewrite this result in matrix notation. We split the N = 2M

component vector f into its even and odd parts, the 2M−1-vectors

fe = (f [0], f [2], . . . , f [N − 2]), fo = (f [1], f [3], . . . , f [N − 1]),
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and divide the N -vector F into halves, the N/2-vectors

F− = (F [0], F [1], . . . , F [N/2− 1]),

F+ = (F [0 +N/2], F [1 +N/2], . . . , F [N − 1]).

We also introduce the N/2 × N/2 diagonal matrix DN/2 with matrix

elements (DN/2)jk = ωkδjk, and the N/2×N/2 zero matrix (ON/2)jk =

0 and identity matrix (IN/2)jk = δjk. The above two equations become

F− = FN/2fe +DN/2FN/2fo, F+ = FN/2fe −DN/2FN/2fo,

or (
F−
F+

)
=

(
IN/2 DN/2

IN/2 −DN/2

)(
FN/2 ON/2
ON/2 FN/2

)(
fe
fo

)
(6.15)

Note that this factorization of the transform matrix has reduced the

number of multiplications for the DFT from 22M to 22M−1+2M , i.e., cut

them about in half, for large M . We can apply the same factorization

technique to FN/2, FN/4, and so on, iterating M times. Each iteration

involves 2M multiplications, so the total number of FFT multiplications

is about M2M . Thus an N = 210 = 1024 point DFT which originally

involved N2 = 220 = 1 048 576 complex multiplications, can be com-

puted via the FFT with 10×210 = 10 240 multiplications. In addition to

the very impressive speed-up in the computation, there is an improve-

ment in accuracy. Fewer multiplications leads to a smaller roundoff error.

The FFT is implemented in MATLAB.

—————

For more properties and applications of the FFT see [88].

6.6 Approximation to the Fourier transform

One of the most important applications of the FFT is to the approxima-

tion of Fourier transforms. We will indicate how to set up the calculation

of the FFT to calculate the Fourier transform of a continuous function

f(t) with support on the interval α ≤ t ≤ β of the real line. We first map

this interval on the line onto the unit circle 0 ≤ φ ≤ 2π, mod 2π via the

affine transformation t = aφ+b. Clearly b = α, a = β−α
2π . Since normally

f(β) 6= f(α) when we transfer f as a function on the unit circle there

will usually be a jump discontinuity at β.
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We want to approximate

f̂(λ) =

∫ ∞
−∞

f(t)e−itλdt =

∫ β

α

f(t)e−itλdt

=
β − α

2π
e−iλα

∫ 2π

0

g(φ)e−i
β−α
2π λφdφ

=
β − α
4π2

e−iλαĝ(
β − α

2π
λ)

where g(φ) = f(β−α2π φ+ α).

For an N -vector DFT we will choose our sample points at φ = 2πn/N ,

n = 0, 1, . . . , N − 1. Thus

g = (g[0], g[1], . . . , g[N − 1]), g[n] = f(
β − α
N

n+ α).

Now the Fourier coefficients

G[k] =

N−1∑
n=0

g[n]ek[−n] =

N−1∑
n=0

g[n]ωkn, ω = e−2πi/N

are approximations of the coefficients ĝ(k). Indeed ĝ(k) ∼ G[k]/N . Thus

f̂(
2πk

β − α
) ∼ β − α

4π2N
e
−2πikα
β−α G[k].

Note that this approach is closely related to the ideas behind the Shan-

non sampling theorem, except here it is the signal f(t) that is assumed to

have compact support. Thus f(t) can be expanded in a Fourier series on

the interval [α, β] and the DFT allows us to approximate the Fourier se-

ries coefficients from a sampling of f(t). (This approximation is more or

less accurate, depending on the aliasing error.) Then we notice that the

Fourier series coefficients are proportional to an evaluation of the Fourier

transform f̂(λ) at the discrete points λ = 2πk
β−α for k = 0, . . . , N − 1.

6.7 Additional exercises

Exercise 6.8 Find the Z transforms of the following sequences:

(i)
{

(1/4)k
}∞

0
.

(ii)
{

(−7i)k
}∞

0
.

(iii)
{

8(−7i)k + 4(1/4)k
}∞

0
.

(iv) {5k}∞0 .
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(v)
{
k23k

}∞
0

.

(vi)
{

2k/k!
}∞

0
.

(vii) {xj}∞0 where

xj =

{
(−1)(j−1)/2, j odd

0, j even.

(viii) {cos(kθ)}∞0 , θ ∈ R.

Exercise 6.9 Let x = {xk}∞0 , y, z be sequences. Show that

(i) x ∗ y = y ∗ x.

(ii) (ax+ by) ∗ z = a(x ∗ z) + b(y ∗ z), a, b ∈ R.

Exercise 6.10 Let x(t) be the signal defined on the integers t and such

that

x(t) =

{
1 if t = 0, 1

0 otherwise.

1. Compute the convolution x2(t) = x ∗ x(t).

2. Compute the convolution x3(t) = x ∗ (x ∗ x)(t) = x ∗ x2(t).

3. Evaluate the convolution xn(t) = x ∗ xn−1(t) for n = 2, 3, . . . . Hint:

Use Pascal’s triangle relation for binomial coefficients.

Exercise 6.11 Find the inverse Z transforms of the the following:

(i) z
z−i .

(ii) z
3z+1 .

(iii) 4z
3z+1 .

(iv) 1
3z+1 .

(v) 4z+7
3z+1 .

(vi) 1
z(z−i) .

(vii) 3z2+4z−5/z−z−2

z3 .

Exercise 6.12 Prove that if

X[z] =

∞∑
k=0

xkz
−k

is a power series in 1/z and ` is a positive integer, then the inverse Z

transform of z−`X[z] is the sequence {xk−`}∞0 .
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Exercise 6.13 Using partial fractions, find the inverse Z transforms of

the following functions:

(i) z
(z−1)(z−2) .

(ii) z
z2−z+1 .

(iii) 2z+1
(z+1)(z−3) .

(iv) z2

(2z+1)(z−1) .

(v) z2

(z−1)2(z2−z+1) .

(vi) 2z2−7z
(z−1)2(z−3) .

Exercise 6.14 Solve the following difference equations, using Z trans-

form methods:

(i) 8yk+2 − 6yk+1 + yk = 9, y0 = 1, y1 = 3/2.

(ii) yk+2 − 2yk+1 + yk = 0, y0, y1 = 1.

(iii) yk+2 − 5yk+1 − 6yk = (1/2)
k
, y0 = 0, y1 = 0.

(iv) 2yk+2 − 3yk+1 − 2yk = 6k + 1, y0 = 1, y1 = 2.

(v) yk+2 − 4yk = 3k − 5, y0 = 0, y1 = 0.

Exercise 6.15 (i) Let a, b, c, d, e be real numbers. Consider the differ-

ence equation:

ayk+3 + byk+2 + cyk+1 + dyk = e.

(ii) Let Y [z] be as usual. Show that

Y [z](az3 + bz2 + cz + d) = z3(ay0) + z2(ay1 + by0)

+ z(ay2 + by1 + cy0) +
ez

z − 1
.

Deduce that when y0 = y1 = 0,

Y [z] =
z(ay2) + ez

z−1

az3 + bz2 + cz + d
.

(iii) Use (i)–(ii) to solve the difference equation

yk+3 + 9yk+2 + 26yk+1 + 24yk = 60

subject to y0 = y1 = 0, y2 = 60.

Exercise 6.16 Let N = 6 and f [n] = n, n = 0, . . . , 5. Compute the

DFT F [n] explicitly and verify the recovery of f from its transform.

Exercise 6.17 (i) Let N = 4 and f [n] = an, n = 0, . . . , 3. Compute

the DFT F [n] explicitly and verify the recovery of f from its trans-

form.
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(ii) Let N = 4 and f [n] = an, n = 0, . . . , 3. Compute the DCT F [n]

explicitly and verify the recovery of f from its transform.

Exercise 6.18 This problem investigates the use of the FFT in denois-

ing. Let

f = exp(−t2/10)
(
sin(t) + 2 cos(5t) + 5t2

)
0 < t ≤ 2π.

Discretize f by setting fk = f(2kπ/256), k = 1, . . . , 256. Suppose the

signal has been corrupted by noise, modeled by the addition of the vector

x=2*rand(1,2^8)-0.5

in MATLAB, i.e., by random addition of a number between −2 and 2 at

each value of k, so that the corrupted signal is g = f+x. Use MATLAB’s

fft command to compute ĝk for 0 ≤ k ≤ 255. (Note that gn−k = gk.

Thus the low-frequency coefficients are ĝ0, . . . , ĝm and ĝ256−m, . . . , ĝ256

for some small integer m). Filter out the high-frequency terms by setting

ĝk = 0 for m ≤ k ≤ 255 − m with m = 10. Then apply the inverse

FFT to these filtered ĝk to compute the filtered gk. Plot the results and

compare with the original unfiltered signal. Experiment with several

different values of m.

The following sample MATLAB program is an implementation of the

denoising procedure in Exercise 6.18.

t=linspace(0,2*pi,2^8);

x=2*rand(1,2^8)-0.5

f=exp(-t.^2/10).*(sin(t)+2*cos(5*t)+5*t.^2);

g=f+x;

m=10; % Filter parameter.

hatg=fft(g);

%If $hatg$ is FFT of $g$, can filter out high frequency

%components from $hatg$ with command such as

denoisehatg=[hatg(1:m) zeros(1,2^8-2*m) hatg(2^8-m+1:2^8)];

subplot(2,2,1)

plot(t,f) % The signal.

subplot(2,2,2)

plot(t,x) % The noise.

subplot(2,2,3)

plot(t,g) % Signal plus noise.

subplot(2,2,4)

plot(t,ifft(denoisehatg)) % Denoised signal.
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Exercise 6.19 Consider the signal

f(t) = exp(−t2/10)
(
sin(t) + 2 cos(2t) + sin(5 ∗ t) + cos(8t) + 2t2

)
,

0 < t ≤ 2π. Discretize f by setting fk = f(2kπ/256), k = 1, . . . , 256,

as in Exercise 6.18. Thus the information in f is given by prescribing

256 ordered numbers, one for each value of k. The problem here is to

compress the information in the signal f by expressing it in terms of only

256c ordered numbers, where 0 < c < 1 is the compression ratio. This

will involve throwing away some information about the original signal,

but we want to use the compressed data to reconstitute a facsimile of

f that retains as much information about f as possible. The strategy

is to compute the FFT f̂ of f and compress the transformed signal by

zeroing out the fraction 1−c of the terms f̂k with smallest absolute value.

Apply the inverse FFT to the compressed transformed signal to get a

compressed signal fck. Plot the results and compare with the original

uncompressed signal. Experiment with several different values of c. A

measure of the information lost from the original signal is L2error =

||f − fc||2/||f ||2, so one would like to have c as small as possible while

at the same time keeping the L2 error as small as possible. Experiment

with c and with other signals, and also use your inspection of the graphs

of the original and compressed signals to judge the effectiveness of the

compression.

The following sample MATLAB program is an implementation of the

compression procedure in Exercise 6.19.

% Input: time vector t, signal vector f, compression rate c,

%(between 0 and 1)

t=linspace(0,2*pi,2^8);

f=exp(-t.^2/10).*(sin(t)+2*cos(2*t)+sin(5*t)+cos(8*t)+2*t.^2);

c=.5;

hatf=fft(f)

% Input vector f and ratio c: 0<= c <=1.

% Output is vector fc in which smallest

% 100c% of terms f_k, in absolute value, are set

% equal to zero.

N=length(f); Nc=floor(N*c);

ff=sort(abs(hatf));

cutoff=abs(ff(Nc+1));
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hatfc=(abs(hatf)>=cutoff).*hatf;

fc=ifft(hatfc);

L2error=norm(f-fc,2)/norm(f) %Relative L2 information loss

subplot(1,2,1)

plot(t,f) %Graph of f

subplot(1,2,2)

plot(t, fc,’r’) % Graph of compression of f
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In this chapter we will introduce and develop those parts of linear filter

theory that are most closely related to the mathematics of wavelets, in

particular perfect reconstruction filter banks. The primary emphasis will

be on discrete filters. Mathematically, the setup is analogous to that of

Chapter 5 where we considered the equation Φx = y with x as a signal

and y the result of sampling x by the matrix Φ. However, there are

important differences in order that Φ be considered a filter.

7.1 Discrete linear filters

A discrete-time signal is a sequence of numbers (real or complex). The

signal takes the form of an ∞-tuple x where

xtr = (. . . , x−1, x0, x1, x2, . . .).

Intuitively, we think of x(n)=xn as the value of the signal at time nT

where T is the time interval between successive values. Here x could

be a digital sampling of a continuous analog signal or simply a discrete

data stream. In general, these signals are of infinite length, in distinction

to Chapter 5 where all signals were of fixed finite length and Chapter

6 where they could be semi-infinite. Usually, but not always, we will

require that the signals belong to `2, i.e., that they have finite energy:∑∞
n=−∞ |xn|2 <∞. Recall that `2 is a Hilbert space with inner product

(x(1), x(2)) =
∞∑

n=−∞
x(1)
n x̄(2)

n .

The impulses e(j), j = 0,±1,±2, . . . , defined by e
(j)
n = δjn form an ON

basis for the signal space: (e(j), e(k)) = δjk and x =
∑∞
n=−∞ xne

(n). In
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
=
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Figure 7.1 Matrix filter action.

particular the impulse at time 0 is called the unit impulse δ = e0. The

right shift or delay operator R : `2 → `2 is defined by Rx(n)= x(n−1).

Note that the action of this bounded operator is to delay the signal by

one unit. Similarly the inverse operator Lx(n)= x(n + 1) (advances)

shifts the signal to the left by one time unit. Note that L = R−1

A digital filter Φ is a bounded linear operator Φ : `2 → `2 that is

time invariant. The filter processes each input x and gives an output

Φx = y ∈ `2. Since Φ is linear, its action is completely determined by

the outputs Φe(j). Time invariance means that Φxk = yk, k = 0,±1, . . .

whenever Φx = y. (Here, xkn = xn−k.) Thus, the effect of delaying the

input by k units of time is just to delay the output by k units. (Another

way to put this is ΦR = RΦ, the filter commutes with shifts.) We can

associate an infinite matrix with Φ.

Φ = [Φij ] , where Φij = (Φe(j), e(i)).

Thus, Φe(j) =
∑∞
i=−∞ Φije

(i) and yi =
∑∞
j=−∞ Φijxj . In terms of ma-

trices, time invariance means Φij = (Φe(j), e(i)) = (Φe(j+k), e(i+k)) =

Φm+k,n+k for all k . Hence the matrix elements Φij depend only on

the difference i − j: Φij = hi−j and Φ is completely determined by its

coefficients h`. The matrix filter action looks like Figure 7.1. Note that

the matrix has diagonal bands. Here h0 appears down the main diago-

nal, h−1 on the first superdiagonal, h−2 on the next superdiagonal, etc.

Similarly h1 on the first subdiagonal, etc. A matrix Φij whose matrix

elements depend only on i− j is called a Toeplitz matrix.

Another way that we can express the action of the filter is in terms of

the shift operator:

Φ =

∞∑
`=−∞

h`R
`. (7.1)
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Thus R`e(j) = e(j+`) and

Φ(
∑
j

xje
(j)) =

∑
`,j

xjh`e
(j+`) =

∑
i,j

xjhi−je
(i) =

∑
i

yie
(i).

We have yi =
∑
j xjhi−j . If only a finite number of the coefficients hn

are nonzero we say that we have a Finite Impulse Response (FIR) filter.

Otherwise we have an Infinite Impulse Response (IIR) filter. We can

uniquely define the action of an FIR filter on any sequence x, not just an

element of `2 because there are only a finite number of nonzero terms in

(7.1), so no convergence difficulties. For an IIR filter we have to be more

careful. Note that the response to the unit impulse is Φe(0) =
∑
j hje

(j).

Finally, we say that a digital filter is causal if it doesn’t respond to

a signal until the signal is received, i.e., hj = 0 for j < 0. To sum

up, a causal FIR digital filter is completely determined by the impulse

response vector

h = (h0, h1, . . . , hN )

where N is the largest nonnegative integer such that hN 6= 0. We say

that the filter has N + 1 “taps.”

There are other ways to represent the filter action that will prove

useful. The next is in terms of the convolution of vectors. Recall that a

signal x belongs to the Banach space `1 provided
∑∞
j=−∞ |xj | <∞.

Definition 7.1 Let x, y be in `1. The convolution x ∗ y is given by the

expression

x ∗ yj =

∞∑
i=−∞

xj−iyi, j = 0,±1,±2, . . . .

This definition is identical to the definitions of convolution in Chapter 6,

except that here the sequences x, y are doubly infinite.

Lemma 7.2

1. x ∗ y ∈ `1
2. x ∗ y = y ∗ x

Sketch of proof∑
j

|x ∗ yj | ≤
∑
j

∑
i

|xj−i| · |yi| =
∑
i

∑
j

|xj | · |yi|

= (
∑
n

|xn|)(
∑
m

|ym|) <∞.
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The interchange of order of summation is justified because the series are

absolutely convergent. 2

Now we note that the action of the filter Φ can be given by the

convolution

Φx = h ∗ x.

For an FIR filter, this expression makes sense even if x isn’t in `1, since

the sum is finite.

Examples 7.3 FIR filters are commonly used to analyze and report

data from Wall Street. Let x(n) be the Dow Jones Industrial Average

at the conclusion of trading on day n. The moving average y(1)(n) =
1
2 (x(n) + x(n− 1)) is the sequence giving the average closing on two

successive days. The moving difference is the filter y(2)(n) = 1
2 (x(n)−

x(n− 1)). In particular 2y(2)(n) is the statistic used to report on how

much the Dow changes from one day to the next. The 150 day mov-

ing average y(3)(n) = 1
150

∑149
k=0 x(n − k) is often used to smooth out

day-to-day fluctuations in the market and detect long-term trends. The

filter y(4)(n) = x(n)−y(3)(n) is used to determine if the market is leading

or trailing its long-term trend, so it involves both long-term smoothing

and short-term fluctuations.

Exercise 7.1 Verify that each of these four examples y(j)(n) defines

a time-independent, causal, FIR filter, compute the associated impulse

response vector h(j)(k) and determine the number of taps.

7.2 Continuous filters

Our emphasis will be on discrete filters, but we will examine a few basic

definitions and concepts in the theory of continuous filters.

A continuous-time signal is a function x(t) (real or complex-valued),

defined for all t on the real line. Intuitively, we think of x(t) as the signal

at time t, say a continuous analog signal. In general, these signals are of

arbitrary length. Usually, but not always, we will require that the signals

belong to L2(R), i.e., that they have finite energy:
∫∞
−∞ |x(t)|2dt < ∞.

Sometimes we will require that x ∈ L1(R).

The time-shift operator Ta : L2 → L2 is defined by Tx(t) = x(t− a).

The action of this bounded operator is to delay the signal by the time
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interval a. Similarly the inverse operator T−ax(t) = x(t + a) advances

the signal by a time units.

A continuous filter Φ is a bounded linear operator Φ : L2 → L2 that

is time invariant. The filter processes each input x and gives an output

Φx = y. Time invariance means that Φ(Tax)(t) = Tay(t), whenever

Φx(t) = y(t). Thus, the effect of delaying the input by a units of time

is just to delay the output by a units. (Another way to put this is

ΦTa = TaΦ, the filter commutes with shifts.)

Suppose that Φ takes the form

Φx(t) =

∫ ∞
−∞

Φ(s, t)x(s)ds

where Φ(s, t) is a continuous function in the (s, t) plane with bounded

support. Then the time invariance requirement

y(t− a) =

∫ ∞
−∞

Φ(s, t)x(s− a)ds

whenever

y(t) =

∫ ∞
−∞

Φ(s, t)x(s)ds,

for all x ∈ L2(R) and all a ∈ R implies Φ(s + a, t + a) = Φ(s, t) for all

real s, t; hence there is a continuous function h on the real line such that

Φ(s, t) = h(t− s). It follows that Φ is a convolution operator, i.e.,

Φx(t) = h ∗ x(t) = x ∗ h(t) =

∫ ∞
−∞

h(s)x(t− s)ds.

(Note: This characterization of a continuous filter as a convolution can

be proved under rather general circumstances. However, h may not be a

continuous function. Indeed for the identity operator Φ = I, h(s) = δ(s),

the Dirac delta function.)

Finally, we say that a continuous filter is causal if it doesn’t respond to

a signal until the signal is received, i.e., Φx(t) = 0 for t < 0 if x(t) = 0 for

t < 0. This implies h(s) = 0 for s < 0. Thus a causal filter is completely

determined by the impulse response function h(s), s ≥ 0 and we have

Φx(t) = h ∗ x(t) = x ∗ h(t) =

∫ ∞
0

h(s)x(t− s)ds =

∫ t

−∞
h(t− s)x(s)ds.

If x, h ∈ L1(R) then y = Φx ∈ L1(R) and, by the convolution theorem

ŷ(λ) = ĥ(λ)x̂(λ).
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7.3 Discrete filters in the frequency domain

Let x ∈ `2 be a discrete-time signal.

xtr = (. . . , x−1, x0, x1, x2, . . .).

Definition 7.4 The discrete-time Fourier transform of x is

X(ω) =
∞∑

n=−∞
xne
−inω.

Note the change in point of view. The input is the set of coefficients

{xn} and the output is the 2π-periodic function X(ω) ∈ L2[−π, π]. We

consider X(ω) as the frequency-domain signal. We can recover the time-

domain signal from the frequency-domain signal by integrating:

xn =
1

2π

∫ π

−π
X(ω)einωdω, n = 0,±1, . . . .

For discrete-time signals, x(1), x(2), the Parseval identity is

(x(1), x(2)) =
∞∑

n=−∞
x(1)
n x(2)

n =
1

2π

∫ ∞
−∞

X(1)(ω)X
(2)

(ω)dω.

If x belongs to `1 then the Fourier transform X is a bounded continuous

function on [−π, π].

In addition to the mathematics notation X(ω) for the frequency-

domain signal, we shall sometimes use the signal processing notation

X[eiω] =
∞∑

n=−∞
xne
−inω, (7.2)

and the Z transform notation

X[z] =
∞∑

n=−∞
xnz

−n. (7.3)

Note that the Z transform is a function of the complex variable z; it

differs from the Z transform in Chapter 6 only in the fact that the signal

x can now be doubly infinite. It reduces to the signal processing form

for z = eiω. The Fourier transform of the impulse response function h

of an FIR filter is a “polynomial” in z−1.

To determine what high frequency and low frequency mean in the

context of discrete-time signals, we try a thought experiment. We would
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expect a constant signal xn ≡ 1 to have zero frequency and it corre-

sponds to X(ω) = δ(ω − 0) where δ(ω) is the Dirac delta function, so

ω = 0 corresponds to low frequency. (See Section 11.2.1 for a discus-

sion of this “function.”) The highest possible degree of oscillation for a

discrete-time signal would be xn = (−1)n, i.e., the signal changes sign in

each successive time interval. This corresponds to the time-domain signal

X(ω) = δ(ω − π). Thus ±π, and not 2π, correspond to high frequency.

In analogy with the properties of convolution for the Fourier transform

on R we have

Lemma 7.5 Let x(1), x(2) be in `1 with frequency-domain transforms

X(1)(ω), X(2)(ω), respectively. The frequency-domain transform of the

convolution x(1) ∗ x(2) is X(1)(ω)X(2)(ω).

Proof ∑
n

x(1) ∗ x(2)(n)e−inω =
∑
n

∑
m

x
(1)
n−mx

(2)
m e−i(n−m)ωe−imω

=
∑
m

(
∑
n

x
(1)
n−me

−i(n−m)ω)x(2)
m e−imω

=
∑
m

(
∑
n

x(1)
n e−inω)x(2)

m e−imω = X(1)(ω)X(2)(ω).

The interchange of order of summation is justified because the series

converge absolutely. 2

NOTE: If x ∈ `2 (but not `1), and h has only a finite number of nonzero

terms, then the interchange in order of summation is still justified in the

above computation, and the transform of h ∗ x is H(ω)X(ω).

Let Φ be a digital filter: Φx = h ∗ x = y. If h ∈ `1 then we have that

the action of Φ in the frequency domain is given by

H(ω)X(ω) = Y (ω)

where H(ω) is the frequency transform of h. If Φ is a FIR filter then

H[z]X[z] = Y [z]

where H[z] is a polynomial in z−1. Note further that if Ψy = k ∗ y is

another FIR filter then the Z transform of ΨΦx is

K[z]H[z]X[z] (7.4)

where K[z] is the Z transform of k.
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Figure 7.2 Moving average filter action.

One of the practical functions of a filter is to select a band of frequen-

cies to pass, and to reject other frequencies. In the pass band, |H(ω)|
is maximal (or very close to its maximum value). We shall frequently

normalize the filter so that this maximum value is 1. In the stop band,

|H(ω)| is 0, or very close to 0. Mathematically ideal filters can divide

the spectrum into pass band and stop band; for realizable, non-ideal,

filters there is a transition band where |H(ω)| changes from near 1 to

near 0. A low pass filter is a filter whose pass band is a band of frequen-

cies around ω = 0. (Indeed we shall additionally require H(0) = 1 and

H(π) = 0 for a low pass filter. Thus, if H is an FIR low pass filter we

have H(0) =
∑N
n=0 hn = 1.) A high pass filter is a filter whose pass band

is a range of frequencies around ω = π (and we shall additionally require

|H(π)| = 1 and H(0) = 0 for a high pass filter).

Examples 7.6 1. A simple low pass filter (moving average). Here,

Φx = y where yn = 1
2xn + 1

2xn−1. We have N = 1 and the filter

coefficients are h = (h0, h1)) = (1
2 ,

1
2 ). The frequency response is

H(ω) = 1
2 + 1

2e
−iω = |H(ω)|eiφ(ω) where

|H(ω)| = cos
ω

2
, φ(ω) = −ω

2
.

Note that |H(ω)| is 1 for ω = 0 and 0 for ω = π, so this is a low

pass filter. The Z transform is H[z] = 1
2 + 1

2z
−1. The matrix form

of the action in the time domain is given in Figure 7.2. This is a

moving average filter action. For future use it will be convenient to

renormalize the moving average filter so that the filter coefficients

have norm 1. Thus we will often use the filter C =
√

2Φ with filter

coefficients c = ( 1√
2
, 1√

2
).

2. A simple high pass filter (moving difference). Φx = y where yn =
1
2xn −

1
2xn−1 and N = 1. The filter coefficients are h = (h0, h1) =

( 1
2 ,−

1
2 ). The frequency response is H(ω) = 1

2 −
1
2e
−iω = |H(ω)|eiφ(ω)
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Figure 7.3 Moving difference filter action.

where

|H(ω)| = sin
ω

2
, φ(ω) =

π

2
− ω

2
.

Note that |H(ω)| is 1 for ω = π and 0 for ω = 0, so this is a high

pass filter. The Z transform is H[z] = 1
2 −

1
2z
−1. The matrix form

of the action in the time domain is given in Figure 7.3. This is the

moving difference filter action. In the following we will often renor-

malize the moving difference filter so that the filter coefficients have

norm 1. Thus we have the filter D =
√

2Φ with filter coefficients

d = ( 1√
2
,− 1√

2
).

7.4 Other operations on discrete signals

We have already examined the action of a digital filter Φ in both the

time and frequency domains. We will now do the same for some other

useful operators. Let {xn : n = 0,±1, . . .} be a discrete-time signal in `2
with Z transform X[z] =

∑∞
n=−∞ xnz

−n in the time domain.

• Delay. Rxn = xn−1. In the frequency domain R :X[z] → z−1X[z],

because

∞∑
n=−∞

Rxnz
−n =

∞∑
n=−∞

xn−1z
−n =

∞∑
m=−∞

xmz
−m−1 = z−1X[z].

• Advance. Lxn = xn+1. In the frequency domain L : X[z]→ zX[z].

• Downsampling. (↓ 2)xn = x2n, i.e.,

(↓ 2)x = (. . . , x−2, x0, x2, . . .).

In terms of matrix notation, the action of downsampling in the time

domain is given by Figure 7.4. In terms of the Z transform, the
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Figure 7.4 Downsampling matrix action.
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Figure 7.5 Upsampling matrix action.

action is∑
n

(↓ 2)xnz
−n =

∑
n

x2nz
−n =

1

2

∑
n

xn(z
1
2 )−n +

1

2

∑
n

xn(−z 1
2 )−n

=
1

2
(X[z

1
2 ] +X[−z 1

2 ]).

• Upsampling.

(↑ 2)xn =

{
xn

2
n even

0 n odd
,

i.e., (↑ 2)x = (. . . , x−1, 0, x0, 0, x1, 0, . . .). In terms of matrix notation,

the action of upsampling in the time domain is given by Figure 7.5.

In terms of the Z transform, the action is∑
n

(↑ 2)xnz
−n =

∑
m

xmz
−2m = X[z2].

• Upsampling, then downsampling. (↓ 2)(↑ 2)xn = xn, the identity op-

erator. Note that the matrices (7.5), (7.6) give (↓ 2)(↑ 2) = I, the

infinite identity matrix. This shows that the upsampling matrix is

the right inverse of the downsampling matrix. Furthermore the up-

sampling matrix is just the transpose of the downsampling matrix:

(↓ 2)tr = (↑ 2).
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• Downsampling, then upsampling. (↑ 2)(↓ 2)xn =

{
xn n even

0 n odd
, i.e.,

(↑ 2)(↓ 2)x = (. . . , x−2), 0, x0, 0, x2, 0, . . .).

Note that the matrices (7.6), (7.5), give (↑ 2)(↓ 2) 6= I. This shows

that the upsampling matrix is not the left inverse of the downsampling

matrix. The action in the frequency domain is

(↑ 2)(↓ 2) : X[z]→ 1

2
(X[z] +X[−z]).

• Flip about N/2. The action in the time domain is FN/2xn = xN−n,

i.e., reflect x about N/2. If N is even then the point xN/2 is fixed. In

the frequency domain we have

FN/2 : X[z]→ z−NX[z−1].

• Alternate signs. Axn = (−1)nxn or

Ax = (. . . ,−x−1, x0,−x1, x2, . . .).

Here

A : X[z]→ X[−z].

• Alternating flip aboutN/2. The action in the time domain is AlFN/2xn
= (−1)nxN−n. In the frequency domain

AlFN/2 : X[z]→ (−z)−NX[−z−1].

• Conjugate alternating flip about N/2. The action in the time domain

is CalFN/2xn = (−1)nxN−n. In the frequency domain

CalFN/2 : X[z]→ (−z)−NX[−z−1].

Note that this is not a linear operator.

7.5 Additional exercises

Exercise 7.2 Suppose the only nonzero components of the input vector

x and the impulse response vector h are x0 = 1, x1 = 2 and h0 = 1/4,

h1 = 1/2, h2 = 1/4. Compute the outputs yn = (x ∗ h)n. Verify in the

frequency domain that Y (ω) = H(ω)X(ω).

Exercise 7.3 Iterate the averaging filter H of Exercise 7.2 four times

to get K = H4. What is K(ω) and what is the impulse response kn?
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Exercise 7.4 Consider a filter with finite impulse response vector h.

The problem is to verify the convolution rule Y = HX in the special

case that h1 = 1 and all other hn = 0. Thus

h = (· · · , 0, 0, 0, 1, 0, · · · ).

It will be accomplished in the following steps:

1. What is y = h ∗ x = h ∗ (. . . , x−1, x0, x1, . . .)?

2. What is H(ω)?

3. Verify that
∑
yne
−inω agrees with H(ω)X(ω).

Exercise 7.5

• Write down the infinite matrix (↓ 3) that executes the downsampling:

(↓ 3)xn = x3n.

• Write down the infinite matrix (↑ 3) that executes the upsampling:

(↑ 3)yn =

{
yn

3
if 3 divides n

0 otherwise
.

• Multiply the matrices (↑ 3)(↓ 3) and (↓ 3)(↑ 3). Describe the output

for each of these product operations.

Exercise 7.6 Show that if x ∈ `1 then x ∈ `2.

Exercise 7.7 Verify the property (7.4) for the Z transform of the com-

position of two FIR filters.

Exercise 7.8 For each of the operators R,L, (↓ 2), (↑ 2),A,F,AlF

determine which of the properties of time invariance, causality and finite

impulse response are satisfied.

Exercise 7.9 A direct approach to the convolution rule Y =HX. What

is the coefficient of z−n in
(∑

hkz
−k) (x`z−`)? Show that your answer

agrees with
∑
hkxn−k.

Exercise 7.10 Let H be a causal filter with six taps, i.e., only coeffi-

cients h0, h1, . . . , h5 can be nonzero. We say that such a filter is anti-

symmetric if the reflection of h about its midpoint (5/2 in this case)

takes h to its negative: hk = −h5−k. Can such an antisymmetric filter

ever be low pass? Either give an example or show that no example exists.
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Windowed Fourier and continuous wavelet
transforms. Frames

In this chapter we study two different procedures for the analysis of

time-dependent signals, locally in both frequency and time. These meth-

ods preceded the general discrete wavelet method and we shall see how

they led to discrete wavelets. The first procedure, the “windowed Fourier

transform” is associated with classical Fourier analysis while the second,

is associated with scaling concepts related to discrete wavelets. Both of

these procedures yield information about a time signal f(t) that is over-

complete. To understand this it is useful to return to our basic paradigm

y = Φx where x is a signal, Φ is a sample matrix and y is the sample

vector. Our problem is to recover the signal x from the samples y. In

this chapter x = f(t) and Φ is an integral operator. However, for the

moment let us consider the finite-dimensional case where x is an n-tuple,

Φ is an m× n matrix and y is an m-tuple. If m = n and Φ is invertible

then we can obtain a unique solution x = Φ−1y. In the case of compres-

sive sampling, however, m < n and the problem is underdetermined.

It is no longer possible to obtain x from y in general, without special

assumptions on x and Φ. Now suppose m > n. The problem is now

overdetermined. In this case one can always find m-tuples y for which

there is no x such that y = Φx. However if the rectangular matrix Φ

has maximal rank n and if there exists a signal x with y = Φx then we

can recover x uniquely from y. Indeed m−n of the components of y are

redundant and we can recover x from just n components of y that are

associated to n linearly independent row vectors of Φ. On the other hand

the redundancy of the information leads to m−n consistency checks on

the data, which could be of value for numerical computation.

We will see that the windowed Fourier transform and the continuous

wavelet transform are overcomplete, i.e., infinite-dimensional analogs of

overdetermined systems. Thus, some of the samples produced by these
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transforms can be discarded and the remaining samples may still suffice

to recompute x. We will see that we can often find a countable subset

of the continuous data produced by these transforms that will suffice to

reproduce the signal. This idea will lead us to windowed frames in the

case of the windowed Fourier transform and to discrete wavelets in the

case of the continuous wavelet transform.

8.1 The windowed Fourier transform

The windowed Fourier transform approach is designed to overcome the

disadvantage that the Fourier transform f̂(ω) of a signal f(t) requires

knowledge of the signal for all times and does not reflect local properties

in time. If we think of the Fourier transform operator as an infinite-

dimensional analog of a sampling matrix, then each sample is the Fourier

transform function at some particular frequency. Each sample gives pre-

cise information about the signal in frequency, but no information about

its localization in time. We get around this by choosing a “window func-

tion” g ∈ L2(R) with ||g|| = 1 and defining the time-frequency transla-

tion of g by

g[x1,x2](t) = e2πitx2g(t+ x1). (8.1)

Note that |g(t)|2 determines a probability distribution function in t,

whereas the Fourier transform |g̃(ω)|2 determines a probability distribu-

tion in ω. Now suppose g is centered about the point (t0, ω0) in phase

(time–frequency) space, i.e., suppose∫ ∞
−∞

t|g(t)|2dt = t0,

∫ ∞
−∞

ω|g̃(ω)|2dω = ω0

where g̃(ω) =
∫∞
−∞ g(t)e−2πiωtdt = ĝ(2πω) is the Fourier transform of

g(t). (Note the change in normalization of the Fourier transform for this

chapter only, so that
∫∞
−∞ |g̃(ω)|2 dω =

∫∞
−∞ |g(t)|2 dt.) Then∫ ∞

−∞
t|g[x1,x2](t)|2dt = t0−x1,

∫ ∞
−∞

ω|g̃[x1,x2](ω)|2dω = ω0+x2 (8.2)

so g[x1,x2] is centered about (t0−x1, ω0 +x2) in phase space. To analyze

an arbitrary function f(t) in L2(R) we compute the inner product

F (x1, x2) = 〈f, g[x1,x2]〉 =

∫ ∞
−∞

f(t)g[x1,x2](t)dt
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with the idea that F (x1, x2) is sampling the behavior of f in a neigh-

borhood of the point (t0 − x1, ω0 + x2) in phase space. Intuitively, we

think of an ideal window g(t) as a function that is nearly zero, except in

a small neighborhood of t = t0, and whose Fourier transform is nearly

zero except in a small neighborhood of ω = ω0.

As x1, x2 range over all real numbers the samples F (x1, x2) give us

enough information to reconstruct f(t). It is easy to show this directly

for functions f such that f(t)g(t− s) ∈ L2(R) for all s. Indeed let’s

relate the windowed Fourier transform to the usual Fourier transform of

f (rescaled for this chapter):

f̃(ω) =

∫ ∞
−∞

f(t)e−2πiωtdt, f(t) =

∫ ∞
−∞

f̃(ω)e2πiωtdω. (8.3)

Thus since

F (x1, x2) =

∫ ∞
−∞

f(t)g(t+ x1)e−2πitx2dt,

we have

f(t)g(t+ x1) =

∫ ∞
−∞

F (x1, x2)e2πitx2dx2.

Multiplying both sides of this equation by g(t+x1) and integrating over

x1 we obtain

f(t) =
1

||g||2

∫ ∞
−∞

∫ ∞
−∞

F (x1, x2)g(t+ x1)e2πitx2dx1dx2. (8.4)

This shows us how to recover f(t) from the windowed Fourier transform,

if f and g decay sufficiently rapidly at ∞. A deeper but more difficult

result is the following theorem.

Theorem 8.1 The functions g[x1,x2] are dense in L2(R) as [x1, x2] runs

over R2.

We won’t give the technical proof of this result but note that it means

precisely that if f ∈ L2(R) and the inner product (f, g[x1,x2]) = 0 for all

x1, x2 then f ≡ 0, [85].

We see that a general f ∈ L2(R) is uniquely determined by the inner

products (f, g[x1,x2]),−∞ < x1, x2 <∞. Indeed, suppose (f1, g
[x1,x2]) =

(f2, g
[x1,x2]) for f1, f2 ∈ L2(R) and all x1, x2. Then with f = f1 − f2 we

have (f, g[x1,x2]) ≡ 0, so f is orthogonal to the closed subspace generated

by the g[x1,x2]. This closed subspace is L2(R) itself. Hence f = 0 and

f1 = f2.
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The power of this method is that with proper choice of the window

g each of the samples F (x1, x2) gives local information about f in a

neighborhood of t = t0−x1, ω = ω0−x2 of phase space. Then the func-

tion f can be recovered from the samples. The method is very flexible,

since the window function can be chosen as we wish. However, there are

difficulties, the first of which is the impossibility of localizing g and g̃

simultaneously in phase space with arbitrary accuracy. Indeed from the

Heisenberg inequality, Theorem 4.21, we find∫ ∞
−∞

(t− t0)2|g(t)|2dt
∫ ∞
−∞

(ω − ω0)2|g̃(ω)|2dω ≥ 1

16π2
. (8.5)

There will always be a trade-off: we can localize in time with arbitrary

precision, but at the expense of determining local frequency information,

and vice versa.

Another issue, as we shall see, is that the set of basis states g[x1,x2]

is overcomplete: the coefficients (f, g[x1,x2]) are not independent of one

another, i.e., in general there is no f ∈ L2(R) such that (f, g[x1,x2]) =

F (x1, x2) for an arbitrary F ∈ L2(R2). The g[x1,x2] are examples of

coherent states, continuous overcomplete Hilbert space bases which are

of interest in quantum optics, quantum field theory, group representa-

tion theory, etc. (The situation is analogous to the case of bandlimited

signals. As the Shannon sampling theorem shows, the representation of a

bandlimited signal f(t) in the time domain is overcomplete. The discrete

samples f(nπΩ ) for n running over the integers are enough to determine

f uniquely.)

Example 8.2 Consider the case g = π−1/4e−t
2/2. Here g is essentially

its own Fourier transform, so we see that g is centered about (t0, ω0) =

(0, 0) in phase space. Thus

g[x1,x2](t) = π−1/4e2πitx2e−(t+x1)2/2

is centered about (−x1, x2). This example is known as the Gabor window.

It is optimal in the sense that the Heisenberg inequality becomes an

equality for this case.

Since coherent states are always overcomplete it isn’t necessary to

compute the inner products (f, g[x1,x2]) = F (x1, x2) for every point in

phase space. In the windowed Fourier approach one typically samples

F at the lattice points (x1, x2) = (ma, nb) where a, b are fixed positive

numbers and m,n range over the integers. Here, a, b and g(t) must be

chosen so that the map f → {F (ma, nb)} is 1-1; then f can be recovered

from the lattice point values F (ma, nb).
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8.1.1 Digging deeper: the lattice Hilbert space

There is a new Hilbert space that we shall find particularly useful in the

study of windowed Fourier transforms: the lattice Hilbert space. This is

the space V ′ of complex-valued functions ϕ(x1, x2) in the plane R2 that

satisfy the periodicity condition

ϕ(a1 + x1, a2 + x2) = e−2πia1x2ϕ(x1, x2) (8.6)

for a1, a2 = 0,±1, . . . and are square integrable over the unit square:∫ 1

0

∫ 1

0

|ϕ(x1, x2)|2dx1dx2 <∞.

The inner product is

〈ϕ1, ϕ2〉 =

∫ 1

0

∫ 1

0

ϕ1(x1, x2)ϕ2(x1, x2)dx1dx2.

Note that each function ϕ(x1, x2) is uniquely determined by its values

in the square {(x1, x2) : 0 ≤ x1, x2 < 1}. It is periodic in x2 with period

1 and satisfies the “twist” property ϕ(x1 + 1, x2) = e−2πix2ϕ(x1, x2).

We can relate this space to L2(R) via the periodizing operator (Weil–

Brezin–Zak transform)

Pf(x1, x2) =
∞∑

n=−∞
e2πinx2f(n+ x1) (8.7)

which is well defined for any f ∈ L2(R) which belongs to the Schwartz

space. It is straightforward to verify that Pf satisfies the periodicity

condition (8.6), hence Pf belongs to V ′. Now

〈Pf(·, ·),Pf ′(·, ·)〉

=

∫ 1

0

dx1

∫ 1

0

dx2

∞∑
m,n=−∞

e2πi(n−m)x2f(n+ x1)f ′(m+ x1)

=

∫ 1

0

dx1

∞∑
n=−∞

f(n+ x1)f ′(n+ x1) =

∫ ∞
−∞

f(t1)f ′(t) dt

= (f, f ′)

so P can be extended to an inner product preserving mapping of L2(R)

into V .

It is clear from the transform that if ϕ(x1, x2) = Pf(x1, x2) then we

recover f(x1) by integrating with respect to x2 : f(x1) =
∫ 1

0
ϕ(x1, y)dy.
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Thus we define the mapping P∗ of V ′ into L2(R) by

P∗ϕ(t) =

∫ 1

0

ϕ(t, y)dy, ϕ ∈ V ′. (8.8)

Since ϕ ∈ V ′ we have

P∗ϕ(t+ a) =

∫ 1

0

ϕ(t, y)e−2πiaydy = ϕ̂−a(t)

for a an integer. (Here ϕ̂n(t) is the nth Fourier coefficient of ϕ(t, y).)

The Parseval formula then yields∫ 1

0

|ϕ(t, y)|2dy =

∞∑
a=−∞

|P∗ϕ(t+ a)|2

so

〈ϕ,ϕ〉 =

∫ 1

0

∫ 1

0

|ϕ(t, y)|2dtdy =

∫ 1

0

∞∑
a=−∞

|P∗ϕ(t+ a)|2dt

=

∫ ∞
−∞
|P∗ϕ(t)|2dt = (P∗ϕ,P∗ϕ)

and P∗ is an inner product preserving mapping of V ′ into L2(R). More-

over, it is easy to verify that

〈Pg, ϕ〉 = (g,P∗ϕ)

for g ∈ L2(R), ϕ ∈ V ′, i.e., P∗ is the adjoint of P. Since P∗P = I on

L2(R) it follows that P is a unitary operator mapping L2(R) onto V ′

and P∗ = P−1 is a unitary operator mapping V ′ onto L2(R).

Exercise 8.1 Show directly that PP∗ = I on V ′.

8.1.2 Digging deeper: more on the Zak transform

The Weil–Brezin transform (earlier used in radar theory by Zak, so also

called the Zak transform) is very useful in studying the lattice sampling

problem for (f, g[x1,x2]), at the points (x1, x2) = (ma, nb) where a, b are

fixed positive numbers and m,n range over the integers. Restricting to

the case a = b = 1 for the time being, we let f ∈ L2(R). Then

fP(x1, x2) = Pf(x1, x2) =

∞∑
k=−∞

e2πikx2f(x1 + k) (8.9)
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satisfies

fP(k1 + x1, k2 + x2) = e−2πik1x2fP(x1, x2)

for integers k1, k2. (Here (8.9) is meaningful if f belongs to, say, the

Schwartz class. Otherwise Pf = limn→s Pfn where f = limn→s fn and

the fn are Schwartz class functions. The limit is taken with respect to

the Hilbert space norm.) If f = g[m,n](t) = e2πitng(t+m) we have

g
[m,n]
P (x1, x2) = e2πi(nx1−mx2)gP(x1, x2).

Thus in the lattice Hilbert space, the functions g
[m,n]
P differ from gP

simply by the multiplicative factor e2πi(nx1−mx2) = En,m(x1, x2), and as

n,m range over the integers the En,m form an ON basis for the lattice

Hilbert space:∫ 1

0

∫ 1

0

En1,m1
(x1, x2)En2,m2

(x1, x2)dx1dx2 = δn1,n2
δm1,m2

.

Definition 8.3 Let f(t) be a function defined on the real line and let

Ξ(t) be the characteristic function of the set on which f vanishes:

Ξ(t) =

{
1 if f(t) = 0

0 if f(t) 6= 0.

We say that f is nonzero almost everywhere (a.e.) if the L2 norm of

Ξ is 0, i.e., ||Ξ|| = 0.

Thus f is nonzero a.e. provided the Lebesgue integral
∫∞
−∞ |Ξ(t)|2dt =

0, so Ξ belongs to the equivalence class of the zero function. If the

support of Ξ is contained in a countable set it will certainly have norm

zero; it is also possible that the support is a noncountable set (such as

the Cantor set). We will not go into these details here.

Theorem 8.4 For (a, b) = (1, 1) and g ∈ L2(R) the transforms {g[m,n] :

m,n = 0± 1,±2, . . .} span L2(R) iff Pg(x1, x2) = gP(x1, x2) 6= 0 a.e.

Proof LetM be the closed linear subspace of L2(R) spanned by {g[m,n]}.
ClearlyM = L2(R) iff the only solution of (f, g[m,n]) = 0 for all integers

m and n is f = 0 a.e. Applying the Weyl–Brezin–Zak isomorphism P

we have

(f, g[m,n]) = < Pf,En,mPg > (8.10)

= < [Pf ][Pg], En,m >=< fPḡP, En,m > .
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Since the functions En,m form an ON basis for the lattice Hilbert space it

follows that (f, g[m,n]) = 0 for all integers m,n iff fP(x1, x2)gP(x1, x2) =

0, a.e. If this product vanishes a.e. but gP 6= 0, a.e. then fP = 0 a.e.

so f ≡ 0 and M = L2(R). If gP = 0 on a set S of positive measure on

the unit square, and we choose f such that the characteristic function

χS = Pf = fP then fPgP = χSgP = 0 a.e., hence (f, g[m,n]) = 0 and

M 6= L2(R). 2

Example 8.5 In the case g(t) = π−1/4e−t
2/2 one finds that

gP(x1, x2) = π−1/4
∞∑

k=−∞

e2πikx2−(x1+k)2/2.

This series defines a Jacobi Theta function. Using complex variable tech-

niques it can be shown that this function vanishes at the single point

(1/2, 1/2) in the square 0 ≤ x1 < 1, 0 ≤ x2 < 1, [100]. Thus gP 6= 0

a.e. and the functions {g[m,n]} span L2(R). However, the expansion of

an L2(R) function in terms of this set is not unique.

Corollary 8.6 For (a, b) = (1, 1) and g ∈ L2(R) the transforms {g[m,n] :

m,n = 0,±1, . . .} form an ON basis for L2(R) iff |gP(x1, x2)| = 1, a.e.

Proof We have

δmm′δnn′ = (g[m,n], g[m′,n′]) =< En,mgP, En′,m′gP > (8.11)

= < |gP|2, En′−n,m′−m > (8.12)

iff |gP|2 = 1, a.e. 2

Example 8.7 Let g = φ(t), the Haar scaling function, (9.1). It is easy

to see that |gP(x1, x2)| ≡ 1. Thus {g[m,n]} is an ON basis for L2(R).

Theorem 8.8 For (a, b) = (1, 1) and g ∈ L2(R), suppose there are

constants A,B such that

0 < A ≤ |gP(x1, x2)|2 ≤ B <∞

almost everywhere in the square 0 ≤ x1, x2 < 1. Then {g[m,n]} is a basis

for L2(R), i.e., each f ∈ L2(R) can be expanded uniquely in the form

f =
∑
m,n amng

[m,n]. Indeed,

amn =

〈
fP,

g
[m,n]
P

|gP|2

〉
=

〈
fP
gP
, En,m

〉
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Proof By hypothesis |gP|−1 is a bounded nonvanishing function on the

domain 0 ≤ x1, x2 < 1. Hence fP/gP is square integrable on this domain

and, from the periodicity properties of elements in the lattice Hilbert

space, fP
gP

(x1 + n, x2 +m) = fP
gP

(x1, x2). It follows that

fP
gP

=
∑

amnEn,m

where amn = (fP/gP, En,m), so fP =
∑
amnEn,mgP. This last ex-

pression implies f =
∑
amng

[m,n]. Conversely, given f =
∑
amng

[m,n]

we can reverse the steps in the preceding argument to obtain amn =

(fP/gP, En,m). 2

Note that, in general, the basis {g[m,n]} will not be ON.

8.1.3 Digging deeper: windowed transforms

The expansion f =
∑
amng

[m,n] is equivalent to the lattice Hilbert space

expansion fP =
∑
amnEn,mgP or

fPḡP =
∑

(amnEn,m)|gP|2. (8.13)

Now if gP is a bounded function then fPḡP(x1, x2) and |gP|2 both belong

to the lattice Hilbert space and are periodic functions in x1 and x2 with

period 1. Hence,

fPḡP =
∑

bmnEn,m (8.14)

|gP|2 =
∑

cmnEn,m (8.15)

with

bmn = < fPḡP, En,m >=< fP, gPEn,m >= (f, g[m,n]), (8.16)

cmn = < gPḡP, En,m >= (g, g[m,n]). (8.17)

This gives the Fourier series expansion for fPḡP as the product of two

other Fourier series expansions. (We consider the functions f, g, hence

fP, gP as known.) If |gP|2 never vanishes we can solve for the amn di-

rectly: ∑
amnEn,m = (

∑
bmnEn,m)(

∑
c′mnEn,m),

where the c′mn are the Fourier coefficients of |gP|−2. However, if |gP|2
vanishes at some point then the best we can do is obtain the convolution
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equations b = a ∗ c, i.e.,

bmn =
∑

k+k′=m,`+`′=n

ak`c
′
k′`′ .

(We can approximate the coefficients ak` even in the cases where |gP|2
vanishes at some points. The basic idea is to truncate

∑
amnEn,m to a

finite number of nonzero terms and to sample equation (8.13), making

sure that |gP|(x1, x2) is nonzero at each sample point. The amn can then

be computed by using the inverse finite Fourier transform.)

The problem of |gP| vanishing at a point is not confined to an isolated

example. Indeed it can be shown that if gP is an everywhere continuous

function in the lattice Hilbert space then it must vanish at one point at

least.

8.2 Bases and frames, windowed frames

8.2.1 Frames

To understand the nature of the complete sets {g[m,n]} it is useful to

broaden our perspective and introduce the idea of a frame in an ar-

bitrary Hilbert space H. From this more general point of view we are

given a sequence {f (j)} of vectors ofH and we want to find conditions on

{f (j)} so that we can recover an arbitrary f ∈ H from the sample inner

products (f, f (j)) on H. (Note that this fits our paradigm y = Φx, where

now the signal is x = f . The jth component of the sample vector y is

yj = (f, f (j)) and the action of Φ on x is given by the inner products.)

Let `2 be the Hilbert space of countable sequences {ξj} with inner

product < ξ, η >=
∑
j ξj η̄j . (A sequence {ξj} belongs to `2 provided∑

j ξj ξ̄j <∞.) Now let T : H → `2 be the linear mapping defined by

(Tf)j = (f, f (j)).

We require that T is a bounded operator from H to `2, i.e., that there

is a finite B > 0 such that
∑
j |(f, f (j))|2 ≤ B||f ||2. In order to recover

f from the samples (f, f (j)) we want T to be invertible with T−1 :

RT → H where RT is the range TH of T in `2. Moreover, for numerical

stability in the computation of f from the samples we want T−1 to be

bounded. (In other words we want to require that a “small” change in

the sample data (f, f (j)) leads to a “small” change in f .) This means

that there is a finite A > 0 such that
∑
j |(f, f (j))|2 ≥ A||f ||2. (Note
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that T−1ξ = f if ξj = (f, f (j)).) If these conditions are satisfied, i.e., if

there exist positive constants A,B such that

A||f ||2 ≤
∑
j

|(f, f (j))|2 ≤ B||f ||2 (8.18)

for all f ∈ H, we say that the sequence {f (j)} is a frame for H and that

A and B are frame bounds. In general, a frame gives completeness (so

that we can recover f from the samples), but also redundancy. There

are more terms than the minimal needed to determine f . However, if the

set {f (j)} is linearly independent, then it forms a basis, called a Riesz

basis, and there is no redundancy.

The adjoint T∗ of T is the linear mapping T∗ : `2 → H defined by

(T∗ξ, f) =< ξ,Tf >

for all ξ ∈ `2, f ∈ H. A simple computation yields

T∗ξ =
∑
j

ξjf
(j). (8.19)

(Since T is bounded, so is T∗ and the right-hand side is well-defined for

all ξ ∈ `2.)

Now the bounded self-adjoint operator S = T∗T : H → H is given by

Sf = T∗Tf =
∑
j

(f, f (j))f (j), (8.20)

and we can rewrite the defining inequality for the frame as

A||f ||2 ≤ (T∗Tf, f) ≤ B||f ||2.

Since A > 0, if T∗Tf = Θ then f = Θ, so S is 1-1, hence invertible. Fur-

thermore, the range SH of S isH. Indeed, if SH is a proper subspace ofH
then we can find a nonzero vector g in (SH)⊥ : (Sf, g) = 0 for all f ∈ H.

However, (Sf, g) = (T∗Tf, g) =< Tf,Tg >=
∑
j(f, f

(j))(f (j), g). Set-

ting f = g we obtain ∑
j

|(g, f (j))|2 = 0.

But then we have g = Θ, a contradiction. Thus SH = H and the inverse

operator S−1 exists and has domain H.

Since SS−1f = S−1Sf = f for all f ∈ H, we immediately obtain two

expansions for f from (8.20):

(a) f =
∑
j

(S−1f, f (j))f (j) =
∑
j

(f,S−1f (j))f (j)
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(b) f =
∑
j

(f, f (j))S−1f (j).

(The second equality in the first expression follows from the identity

(S−1f, f (j)) = (f,S−1f (j)), which holds since S−1 is self-adjoint.)

Recall, that for a positive operator S, i.e., an operator such that

(Sf, f) ≥ 0 for all f ∈ H the inequalities

A||f ||2 ≤ (Sf, f) ≤ B||f ||2

for A,B > 0 are equivalent to the inequalities

A||f || ≤ ||Sf || ≤ B||f ||.

This suggests that if the {f (j)} form a frame then so do the {S−1f (j)}.

Theorem 8.9 Suppose {f (j)} is a frame with frame bounds A,B and

let S = T∗T. Then {S−1f (j)} is also a frame, called the dual frame of

{f (j)}, with frame bounds B−1, A−1.

Proof Setting f = S−1g we have B−1||g|| ≤ ||S−1g|| ≤ A−1||g||. Since

S−1 is self-adjoint, this implies B−1||g||2 ≤ (S−1g, g) ≤ A−1||g||2. Then

we have S−1g =
∑
j(S
−1g, f (j))S−1f (j) so

(S−1g, g) =
∑
j

(S−1g, f (j))(S−1f (j), g) =
∑
j

|(g,S−1f (j))|2.

Hence {S−1f (j)} is a frame with frame bounds B−1, A−1. 2

We say that {f (j)} is a tight frame if A = B.

Corollary 8.10 If {f (j)} is a tight frame then every f ∈ H can be

expanded in the form

f = A−1
∑
j

(f, f (j))f (j).

Proof Since {f (j)} is a tight frame we have A||f ||2 = (Sf, f) or ((S −
AE)f, f) = 0 where E is the identity operator Ef = f . Since S − AE

is a self-adjoint operator we have ||(S−AE)f || = 0 for all f ∈ H. Thus

S = AE. However, from (8.20), Sf =
∑
j(f, f

(j))f (j). 2

Consider the special case where H is finite dimensional, H = VN ,

an N -dimensional complex inner product space. Then all of these con-

structions can be understood in terms of matrices. Let {e(1), . . . , e(N)}
be an ON basis for VN , so that each vector f ∈ VN can be expressed

uniquely in terms of this basis by the N -tuple φ where f =
∑N
i=1 φie

(i).
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Let {f (1), . . . , f (M)} be a frame for VN . We can represent the frame by

the N ×M matrix Ω where

f (j) =

N∑
i=1

Ωije
(i). (8.21)

In terms of these bases the operator T is represented by the M × N

matrix Ω̄tr = Ω∗ so that Tf = ξ becomes Ω∗φ = ξ. The operator T∗

is represented by the M ×N matrix Ω. The condition that {f (j)} be a

frame is that there exist real numbers 0 < A ≤ B such that

Aφ̄trφ ≤ φ̄trΩΩ∗φ ≤ Bφ̄trφ,

for all N -tuples φ. The operator S is represented by the N × N posi-

tive symmetric matrix ΩΩ∗. From the spectral theorem for self-adjoint

matrices we see that the frame condition says exactly that the ordered

eigenvalues λi of ΩΩ∗ satisfy

A ≤ λN ≤ λN−1 ≤ · · · ≤ λ1 ≤ B.

Since the eigenvalues of ΩΩ∗ are all nonnegative, we see that the frame

requirement is that the smallest eigenvalue λN is strictly positive. Thus

ΩΩ∗ is an invertible matrix. If we have a frame then the frame vectors

will span the space but in general will not be linearly independent. There

will be N element spanning subsets of the frame that will form a basis,

but no unique way to determine these. Thus expansions of vectors in

terms of the frame will not necessarily be unique. The condition for a

tight frame in a finite-dimensional inner product space is that A = B,

i.e.,

A = λ1 = λ2 = · · · = λN = B.

This means that ΩΩ∗ = AIN where IN is the N × N identity matrix.

Thus we have φ = 1
AΩΩ∗φ for any M -tuple φ, which is equivalent to the

vector expansion f = 1
A

∑M
j=1(f, f (j))f (j).

Exercise 8.2 Using the results of Exercise 4.15, show that the Shannon–

Whittaker sampling procedure can be interpreted to define a tight frame.

What is the frame bound?

8.2.2 Riesz bases

In this section we will investigate the conditions that a frame must satisfy

in order for it to define a Riesz basis, i.e., in order that the set {f (j)}
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be linearly independent. Crucial to this question is the adjoint operator.

Recall that the adjoint T∗ of T is the linear mapping T∗ : `2 → H
defined by

(T∗ξ, f) =< ξ,Tf > (8.22)

for all ξ ∈ `2, f ∈ H, so that

T∗ξ =
∑
j

ξjf
(j).

Since T is bounded, it is a straightforward exercise in functional analysis

to show that T∗ is also bounded and that if ||T||2 = B then ||T||2 =

||T∗||2 = ||TT∗|| = ||T∗T|| = B.

Exercise 8.3 Using the definition (8.22) of T∗ show that if ||T|| ≤ K

for some constant K then ||T∗|| ≤ K. Hint: Choose f = T∗ξ.

Furthermore, we know that T is invertible, as is T∗T, and if ||T−1||2 =

A−1 then ||(T∗T)−1|| = A−1. However, this doesn’t necessarily imply

that T∗ is invertible (though it is invertible when restricted to the range

of T). T∗ will fail to be invertible if there is a nonzero ξ ∈ `2 such that

T∗ξ =
∑
j ξjf

(j) = 0. This can happen if and only if the set {f (j)}
is linearly dependent. If T∗ is invertible, then it follows easily that the

inverse is bounded and ||(T∗)−1||2 = A−1.

The key to all of this is the operator TT∗ : `2 → H with the action

(TT∗ξ)n =
∑
m

ξm(f (m), f (n)), ξ ∈ `2.

Then matrix elements of the infinite matrix corresponding to the

operator TT∗ are the inner products (TT∗)nm = (f (n), f (m)). This is a

self-adjoint matrix. If its eigenvalues are all positive and bounded away

from zero, with lower bound A > 0, then it follows that T∗ is invertible

and ||T∗−1||2 = A−1. In this case the f (j) form a Riesz basis with frame

bounds A,B.

We will return to this issue when we study biorthogonal wavelets.

8.2.3 Digging deeper: frames of W –H type

We can now relate frames to the lattice Hilbert space construction.

Theorem 8.11 For (a, b) = (1, 1) and g ∈ L2(R), we have

0 < A ≤ |gP(x1, x2)|2 ≤ B <∞ (8.23)
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almost everywhere in the square 0 ≤ x1, x2 < 1 iff {g[m,n]} is a frame for

L2(R) with frame bounds A,B. (By Theorem 8.8 this frame is actually

a Riesz basis for L2(R).)

Proof If (8.23) holds then gP is a bounded function on the square. Hence

for any f ∈ L2(R), fPḡP is a periodic function, in x1, x2 on the square.

Thus
∞∑

m,n=−∞
|〈f, g[m,n]〉|2 =

∞∑
m,n=−∞

|(fP, En,mgP)|2

=
∞∑

m,n=−∞
|(fPḡP, En,m)|2 = ||fPḡP||2 (8.24)

=

∫ 1

0

∫ 1

0

|fP|2|gP|2dx1dx2.

(Here we have used the Plancherel theorem for the exponentials En,m.)

It follows from (8.23) that

A||f ||2 ≤
∞∑

m,n=−∞
|(f, g[m,n])|2 ≤ B||f ||2, (8.25)

so {g[m,n]} is a frame.

Conversely, if {g[m,n]} is a frame with frame bounds A,B, it follows

from (8.25) and the computation (8.24) that

A||fP||2 ≤
∫ 1

0

∫ 1

0

|fP|2|gP|2dx1dx2 ≤ B||fP||2

for an arbitrary fP in the lattice Hilbert space. (Here we have used the

fact that ||f || = ||fP||, since P is a unitary transformation.) Thus the

inequalities (8.23) hold almost everywhere. 2

Frames of the form {g[ma,nb]} are called Weyl–Heisenberg (or W–H

frames). The Weyl–Brezin–Zak transform is not so useful for the study

of W–H frames with general frame parameters (a, b). (Note that it is

only the product ab that is of significance for the W–H frame parame-

ters. Indeed, the change of variable t′ = t/a in (8.1) converts the frame

parameters (a, b) to (a′, b′) = (1, ab).) An easy consequence of the gen-

eral definition of frames is the following:

Theorem 8.12 Let g ∈ L2(R) and a, b, A,B > 0 such that

1. 0 < A ≤
∑
m |g(x+ma)|2 ≤ B <∞, a.e.,
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2. g has support contained in an interval I where I has length b−1.

Then the {g[ma,nb]} are a W–H frame for L2(R) with frame bounds

b−1A, b−1B.

Proof For fixed m and arbitrary f ∈ L2(R) the function Fm(t) =

f(t)g(t+ma) has support in the interval Im = {t + ma : x ∈ I} of

length b−1. Thus Fm(t) can be expanded in a Fourier series with respect

to the basis exponentials Enb(t) = e2πibnt on Im. Using the Plancherel

formula for this expansion we have∑
m,n

|〈f, g[ma,nb]〉|2 =
∑
m,n

|〈Fm, Enb〉|2 (8.26)

=
1

b

∑
m

|〈Fm, Fm〉| =
1

b

∑
m

∫
Im

|f(t)|2|g(t+ma)|2dt

=
1

b

∫ ∞
−∞
|f(t)|2

∑
m

|g(t+ma)|2dt.

From property 1 we have then

A

b
||f ||2 ≤

∑
m,n

|〈f, g[ma,nb]〉|2 ≤ B

b
||f ||2,

so {g[ma,nb]} is a W–H frame. 2

It can be shown that there are no W–H frames with frame parameters

(a, b) such that ab > 1. For some insight into this case we consider the

example (a, b) = (N, 1), N > 1, N an integer. Let g ∈ L2(R). There are

two distinct possibilities:

1. There is a constant A > 0 such that A ≤ |gP(x1, x2)| almost every-

where.

2. There is no such A > 0.

Let M be the closed subspace of L2(R) spanned by functions {g[mN,n],

m,n = 0± 1,±2, . . .} and suppose f ∈ L2(R). Then

〈f, g[mN,n]〉 = (fP, En,mNgP) = (fPḡP, En,mN ).

If possibility 1 holds, we set fP = ḡ−1
P En0,1. Then fP belongs to the lat-

tice Hilbert space and 0 = (En0,1, En,mN ) = (fPḡP, En,mN ) = 〈f, g[mN,n]〉
so f ∈ M⊥ and {g[mN,n]} is not a frame. Now suppose possibility 2

holds. Then according to the proof of Theorem 8.11, g cannot gen-

erate a frame {g[m,n]} with frame parameters (1, 1) because there is

no A > 0 such that A||f ||2 <
∑
m,n |〈f, g[m,n]〉|2. Since the {g[mN,n]}
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corresponding to frame parameters (1, N) is a proper subset of {g[m,n]},
it follows that {g[mN,n]} cannot be a frame either.

For frame parameters (a, b) with 0 < ab < 1 it is not difficult to

construct W–H frames {g[ma,nb]} such that g ∈ L2(R) is a smooth func-

tion. Taking the case a = 1, b = 1/2, for example, let v be an infinitely

differentiable function on R such that

v(x) =

{
0 if x ≤ 0

1 if x ≥ 1
(8.27)

and 0 < v(x) < 1 if 0 < x < 1. Set

g(x) =


0, x ≤ 0

v(x), 0 < x < 1√
1− v2(x− 1), 1 ≤ x ≤ 2

0, 2 < x.

Then g ∈ L2(R) is infinitely differentiable and with support contained

in the interval [0, 2]. Moreover, ||g||2 = 1 and
∑
n |g(x + m)|2 ≡ 1. It

follows immediately from Theorem 8.12 that {g[m,n/2]} is a W–H frame

with frame bounds A = B = 2.

Theorem 8.13 Let f, g ∈ L2(R) such that |fP(x1, x2)|, |gP(x1, x2)| are

each bounded almost everywhere. Then∑
m,n

|〈f, g[m,n]〉|2 =
∑
m,n

〈f, f [m,n]〉〈g[m,n], g〉.

Proof Since 〈f, g[m,n]〉 = (fP, En,mgP) = (fPḡP, En,m) we have the

Fourier series expansion

fP (x1, x2)gP (x1, x2) =
∑
m,n

〈f, g[m,n]〉En,m(x1, x2). (8.28)

Since |fP |, |gP | are bounded, fP ḡP is square integrable with respect to

the measure dx1dx2 on the square 0 ≤ x1, x2 < 1. From the Plancherel

formula for double Fourier series, we obtain the identity∫ 1

0

∫ 1

0

|fP|2|gP|2dx1dx2 =
∑
m,n

|〈f, g[m,n]〉|2.

Similarly, we can obtain expansions of the form (8.28) for fPf̄P and

gPḡP. Applying the Plancherel formula to these two functions we find∫ 1

0

∫ 1

0

|fP|2|gP|2dx1dx2 =
∑
m,n

〈f, f [m,n]〉〈g[m,n], g〉.

2
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8.2.4 Continuous wavelets

Recall that if g is the sampling function for the windowed Fourier trans-

form and g is centered about the point (t0, ω0) in time–frequency (phase)

space, then g[x1,x2] samples a signal f in a “window” centered about the

point (t0 − x1, ω0 + x2). As x1, x2 are varied this window is translated

around the phase space, but its size and shape remain unchanged. The

continuous wavelet transform employs a new type of sampling behavior

that exploits a scaling of the time parameter. This changes the shape

of the window but, due to the Heisenberg inequality, the area of the

window is unchanged. Thus, for example, we will be able to modify the

window to obtain more and more precise localization of the signal in

the time domain, but at the expense of the degree of localization in the

frequency domain.

Let w ∈ L2(R) with ||w|| = 1 and define the affine translation of w by

w(a,b)(t) = |a|−1/2w

(
t− b
a

)
(8.29)

where a > 0. Let f(t) ∈ L2(R). The integral wavelet transform of f is

the function

Fw(a, b) = |a|−1/2

∫ ∞
−∞

f(t)w

(
t− b
a

)
dt = (f, w(a,b)). (8.30)

(Note that we can also write the transform as

Fw(a, b) = |a|1/2
∫ ∞
−∞

f(au+ b)w (u)du,

which is well-defined as a → 0.) This transform is defined in the time-

scale plane. The parameter b is associated with time samples, but fre-

quency sampling has been replaced by the scaling parameter a.

In analogy with the windowed Fourier transform, one might expect

that the functions w(a,b)(t) span L2(R) as a, b range over all possible val-

ues. However, in general this is not the case. Indeed L2(R) = H+ ⊕H−
where H+ consists of the functions f+ such that the Fourier transform

Ff+(λ) has support on the positive λ-axis and the functions f− in H−
have Fourier transform with support on the negative λ-axis. If the sup-

port of ŵ(λ) is contained on the positive λ-axis then the same will be true

of ŵ(a,b)(λ) for all a > 0, b as one can easily check. Thus the functions

{w(a,b)} will not necessarily span L2(R), though for some choices of w
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we will still get a spanning set. However, if we choose two nonzero func-

tions w± ∈ H± then the (orthogonal) functions {w(a,b)
+ , w

(a,b)
− : a > 0}

will span L2(R).

An alternative way to proceed, and the way that we shall follow first,

is to compute the samples for all (a, b) such that a 6= 0, i.e., also to

compute (8.30) for a < 0. Now, for example, if the Fourier transform of

w has support on the positive λ-axis, we see that, for a < 0, ŵ(a,b)(λ)

has support on the negative λ-axis. Then it isn’t difficult to show that,

indeed, the functions w(a,b)(t) span L2(R) as a, b range over all possible

values (including negative a.). However, to get a convenient inversion

formula, we will further require the condition (8.31) to follow (which is

just ŵ(0) = 0).

We will soon see that in order to invert (8.30) and synthesize f from

the transform of a single mother wavelet w we shall need to impose the

condition ∫ ∞
−∞

w(t)dt = 0. (8.31)

Further, we require that w(t) has exponential decay at ∞, i.e., |w(t)| ≤
Ke−k|t| for some k,K > 0 and all t. Among other things this implies that

|ŵ(λ)| is uniformly bounded in λ. Then there is a Plancherel formula.

Theorem 8.14 Let f, g ∈ L2(R) and C =
∫
|ŵ(λ)|2 dλ|λ| . Then

C

∫ ∞
−∞

f(t)g(t)dt =

∫ ∞
−∞

∫ ∞
−∞

Fw(a, b)Gw(a, b)
da db

a2
. (8.32)

Proof Assume first that f̂ and ĝ have their support contained in |λ| ≤ Λ

for some finite Λ. Note that the right-hand side of (8.30), considered as

a function of b, is the convolution of f(t) and |a|−1/2w(−t/a). Thus the

Fourier transform of Fw(a, ·) is |a|1/2f̂(λ)ŵ(aλ). Similarly the Fourier

transform of Gw(a, ·) is |a|1/2ĝ(λ)ŵ(aλ). The standard Plancherel iden-

tity gives∫ ∞
−∞

Fw(a, b)Gw(a, b)db =
1

2π

∫ ∞
−∞
|a|f̂(λ)ĝ(λ)|ŵ(aλ)|2dλ.

Note that the integral on the right-hand side converges, because f, g are

bandlimited functions. Multiplying both sides by da/|a|2, integrating

with respect to a and switching the order of integration on the right

(justified because the functions are absolutely integrable) we obtain∫ ∞
−∞

∫ ∞
−∞

Fw(a, b)Gw(a, b)
da db

a2
=

C

2π

∫ ∞
−∞

f̂(λ)ĝ(λ)dλ.
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Using the Parseval–Plancherel formula for Fourier transforms, we have

the stated result for bandlimited functions.

The rest of the proof is standard. We need to bound the bandlimited

restriction on f and g. Let f, g be arbitrary L2 functions and let

f̂N (λ) =

{
f̂(λ) if |λ| ≤ N

0 otherwise,

where N is a positive integer. Then f̂N → f̂ (in the frequency domain L2

norm) as N → +∞, with a similar statement for ĝN . From the Parseval–

Plancherel identity we then have fn → f, gN → g (in the time domain

L2 norm). Since

C

∫ ∞
−∞
|fN (t)− fM (t)|2dt =

∫ ∞
−∞

∫ ∞
−∞
|Fw,N (a, b)− Fw,M (a, b)|2 da db

a2

it follows easily that {Fw,N} is a Cauchy sequence in the Hilbert space of

square integrable functions in R2 with measure da db/|a|2, and Fw,N →
Fw in the norm, as N → ∞. Since the inner products are continuous

with respect to this limit, we get the general result. 2

Exercise 8.4 Verify that the requirement
∫∞
−∞ w(t)dt = 0 ensures that

C is finite, where C =
∫
|ŵ(λ)|2 dλ|λ| in the Plancherel formula for contin-

uous wavelets.

Exercise 8.5 Consider the Haar mother wavelet

w(t) =


1, 0 ≤ t < 1

2

−1, −1
2 ≤ t < 0

0 otherwise.

Compute the explicit expression for the wavelet transform. Find the

explicit integral expression for C. Can you determine its exact value?

The synthesis equation for continuous wavelets is as follows.

Theorem 8.15

f(t) =
1

C

∫ ∞
−∞

∫ ∞
−∞

Fw(a, b)|a|−1/2w(
t− b
a

)
db da

a2
. (8.33)

Proof Consider the b-integral on the right-hand side of Equation (8.33).

By the Plancherel formula this can be recast as 1
2π

∫∞
−∞ F̂w(λ)ŵ

(a,·)
(λ)dλ

where the Fourier transform of Fw(a, ·) is |a|1/2f̂(λ)ŵ(aλ), and the
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Fourier transform of |a|−1/2w( t−·a ) is |a|1/2e−itλŵ(aλ). Thus the expres-

sion on the right-hand side of (8.33) becomes

1

2πC

∫ ∞
−∞

da

|a|

∫ ∞
−∞

f̂(λ)|ŵ(aλ)|2eitλdλ

=
1

2πC

∫ ∞
−∞

f̂(λ)eitλdλ

∫ ∞
−∞
|ŵ(aλ)|2 da

|a|
.

The a-integral is just C, so from the inverse Fourier transform, we

see that the expression equals f(t) (provided it meets conditions for

pointwise convergence of the inverse Fourier transform). 2

Now let’s see how to modify these results for the case where we require

a > 0. We choose two nonzero functions w± ∈ H±, i.e., w+ is a positive

frequency probe function and w− is a negative frequency probe. To get

a convenient inversion formula, we require the condition (8.34) (which

is just ŵ+(0) = 0, ŵ−(0) = 0):∫ ∞
−∞

w+(t)dt =

∫ ∞
−∞

w−(t)dt = 0. (8.34)

Further, we require that w±(t) have exponential decay at ∞, i.e.,

|w±(t)| ≤ Ke−k|t| for some k,K > 0 and all t. Among other things

this implies that |ŵ±(λ)| are uniformly bounded in λ. Finally, we adjust

the relative normalization of w+ and w− so that

C =

∫ ∞
0

|ŵ+(λ)|2 dλ
|λ|

=

∫ 0

−∞
|ŵ−(λ)|2 dλ

|λ|
. (8.35)

Let f(t) ∈ L2(R). Now the integral wavelet transform of f is the pair of

functions

F±(a, b) = |a|−1/2

∫ ∞
−∞

f(t)w±

(
t− b
a

)
dt = (f, w

(a,b)
± ). (8.36)

(Note that we can also write the transform pair as

F±(a, b) = |a|1/2
∫ ∞
−∞

f(au+ b)w± (u)du,

which is well-defined as a→ 0.) Then there is a Plancherel formula.

Theorem 8.16 Let f, g ∈ L2(R). Then C
∫∞
−∞ f(t)g(t)dt =∫ ∞

0

∫ ∞
−∞

(
F+(a, b)G+(a, b) + F−(a, b)G−(a, b)

) da db
a2

. (8.37)
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Proof A straightforward modification of our previous proof. Assume first

that f̂ and ĝ have their support contained in |λ| ≤ Λ for some finite Λ.

Note that the right-hand sides of (8.36), considered as functions of b, are

the convolutions of f(t) and |a|−1/2w±(−t/a). Thus the Fourier trans-

form of F±(a, ·) is |a|1/2f̂(λ)ŵ±(aλ). Similarly the Fourier transforms of

G±(a, ·) are |a|1/2ĝ(λ)ŵ±(aλ). The standard Plancherel identity gives∫ ∞
−∞

F+(a, b)G+(a, b)db =
1

2π

∫ ∞
0

|a|f̂(λ)ĝ(λ)|ŵ+(aλ)|2dλ,

∫ ∞
−∞

F−(a, b)G−(a, b)db =
1

2π

∫ 0

−∞
|a|f̂(λ)ĝ(λ)|ŵ−(aλ)|2dλ.

Note that the integrals on the right-hand side converge, because f, g are

bandlimited functions. Multiplying both sides by da/|a|2, integrating

with respect to a (from 0 to +∞) and switching the order of integration

on the right we obtain∫ ∞
0

∫ ∞
−∞

(
F+(a, b)G+(a, b) + F−(a, b)G−(a, b)

) da db
a2

=

C

2π

∫ ∞
0

f̂(λ)ĝ(λ)dλ+
C

2π

∫ 0

−∞
f̂(λ)ĝ(λ)dλ

=
C

2π

∫ ∞
−∞

f̂(λ)ĝ(λ)dλ.

Using the Plancherel formula for Fourier transforms, we have the stated

result for bandlimited functions. The rest of the proof is standard. 2

Note that the positive frequency data is orthogonal to the negative

frequency data.

Corollary 8.17 ∫ ∞
0

∫ ∞
−∞

F+(a, b)G−(a, b)
da db

a2
= 0. (8.38)

Proof A slight modification of the proof of the theorem. The standard

Plancherel identity gives∫ ∞
−∞

F+(a, b)G−(a, b)db =
1

2π

∫ ∞
0

|a|f̂(λ)ĝ(λ)ŵ+(aλ)ŵ−(aλ)dλ = 0

since ŵ+(λ)ŵ−(λ) ≡ 0. 2

The modified synthesis equation for continuous wavelets is as follows.
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Theorem 8.18

f(t) = (8.39)

1

C

∫ ∞
0

∫ ∞
−∞
|a|−1/2

(
F+(a, b)w+(

t− b
a

) + F−(a, b)w−(
t− b
a

)

)
db da

a2
.

Proof Consider the b-integrals on the right-hand side of equations (8.39).

By the Plancherel formula they become 1
2π

∫∞
−∞ F̂±(λ)ŵ±

(a,·)
(λ)dλ where

the Fourier transform of F±(a, ·) is |a|1/2f̂(λ)ŵ±(aλ), and the Fourier

transform of |a|−1/2w±( t−·a ) is |a|1/2e−itλŵ±(aλ). Thus the

expressions on the right-hand side of (8.39) become

1

2πC

∫ ∞
−∞

da

|a|

∫ ∞
−∞

f̂(λ)|ŵ±(aλ)|2eitλdλ

=
1

2πC

∫ ∞
−∞

f̂(λ)eitλdλ

∫ ∞
−∞
|ŵ±(aλ)|2 da

|a|
.

Each a-integral is just C, so from the inverse Fourier transform, we

see that the expression equals f(t) (provided it meets conditions for

pointwise convergence of the inverse Fourier transform). 2

Can we get a continuous transform for the case a > 0 that uses a single

wavelet? Yes, but not any wavelet will do. A convenient restriction is to

require that w(t) is a real-valued function with ||w|| = 1. In that case it

is easy to show that ŵ(λ) = ŵ(−λ), so |ŵ(λ)| = |ŵ(−λ)|. Now let

w+(t) =
1

2π

∫ ∞
0

ŵ(λ)eiλtdλ, w−(t) =
1

2π

∫ 0

−∞
ŵ(λ)eiλtdλ.

Note that

w(t) = w+(t) + w−(t), ||w+|| = ||w−||

and that w± are, respectively, positive and negative frequency wavelets.

We further require the zero area condition (which is just ŵ(0) = ŵ+(0) =

0, ŵ−(0) = 0): ∫ ∞
−∞

w+(t)dt =

∫ ∞
−∞

w−(t)dt = 0, (8.40)

and that w(t) have exponential decay at ∞. Then

C =

∫ ∞
0

|ŵ(λ)|2 dλ
|λ|

=

∫ 0

−∞
|ŵ±(λ)|2 dλ

|λ|
(8.41)
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exists. Let f(t) ∈ L2(R). Here the integral wavelet transform of f is the

function

F (a, b) = |a|−1/2

∫ ∞
−∞

f(t)w

(
t− b
a

)
dt = (f, w(a,b)). (8.42)

Theorem 8.19 Let f, g ∈ L2(R), and w(t) a real-valued wavelet func-

tion with the properties listed above. Then

C

2

∫ ∞
−∞

f(t)g(t)dt =

∫ ∞
0

∫ ∞
−∞

F (a, b)G(a, b)
da db

a2
. (8.43)

Proof This follows immediately from Theorem 8.16 and the fact that∫ ∞
0

∫ ∞
−∞

F (a, b)G(a, b)
da db

a2
=

∫ ∞
0

∫ ∞
−∞

(F+(a, b) + F−(a, b))
(
G+(a, b) +G−(a, b)

) da db
a2

=

∫ ∞
0

∫ ∞
−∞

(
F+(a, b)G+(a, b) + F−(a, b)G−(a, b)

) da db
a2

,

due to the orthogonality relation (8.38). 2

The synthesis equation for continuous real wavelets is as follows.

Theorem 8.20

f(t) =
2

C

∫ ∞
0

∫ ∞
−∞
|a|−1/2F (a, b)w(

t− b
a

)
db da

a2
. (8.44)

Exercise 8.6 Show that the derivatives of the Gaussian distribution

w(n)(t) = Kn
dn

dtn
G(t), G(t) =

1√
2πσ

exp(−t2/2σ2), n = 1, 2, . . .

(8.45)

each satisfy the conditions for reconstruction with a single wavelet in

the case a > 0, provided the constant Kn is chosen so that ||w(n)|| = 1.

In common use is the case n = 2, the Mexican hat wavelet. Graph this

wavelet to explain the name.

Exercise 8.7 Show that the continuous wavelets w(n) are insensitive

to signals tk of order k < n. Of course, polynomials are not square

integrable on the real line. However, it follows from this that w(n) will

filter out most of the polynomial portion (of order < n) of a signal

restricted to a finite interval.
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Exercise 8.8 For students with access to the MATLAB wavelet tool-

box. The MATLAB function cwt computes F (a, b), (called Ca,b by MAT-

LAB) for a specified discrete set of values of a and for b ranging the

length of the signal vector. Consider the signal f(t) = e−t
2/10(sin t +

2 cos 2t + sin(5t + cos 8t + 2t2), 0 ≤ t < 2π. Discretize the signal into a

512 component vector and use the Mexican hat wavelet gau2 to compute

the continuous wavelet transform Ca,b for a taking integer values from

1 to 32. A simple code that works is

t=linspace(0,2*pi,2^8);

f=exp(-t.^2/10).*(sin(t)+2*cos(2*t)+sin(5*t)+cos(8*t)+2*t.^2);

c=cwt(f,1:32,’gau2’)

For color graphical output an appropriate command is

cc=cwt(f,1:32,’gau2’,’plot’)

This produces four colored graphs whose colors represent the magnitudes

of the real and the imaginary parts of Ca,b, the absolute value of Ca,b
and the phase angle of Ca,b, respectively, for the matrix of values (a, b).

Repeat the analysis for the Haar wavelet ′db1′ or ′haar′ and for ′cgau3′.

Taking Exercise 8.7 into account, what is your interpretation of the

information about the signal obtained from these graphs?

The continuous wavelet transform is also used frequently for nonzero

wavelets w(t) that do not satisfy the condition
∫∞
−∞ w(t) dt = 0, so that

the synthesis formulas derived above are no longer valid. The critical

requirement is that the affine translations {w(a,b)(t) : 0 < a, −∞ < b <

∞}, (8.29), must span L2(R). A sufficient condition for this is that for

any function g ∈ L2(R) the orthogonality condition
∫∞
−∞ g(t)w(a,b)(t) dt =

0 for all a > 0, b ∈ R implies ||g|| = 0. Then even though there is

no simple inversion formula, the samples Fw(a, b) uniquely characterize

any f ∈ L2(R). Some of these wavelets provide very useful information

about the phase space structure of functions f . Examples for w are the

Gaussian function G(t) = 1√
2πσ

exp(−t2/2σ2) and, more generally, the

complex Gaussians

w(n)
ω (t) = Kn

dn

dtn
eiωtG(t)

for ω a fixed real number. The case w
(0)
ω (t) is the Morlet wavelet.

Exercise 8.9 Show that the affine translations w(a,b)(t) span L2(R)

where w(t) = G(t), the Gaussian distribution.
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Exercise 8.10 Show that the set of affine translations of a complex

Gaussian w
(n)
ω (t) span L2(R). Hint: We already know that the affine

translations of the real Gaussian (8.45) span L2(R).

The continuous wavelet transform is overcomplete, just as is the

windowed Fourier transform. To avoid redundancy (and for practical

computation where one cannot determine the wavelet transform for a

continuum of a, b values) we can restrict attention to discrete lattices in

time-scale space. The question is: which lattices will lead to bases for

the Hilbert space? Our work with discrete wavelets will give us many

nontrivial examples of a lattice and wavelets that will work. Here, we

look for other examples.

8.2.5 Lattices in time-scale space

To define a lattice in the time-scale space we choose two nonzero real

numbers a0, b0 > 0 with a0 6= 1. Then the lattice points are a = am0 , b =

nb0a
m
0 , m,n = 0,±1, . . ., so

wmn(t) = w(am0 ,nb0a
m
0 )(t) = a

−m/2
0 w(a−m0 t− nb0).

Note that if w has support contained in an interval of length ` then the

support of wmn is contained in an interval of length a−m0 `. Similarly, if

Fw has support contained in an interval of length L then the support

of Fwmn is contained in an interval of length am0 L. (Note that this

behavior is very different from the behavior of the Heisenberg translates

g[ma,nb]. In the Heisenberg case the support of g in either position or

momentum space is the same as the support of g[ma,nb]. In the affine

case the sampling of position–momentum space is on a logarithmic scale.

There is the possibility, through the choice of m and n, of sampling in

smaller and smaller neighborhoods of a fixed point in position space.)

The affine translates wmn are called discrete wavelets and the function

w is a mother wavelet. The map T : f → 〈f, wmn± 〉 is the discrete wavelet

transform.

NOTE: This should all become very familiar to you. The lattice a0 =

2j , b0 = 1 corresponds to the multiresolution analysis that we will study

in Chapter 9.

Exercise 8.11 This is a continuation of Exercise 8.5 on the Haar mother

wavelet. Choosing the lattice a0 = 2j , b0 = 1, for fixed integer j 6= 0,

show that the discrete wavelets wmn for m,n = 0,±1,±2, . . . form an

ON set in L2(R). (In fact it is an ON basis.)
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8.3 Affine frames

The general definitions and analysis of frames presented earlier clearly

apply to wavelets. However, there is no affine analog of the Weil–Brezin–

Zak transform which was so useful for Weyl–Heisenberg frames. Nonethe-

less we can prove the following result directly.

Lemma 8.21 Let w+ ∈ L2(R) such that the support of Fw is contained

in the interval [`, L] where 0 < ` < L < ∞, and let a0 > 1, b0 > 0 with

(L− `)b0 ≤ 1. Suppose also that

0 < A ≤
∑
m

|Fw+(am0 ω)|2 ≤ B <∞

for almost all ω ≥ 0. Then {wmn+ } is a frame for H+ with frame bounds

A/b0, B/b0.

Proof Let f ∈ H+ and note that w+ ∈ H+. For fixed m the support of

Ff(am0 y)Fw+(ω) is contained in the interval ` ≤ ω ≤ `+1/b0 (of length

1/b0). Then∑
m,n

|〈f, wmn+ 〉|2 =
∑
m,n

|〈Ff,Fwmn+ 〉|2 (8.46)

=
∑
m,n

a−m0 |
∫ ∞
−0

Ff(a−m0 ω)Fw+(ω)e−inb0ωdω|2

=
∑
m

a−m0

b0

∫ `+1/b0

`

|Ff(a−m0 ω)Fw+(ω)|2dω

=
1

b

∑
m

∫ ∞
0

|Ff(ω)Fw+(am0 ω)|2dω

=
1

b

∫ ∞
0

|Ff(ω)|2
(∑

m

|Fw+(am0 ω)|2
)
dω.

Since ||f ||2 =
∫∞

0
|Ff(ω)|2dω for f ∈ H+, the result

A||f ||2 ≤
∑
m,n

|〈f, wmn+ 〉|2 ≤ B||f ||2

follows. 2

A very similar result characterizes a frame forH−. (Just let ω run from

−∞ to 0.) Furthermore, if {wmn+ }, {wmn− } are frames forH+,H−, respec-

tively, corresponding to lattice parameters a0, b0, then {wmn+ , wmn− } is a

frame for L2(R)
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Exercise 8.12 For lattice parameters a0 = 2, b0 = 1, choose ŵ+ = χ[1,2)

and ŵ− = χ(−2,−1]. Show that w+ generates a tight frame for H+ with

A = B = 1 and w− generates a tight frame for H− with A = B = 1,so

{wmn+ , wmn− } is a tight frame for L2(R). (Indeed, one can verify directly

that {wmn± } is an ON basis for L2(R).)

Exercise 8.13 Let w be the function such that

Fw(ω) =
1√
ln a


0 if ω ≤ `

sin π
2 v
(

ω−`
`(a−1)

)
if ` < ω ≤ a`

cos π2 v
(

ω−a`
a`(a−1)

)
if a` < ω ≤ a2`

0 if a2` < ω

where v(x) is defined as in (8.27). Show that {wmn} is a tight frame for

H+ with A = B = 1/b ln a. Furthermore, for w+ = w and w− = w̄ show

that {wmn± } is a tight frame for L2(R).

Suppose w ∈ L2(R) such that Fw(ω) is bounded almost everywhere

and has support in the interval [−1/2b, 1/2b]. Then for any f ∈ L2(R)

the function

a
−m/2
0 Ff(a−m0 ω)Fw(ω)

has support in this same interval and is square integrable. Thus∑
m,n

|〈f, wmn〉|2 =
∑
m,n

|a−m/20

∫ ∞
−∞
Ff(a−m0 ω)Fw(ω)e−2πiωb0dω|2

= b−1
0

∑
m

∫ ∞
−∞

a−m0 |Ff(a−m0 ω)Fw(ω)|2dω

=
1

b0

∫ 0

−∞
|Ff(ω)|2

∑
m

|Fw(am0 ω)|2dω (8.47)

+
1

b0

∫ ∞
0

|Ff(ω)|2
∑
m

|Fw(am0 ω)|2dω.

It follows from the computation that if there exist constants A,B > 0

such that

A ≤
∑
m

|Fw(am0 ω)|2 ≤ B

for almost all ω, then the single mother wavelet w generates an affine

frame.
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8.4 Additional exercises

Exercise 8.14 Verify formulas (8.2), using the definitions (8.3).

Exercise 8.15 Derive the inequality (8.5).

Exercise 8.16 Given the function

g(t) = φ(t) =

{
1, 0 ≤ t < 1

0, otherwise,

i.e., the Haar scaling function, show that the set {g[m,n]} is an ON basis

for L2(R). Here, m,n run over the integers. Thus g[x1,x2] is overcomplete.

Exercise 8.17 Verify expansion (8.19) for a frame.

Exercise 8.18 Show that the necessary and sufficient condition for a

frame {f (1), . . . , f (M)} in the finite-dimensional inner product space Vn
is that the N ×M matrix Ω, (8.21), be of rank N . In particular we must

have M ≥ N .

Exercise 8.19 Show that the necessary and sufficient condition for a

frame {f (1), . . . , f (M)} in the finite-dimensional inner product space Vn
to be a Riesz basis is that M = N .

Exercise 8.20 Show that the N ×M matrix defining the dual frame is

(ΩΩ∗)−1Ω.

Exercise 8.21 Verify that λj = σ2
j , for j = 1, . . . , N where the σj

are the singular values of the matrix Ω, (8.21). Thus optimal values for

A and B can be computed directly from the singular value decomposition

of Ω.

Exercise 8.22 Show that expansion (8.21) for a frame in the finite-

dimensional real inner product space VN corresponds to the matrix iden-

tity φ = ΩΩ∗(ΩΩ∗)−1φ.

Exercise 8.23 Find the matrix identity corresponding to the expansion

(8.21) for a frame in the finite-dimensional real inner product space VN .

Exercise 8.24 By translation in t if necessary, assume that∫∞
−∞ t|w±(t)|2dt = 0. Let

k+ =

∫ ∞
0

y|Fw+(y)|2dy, k− =

∫ 0

−∞
y|Fw−(y)|2dy.
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Then w± are centered about the origin in position space and about k±
in momentum space. Show that∫ ∞

−∞
t|w(a,b)
± (t)|2dt = −b, ±

∫ ∞
0

y|Fw(a,b)
± (±y)|2dy = a−1k±,

so that w
(a,b)
± are centered about −b in time and a−1k± in frequency.

Exercise 8.25 Show that if the support of w+ is contained in an interval

of length ` in the time domain then the support of w
(a,b)
+ is contained

in an interval of length |a|`. Similarly, show that if the support of Fw+

is contained in an interval of length L in the frequency domain then

the support of Fw(a,b)
+ is contained in an interval of length |a|−1L. This

implies that the length and width of the “window” in time–frequency

space will be rescaled by a and a−1 but the area of the window will

remain unchanged.

——————

For a group theory approach to windowed Fourier and continuous

wavelet transforms, with applications to radar, see [85].
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Multiresolution analysis

9.1 Haar wavelets

Discrete wavelet analysis constitutes a method of signal decomposi-

tion quite distinct from Fourier analysis. The simplest wavelets are

the Haar wavelets, studied by Haar more than 50 years before dis-

crete wavelet theory came into vogue. From our point of view, however,

Haar wavelets arise from the affine frame associated with the continuous

Haar wavelet transform, and the lattice (a0, b0) = (2, 1), see Exercises

8.5 and 8.11. The continuous transform functions are overcomplete but

by restricting the transform to the lattice, we get an ON basis for L2(R).

By exploiting the scaling properties of the affine frame we will find the

Mallat algorithm, a novel way of organizing the expansion coefficients for

a signal with respect to discrete wavelet bases that exploits the “zoom-

ing in” feature of the change of time scale by a factor of 2. A deep

connection between filter banks and discrete wavelets will emerge. This

simple example will illustrate some of the basic features of multiresolu-

tion analysis, an abstract structure for analyzing Riesz bases related to

the lattice (a0, b0) = (2, 1).

We start with the father wavelet or scaling function. For the Haar

wavelets the scaling function is the box function

φ(t) =

{
1 if 0 ≤ t < 1

0 otherwise.
(9.1)

We can use this function and its integer translates to construct the space

V0 of all step functions of the form

s(t) = ak for k ≤ t < k + 1,
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where the ak are complex numbers such that
∑∞
k=−∞ |ak|2 < ∞. Thus

s ∈ V0 ⊂ L2(R) if and only if

s(t) =
∑
k

akφ(t− k),

∞∑
k=−∞

|ak|2 <∞.

Note that the {φ(t− k) : k = 0,±1, . . .} form an ON basis for V0. Also,

the area under the father wavelet is 1:∫ ∞
−∞

φ(t)dt = 1.

We can approximate signals f(t) ∈ L2(R) by projecting them on V0

and then expanding the projection in terms of the translated scaling

functions. Of course this would be a very crude approximation. To get

more accuracy we can change the scale by a factor of 2.

Consider the functions φ(2t− k). They form a basis for the space V1

of all step functions of the form

s(t) = ak for
k

2
≤ t < k + 1

2
,

where
∑∞
k=−∞ |ak|2 < ∞. This is a larger space than V0 because the

intervals on which the step functions are constant are just 1/2 the width

of those for V0. The functions {21/2φ(2t− k) : k = 0,±1, . . .} form an

ON basis for V1. The scaling function also belongs to V1. Indeed we can

expand it in terms of the basis as

φ(t) = φ(2t) + φ(2t− 1). (9.2)

NOTE: In the next section we will study many new scaling functions φ.

We will always require that these functions satisfy the dilation equation

φ(t) =
√

2

N∑
k=0

ckφ(2t− k). (9.3)

The
√

2 will be needed for normalization purposes. It is ubiquitous in

discrete wavelet theory in the same way that π is ubiquitous in the

equations of Fourier analysis. For the Haar scaling function N = 1 and

(c0, c1) = (1/
√

2, 1/
√

2), just as for the moving average filter, see Exam-

ples 7.6. From (9.3) we can easily prove

Lemma 9.1 If the scaling function is normalized so that∫ ∞
−∞

φ(t)dt = 1,

then
∑N
k=0 ck =

√
2.
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Returning to Haar wavelets, we can iterate this rescaling procedure

and define the space Vj of step functions at level j to be the Hilbert

space spanned by the linear combinations of the functions φ(2jt − k),

k = 0,±1, . . . . These functions will be piecewise constant with discon-

tinuities contained in the set

{t =
n

2j
, n = 0,±1,±2, . . .}.

The functions

φjk(t) = 2
j
2φ(2jt− k), k = 0,±1,±2, . . .

form an ON basis for Vj . Further we have

V0 ⊂ V1 ⊂ · · · ⊂ Vj−1 ⊂ Vj ⊂ Vj+1 ⊂ · · ·

and the containment is strict. (Each Vj contains functions that are not

in Vj−1.) Also, note that the dilation equation (9.2) implies that

φjk(t) =
1√
2

[φj+1,2k(t) + φj+1,2k+1(t)]. (9.4)

Exercise 9.1 Verify explicitly that the functions φjk(t) form an ON

basis for the space Vj and that the dilation equation (9.4) holds.

Our definition of the space Vj and functions φjk(t) also makes sense

for negative integers j. Thus we have

· · ·V−2 ⊂ V−1 ⊂ V0 ⊂ V1 ⊂ · · ·

Here is an easy way to decide in which class a step function s(t)

belongs:

Lemma 9.2

1. s(t) ∈ V0 ⇔ s(2jt) ∈ Vj
2. s(t) ∈ Vj ⇔ s(2−jt) ∈ V0

Proof s(t) is a linear combination of functions φ(t − k) if and only if

s(2jt) is a linear combination of functions φ(2jt− k). 2

Since V0 ⊂ V1, it is natural to look at the orthogonal complement of

V0 in V1, i.e., to decompose each s ∈ V1 in the form s = s0 + s1 where

s0 ∈ V0 and s1 ∈ V ⊥0 . We write

V1 = V0 ⊕W0,
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where W0 = {s ∈ V1 : (s, f) = 0 for all f ∈ V0}. It follows that the

functions in W0 are just those in V1 that are orthogonal to the basis

vectors φ(t− k) of V0.

Note from the dilation equation that φ(t − k) = φ(2t − 2k) + φ(2t −
2k − 1) = 2−1/2 (φ1,2k(t) + φ1,2k+1(t)). Thus

(φ0k, φ1`) = 21/2

∫ ∞
−∞

φ(t− k)φ(2t− `)dt =

{
2−1/2 if ` = 2k, 2k + 1

0 otherwise

and

s1(t) =
∑
k

akφ(2t− k) ∈ V1

belongs to W0 if and only if a2k+1 = −a2k. Thus

s1 =
∑
k

a2k [φ(2t− 2k)− φ(2t− 2k − 1)] =
∑
k

a2kw(t− k)

where

w(t) = φ(2t)− φ(2t− 1) (9.5)

is the Haar wavelet, or mother wavelet. You can check that the wavelets

w(t− k), k = 0± 1, . . ., form an ON basis for W0.

NOTE: In the next section we will require that associated with the

father wavelet φ(t) there be a mother wavelet w(t) satisfying the wavelet

equation

w(t) =
√

2

N∑
k=0

dkφ(2t− k), (9.6)

and such that w is orthogonal to all translations φ(t − k) of the

father wavelet. For the Haar scaling function N = 1 and (d0, d1) =

(1/
√

2,−1/
√

2), the normalized impulse response vector for the mov-

ing difference filter, see Examples 7.6.

We define functions wjk(t)

wjk(t) = 2
j
2w(2jt− k) = 2

j
2 (φ(2j+1t− 2k)− φ(2j+1t− 2(k + 1)),

k = 0,±1,±2, . . . , j = 1, 2, . . .

It is easy to prove

Lemma 9.3 For fixed j,

(wjk, wjk′) = δkk′ , (φjk, wjk′) = 0 (9.7)

where k, k′ = 0,±1, . . .
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Other properties proved above are that

φjk(t) =
1√
2

(φj+1,2k(t) + φj+1,2k+1(t)),

wjk(t) =
1√
2

(φj+1,2k(t)− φj+1,2k+1(t)).

Theorem 9.4 Let Wj be the orthogonal complement of Vj in Vj+1:

Vj ⊕Wj = Vj+1.

The wavelets {wjk(t) : k = 0,±1, . . .} form an ON basis for Wj.

Proof From (9.7) it follows that the wavelets {wjk} form an ON set in

Wj . Suppose s ∈Wj ⊂ Vj+1. Then

s(t) =
∑
k

akφj+1,k(t)

and (s, φjn) = 0 for all n. Now φjn = 1√
2
(φj+1,2n + φj+1,2n+1), so

0 = (s, φjn) =
1√
2

[(s, φj+1,2n) + (s, φj+1,2n+1)] =
1√
2

(a2n + a2n+1).

Hence

s(t) =
∑
k

a2k

√
2wjk(t),

and the set {wjk} is an ON basis for Wj . 2

Since Vj ⊕Wj = Vj+1 for all j ≥ 0, we can iterate on j to get Vj+1 =

Wj ⊕ Vj = Wj ⊕Wj−1 ⊕ Vj−1 and so on. Thus

Vj+1 = Wj ⊕Wj−1 ⊕ · · · ⊕W1 ⊕W0 ⊕ V0,

and any s ∈ Vj+1 can be written uniquely in the form

s =

j∑
k=0

wk + s0 where wk ∈Wk, s0 ∈ V0.

Remark Note that (wjk, wj′k′) = 0 if j 6= j′. Indeed, suppose j > j′ to

be definite. Then wj′k′ ∈ Wj′ ⊂ Vj′+1 ⊆ Vj . Since wjk ∈ Wj it must be

perpendicular to wj′k′ .

Lemma 9.5 (wjk, wj′k′) = δjj′δkk′ for j, j′,±k,±k′ = 0, 1, . . .
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Theorem 9.6

L2(R) = V0 ⊕
∞∑
`=0

⊕W` = V0 ⊕W0 ⊕W1 ⊕ · · · ,

so that each f(t) ∈ L2(R) can be written uniquely in the form

f = f0 +

∞∑
k=0

w`, w` ∈W`, f0 ∈ V0. (9.8)

Proof Based on our study of Hilbert spaces, it is sufficient to show that

for any f ∈ L2(R), given ε > 0 we can find an integer j(ε) and a step

function s =
∑
k akφjk ∈ Vj with a finite number of nonzero ak and such

that ||f − s|| < ε. This is easy. Since the space of step functions S2
[−∞,∞]

is dense in L2(R) there is a step function s′(t) ∈ S2
[−∞,∞], nonzero on

a finite number of bounded intervals, such that ||f − s′|| < ε/2. Then,

it is clear that by choosing j sufficiently large, we can find an s ∈ Vj
with a finite number of nonzero ak and such that ||s′ − s|| < ε/2. Thus

||f − s|| ≤ ||f − s′||+ ||s′ − s|| < ε. 2

Note that for j a negative integer we can also define spaces Vj ,Wj

and functions φjk, wjk in an obvious way, so that we have

L2(R) = Vj ⊕
∞∑
`=j

⊕W` = Vj ⊕Wj ⊕W1 ⊕ · · · , (9.9)

even for negative j. Further we can let j → −∞ to get

Corollary 9.7

L2(R) =

∞∑
`=−∞

⊕W` = · · ·W−1 ⊕W0 ⊕W1 ⊕ · · · ,

so that each f(t) ∈ L2(R) can be written uniquely in the form

f =

∞∑
`=−∞

w`, w` ∈W`. (9.10)

In particular, {wjk : j, k = 0,±1,±2, . . .} is an ON basis for L2(R).

Proof (If you understand that every function in L2(R) is determined up

to its values on a set of measure zero.): We will show that {wjk} is an

ON basis for L2(R). The proof will be complete if we can show that the

space W ′ spanned by all finite linear combinations of the wjk is dense in

L2(R). This is equivalent to showing that the only g ∈ L2(R) such that
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(g, f) = 0 for all f ∈W ′ is the zero vector g ≡ 0. It follows immediately

from (9.9) that if (g, wjk) = 0 for all j, k then g ∈ V` for all integers

`. This means that, almost everywhere, g is equal to a step function

that is constant on intervals of length 2−`. Since we can let ` go to

−∞ we see that, almost everywhere, g(t) = c where c is a constant. We

can’t have c 6= 0 for otherwise g would not be square integrable. Hence

g ≡ 0. 2

This result settles an issue raised in Exercise 8.11.

We have a new ON basis for L2(R):

{φ0k, wjk′ : j,±k,±k′ = 0, 1, . . .}.

Let’s consider the space Vj for fixed j. On one hand we have the scaling

function basis

{φj,k : ±k = 0, 1, . . .}.

Then we can expand any fj ∈ Vj as

fj =

∞∑
k=−∞

aj,kφj,k. (9.11)

On the other hand we have the wavelets basis

{φj−1,k, wj−1,k′ : ±k,±k′ = 0, 1, . . .}

associated with the direct sum decomposition

Vj = Wj−1 ⊕ Vj−1.

Using this basis we can expand any fj ∈ Vj as

fj =

∞∑
k′=−∞

bj−1,k′wj−1,k′ +

∞∑
k=−∞

aj−1,kφj−1,k. (9.12)

If we substitute the relations φj−1,k(t) = 1√
2
(φj,2k(t) + φj,2k+1(t)),

wj−1,k(t) = 1√
2
(φj,2k(t) − φj,2k+1(t)), into the expansion (9.12) and

compare coefficients of φj,` with the expansion (9.11), we obtain the

fundamental recursions

Averages (lowpass) aj−1,k = 1√
2
(aj,2k + aj,2k+1) (9.13)

Differences (highpass) bj−1,k = 1√
2
(aj,2k − aj,2k+1). (9.14)

These equations link the Haar wavelets with an N = 1 filter. Let xk =

ajk be a discrete signal. The result of passing this signal, backwards,
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through the (normalized) moving average filter C and then downsam-

pling is yk = (↓ 2)CT ∗ xk = aj−1,k, where aj−1,k is given by (9.13).

Similarly, the result of passing the signal backwards through the (nor-

malized) moving difference filter D and then downsampling is zk =

(↓ 2)DT ∗ xk = bj−1,k, where bj−1,k is given by (9.14).

If you compare the formulas (9.13), (9.14) with the action of the filters

C, D in Examples 7.6 you see that the correct filters differ by a time

reversal. The correct analysis filters are the time-reversed filters DT ,

where the impulse response vector is dTn = d−n, and CT . These filters

are not causal. In general, the analysis recurrence relations for wavelet

coefficients will involve the corresponding acausal filters CT , DT . How-

ever synthesis filters for recovering aj,k from the aj−1,k will turn out to

be C, D exactly. The picture is in expression (9.15).

aj−1,k ← (↓ 2) CT

↖
Output Analysis ajk

↙ Input

bj−1,k ← (↓ 2) DT

. (9.15)

This coupling of high pass filters and low pass filters with downsampling

is called a filter bank, whose precise definition will be given in Section

9.3. We can iterate this process by inputting the output aj−1,k of the

high pass filter to the filter bank again to compute aj−2,k, bj−2,k, etc.

At each stage we save the wavelet coefficients bj′k′ and input the scaling

coefficients aj′k′ for further processing, see expression (9.16).

aj−2,k ← (↓ 2) CT

↖
aj−1,k ← (↓ 2) CT

↙ ↖
bj−2,k ← (↓ 2) DT ajk

↙ Input.

bj−1,k ← (↓ 2) DT

(9.16)

The output of the final stage is the set of scaling coefficients a0k, b0k.

Thus our final output is the complete set of coefficients for the wavelet

expansion

fj =

j∑
j′=0

∞∑
k=−∞

bj′kwj′k +

∞∑
k=−∞

a0kφ0k,
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based on the decomposition

Vj+1 = Wj ⊕Wj−1 ⊕ · · · ⊕W1 ⊕W0 ⊕ V0.

What we have described is the Mallat algorithm (Mallat herring bone)

for decomposing a signal. In practice fj has finite support, so the sum

on k is finite.

We can invert each stage of this process through the synthesis recur-

sion:

aj,2k =
1√
2

(aj−1,k + bj−1,k)

aj,2k+1 =
1√
2

(aj−1,k − bj−1,k). (9.17)

Thus, for level j the full analysis and reconstruction picture is expres-

sion (9.18).

C (↑ 2) ← aj−1,k ← (↓ 2) CT

↙ ↖
ajk Synthesis Analysis ajk

Output ↖ ↙ Input.

D (↑ 2) ← bj−1,k ← (↓ 2) DT

(9.18)

Comments on Haar wavelets:

1. For any f(t) ∈ L2(R) the scaling and wavelets coefficients of f are

defined by

ajk = (f, φjk) = 2j/2
∫ ∞
−∞

f(t)φ(2jt− k)dt

= 2j/2
∫ k

2j
+ 1

2j

k

2j

f(t)dt, (9.19)

bjk = (f, wjk) = 2j/2
∫ ∞
−∞

f(t)φ(2j+1t− 2k)dt

− 2j/2
∫ ∞
−∞

f(t)φ(2j+1t− 2k − 1)dt

= 2j/2
∫ k

2j
+ 1

2j

k

2j

[f(t)− f(t+
1

2j+1
)]dt. (9.20)

If f is a continuous function and j is large then ajk ∼ 2−j/2f( k2j ).

(Indeed if f has a bounded derivative we can develop an upper bound
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for the error of this approximation.) If f is continuously differentiable

and j is large, then bjk ∼ − 1
21+3j/2 f

′( k2j ). Again this shows that the

ajk capture averages of f (low pass) and the bjk capture changes in

f (high pass).

2. Since the scaling function φ(t) is nonzero only for 0 ≤ t < 1 it follows

that φjk(t) is nonzero only for k
2j ≤ t <

k+1
2j . Thus the coefficients ajk

depend only on the local behavior of f(t) in that interval. Similarly

for the wavelet coefficients bjk. This is a dramatic difference from

Fourier series or Fourier integrals where each coefficient depends on

the global behavior of f . If f has compact support, then for fixed j,

only a finite number of the coefficients ajk, bjk will be nonzero. The

Haar coefficients ajk enable us to track t intervals where the function

becomes nonzero or large. Similarly the coefficients bjk enable us to

track t intervals in which f changes rapidly.

3. Given a signal f , how would we go about computing the wavelet

coefficients? As a practical matter, one doesn’t usually do this by

evaluating the integrals (9.19) and (9.20). Suppose the signal has

compact support. By translating and rescaling the time coordinate

if necessary, we can assume that f(t) vanishes except in the interval

[0, 1). Since φjk(t) is nonzero only for k
2j ≤ t < k+1

2j it follows that

each of the coefficients ajk, bjk will vanish except when 0 ≤ k < 2j .

Now suppose that f is such that for a sufficiently large integer j = J

we have aJk ∼ 2−J/2f( k
2J

). If f is differentiable we can compute how

large J needs to be for a given error tolerance. We would also want to

exceed the Nyquist rate. Another possibility is that f takes discrete

values on the grid t = k
2J

, in which case there is no error in our

assumption. Thus, effectively, we are sampling the function f(t) at

the gridpoints.

Inputting the values aJk = 2−J/2f( k
2J

) for k = 0, 1, . . . , 2J − 1 we

use the recursion

Averages (lowpass) aj−1,k = 1√
2
(aj,2k + aj,2k+1) (9.21)

Differences (highpass) bj−1,k = 1√
2
(aj,2k − aj,2k+1) (9.22)

described above, see expression (9.16), to compute the wavelet coef-

ficients bjk, j = 0, 1, . . . , J − 1, k = 0, 1, . . . , 2j − 1 and a00.

The input consists of 2J numbers. The output consists of
∑J−1
j=0 2j+

1 = 2J numbers. The algorithm is very efficient. Each recursion

involves two multiplications by the factor 1/
√

2. At level j there are

2 · 2j such recursions. Thus the total number of multiplications is
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2
∑J−1
j=0 2 · 2j = 4 · 2J − 4 < 4 · 2J . See Figure 9.1 for a MATLAB

implementation of the algorithm.

4. The preceding algorithm is an example of the Fast Wavelet Trans-

form (FWT). It computes 2J wavelet coefficients from an input of 2J

function values and does so with a number of multiplications ∼ 2J .

Compare this with the FFT which needs ∼ J ·2J multiplications from

an input of 2J function values. In theory at least, the FWT is faster.

The Inverse Fast Wavelet Transform is based on (9.17). (Note, how-

ever, that the FFT and the FWT compute different things, i.e., they

divide the spectral band in different ways. Hence they aren’t directly

comparable.)

5. The FWT discussed here is based on filters with N + 1 taps, where

N = 1. For wavelets based on more general N + 1 tap filters (such as

the Daubechies filters), each recursion involves N +1 multiplications,

rather than two. Otherwise the same analysis goes through. Thus the

FWT requires ∼ 2(N + 1)2J multiplications.

6. Haar wavelets are very simple to implement. However they are poor

at approximating continuous functions. By definition, any truncated

Haar wavelet expansion is a step function. Most of the Daubechies

wavelets to come are continuous and are much better for this type of

approximation.

Exercise 9.2 For students with access to the wavelet toolbox of MAT-

LAB. The dwt command of MATLAB accomplishes the filtering ac-

tion of (9.15). If the signal vector is a then the command [cA, cD] =

dwt(a,′ db2′) produces vectors cA, cD, the result of applying the filters

(↓ 2)CT and (↓ 2)DT , respectively, to a, using the Haar wavelet db2.

Practice with the signal a produced by

t=linspace(0,1,2^10);

x=2*rand(1,2^10)-0.5;

a=exp(-t.^2).*sin(100*t.^2);

a=f+x;

[cA,cD]=dwt(a,’db2’);

subplot(2,2,1)

plot(a)

subplot(2,2,2)

plot(cA)

subplot(2,2,4)

plot(cD)
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Figure 9.1 Tree structure of Haar analysis.
This is output from the Wavelet Toolbox of MATLAB. The signal s = a0 is

sampled at 512 = 29 points, so J = 9 and s is assumed to be in the space V9.
The signal can be reconstructed as: s = a5 + d5 + d4 + d3 + d2 + d1. This
signal is a Doppler waveform with noise superimposed. The lower-order

differences contain information, but the smallest coefficients in d1 and d2
appear to be noise. One way of processing this signal to reduce noise and

pass on the underlying information would be to set to zero all the d1 and d2
coefficients b8,k = b7,k = 0 whose absolute values fall below some tolerance
level c and reconstruct the signal from the remaining nonzero coefficients.
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The synthesizing action of (9.18) is accomplished via the inverse trans-

formation idwt.

s=idwt(cA,cD,’db2’);

subplot(1,2,1)

plot(a)

subplot(1,2,2)

plot(s)

Construct an iterated filter to implement the action of (9.16). Break a

down into three terms, plot the results and then reconstruct the original

signal.

9.2 The multiresolution structure

In this section, we deal with multiresolution structure. The Haar wavelets

of the last section, with their associated nested subspaces that span L2

are the simplest example of what is called resolution analysis. We give

the full definition here. It is the main structure that we shall use for the

study of wavelets, though not the only one. It allows us to focus on the

important properties of wavelets, and not to get lost in the complicated

details for construction of particular wavelets. Almost immediately we

will see striking parallels with the study of filter banks.

Definition 9.8 Let {Vj : j = . . . ,−1, 0, 1, . . .} be a sequence of sub-

spaces of L2(R) and φ ∈ V0. This is a multiresolution analysis for L2(R)

provided the following conditions hold:

1. The subspaces are nested: Vj ⊂ Vj+1.

2. The union of the subspaces generates L2 : ∪∞j=−∞Vj = L2(R). (Thus,

each f ∈ L2 can be obtained as a limit of a Cauchy sequence {sn :

n = 1, 2, . . .} such that each sn ∈ Vjn for some integer jn.)

3. Separation: ∩∞j=−∞Vj = {0}, the subspace containing only the zero

function. (Thus only the zero function is common to all subspaces

Vj .)

4. Scale invariance: f(t) ∈ Vj ⇐⇒ f(2t) ∈ Vj+1.

5. Shift invariance of V0: f(t) ∈ V0 ⇐⇒ f(t− k) ∈ V0 for all integers k.

6. ON basis: The set {φ(t− k) : k = 0,±1, . . .} is an ON basis for V0.

Here, the function φ(t) is called the scaling function (or the father

wavelet).
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Remarks:

• Just as for the Haar wavelet, we will show that each multiresolution

analysis is associated to a filter bank.

• The ON basis condition can be replaced by the (apparently weaker)

condition that the translates of φ form a Riesz basis. This type of

basis is most easily defined and understood from a frequency space

viewpoint. We will show later that a φ determining a Riesz basis can

be modified to a φ̃ determining an ON basis.

• We can drop the ON basis condition and simply require that the inte-

ger translates of φ(t) form a basis for V0. However, we will have to be

precise about the meaning of this condition for an infinite-dimensional

space. This will lead us to biorthogonal wavelets and non-unitary filter

banks.

• The ON basis condition can be generalized in another way. It may be

that there is no single function whose translates form an ON basis for

V0 but that there are m functions φ1, . . . , φm with m > 1 such that

the set {φ`(t− k) : ` = 1, . . . ,m, k = 0,±1, . . .} is an ON basis for V0.

These generate multiwavelets and the associated filters are multifilters.

• If the scaling function has finite support and satisfies the ON basis

condition then it will correspond to a so-called unitary FIR filter bank.

If its support is not finite, however, it will still correspond to a unitary

filter bank, but one that has Infinite Impulse Response (IIR). This

means that the impulse response vectors {cn}, {dn} have an infinite

number of nonzero components.

Examples 9.9 1. Piecewise constant functions. Here V0 consists of the

functions f(t) that are constant on the unit intervals k ≤ t < k + 1:

f(t) = ak for k ≤ t < k + 1.

This is exactly the Haar multiresolution analysis of the preceding

section. The only change is that now we have introduced subspaces

Vj for j negative. In this case the functions in V−n for n > 0 are

piecewise constant on the intervals k · 2n ≤ t < (k + 1) · 2n. Note

that if f ∈ Vj for all integers j then f must be a constant. The

only square integrable constant function is identically zero, so the

separation requirement is satisfied.

2. Continuous piecewise linear functions. The functions f(t) ∈ V0 are

determined by their values f(k) at the integer points, and are linear

between each pair of values:

f(t) = [f(k + 1)− f(k)](t− k) + f(k) for k ≤ t ≤ k + 1.
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Note that continuous piecewise linearity is invariant under integer

shifts. Also if f(t) is continuous piecewise linear on unit intervals,

then f(2t) is continuous piecewise linear on half-unit intervals. It isn’t

completely obvious, but a scaling function can be taken to be the hat

function. The hat function H(t) is the continuous piecewise linear

function whose values on the integers are H(k) = δ0k, i.e., H(0) = 1

and H(t) is zero on the other integers. The support of H(t) is the

open interval −1 < t < 1. Note that if f ∈ V0 then we can write it

uniquely in the form

f(t) =
∑
k

f(k)H(t− k).

Although the sum could be infinite, at most two terms are nonzero

for each t. Each term is linear, so the sum must be linear, and it

agrees with f(t) at integer times. All multiresolution analysis condi-

tions are satisfied, except for the ON basis requirement. The integer

translates of the hat function do define a basis for V0 but it isn’t ON

because the inner product (H(t), H(t − 1)) 6= 0. A scaling function

does exist whose integer translates form an ON basis, but its support

isn’t compact.

3. Discontinuous piecewise linear functions. The functions f(t) ∈ V0 are

determined by their values and and left-hand limits f(k), f(k−) at

the integer points, and are linear between each pair of limit values:

f(t) = [f((k + 1)−)− f(k)](t− k) + f(k) for k ≤ t < k + 1.

Each function f(t) in V0 is determined by the two values f(k), f((k+

1)−) in each unit subinterval [k, k + 1) and two scaling functions are

needed:

φ1(t) =

{
1 if 0 ≤ t < 1

0 otherwise
φ2(t) =

{ √
3(1− 2t) if 0 ≤ t < 1

0 otherwise.

Then

f(t) =
∑
k

(
f(k)

2
[φ1(t− k) +

1√
3
φ2(t− k)]

+
f((k + 1)−)

2
[φ1(t− k))− 1√

3
φ2(t− k)]

)
.

The integer translates of φ1(t), φ2(t) form an ON basis for V0. These

are multiwavelets and they correspond to multifilters.
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4. Shannon resolution analysis. Here Vj is the space of bandlimited sig-

nals f(t) in L2(R) with frequency band contained in the interval

[−2jπ, 2jπ]. The nesting property is a consequence of the fact that

if f(t) has Fourier transform f̂(λ) then f(2t) has Fourier transform
1
2 f̂(λ2 ). The function φ(t) = sinc (t) is the scaling function. Indeed we

have already shown that ||φ|| = 1 and the (unitary) Fourier transform

of φ(t) is

Fsinc (λ) =

{
1√
2π

for |λ| < π

0 for |λ| > π.

Thus the Fourier transform of φ(t−k) is equal to ek(λ) = e−ikλ/
√

2π

in the interior of the interval [−π, π] and is zero outside this interval.

It follows that the integer translates of sinc (t) form an ON basis

for V0. Note that the scaling function φ(t) does not have compact

support in this case.

5. The Daubechies functions Dn. This is a family of wavelets, the first of

which is the Haar wavelet D1. The remaining members of the family

cannot be expressed as explicit series or integrals. We will take up

their construction in the next few sections, along with the construc-

tion of associated FIR filters. We will see that each Dn corresponds to

a scaling function with compact support and an ON wavelets basis.

Just as in our study of the Haar multiresolution analysis, for a general

multiresolution analysis we can define the functions

φjk(t) = 2
j
2φ(2jt− k), k = 0,±1,±2, . . .

and for fixed integer j they will form an ON basis for Vj . Since V0 ⊂ V1

it follows that φ ∈ V1 and φ can be expanded in terms of the ON basis

{φ1k} for V1. Thus we have the dilation equation

φ(t) =
√

2
∑
k

ckφ(2t− k). (9.23)

Since the φjk form an ON set, the coefficient vector c must be a unit

vector in `2, ∑
k

|ck|2 = 1. (9.24)

We will soon show that φ(t) has support in the interval [0, N ] if and only

if the only nonvanishing coefficients of c are (c0, . . . , cN ). Scaling func-

tions with nonbounded support correspond to coefficient vectors with
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infinitely many nonzero terms. Since φ(t) ⊥ φ(t−m) for all nonzero m,

the vector c satisfies double-shift orthogonality:

(φ00, φ0m) =
∑
k

ckck−2m = δ0m. (9.25)

Thus if we shift the vector c by a nonzero even number of places and

take the inner product of the nonshifted and shifted coefficient vectors,

we get 0. For FIR filters, double-shift orthogonality is associated with

downsampling. For orthogonal wavelets it is associated with dilation.

From (9.23) we can easily prove

Lemma 9.10 If the scaling function is normalized so that∫ ∞
−∞

φ(t)dt = 1,

then
∑N
k=0 ck =

√
2.

Also, note that the dilation equation (9.23) implies that

φjk(t) =
∑
`

c`−2kφj+1,`(t), (9.26)

which is the expansion of the Vj scaling basis in terms of the Vj+1 scaling

basis. Just as in the special case of the Haar multiresolution analysis we

can introduce the orthogonal complement Wj of Vj in Vj+1.

Vj+1 = Vj ⊕Wj .

We start by trying to find an ON basis for the wavelet space W0. Asso-

ciated with the father wavelet φ(t) there must be a mother wavelet w(t),

with norm 1, and satisfying the wavelet equation

w(t) =
√

2
∑
k

dkφ(2t− k), (9.27)

and such that w is orthogonal to all translations φ(t − k) of the father

wavelet. We will further require that w is orthogonal to integer trans-

lations of itself. For the Haar scaling function, N = 1 and (d0, d1) =

(1/
√

2,−1/
√

2).

NOTE: In several of our examples we were able to identify the scal-

ing subspaces, the scaling function and the mother wavelet explicitly. In

general however, this won’t be practical. In practice we will find condi-

tions on the coefficient vectors c and d such that they could correspond

to scaling functions and wavelets. We will then solve these conditions

and demonstrate that some solutions define a multiresolution analysis,



DAMELIN: “MASTERFILE” — 2011/10/28 — 14:44 — PAGE 289 — #297

9.2 The multiresolution structure 289

a scaling function and a mother wavelet. Virtually the entire analysis

will be carried out with the coefficient vectors; we shall seldom use the

scaling and wavelet functions directly. However, it is essential to show

that these functions exist and have the required properties. Otherwise

any results we obtain will be vacuous. Now back to our construction.

Since the φjk form an ON set, the coefficient vector d must be a unit

vector in `2, ∑
k

|dk|2 = 1. (9.28)

Moreover since w(t) ⊥ φ(t−m) for all m, the vector d satisfies double-

shift orthogonality with c:

(w, φ0m) =
∑
k

ckdk−2m = 0. (9.29)

The requirement that w(t) ⊥ w(t −m) for nonzero integer m leads to

double-shift orthogonality of d to itself:

(w(t), w(t−m)) =
∑
k

dkdk−2m = δ0m. (9.30)

Clearly, there is no unique solution for d, but any solution will suffice.

We claim that if the unit coefficient vector c is double-shift orthogonal

then the coefficient vector d defined by taking the conjugate alternating

flip automatically satisfies the conditions (9.29) and (9.30). Here,

dn = (−1)ncN−n. (9.31)

This expression depends on N where the c vector for the low pass filter

had N + 1 nonzero components. However, due to the double-shift or-

thogonality obeyed by c, the only thing about N that is necessary for

d to exhibit double-shift orthogonality is that N be odd. Thus we will

choose N = −1 and take dn = (−1)nc−1−n. We claim that this choice

also works when c ∈ `2 has an infinite number of nonzero components.

Let’s check for example that d is orthogonal to c:

S =
∑
k

ckdk−2m =
∑
k

ck(−1)kc−1+2m−k.

Now set ` = −1 + 2m− k and sum over `:

S =
∑
`

c1−2m−`(−1)`+1c` = −S.

Hence S = 0. Thus, once the scaling function is defined through the

dilation equation, the wavelet w(t) is determined by the wavelet equation
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Ω =



· · · ·
· · · ·
· c0 0 0 0 · ·
· c2 c1 c0 c−1 · ·
· c4 c3 c2 c1 c0 ·
· · · ·
· · · ·
· c−1 c0 c1 c2 · ·
· c−3 −c−2 c−1 c0 · ·
· c−5 −c−4 c−3 −c−2 c−1 ·
· · · ·
· · · ·


.

Figure 9.2 The wavelet Ω matrix.

(9.27) with dn = (−1)nc−1−n. Once w has been determined we can define

functions

wjk(t) = 2
j
2w(2jt− k), j, k = 0,±1,±2, . . . .

It is easy to prove

Lemma 9.11

(wjk, wj′k′) = δjj′δkk′ , (φjk, wjk′) = 0 (9.32)

where j, j′, k, k′ = 0,±1, . . .

The dilation equations and wavelet equations extend to:

φj` =
∑
k

ck−2`φj+1,k(t), (9.33)

wj` =
∑
k

dk−2`φj+1,k(t). (9.34)

Equations (9.33) and (9.34) can be understood in terms of the doubly

infinite matrix Ω pictured in Figure 9.2. The rows of Ω are ON. Indeed,

the `th upper row vector is just the coefficient vector for the expansion

of φj`(t) as a linear combination of the ON basis vectors φj+1,k. (The

entry in upper row `, column k is just the coefficient ck−2`.) Similarly,

the `th lower row vector is the coefficient vector for the expansion of

wj`(t) as a linear combination of the basis vectors φj+1,k (and the entry

in lower row `, column k is the coefficient dk−2` = (−1)kc2`−1−k). Thus

the ON property of the row vectors follows from Lemma 9.11 and the

fact that φjk, wjk have unit length.
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We claim that the columns of Ω are also ON. This means that the

matrix Ω is unitary and that its inverse is the transpose conjugate. A

consequence of this fact is that we can solve Equations (9.33) and (9.34)

explicitly to express the basis vectors φj+1,k for Vj+1 as linear combina-

tions of the vectors φj,k′ and wjk′′ . The kth column of Ω is the coefficient

vector for the expansion of φj+1,k in terms of φj,k′ (on the top) and wjk′′

(on the bottom).

To verify this claim, note that the columns of Ω are of two types:

even (containing only terms c2n, d2n) and odd (containing only terms

c2n+1, d2n+1). Thus the requirement that the column vectors of Ω are

ON reduces to three types of identities:

even–even :
∑
`

c2`c2k+2` +
∑
`

d2`d2k+2` = δk0, (9.35)

odd–odd :
∑
`

c2`+1c2k+2`+1 +
∑
`

d2`+1d2k+2`+1 = δk0, (9.36)

odd–even :
∑
`

c2`+1c2k+2` +
∑
`

d2`+1d2k+2` = 0. (9.37)

Theorem 9.12 If c satisfies the double-shift orthogonality condition and

the filter d is determined by the conjugate alternating flip

dn = (−1)nc−1−n,

then the columns of Ω are orthonormal.

Proof The even–even case computation is∑
`

d2`d2k+2` =
∑
`

c−1−2`c−1−2k−2` =
∑
s

c2s+1c2s+2k+1.

Thus ∑
`

c2`c2k+2` +
∑
`

d2`d2k+2` =
∑
n

cncn+2k = δk0.

The other cases are similar. 2

Exercise 9.3 Verify the identities (9.36), (9.37), thus finishing the proof

that the columns of Ω are ON.

Now we define functions φ′j+1,k(t) in Vj+1 by

φ′j+1,s =
∑
h

(
cs−2hφjh + ds−2hwjh

)
.
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Substituting the expansions

φjh =
∑
k

ck−2hφj+1,k, wjh =
∑
k

dk−2hφj+1,k,

into the right-hand side of the first equation we find

φ′j+1,s =
∑
hk

(
cs−2hck−2h + ds−2hdk−2h

)
φj+1,k = φj+1,s,

as follows from the even–even, odd–even and odd–odd identities above.

Thus

φj+1,s =
∑
h

(
cs−2hφjh + ds−2hwjh

)
, (9.38)

and we have inverted the expansions

φj` =
∑
k

ck−2`φj+1,k(t), (9.39)

wj` =
∑
k

dk−2`φj+1,k(t). (9.40)

Thus the set {φjk, wjk′} is an alternate ON basis for Vj+1 and we have

Lemma 9.13 The wavelets {wjk : k = 0,±1, . . .} form an ON basis for

Wj.

To get the wavelet expansions for functions f ∈ L2 we can now follow

the steps in the construction for the Haar wavelets. The proofs are vir-

tually identical. Since Vj ⊕Wj = Vj+1 for all j ≥ 0, we can iterate on j

to get Vj+1 = Wj ⊕ Vj = Wj ⊕Wj−1 ⊕ Vj−1 and so on. Thus

Vj+1 = Wj ⊕Wj−1 ⊕ · · · ⊕W1 ⊕W0 ⊕ V0

and any s ∈ Vj+1 can be written uniquely in the form

s =

j∑
k=0

wk + s0 where wk ∈Wk, s0 ∈ V0.

Theorem 9.14

L2(R) = Vj ⊕
∞∑
k=j

Wk = Vj ⊕Wj ⊕Wj+1 ⊕ · · · ,
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so that each f(t) ∈ L2(R) can be written uniquely in the form

f = fj +

∞∑
k=j

wk, wk ∈Wk, fj ∈ Vj . (9.41)

We have a family of new ON bases for L2(R), one for each integer j:

{φjk, wj′k′ : j′ = j, j + 1, . . . , ±k,±k′ = 0, 1, . . .}.

Let’s consider the space Vj for fixed j. On one hand we have the scaling

function basis

{φj,k : ±k = 0, 1, . . .}.

Then we can expand any fj ∈ Vj as

fj =
∞∑

k=−∞

aj,kφj,k. (9.42)

On the other hand we have the wavelets basis

{φj−1,k, wj−1,k′ : ±k,±k′ = 0, 1, . . .}

associated with the direct sum decomposition

Vj = Wj−1 ⊕ Vj−1.

Using this basis we can expand any fj ∈ Vj as

fj =

∞∑
k′=−∞

bj−1,k′wj−1,k′ +

∞∑
k=−∞

aj−1,kφj−1,k. (9.43)

If we substitute the relations

φj−1,` =
∑
k

ck−2`φjk(t), (9.44)

wj−1,` =
∑
k

dk−2`φj,k(t), (9.45)

into the expansion (9.42) and compare coefficients of φj,` with the ex-

pansion (9.43), we obtain the fundamental recursions

Averages (lowpass) aj−1,k =
∑
n cn−2kajn (9.46)

Differences (highpass) bj−1,k =
∑
n dn−2kajn. (9.47)

These equations link the wavelets with a unitary filter bank.
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Let xk = ajk be a discrete signal. The result of passing this signal

through the (normalized and time-reversed) filter CT and then down-

sampling is yk = ((↓ 2)CT ∗ x)k = aj−1,k, where aj−1,k is given by

(9.46). Similarly, the result of passing the signal through the (normal-

ized and time-reversed) filter DT and then downsampling is zk = ((↓
2)DT ∗ x)k = bj−1,k, where bj−1,k is given by (9.47). The picture, in

complete analogy with that for Haar wavelets, is in expression (9.15).

We can iterate this process by inputting the output aj−1,k of the high

pass filter to the filter bank again to compute aj−2,k, bj−2,k, etc. At

each stage we save the wavelet coefficients bj′k′ and input the scaling

coefficients aj′k′ for further processing, see expression (9.16).

The output of the final stage is the set of scaling coefficients a0k, b0k,

assuming that we stop at j = 0. Thus our final output is the complete

set of coefficients for the wavelet expansion

fj =

j−1∑
j′=0

∞∑
k=−∞

bj′kwj′k +

∞∑
k=−∞

a0kφ0k,

based on the decomposition

Vj = Wj−1 ⊕Wj−2 ⊕ · · · ⊕W1 ⊕W0 ⊕ V0.

This is the Mallat algorithm for a general multiresolution analysis.

To derive the synthesis filter bank recursion we can substitute the

inverse relation

φj,s =
∑
h

(
cs−2hφj−1,h + ds−2hwj−1,h

)
, (9.48)

into the expansion (9.43) and compare coefficients of φj−1,`, wj−1,` with

the expansion (9.42) to obtain the inverse recursion

aj,n =
∑
k

c2k−naj−1,k +
∑
k

d2k−nbj−1,k. (9.49)

This is exactly the output of the synthesis filter bank. Thus, for level

j the full analysis and reconstruction picture is expression (9.18). This

entire process is known as the fast wavelet transform (FWT), and its

inversion. In analogy with the Haar wavelets discussion, for any f(t) ∈
L2(R) the scaling and wavelets coefficients of f are defined by

ajk = (f, φjk) = 2j/2
∫ ∞
−∞

f(t)φ(2jt− k)dt, (9.50)

bjk = (f, wjk) = 2j/2
∫ ∞
−∞

f(t)w(2jt− k)dt.
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9.2.1 Wavelet packets

The wavelet transform of the last section has been based on the

decomposition Vj = Wj−1 ⊕ Vj−1 and its iteration. Using the sym-

bols aj , bj (with the index k suppressed) for the projection of a sig-

nal f on the subspaces Vj , Wj , respectively, we have the tree structure

of Figure 9.3 where we have gone down three levels in the recursion.

However, a finer resolution is possible. We could also use our low pass

and high pass filters to decompose the wavelet spaces Wj into a direct

sum of low-frequency and high-frequency subspaces: Wj = Wj,0 ⊕Wj,1.

The new ON basis for this decomposition could be obtained from the

wavelet basis wjk(t) for Wj exactly as the basis for the decomposition

Vj = Wj−1 ⊕ Vj−1 was obtained from the scaling basis φjk(t) for Vj :

wj`,1(t) =
∑N
k=0 dk−2`wjk(t) and wj`,0(t) =

∑N
k=0 ck−2`wjk(t). Simi-

larly, the new high- and low-frequency wavelet subspaces so obtained

could themselves be decomposed into a direct sum of high and low pass

subspaces, and so on. The wavelet transform algorithm (and its inver-

sion) would be exactly as before. The only difference is that the algorithm

would be applied to the bjk coefficients, as well as the ajk coefficients.

Now the picture (down three levels) is the complete (wavelet packet)

Figure 9.4. With wavelet packets we have a much finer resolution of the

signal and a greater variety of options for decomposing it. For example,

s = aj
↙ ↘

aj−1 bj−1

↙ ↘
aj−2 bj−2

↙ ↘
aj−3 bj−3

Figure 9.3 General fast wavelet transform tree.

s
↙ ↘

aj−1 bj−1

↙ ↘ ↙ ↘
aj−2 bj−2 bj−1,0 bj−1,1

↙ ↘ ↙ ↘ ↙ ↘ ↙ ↘
aj−3 bj−3 bj−2,0 bj−2,1 bj−1,0,0 bj−1,0,1 bj−1,1,0 bj−1,1,1

Figure 9.4 Wavelet packet tree.
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we could decompose s as the sum of the eight terms at level three:

s = aj−3 + bj−3 + bj−2,0 + bj−2,1 + bj−1,0,0 + bj−1,0,1 + bj−1,1,0 + bj−1,1,1.

A hybrid would be s = aj−1 + bj−1,0 + bj−1,1,0 + bj−1,1,1. The tree struc-

ture for this algorithm is the same as for the FFT. The total number of

multiplications involved in analyzing a signal at level J all the way down

to level 0 is of the order J2J , just as for the Fast Fourier Transform.

9.3 Filter banks and reconstruction of signals

We have seen that every multiresolution analysis is associated with an

invertible linear filter system called a filter bank. In this section we will

give a precise definition of a filter bank and explore some of its properties.

We shall see that the determination of all possible filter banks is an

algebraic problem. The partial solution of this problem is an important

step for the determination of possible multiresolution structures. It is

not the final step because proving the existence of wavelets is also a

problem involving the tools of analysis. A given filter bank may not

correspond to a multiresolution analysis, in which case the associated

FWT is mathematical (and practical) nonsense. However, even then the

filter bank may be of use.

Digital filters are used to analyze and process signals xn. For purposes

such as signal compression or noise reduction, it is OK to throw away

some of the data generated by this filtering. However, we want to make

sure that we don’t (unintentionally) lose information about the original

signal as we proceed with the analysis. Filter bank theory builds in the

requirement that this analysis process should be invertible: We should

be able to recreate (synthesize) the signal from the analysis output.

Further we want this synthesis (or decoding) process to be implemented

by filters. Thus, if we link the input for the synthesis filters to the output

of the analysis filters we should end up with the original signal except

for a fixed delay of ` units caused by the processing in the filters: xn−`.

For practical purposes we must require ` to be finite. This is the basic

idea of Perfect Reconstruction of signals.

If we try to carry out the analysis with a single filter, it is essential

that the filter be an invertible operator. A low pass filter would certainly

fail this requirement, for example, since it would screen out the high-

frequency part of the signal and lose all information about the high-

frequency components of xn. For the time being, we will consider only

FIR filters and the invertibility problem is even worse for this class of
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

·
y
(j)
−2

y
(j)
−1

y
(j)
0

y
(j)
1

·
·


=



· · · ·
· h

(j)
0 0 0 0 · ·

· h
(j)
1 h

(j)
0 0 0 · ·

· h
(j)
2 h

(j)
1 h

(j)
0 0 · ·

· h
(j)
3 h

(j)
2 h

(j)
1 h

(j)
0 · ·

· · · ·
· · · ·





·
x−2

x−1

x0
x1
·
·


,

Figure 9.5 Φ(j) matrix action.

filters. Recall that the Z transform H[z] of an FIR filter is a polynomial

in z−1. Now suppose that Φ is an invertible filter with inverse Φ−1.

Since ΦΦ−1 = I where I is the identity filter, the convolution theorem

gives us that

H[z]H−1[z] = 1,

i.e., the Z transform of Φ−1 is the reciprocal of the Z transform of Φ.

Except for trivial cases the Z transform of Φ−1 cannot be a polynomial

in z−1. Hence if the (nontrivial) FIR filter has an inverse, it is not an FIR

filter. Thus for perfect reconstruction with FIR filters, we will certainly

need more than one filter.

Let’s try a filter bank with two FIR filters, Φ(0) and Φ(1). The input

is x = {xn}. The output of the filters is y(j) = Φ(j)x, j = 0, 1. The Φ(j)

filter action looks like Figure 9.5 for j = 0, 1, where h(j) is the associated

impulse response vector.

Note that each row of the infinite matrix Φ(j) contains all zeros, except

for the terms (h
(j)
N , h

(j)
N−1, . . . , h

(j)
0 ) which are shifted one column to the

right for each successive row. (We choose N to be the largest of N0, N1,

where Φ(0) has N0 + 1 taps and Φ(1) has N1 + 1 taps.) Thus each row

vector has the same norm ||h(j)||2.

It will turn out to be very convenient to have a filter all of whose row

vectors have norm 1. Thus we will replace filters Φ(j) by the normalized

filters

C =
1

||h(0)||
Φ(0), D =

1

||h(1)||
Φ(1).

The impulse response vector for C is c = h(0)/||h(0)||, so that ||c|| = 1.

Similarly, the impulse response vector for D is d = h(1)/||h(1)||, so that

||d|| = 1.
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

·
·
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y
(0)
0

y
(0)
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·
·


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

· · · ·
· · · ·
· c0 0 0 0 · ·
· c2 c1 c0 0 · ·
· c4 c3 c2 c1 c0 ·
· · · ·
· · · ·
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·
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·
·
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,

Figure 9.6 (↓ 2)C matrix action.
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·
·

y
(1)
−2

y
(1)
0

y
(1)
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·
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

· · · ·
· · · ·
· d0 0 0 0 · ·
· d2 d1 d0 0 · ·
· d4 d3 d2 d1 d0 ·
· · · ·
· · · ·





·
x−2

x−1

x0
x1
·
·


.

Figure 9.7 (↓ 2)D matrix action.

Now these two filters are producing twice as much output as the orig-

inal input, and we want eventually to compress the output (or certainly

not add to the stream of data that is transmitted). Otherwise we would

have to delay the data transmission by an ever-growing amount, or we

would have to replace the original one-channel transmission by a two-

channel transmission. Thus we will downsample the output of filters C

and D. This will effectively replace our original filters C and D by new

filters

(↓ 2)C =
1

||h0||
(↓ 2)Φ(0), (↓ 2)D =

1

||h1||
(↓ 2)Φ(1).

The (↓ 2)C filter action looks like Figure 9.6. and the (↓ 2)D filter

action looks like Figure 9.7. Note that each row vector is now shifted two

spaces to the right of the row vector immediately above. Schematically,

we can put the (↓ 2)C and (↓ 2)D matrices together to display the full

time-domain action as

y = Ω̃x, Ω̃ =

[
(↓ 2)C

(↓ 2)D

]
, (9.51)

where x is the signal, Ω̃ is an infinite sample matrix and the sample y

consists of the truncated outputs {y(0)
2n },{y

(1)
2n }. This is just the original
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Ω̃tr =
[
(↓ 2)Ctr (↓ 2)Dtr

]
=



· · · ·
· c0 c2 c4 · · d0 d2 d4 ·
· 0 c1 c3 · · 0 d1 d3 ·
· 0 c0 c2 · · 0 d0 d2 ·
· 0 0 c1 · · 0 0 d1 ·
· 0 0 c0 · · 0 0 d0 ·
· · · ·


.

Figure 9.8 Ω̃tr matrix.

complete filter, with the odd-number rows removed. How can we ensure

that this decimation of data from the original filters C and D still per-

mits reconstruction of the original signal x from y? A sufficient condition

is, clearly, that Ω̃ should be invertible!

The invertibility requirement is very strong, and won’t be satisfied

in general. For example, if C and D are both low pass filters, then

high-frequency information from the original signal will be permanently

lost. However, if C is a low pass filter and D is a high pass filter, then

there is hope that the high-frequency information from D and the low-

frequency information from C will supplement one another, even after

downsampling.

Initially we are going to make even a stronger requirement on Ω̃ than

invertibility. We are going to require that it be a unitary matrix. (In that

case the inverse of the matrix is just the transpose conjugate and solving

for the original signal x from the truncated outputs {y(0)(2n)},{y(1)(2n)}
is simple. Moreover, if the impulse response vectors c, d are real, then

the matrix will be orthogonal.)

The transpose conjugate looks like Figure 9.8. The unitarity condition

is:

Ω̃trΩ̃ = Ω̃Ω̃tr = I, Iij = δij .

Written out in terms of the (↓ 2)C and (↓ 2)D matrices this is[
(↓ 2)C

tr
(↓ 2)D

tr
] [ (↓ 2)C

(↓ 2)D

]
= (↓ 2)C

tr
(↓ 2)C+(↓ 2)D

tr
(↓ 2)D = I

(9.52)

and[
(↓ 2)C

(↓ 2)D

] [
(↓ 2)C

tr
(↓ 2)D

tr
]

=

[
(↓ 2)C(↓ 2)C

tr
(↓ 2)C(↓ 2)D

tr

(↓ 2)D(↓ 2)C
tr

(↓ 2)D(↓ 2)D
tr

]
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=

[
I 0

0 I

]
. (9.53)

For the filter coefficients ck and dk conditions (9.53) become orthogonal-

ity to double-shifts of the rows:

(↓ 2)C(↓ 2)C
tr

= I :
∑
n

cncn−2k = δk0 (9.54)

(↓ 2)C(↓ 2)D
tr

= 0 :
∑
n

cndn−2k = 0 (9.55)

(↓ 2)D(↓ 2)D
tr

= I :
∑
n

dndn−2k = δk0. (9.56)

Remarks • The condition says that the row vectors of Ω̃ form an ON

set, and that the column vectors of Ω̃ also form an ON set. For a

finite-dimensional matrix, only one of these requirements is needed to

imply orthogonality; the other property can be proved. For infinite

matrices, however, both requirements are needed.

• By normalizing the rows of Φ(0), Φ(1) to length 1, hence replacing

these filters by the normalized filters C, D we have already gone part

way to the verification of orthonormality.

• The double-shift orthogonality conditions (9.54)–(9.56) force N to be

odd. For if N were even, then setting k = N/2 in these equations (and

also k = −N/2 in the middle one) leads to the conditions

cNc0 = cNd0 = dNc0 = dNd0 = 0.

This violates our definition of N .

• The orthogonality condition (9.54) says that the rows of (↓ 2)C are

orthogonal, and condition (9.56) says that the rows of (↓ 2)D are or-

thogonal. Condition (9.55) says that the rows of (↓ 2)C are orthogonal

to the rows of (↓ 2)D.

• If we know that the rows of (↓ 2)C are orthogonal, then we can

always construct a filter (↓ 2)D, hence the impulse response vector d,

such that conditions (9.55),(9.56) are satisfied. Indeed, suppose that c

satisfies conditions (9.54). Then we define d by applying to c the con-

jugate alternating flip about N/2. (Recall that N must be odd. We are

flipping the vector c = (c0, c1, . . . , cN ) about its midpoint, conjugating

and then alternating the signs.)

dn = (−1)ncN−n, n = 0, 1, . . . , N. (9.57)
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Thus

d = (d0, d1, . . . , dN ) = (cN ,−cN−1, cN−2, . . . ,−c0).

You can check by taking simple examples that this works. However in

detail:

S ≡
∑
n

cndn−2k =
∑
n

cn(−1)ncN−n+2k.

Setting m = N − n+ 2k in the last sum we find

S =
∑
m

cN−m+2kcm(−1)N−m = −S,

since N is odd. Thus S = 0. Similarly,

T ≡
∑
n

dndn−2k =
∑
n

(−1)ncN−n(−1)n−2kcN−n+2k

=
∑
n

cN−n+2kcN−n.

Now set m = N − n+ 2k in the last sum:

T =
∑
m

cmcm−2k = δk0.

This last construction is no accident. Indeed, using the facts that

c0cN 6= 0 and that the nonzero terms in a row of (↓ 2)D overlap nonzero

terms from a row of (↓ 2)C in exactly 0, 2, 4, . . . , N + 1 places, you can

derive that d must be related to c by ± a conjugate alternating flip, in

order for the rows to be ON.

Now we have to consider the remaining condition (9.52), the orthonor-

mality of the columns of H. This is almost exactly the same as the

proof of Theorem 9.12, except that there we chose N = −1 and here

N is a given positive odd integer. The columns of H are of two types:

even (containing only terms c2n, d2n) and odd (containing only terms

c2n+1, d2n+1). Thus the requirement that the column vectors of H are

ON reduces to three types of identities:

even–even :
∑
`

c2`c2k+2` +
∑
`

d2`d2k+2` = δk0, (9.58)

odd–odd :
∑
`

c2`+1c2k+2`+1 +
∑
`

d2`+1d2k+2`+1 = δk0, (9.59)

odd–even :
∑
`

c2`+1c2k+2` +
∑
`

d2`+1d2k+2` = 0. (9.60)
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Theorem 9.15 If the filter (↓ 2)C satisfies the double-shift orthogonal-

ity condition (9.54) and the filter (↓ 2)D is determined by the conjugate

alternating flip

dn = (−1)ncN−n, n = 0, 1, . . . , N, (9.61)

then condition (9.52) holds and the columns of Ω̃ are orthonormal.

Corollary 9.16 If the row vectors of Ω̃ form an ON set, then the

columns are also ON and Ω̃ is unitary.

Exercise 9.4 Prove the even–even, odd–odd and odd–even cases of

Theorem 9.15.

We can clarify the result of Theorem 9.15 and give an alternate proof

by going to the frequency domain. Let’s first reexamine the unitarity

conditions of Section 9.3. Denote the Fourier transform of the impulse

response vector c of the filter C = 1
||h0||Φ

(0) by C(ω). (Recall that,

by definition, C(ω) =
∑N
n=0 cne

−nω.) Then the orthonormality of the

(double-shifted) rows of (↓ 2)C is∫ π

−π
e2ikω|C(ω)|2dω = 2πδk0, (9.62)

for integer k. Denote the Fourier transform of the impulse response vec-

tor d of the filter D = 1
||h1||Φ

(1) by D(ω). Then the orthogonality of the

(double-shifted) rows of (↓ 2)D to the rows of (↓ 2)C is expressed as∫ π

−π
e2ikωC(ω)D(ω)dω = 0 (9.63)

for all integers k; similarly the orthonormality of the (double-shifted)

rows of (↓ 2)D is ∫ π

−π
e2ikω|D(ω)|2dω = 2πδk0 (9.64)

for all integers k.

Now we assume double-shift orthogonality for c and take d to be the

conjugate alternating flip of c. In the frequency domain this means that

Equation (9.62) holds and that

D(ω) = e−iNωC(π + ω). (9.65)

(Note from this expression that if we choose C to be a low pass filter,

so that C(0) = 1, C(π) = 0 then the conjugate alternating flip will have

D(0) = 0, |D(π)| = 1 so that D will be a high pass filter.) We will
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require only (9.62) and (9.65) and use this to prove that Ω̃ is unitary.

The condition (9.63) for the orthogonality of the rows of (↓ 2)C and

(↓ 2)D becomes∫ π

−π
e2ikωC(ω)D(ω)dω =

∫ π

−π
ei(2k+N)ωC(ω)C(π + ω)dω =

(−1)N
∫ π

−π
ei(2k+N)φC(π + φ)C(φ)dφ = 0,

where φ = π + ω, (since N is odd and C(ω) is 2π-periodic). Similarly∫ π

−π
e2ikω|D(ω)|2dω =

∫ π

−π
e2ikω|C(π + ω)|2dω =

e−2πik

∫ π

−π
e2ikφ|C(φ)|2dφ = 2πδk0,

so double-shift orthogonality holds for the rows of D.

These results also enable us to demonstrate the orthonormality of the

columns of Ω̃. For future use we recast condition (9.62) in a new form.

Since C(ω) =
∑N
n=0 cne

−inω, this condition means that the expansion

of |C(ω)|2 looks like

|C(ω)|2 = 1 +

N∑
m=1

[am cos(2m− 1)ω + bm sin(2m− 1)ω] ,

i.e., no nonzero even powers of eiω occur in the expansion. For N = 1

this condition is identically satisfied. For N = 3, 5, . . . it is very restric-

tive. An equivalent but more compact way of expressing the double-shift

orthogonality in the frequency domain is

|C(ω)|2 + |C(ω + π)|2 = 2. (9.66)

Example 9.17 Show that conditions (9.62) and (9.66) for the Fourier

transform C(ω) are equivalent.

To summarize, if the filter C satisfies the double-shift orthogonality

condition (9.54), or equivalently (9.66), then we can construct a filter

D such that conditions (9.55), (9.56) and (9.52) hold. Thus Ω̃ is uni-

tary provided double-shift orthogonality holds for the rows of the filter

matrix C.
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Exercise 9.5 Show that conditions (9.58), (9.59) and (9.60) are equiv-

alent to the equations∫ π

−π
e2ikω

(
|C(ω) + C(π + ω)|2 + |D(ω) +D(π + ω)|2

)
dω = 8πδk0,

(9.67)∫ π

−π
e2ikω

(
|C(ω)− C(π + ω)|2 + |D(ω)−D(π + ω)|2

)
dω = 8πδk0,

(9.68)∫ π

−π
e2ikω

(
(C(ω)− C(π + ω))(C(ω) + C(π + ω)) +

(D(ω)−D(π + ω))(D(ω) +D(π + ω))
)
dω = 0. (9.69)

9.4 The unitary two-channel filter bank system

In this section, we deal with the unitary analysis–synthesis two-channel

filter bank system. If Ω̃ is unitary, then (9.52) shows us how to construct

a synthesis filter bank to reconstruct the signal:

(↓ 2)C
tr

(↓ 2)C + (↓ 2)D
tr

(↓ 2)D = I.

Using the fact that the transpose of the product of two matrices is

the product of the transposed matrices in the reverse order, (EF )tr =

F trEtr, and that (↓ 2)tr = (↑ 2), see (7.5),(7.6), we have

(↓ 2)C
tr

= C
tr

(↓ 2)tr = C
tr

(↑ 2), (↓ 2)D
tr

= D
tr

(↓ 2)tr = D
tr

(↑ 2).

Now, remembering that the order in which we apply operators in (9.52)

is from right to left, we see that we have the picture of expression (9.70).

C
tr ↑ 2 ← · · · ← ↓ 2 C

↙ ↖
xn−N Synthesis Processing Analysis xn

↖ ↙
D

tr ↑ 2 ← · · · ← ↓ 2 D
(9.70)

We attach each channel of our two filter bank analysis system to a

channel of a two filter bank synthesis system. On the upper channel the

analysis filter C is applied, followed by downsampling. The output is

first upsampled by the upper channel of the synthesis filter bank (which
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C
tr

=


· · · ·
· c0 c1 c2 c3 ·
· 0 c0 c1 c2 ·
· 0 0 c0 c1 ·
· 0 0 0 c0 ·
· · · ·

 .

Figure 9.9 C
tr

matrix.

inserts zeros between successive terms of the upper analysis filter) and

then filtered by C
tr

. (Here we mean the linear operator whose matrix

with respect to the standard y-signal basis is C
tr

.) On the lower channel

the analysis filter D is applied, followed by downsampling. The output

is first upsampled by the lower channel of the synthesis filter bank and

then filtered by D
tr

. The outputs of the two channels of the synthesis

filter bank are then added to reproduce the original signal.

There is still one problem. The transpose conjugate looks like Figure

9.9. The synthesis filter is not causal! The output of the filter at time

t depends on the input at times t + k, k = 0, 1, . . . , N . To ensure that

we have causal filters we insert time delays RN before the action of

the synthesis filters, i.e., we replace C
tr

by C
tr

RN and D
tr

by D
tr

RN .

The resulting filters are causal (hence practical to build), and we have

reproduced the original signal with a time delay of N , see expression

(9.71).

RNC
tr ↑ 2 ← · · · ← ↓ 2 C

↖
RNx = + x

↙
RND

tr ↑ 2 ← · · · ← ↓ 2 D

(9.71)

Exercise 9.6 Compute the matricesR,L of the shift operators R and L.

Are there filters that actually satisfy these conditions? In the next

section we will exhibit a simple solution for N = 1. The derivation of

solutions for N = 3, 5, . . . is highly nontrivial but highly interesting, as

we shall see.
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9.5 A perfect reconstruction filter bank with N = 1

From the results of the last section, we can design a two-channel filter

bank Ω̃ with perfect reconstruction provided the rows of the filter (↓ 2)C

are double-shift orthogonal. For general N this is a strong restriction, for

N = 1 it is satisfied by all filters. Since there are only two nonzero terms

in a row c1, c0, all double-shifts of the row are automatically orthogonal

to the original row vector. It is conventional to choose Φ(0) to be a low

pass filter, so that in the frequency domain H(0)(0) = 1, H(0)(π) = 0.

This uniquely determines Φ(0) as the moving average Φ(0) = 1
2I+ 1

2R.

The frequency response is H(0)(ω) = 1
2 + 1

2e
−inω and the Z transform is

H(0)[z] = 1
2 + 1

2z
−1. The norm of the impulse response vector (1/2, 1/2)

is ||h(0)|| = 1/
√

2, so the normalized filter C is determined by (c0, c1) =

(h
(0)
0 , h

(0)
1 )/||h(0)|| = (1/

√
2, 1/
√

2). Applying the conjugate alternating

flip to c we get the normalized impulse response function
√

2(1/2,−1/2)

of the moving difference filter, a high pass filter. Thus D =
√

2( 1
2I− 1

2R).

Exercise 9.7 Compute the matrix forms of the action of the moving

difference and moving average filters C,D in the time domain.

The outputs of the upper and lower channels of the analysis filter bank

are

(↓ 2)Cxn =
1√
2

(x2n + x2n−1), (↓ 2)Dxn =
1√
2

(x2n − x2n−1),

(9.72)

and we see that full information about the signal is still present.

Exercise 9.8 Derive the output of the N = 1 upper and lower synthesis

filters in analogy to expressions (9.72).

Exercise 9.9 Use the results of Exercise 9.8 and expressions (9.72),

delay the output of the synthesis filters by 1 unit for causality, and add

the results. Show that you get at the nth step xn−1, the original signal

with a delay of 1.

Exercise 9.10 Compute the matrices of the two channels of the N = 1

analysis filter bank. Do the same for the two channels of the synthesis

filter bank.
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9.6 Perfect reconstruction for two-channel
filter banks

Now we are ready to investigate the general conditions for perfect re-

construction for a two-channel filter bank. The picture that we have in

mind is that of expression (9.73).

Ψ(0) ↑ 2 ← ↓ 2 Φ(0)

↖
R`x = + x

↙
Ψ(1) ↑ 2 ← ↓ 2 Φ(1)

(9.73)

The analysis filter Φ(0) will be low pass and the analysis filter Φ(1) will

be high pass, with impulse response vectors h
(0)
n , h

(1)
n that have N0 + 1

and N1+1 taps, respectively. The corresponding synthesis filters are Ψ(0)

and Ψ(1) with impulse response vectors s(0) and s(1), respectively. We

will not impose unitarity, but the less restrictive condition of invertibility

(with delay). This will require that the row and column vectors of(
(↓ 2)Φ(0)

(↓ 2)Φ(1)

)
are biorthogonal. Unitarity is a special case of this.

The operator condition for perfect reconstruction with delay ` is

Ψ(0)(↑ 2)(↓ 2)Φ(0) + Ψ(1)(↑ 2)(↓ 2)Φ(1) = R`

where R is the shift. If we apply the operators on both sides of this

requirement to a signal x = {xn} and take the Z transform, we find

1

2
S(0)[z]

(
H(0)[z]X[z] +H(0)[−z]X[−z]

)

+
1

2
S(1)[z]

(
H(1)[z]X[z] +H(1)[−z]X[−z]

)
= z−`X[z], (9.74)

where X[z] is the Z transform of x and S(k)[z] is the Z transform as-

sociated with the synthesis filter Ψ(k). The coefficient of X[−z] on the

left-hand side of this equation is an aliasing term, due to the downsam-

pling and upsampling. For perfect reconstruction of a general signal X[z]

this coefficient must vanish. Thus we have
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Theorem 9.18 A two-channel filter bank gives perfect reconstruction if

and only if

S(0)[z]H(0)[z] + S(1)[z]H(1)[z] = 2z−` (9.75)

S(0)[z]H(0)[−z] + S(1)[z]H(1)[−z] = 0. (9.76)

We can satisfy requirement (9.76) by defining the synthesis filters in

terms of the analysis filters:

S(0)[z] = H(1)[−z], S(1)[z] = −H(0)[−z]. (9.77)

Now we focus on requirement (9.75). We introduce the product filter

P (0)[z] = S(0)[z]H(0)[z] = H(1)[−z]H(0)[z].

Note that requirement (9.75) can now be written as

P (0)[z]− P (0)[−z] = 2z−`, (9.78)

where P (0) is a polynomial of order 2N in z−1. Clearly, the even powers of

z in P (0)[z] cancel out of (9.78); the restriction is only on the odd powers.

This also tells us that ` must be an odd integer. (In particular, it can

never be 0.) Further, since P (0)[z] is a polynomial in z−1 of exact order

N0 +N1, necessarily N0 +N1 = 2N is an even integer and 0 < ` < 2N .

A further simplification involves recentering P (0) to factor out the delay

term. Set P [z] = z`P (0)[z]. Then Equation (9.78) becomes the halfband

filter equation

P [z] + P [−z] = 2. (9.79)

This equation says the coefficients of the even powers of z in P [z] vanish,

except for the constant term, which is 1. The coefficients of the odd

powers of z are undetermined design parameters for the filter bank. The

highest power of z in P [z] is ` > 0 and the lowest power is −(2N − `).
Given a two-channel filter bank with perfect reconstruction, we have

found a halfband filter P . Now we can reverse the process. Given any

halfband filter P satisfying (9.79), we can define a perfect reconstruction

filter bank corresponding to any factorization P = z`H(1)[−z]H(0)[z],

and use of the (9.76) solution to get S(0), S(1). To make contact with

our earlier work on perfect reconstruction by unitarity, note that if we

define H(1)[z] from H(0)[z] through the conjugate alternating flip (the

condition for unitarity)

H(1)[z] = z−N0H(0)[−z−1], (9.80)
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then N0 = N1 = N , and P (0)[z] = z−NH0)[z−1]H(0)[z]. Setting z = eiω,

substituting into (9.78) and taking the complex conjugate of both sides,

we see that ` = N and

P (ω) = H(0)(ω)H(0)(ω) = |H(0)(ω)|2. (9.81)

Exercise 9.11 Work out the details showing that the unitarity condi-

tion (9.80) implies ` = N and the expression (9.81) for the halfband

filter.

At this point we will restrict our analysis to the symmetric case where

the delay is ` = N . It is this case that occurs in the study of orthogonal

wavelets and biorthogonal wavelets, and, as we have seen, for unitary

filter banks. Thus any trigonometric polynomial of the form

P [z] = 1 +
N∑

n odd/n=−N

anz
−n

will satisfy Equation (9.79). The constants an are design parameters that

we can adjust to achieve desired performance from the filter bank. Once

P [z] is chosen then we have to factor it as P [z] = zNH(0)[z]H(1)[−z].
WhereH(j) is a polynomial in z−1 of orderNj , j = 0, 1 andN0+N1 = N .

In theory this can always be done. Indeed zNP [z] is a true polynomial

in z and, by the fundamental theorem of algebra, polynomials over the

complex numbers can always be factored completely: zNP [z] = A
∏
j(z−

zj). Then we can define H(0) and H(1) (but not uniquely!) by assigning

N0 of the linear factors to H(0)[z] and N1 to H(1)[−z]. If we want H(0)

to be a low pass filter then we must require that z = −1 is a root

of P [z]; if S(0)[z] is also to be low pass then P [z] must have −1 as a

double root. If P [z] is to correspond to a unitary filter bank then we

must have P [eiω] = |H(0)[eiω]|2 ≥ 0 which is a strong restriction on the

roots of P [z].

9.7 Halfband filters and spectral factorization

We return to our consideration of unitary two-channel filter banks in the

frequency domain. We have reduced the design problem for these filter

banks to the construction of a low pass filter C whose rows satisfy the

double-shift orthonormality requirement. In the frequency domain this

takes the form

|C(ω)|2 + |C(ω + π)|2 = 2. (9.82)
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(Recall that C(ω) =
∑N
n=0 cne

−inω.) To determine the possible ways of

constructing C(ω) we focus our attention on the halfband filter P (ω) =

|C(ω)|2, called the power spectral response of C. The frequency require-

ment on C can now be written as the halfband filter condition (9.79)

P [z] + P [−z] = 2.

Note also that

P (ω) =

N∑
n=−N

pne
−inω =

(
N∑
k=0

cke
−ikω

)(
N∑
k=0

cke
ikω

)
.

Thus

pn =
∑
k

ckck−n = c ∗ cTn , (9.83)

where cTn = cN−n is the time reversal of c. Since P (ω) ≥ 0 we have

p−n = pn. The even coefficients of p can be obtained from the halfband

filter condition (9.79):

p2m =
∑
k

ckck−2m = δm0. (9.84)

The odd coefficients of p are undetermined. Note also that P is not a

causal filter. One further comment: since C is a low pass filter, C(π) = 0

and C(0) =
√

2. Thus P (ω) ≥ 0 for all ω, P (0) = 2 and P (π) = 0.

If we find a nonnegative polynomial halfband filter P [z], we are guar-

anteed that it can be factored as a perfect square.

Theorem 9.19 (Fejér–Riesz) A trigonometric polynomial p[e−iω] =∑N
n=−N pne

−inω, real and nonnegative for all ω, can be expressed as

p[e−iω] = |C[e−iω]|2

where C[z] =
∑N
j=0 cjz

−j is a polynomial in z−1. The polynomial C[z]

can be chosen such that it has no roots outside the unit disk |z| > 1,

in which case it is unique up to multiplication by a complex constant of

modulus 1.

We will prove this shortly. First some halfband filter examples.

Example 9.20 N = 1

P [z] = 1 +
z−1 + z

2
, or P (ω) = 1 + cosω.
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Here p0 = 1, p1 = p−1 = 1/2. This factors as

P (ω) = |C(ω)|2 =
1

2
(1 + e−iω)(1 + eiω) = 1 + cosω

and leads to the moving average filter C(ω).

Example 9.21 N = 3 The Daubechies 4-tap filter.

P [z] = (1+
z−1 + z

2
)2(1− z

−1 + z

4
), or P (ω) = (1+cosω)2(1− 1

2
cosω).

Here

P [z] = − 1

16
z3 +

9

16
z + 1 +

9

16
z−1 − 1

16
z−3.

Note that there are no nonzero even powers of z in P [z]. P (ω) ≥ 0

because one factor is a perfect square and (1 − 1
2 cosω) > 0. Complete

factorization of P [z] isn’t trivial, but is not too hard because we have

already factored the term 1 + z−1+z
2 in our first example. Thus we have

only to factor (1 − z−1+z
4 ) = (a+ + a−z−1)(a+ + a−z). The result is

a± = (1±
√

3)/
√

8. Finally, we get

C[z] =
1

4
√

2
(1 + z−1)2

(
(1 +

√
3) + (1−

√
3)z−1

)
(9.85)

=
1

4
√

2

(
(1 +

√
3) + (3 +

√
3)z−1 + (3−

√
3)z−2 + (1−

√
3)z−3

)
.

NOTES: (1) Only the expressions a+a− and (a+)2 + (a−)2 were deter-

mined by the above calculation. We chose the solution such that all of

the roots were on or inside the circle |z| = 1. There are four possible

solutions and all lead to FIR filter banks, though not all to unitary filter

banks. Instead of choosing the factors so that P = |C|2 we can divide

them in a different way to get P = S(0)H(0) where H(1) is not the con-

jugate of H(0). This would be a biorthogonal filter bank. (2) Due to the

repeated factor (1 + z−1)2 in C[z], it follows that C(ω) has a double

zero at ω = π. Thus C(π) = 0 and C ′(π) = 0 and the response is flat.

Similarly the response is flat at ω = 0 where the derivative also van-

ishes. We shall see that it is highly desirable to maximize the number

of derivatives of the low pass filter Fourier transform that vanish near

ω = 0 and ω = π, both for filters and for application to wavelets. Note

that the flatness property means that the filter has a relatively wide pass

band and then a fast transition to a relatively wide stop band.
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Proof of the Fejér–Riesz Theorem: Since p[eiω] is real we must have

p[z−1] = p[z]. Thus, if zj is a root of p then so is zj
−1. It follows that the

roots of p not on the unit circle |z| = 1 must occur in pairs zj , zj
−1 where

|zj | < 1. Since p(eiω) ≥ 0 each of the roots wk = eiθk , 0 ≤ θk < 2π on

the unit circle must occur with even multiplicity and the factorization

must take the form

p[z] = α2ΠM
j=1(1− zj

z
)(1− zzj)ΠN−M

k=1 (1− wk
z

)(1− z

wk
) (9.86)

where α2 = pN/[ΠjzjΠkwk] and α ≥ 0. 2

Comments on the proof:

1. If the coefficients pn of p[z] are also real, as is the case with most of

the examples in the text, then we can say more. We know that the

roots of equations with real coefficients occur in complex conjugate

pairs. Thus, if zj is a root inside the unit circle, then so is zj , and

then z−1
j , zj

−1 must be roots outside the unit circle. Except for the

special case when zj is real, these roots will come four at a time.

Furthermore, if wk is a root on the unit circle, then so is wk, so non

real roots on the unit circle also come four at a time: wk, wk, wk, wk.

The roots ±1 if they occur, will have even multiplicity.

2. From (9.86) we can set

C[z] = αΠM
j=1(1− zj

z
)ΠN−M

k=1 (1− wk
z

)

thus uniquely defining C by the requirement that it has no roots

outside the unit circle. Then P [z] = |C[z]|2. On the other hand,

we could factor P in different ways to get P [z] = S[z]H[z]. The

allowable assignments of roots in the factorizations depends on the

required properties of the filters S,H. For example if we want S,H

to be filters with real coefficients then each complex root z0 must be

assigned to the same factor as z0.

9.8 Maxflat filters

We turn to maxflat filters. These are unitary FIR filters C with maxi-

mum flatness at ω = 0 and ω = π. C(ω) has exactly p zeros at ω = π

and N = 2p − 1. The first member of the family, p = 1, is the moving

average filter (c0, c1) = (1/
√

2, 1/
√

2), where C[z] = (1 + z−1)/
√

2. For

general p the associated halfband filter P (ω) = |C(ω)|2 takes the form

P [z] = (
1 + z−1

2
)2pQ2p−2[z], (9.87)
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where P has degree 2N = 4p − 2. (Note that it must have 2p zeros

at z = −1.) The problem is to compute Q2p−2[z], where the subscript

denotes that Q has exactly 2p− 2 roots.

Since for z = eiω we have

(
1 + z−1

2
)2 = e−iω cos2(

ω

2
) = e−iω(

1 + cosω

2
),

this means that that P (ω) has the factor (1 + cosω)p. Now consider the

case where

P (ω) =

2p−1∑
n=1−2p

pne
−inω

and the pn are real coefficients, i.e., the filter coefficients cj are real.

Since p0 = 1, p2 = p4 = · · · = p2p−2 = 0 and pn = p−n is real for n odd,

it follows that

P (ω) = (
1 + cosω

2
)pQ̃p−1(cosω)

where Q̃p−1 is a polynomial in cosω of order p − 1. Indeed P (ω) is a

linear combination of terms in cosnω for n odd. For any nonnegative

integer n one can express cosnω as a polynomial of order n in cosω. An

easy way to see that this is true is to use the formula

einω = cosnω + i sinnω = (eiω)n = (cosω + i sinω)
n
.

Taking the real part of these expressions and using the binomial theorem,

we obtain

cosnω =
∑

j=0,...[n2 ]

(
n

2j

)
(−1)j sin2j ω cosn−2j ω.

Since sin2j ω = (1 − cos2 ω)j , the right-hand side of the last expression

is a polynomial in cosω of order n.

We already have enough information to determine Q̃p−1(cosω) uniquely!

For convenience we introduce a new variable

y =
1− cosω

2
so that 1− y =

1 + cosω

2
.

As ω runs over the interval 0 ≤ ω ≤ π, y runs over the interval 0 ≤ y ≤ 1.

Considered as a function of y, P will be a polynomial of order 2p − 1

and of the form

P [y] = 2(1− y)pKp−1[y]
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where Kp−1 is a polynomial in y of order p − 1. Furthermore P [0] = 2.

The halfband filter condition now reads

P [y] + P [1− y] = 2,

so we have

(1− y)pKp−1[y] = 1− ypKp−1[1− y]. (9.88)

Dividing both sides of this equation by (1− y)p we have

Kp−1[y] = (1− y)−p − yp(1− y)−pKp−1[1− y].

Since the left-hand side of this identity is a polynomial in y of order p−1,

the right-hand side must also be a polynomial. Thus we can expand both

terms on the right-hand side in a power series in y and throw away all

terms of order yp or greater, since they must cancel to zero. Since all

terms in the expansion of yp(1− y)−pKp−1[1− y] will be of order yp or

greater we can forget about those terms. The power series expansion of

the first term is

(1− y)−p =

∞∑
k=0

(
p+ k − 1

k

)
yk,

and taking the terms up to order yp−1 we find

Kp−1[y] =

p−1∑
k=0

(
p+ k − 1

k

)
yk.

Theorem 9.22 The halfband response for the maxflat filter with p zeros

is

P (ω) = 2(
1 + cosω

2
)p
p−1∑
k=0

(
p+ k − 1

k

)
(
1− cosω

2
)k. (9.89)

From this result one can use the Equations (9.83) and other facts

about unitary filter banks to solve for the real coefficients cn, at least

numerically. When translated back to the Z transform, the maxflat half-

band filters with 2p zeros at ω = π factor to the unitary low pass

Daubechies filters C with N = 2p− 1. The notation for the Daubechies

filter with N = 2p− 1 is DN+1. An alternate notation is dbp where 2p is

the number of zeros. We have already exhibited D4 as an example. Of

course, D2 is the “moving average” filter.

Example 9.23 Daubechies filter coefficients are generally available in

standard wavelets software packages, e.g., the MATLAB wavelet toolbox.
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The command

F = dbwavf(’dbp’)

returns the scaling filter associated with Daubechies wavelet dbp (or D2p

where p takes values from 1 to 45). Thus, setting the printout for 4 digit

accuracy we get

>>F = dbwavf(’db1’)

F = 0.5000 0.5000

>> G=dbwavf(’db2’)

G = 0.3415 0.5915 0.1585 -0.0915

>> H=dbwavf(’db3’)

H = 0.2352 0.5706 0.3252 -0.0955 -0.0604 0.0249

>> I=dbwavf(’db4’)

= 0.1629 0.5055 0.4461 -0.0198 -0.1323 0.0218

0.0233 -0.0075

For more accuracy, say 12 digits use

vpa(dbwavf(’db3’),12)

ans =

[0.235233603893,0.570558457917,0.325182500264,

-0.0954672077843,-0.0604161041554,0.0249087498659]

Exercise 9.12 Verify that the Daubechies filter D4, Example 9.21, sat-

isfies the general expression given in Theorem 9.22 for the case p = 2.

This solution of the halfband filter equations in the maxflat case, due

to Daubechies, is the most convenient one, but there are many others. As

a simple example, if we replace cosω by sinω everywhere in expression

(9.89) we will still satisfy the basic equation P [z] + P [−z] = 2. Now

however, the odd n coefficients pn will be pure imaginary, as will the

ck, dk coefficients. The C filter will have a stop band centered on ω = π/2
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and the D filter will have a stop band centered on ω = 3π/2, so they

can not be considered as low pass and high pass. Nevertheless, the filter

bank will work.

There is another expression for the Daubechies halfband filter P (ω),

due to Meyer, that is also very useful. Differentiating the expressions

P [y] = (1− y)pKp−1[y] = 1− ypKp−1[1− y]

with respect to y, we see that P ′[y] is divisible by yp−1 and also by

(1− y)p−1. Since P ′[y] is a polynomial of order 2p− 2 it follows that

P ′[y] = kyp−1(1− y)p−1,

for some constant k. Now dy = 1
2 sinω dω so changing variables from y

to ω we have

P ′(ω) =
dy

dω
P ′[y] =

k sinω

22p−1
sin2p−2 ω = −c sin2p−1 ω.

Then

P (ω) = 2− c
∫ ω

0

sin2p−1 ω dω (9.90)

where the constant c is determined by the requirement P (π) = 0. Inte-

gration by parts yields∫ π

0

sin2p−1 ω dω =
22p−1[(p− 1)!]2

(2p− 1)!
=

√
πΓ(p)

Γ(p+ 1
2 )
,

where Γ(z) is the gamma function. Thus

c =
2Γ(p+ 1

2 )
√
πΓ(p)

.

Stirling’s formula says

Γ(z) ∼ zz− 1
2 e−z

√
2π

(
1 +O(

1

z
)

)
,

[3], page 18, so c ∼
√

4p/π as p → ∞. Since P ′(π/2) = −c, we see

that the slope at the center of the maxflat filter is proportional to
√
N .

Moreover P (ω) is monotonically decreasing as ω goes from 0 to π. One

can show that the transition band gets more and more narrow.

——————

A basic reference on maxflat filters and their relation to wavelets is

[52].
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9.9 Low pass iteration and the cascade algorithm

We leave aside filter bank theory temporarily and return to considera-

tion of wavelets. We still have presented no provable examples of father

wavelets other than a few that have been known for almost a century.

We turn to the problem of determining new multiresolution structures.

Up to now we have mostly been accumulating necessary conditions that

must be satisfied for a multiresolution structure to exist, as well as the

implications of the existence of such a structure. Our focus has been on

the coefficient vectors c and d of the dilation and wavelet equations and

we have used filter bank theory to find solutions of the algebraic condi-

tions satisfied by these coefficient vectors. Now we will gradually change

our point of view and search for more restrictive sufficient conditions

that will guarantee the existence of a multiresolution structure. Further

we will study the problem of actually computing the scaling function

and wavelets from a knowledge of the coefficient vectors alone. In this

section we will focus on the time domain. In the next section we will

go to the frequency domain, where new insights emerge. Our work with

Daubechies filter banks will prove invaluable, since these filter banks are

all associated with wavelets.

Our main emphasis will be on the dilation equation

φ(t) =
√

2
∑
k

ckφ(2t− k). (9.91)

We have already seen that if a scaling function satisfies this equation,

then we can define d from c by a conjugate alternating flip and use the

wavelet equation to generate the wavelet basis. Our primary interest is

in scaling functions φ with support in a finite interval.

If φ has finite support then by translation in time if necessary, we

can assume that the support is contained in the interval [0, N) and the

integer N is as small as possible. With such a φ(t) note that even though

the right-hand side of (9.91) could conceivably have an infinite number of

nonzero ck, for fixed t there are only a finite number of nonzero terms.

Suppose the coefficients ck can be nonzero only for k in the interval

N1 ≤ k ≤ N2 (where we allow for the possibility that N1 = −∞, or

N2 = ∞). Then the support of the function of t on the right-hand side

of (9.91) is contained in [N1

2 ,
N+N2

2 ). Since the support of both sides is

the same, we must have N1 = 0, N2 = N . Thus c has only N + 1 terms

that could be nonzero: c0, c1, . . . , cN . Further, N must be odd, in order

that c satisfy the double-shift orthogonality conditions.
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Lemma 9.24 If the scaling function φ(t) (corresponding to a multires-

olution analysis) has compact support on [0, N), then ck must vanish

unless 0 ≤ k ≤ N .

Recall that c also must obey the double-shift orthogonality conditions∑
k ckck−2m = δ0m and the compatibility condition

∑N
k=0 ck =

√
2 be-

tween the unit area normalization
∫
φ(t)dt = 1 of the scaling function

and the dilation equation.

One way to determine a scaling function φ(t) from the impulse re-

sponse vector c is to iterate the low pass filter C. That is, we start with

an initial guess φ(0)(t), say the box function on [0, 1), and then iterate

φ(i+1)(t) =
√

2

N∑
k=0

ckφ
(i)(2t− k) (9.92)

for i = 1, 2, . . .. Note that if φ(0)(t) is the box function, then φ(i)(t) will

be a piecewise constant function, constant on intervals of length 2−j . If

limi→∞ φ(i)(t) ≡ φ(t) exists for each t then the limit function satisfies

the dilation equation (9.91). This is called the cascade algorithm, due to

the iteration by the low pass filter. (It is analogous to Newton’s method

in calculus for finding a solution of the equation f(x) = 0 where f has a

continuous derivative in an interval containing the solution. One starts

with a guess x = x0 and generates a series of improved approximations

x1, x2, . . . , xi, . . . using the update xi+1 = T(xi) = xi − f(xi)/f
′(xi). If

the method converges then f(r) = 0 where r = limi→∞ xi. Furthermore

the solution satisfies T(r) = r.)

Of course we don’t know in general that the algorithm will converge.

(We will find a sufficient condition for convergence when we look at this

algorithm in the frequency domain.) For now we explore the implications

of uniform convergence on [−∞,∞] of the sequence φ(i)(t) to φ(t).

We claim that the support of φ is contained in the interval [0, N). To

see this note that, first, the initial function φ(0) has support in [0, 1).

After filtering once, we see that the new function φ(1) has support in

[0, 1+N
2 ). Iterating i times, we see that φ(i) has support in [0, 1+[2i−1]N

2i ).

Thus if limi→∞ φ(i)(t) = φ(t) pointwise, then φ(0) has support in [0, N).

Note that at level i = 0 the scaling function and associated wavelets

are orthonormal:

(w
(0)
jk , w

(0)
j′k′) = δjj′δkk′ , (φ

(0)
jk , w

(0)
jk′) = 0

where j, j′,±k,±k′ = 0, 1, . . . . (Of course it is not true in general that

φ
(0)
jk ⊥ φ

(0)
j′k′ for j 6= j′.) These are just the orthogonality relations for the
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Haar wavelets. This orthogonality is maintained through each iteration,

and if the cascade algorithm converges uniformly, it applies to the limit

function φ:

Theorem 9.25 If the cascade algorithm converges uniformly in t then

the limit function φ(t) and associated wavelet w(t) satisfy the orthogo-

nality relations

(wjk, wj′k′) = δjj′δkk′ , (φjk, wjk′) = 0, (φjk, φjk′) = δkk′

where j, j′,±k,±k′ = 0, 1, . . .

Proof There are only three sets of identities to prove:∫ ∞
−∞

φ(t− n)φ(t−m)dt = δnm (9.93)

∫ ∞
−∞

φ(t− n)w(t−m)dt = 0 (9.94)

∫ ∞
−∞

w(t− n)w(t−m)dt = δnm. (9.95)

The rest are immediate.

We will use induction. If (9.93) is true for the function φ(i)(t) we will

show that it is true for the function φ(i+1)(t).

Clearly it is true for φ(0)(t). Now∫ ∞
−∞

φ(i+1)(t− n)φ(i+1)(t−m)dt = (φ
(i+1)
0n , φ

(i+1)
0m )

= (
∑
k

ckφ
(i)
1,2n+k,

∑
`

c`φ
(i)
1,2m+`)

=
∑
k`

ckc` (φ
(i)
1,2n+k, φ

(i)
1,2m+`) =

∑
k

ckck−2(m−n) = δnm.

Since the convergence is uniform and φ(t) has compact support, these

orthogonality relations are also valid for φ(t). The proofs of (9.94) and

(9.95) are similar. 2

Exercise 9.13 Use induction with the double-shift orthogonality of c

and d to prove identities (9.94) and (9.95).

Note that most of the proof of the theorem doesn’t depend on con-

vergence. It simply relates properties at the ith recursion of the cascade

algorithm to the same properties at the (i+ 1)-st recursion.
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Corollary 9.26 If the the orthogonality relations

(w
(i)
jk , w

(i)
j′k′) = δjj′δkk′ , (φ

(i)
jk , w

(i)
jk′) = 0, (φ

(i)
jk , φ

(i)
jk′) = δkk′

where j, j′,±k,±k′ = 0, 1, . . . are valid at the ith recursion of the cascade

algorithm they are also valid at the (i+ 1)-st recursion.

9.10 Scaling functions by recursion: dyadic points

We continue our study of topics related to the cascade algorithm. We

are trying to characterize multiresolution systems with scaling functions

φ(t) that have support in the interval [0, N) where N is an odd integer.

The low pass filter that defines the system is (c0, . . . , cN ). One of the

beautiful features of the dilation equation is that it enables us to compute

explicitly the values φ( k2j ) for all j, k, i.e., at all dyadic points. Each value

can be obtained as a result of a finite (and easily determined) number

of passes through the low pass filter. The dyadic points are dense in the

reals, so if we know that φ exists and is continuous, (as we will assume

in this section) we will have determined it completely. (However, if there

is no scaling function associated with the filter c then our results will be

nonsense!)

The hardest step in this process is the first. The dilation equation is

φ(t) =
√

2

N∑
k=0

ckφ(2t− k). (9.96)

If φ(t) exists, it is zero outside the interval 0 ≤ t < N , so we can restrict

our attention to the values of φ(t) on [0, N). We first try to compute this

function on the integers t = 0, 1, . . . , N − 1. Substituting these values

one at a time into (9.96) we obtain the system of equations

φ(0)

φ(1)

φ(2)

φ(3)

φ(4)

· · ·
φ(N − 2)

φ(N − 1)


=
√

2



c0 0

c2 c1 c0 0 · · ·
c4 c3 c2 c1 c0 · · ·
c6 c5 c4 c3 c2 · · ·
c8 c7 c6 c5 c4 · · ·

· · · · · ·
· · · · · · cN−2 cN−3

· · · cN cN−1





φ(0)

φ(1)

φ(2)

φ(3)

φ(4)

· · ·
φ(N − 2)

φ(N − 1)


,

or

Φ(0) = M (0)Φ(0). (9.97)
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This says that Φ(0) is an eigenvector of the N × N matrix M (0), with

eigenvalue 1. If 1 is in fact an eigenvalue of M (0) then the homogeneous

system of equations (9.97) can be solved for Φ(0) by Gaussian elimina-

tion.

We can show that M (0) always has 1 as an eigenvalue, so that (9.97)

always has a nonzero solution. We need to recall from linear algebra that

λ is an eigenvalue of the N×N matrix M (0) if and only if it is a solution

of the characteristic equation

det[M (0) − λI] = 0, (9.98)

where I is the N ×N identity matrix. Since the determinant of a square

matrix equals the determinant of its transpose, we have that (9.98) is

true if and only if

det[M (0)tr
− λI] = 0.

Thus M (0) has 1 as an eigenvalue if and only if M (0)tr
has 1 as an eigen-

value. We claim that the column vector (1, 1, . . . , 1) is an eigenvector

of M (0)tr
. Note that the column sum of each of the 1st, 3rd, 5th, ...

columns of M (0) is
√

2
∑
k c2k, whereas the column sum of each of the

even-numbered columns is
√

2
∑
k c2k+1. However, it is a consequence

of the double-shift orthogonality conditions
∑
k ckck−2m = δ0m and the

compatibility condition
∑N
k=0 ck =

√
2 that each of those sums is equal

to 1. Thus the column sum of each of the columns of M (0) is 1, which

means that the row sum of each of the rows of M (0)tr
is 1, which says

precisely that the column vector (1, 1, . . . , 1) is an eigenvector of M (0)tr

with eigenvalue 1.

The required identities

√
2
∑
k

c2k =
√

2
∑
k

c2k+1 = 1 (9.99)

can be proven directly from the above conditions. However, an indirect

but simple proof comes from these equations in frequency space. Then

we have the Fourier transform

C(ω) =
∑
k

cke
−ikω.

The double-shift orthogonality condition is now expressed as

|C(ω)|2 + |C(ω + π)|2 = 2. (9.100)
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The compatibility condition says

C(0) =
∑
k

ck =
√

2.

It follows from (9.100) that C(π) = 0 =
∑
k(−1)kck, so

∑
k c2k =∑

k c2k+1 and the column sums are the same. Then from C(0) =
√

2

we get our desired result.

Now that we can compute the scaling function on the integers (up to

a constant multiple; we shall show how to fix the normalization con-

stant shortly) we can proceed to calculate φ(t) at all dyadic points

t = k/2j . The next step is to compute φ(t) on the half-integers t =

1/2, 3/2, . . . , N−1/2. Substituting these values one at a time into (9.96)

we obtain the system of equations

φ( 1
2 )

φ( 3
2 )

φ( 5
2 )

φ( 7
2 )

φ( 9
2 )

· · ·
φ(N − 3

2 )

φ(N − 1
2 )


=
√

2



c1 c0
c3 c2 c1 c0 · · ·
c5 c4 c3 c2 c1 · · ·
c7 c6 c5 c4 c3 · · ·
c9 c8 c7 c6 c5 · · ·

· · · · · ·
· · · · · · cN−1 cN−2

· · · 0 cN





φ(0)

φ(1)

φ(2)

φ(3)

φ(4)

· · ·
φ(N − 2)

φ(N − 1)


,

or

Φ(
1

2
) = M (1)Φ(0). (9.101)

We can continue in this way to compute φ(t) at all dyadic points. A

general dyadic point will be of the form t = n+s where n = 0, 1, . . . , N−1

and s < 1 is of the form s = k/2j , k = 0, 1, . . . , 2j − 1, j = 1, 2, . . . The

N -rowed vector Φ(s) contains all the terms φ(n + s) whose fractional

part is s:

Φ(s) =



φ(s)

φ(s+ 1)

φ(s+ 2)

φ(s+ 3)

φ(s+ 4)

· · ·
φ(s+N − 2)

φ(s+N − 1)


.
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Example 9.27

Φ(
1

4
) = M (0)Φ(

1

2
) Φ(

3

4
) = M (1)Φ(

1

2
).

There are two possibilities, depending on whether the fractional dyadic

s is < 1/2 or ≥ 1/2. If 2s < 1 then we can substitute t = s, s + 1, s +

2, . . . , s + N − 1, recursively, into the dilation equation and obtain the

result

Φ(s) = M (0)Φ(2s).

If 2s ≥ 1 then if we substitute t = s, s+1, s+2, . . . , s+N−1, recursively,

into the dilation equation we find that the lowest-order term on the right-

hand side is φ(2s− 1) and that our result is

Φ(s) = M (1)Φ(2s− 1).

If we set Φ(s) = 0 for s < 0 or s ≥ 1 then we have

Theorem 9.28 The general vector recursion for evaluating the scaling

function at dyadic points is

Φ(s) = M (0)Φ(2s) +M (1)Φ(2s− 1). (9.102)

Note that for each s at most one of the terms on the right-hand side

of (9.102) is nonzero. From this recursion we can compute explicitly the

value of φ at the dyadic point t = n + s. Indeed we can write s as a

dyadic decimal

s = .s1s2s3 · · · =
∑
j≥1

sj
2j
, sj = 0, 1.

If 2s < 1 then s1 = 0 and we have

Φ(s) = Φ(.0s2s3 · · · ) = M (0)Φ(2s) = M (0)Φ(.s2s3s4 · · · ).

If on the other hand, 2s ≥ 1 then s1 = 1 and we have

Φ(s) = Φ(.1s2s3 · · · ) = M (1)Φ(2s− 1) = M (1)Φ(.s2s3s4 · · · ).

Iterating this process we obtain

Corollary 9.29

Φ(.s1s2 · · · s`) = M (s1)M (s2) · · ·M (s`)Φ(0).

Exercise 9.14 Derive the recursion (9.102).

Remarks 1. We will show later that we can always impose the normal-

ization condition
∑
n φ(n) = 1 on our scaling functions.
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2. We have shown that the N × N matrix M (0) has a column sum

of 1, so that it always has the eigenvalue 1. If the eigenvalue 1

occurs with multiplicity one, then the matrix eigenvalue equation

Φ(0) = M (0)Φ(0) will yield N − 1 linearly independent conditions

for the N unknowns φ(0), . . . , φ(N − 1). These together with the

normalization condition will allow us to solve (uniquely) for the N

unknowns via Gaussian elimination. If M (0) has 1 as an eigenvalue

with multiplicity k > 1 however, then the matrix eigenvalue equa-

tion will yield only N − k linearly independent conditions for the N

unknowns and these together with the normalization condition may

not be sufficient to determine a unique solution for the N unknowns.

The double eigenvalue 1 is not common, but not impossible.

Exercise 9.15 The Daubechies filter coefficients for D4 (N = 3) are

4
√

2c = (1 +
√

3, 3 +
√

3, 3 −
√

3, 1 −
√

3). Solve the equation, Φ(0) =

M (0)Φ(0) to show that, with the normalization φ(0) + φ(1) + φ(2) = 1,

the unique solution is

φ(0) = 0, φ(1) =
1

2
(1 +

√
3) φ(2) =

1

2
(1−

√
3).

In analogy with the use of infinite matrices in filter theory, we can

also relate the dilation equation

φ(t) =
√

2

N∑
k=0

ckφ(2t− k)

to an infinite matrix M . Evaluate the equation at the values t + i, i =

0,±1, . . . for any real t. Substituting these values one at a time into the

dilation equation we obtain the system of equations

φ(t+ i) =

∞∑
i,j=1

Mijφ(2t+ j), −∞ < t <∞. (9.103)

We have met M before. The matrix elements of M are Mij =
√

2c2i−j .

Note the characteristic double-shift of the rows.

Exercise 9.16 Show that

M = (↓ 2)
√

2C,

where C is a low pass filter.

For any fixed t the only nonzero part of (9.103) will correspond to

either M (0) or M (1). For 0 ≤ t < 1 and dyadic the equation reduces to
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(9.102). M shares with its finite forms M (i) the fact that the column sum

is 1 for every column and that λ = 1 is an eigenvalue. The left eigenvector

now, however, is the infinite component row vector f0 = (. . . , 1, 1, 1, . . .).

We take the dot product of this vector only with other vectors that are

finitely supported, so there is no convergence problem.

Now we are in a position to investigate some of the implications of

requiring that C(ω) has a zero of order p at ω = π for p > 1. This

requirement means that

C(π) = C ′(π) = · · · = C(p−1)(π) = 0,

and since C(ω) =
∑
k cke

−ikω, it is equivalent to∑
k

(−1)kckk
` = 0, ` = 1, 2, . . . , p− 1. (9.104)

Theorem 9.31 to follow is very important but the technical details lead-

ing up to its proof can be omitted at a first reading. We already know

that ∑
k

c2k =
∑
k

c2k+1 =
1√
2

=
1

2
C(0), (9.105)

and that |C(ω)|2 + |C(ω+ π)|2 = 2. For use in the proof of the theorem

to follow, we introduce the notation

A` =
∑
i

(2i)`c2i =
∑
i

(2i+ 1)`c2i+1, ` = 0, 1, . . . , p− 1. (9.106)

We already know that A0 = 1/
√

2.

Now M will admit a left eigenvector f = (. . . , α−1, α0, α1, . . .) with

eigenvalue λ, i.e.,
∑
i αiMij = λαj provided the equations

√
2

∞∑
i=−∞

αic(2i− j) = λαj , j = 0,±1, . . . (9.107)

hold where not all αi are zero. A similar statement holds for the finite ma-

trices M (0),M (1) except that i, j are restricted to the rows and columns

of these finite matrices. (Indeed the finite matrices M
(0)
ij =

√
2c2i−j for

0 ≤ i, j ≤ N − 1 and M
(1)
ij =

√
2c2i−j+1 for 0 ≤ i, j ≤ N − 1 have

the property that the jth column vector of M (0) and the (j + 1)st col-

umn vector of M (1) each contain all of the nonzero elements in the jth

column of the infinite matrix M . Thus the restriction of (9.107) to the

row and column indices i, j for M (0), M (1) yields exactly the eigenvalue

equations for these finite matrices.) We have already shown that this
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equation has the solution αi = 1, λ = 1, due to that fact that C(ω) has

a zero of order 1 at π.

For each integer h we define the (infinity-tuple) row vector fh by

fhi = ih, i = 0,±1 . . .

Theorem 9.30 If C(ω) has a zero of order p > 1 at ω = π then M

(and M (0),M (1)) have eigenvalues λ` = 1/2`, ` = 0, 1, . . . , p− 1. The

corresponding left eigenvectors y` can be expressed as

(−1)`y` = f ` +

`−1∑
h=0

β`hf
h

where the β`h are constants.

Proof For each ` = 0, 1, . . . , p− 1 we have to verify that an identity of

the following form holds:

√
2
∑
i

(
i` +

`−1∑
h=0

β`hi
h

)
c2i−j =

1

2`

(
j` +

`−1∑
h=0

β`hj
h

)
,

for i, j = 0,±1,±2, . . . For ` = 0 we already know this. Suppose ` ≥ 1.

Take first the case where j = 2s is even. We must find constants β`h
such that the identity

√
2
∑
i

(
i` +

`−1∑
h=0

β`hi
h

)
c2i−2s =

1

2`

(
(2s)` +

`−1∑
h=0

β`h(2s)h

)
,

holds for all s. Making the change of variable i′ = i− s on the left-hand

side of this expression we obtain

√
2
∑
i′

(
(i′ + s)` +

`−1∑
h=0

β`h(i′ + s)h

)
c2i′ =

1

2`

(
(2s)` +

`−1∑
h=0

β`h(2s)h

)
.

Expanding the left-hand side via the binomial theorem and using the

sums (9.106) we find

√
2
∑
n

sn

[(
`

n

)
A`−n
2`−n

+

`−1∑
h=0

β`h

(
h

n

)
Ah−n
2h−n

]

=
1

2`

(
(2s)` +

`−1∑
h=0

β`h(2s)h

)
.
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Now we equate powers of s. The coefficient of s` on both sides is 1.

Equating coefficients of s`−1 we find

`A1√
2

+ β``−1 =
1

2
β``−1.

We can solve for β``−1 in terms of the given sum A1. Now the pattern be-

comes clear. We can solve these equations recursively for β``−1, β
`
`−2, . . . β

`
0.

Equating coefficients of s`−j allows us to express β``−j as a linear com-

bination of the Ai and of β``−1, β
`
`−2, . . . β

`
j+1. Indeed the equation for

β``−j is

β``−j =

√
2

2−j − 1

( `

`− j

)
Aj
2j

+

`−1∑
h=`−j+1

β`h

(
h

n

)
Ah−`+j
2h−`+j

 .
This finishes the proof for j = 2s. The proof for j = 2s − 1 follows

immediately from replacing s by s− 1/2 in our computation above and

using the fact that the Ah are the same for the sums over the even terms

in c as for the sums over the odd terms. 2

Since φ(t + i) =
∑
jMijφ(2t + j) and

∑
i y
`
iMij = (1/2`)y`j for

` = 1, . . . , p− 1 it follows that the function

g`(t) =
∑
i

(y`)iφ(t+ i)

satisfies g`(t) = 1
2`
g`(2t). We will evaluate this function under the as-

sumption that φ(t) can be obtained by pointwise convergence from the

cascade algorithm. Thus we have

g
(k)
` (t) =

∑
i

(y`)iφ
(k)(t+ i), φ(k+1)(t+ i) =

∑
j

Mijφ
(k)(2t+ j),

k = 0, 1, . . ., where we choose φ(0)(t) as the Haar scaling function. Thus

g
(k+1)
` (t) = 1

2`
g

(k)
` (2t), and

g
(0)
` (t) =

∑
i

(y`)iφ
(0)(t+ i) = y

(`)
−[2nt],

where [2nt] is the largest integer ≤ 2nt. Iterating this identity we have

g
(k+n)
` (t) = 1

2n`
g

(k)
` (2nt) for n = 1, 2, . . . Setting k = 0 and going to the

limit, we have∑
i

(y`)iφ(t+ i) = lim
n→+∞

g
(n)
` (t) = lim

n→+∞

1

2n`
y

(`)
−[2nt]. (9.108)
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We first consider the simplest case: ` = 0. Then y0
i = 1 for all integers

i, so

g
(0)
0 (t) =

∑
i

φ(0)(t+ i) = 1.

Thus the limit is 1 and we have the important formula∑
i

φ(t+ i) = 1.

Remark This result tells us that, locally at least, we can represent

constants within the multiresolution space V0. This is related to the fact

that e0 is a left eigenvector for M (0) and M (1) which is in turn related to

the fact that C(ω) has a zero at ω = π. Next we show that if we require

that C(ω) has a zero of order p at ω = π then we can represent the

monomials 1, t, t2, . . . tp−1 within V0, hence all polynomials in t of order

p − 1. This is a highly desirable feature for wavelets and is satisfied by

the Daubechies wavelets of order p.

If ` > 0 we use the fact that (y`)i = (−i)`+ lower-order terms in i

and see that the limit is t`. Thus we (almost) have the

Theorem 9.31 If C(ω) has p ≥ 1 zeros at ω = π and the cascade

algorithm for this filter converges in L2 to a continuous scaling function

φ(t), then ∑
k

y`kφ(t+ k) = t`, ` = 0, 1, . . . , p− 1. (9.109)

The reasoning we have employed to motivate this theorem is not quite

convincing. In subsequent chapters we will give conditions that guarantee

convergence of the cascade algorithm in the L2 sense, and guarantee that

the scaling function obtained in the limit is continuous. Here, however,

we are talking about pointwise convergence of the cascade algorithm

and that will not be guaranteed by our theoretical results. We describe

the analysis that saves the theorem. An important fact from Lebesgue

theory is that if {φ(i)} is a Cauchy sequence of functions converging

to φ in the L2 norm then there always exists a subsequence {φ(ih)},
i1 < i2 < · · · such that the pointwise limit limh→∞ φ(ih)(t) = φ(t)

exists almost everywhere. By restricting to an appropriate subsequence

to take the pointwise limit we can establish (9.109) almost everywhere.

(In Section 1.5.3 we proved this result for the case that the {φ(i)} are

step functions and that is all we need for convergence of the cascade

algorithm with φ(0) as the Haar scaling function.) There are only finitely
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many nonzero terms on the left-hand side of identity (9.109) for t in some

bounded set. By assumption, each side of the equation is a continuous

function of t. Two continuous functions that are equal almost everywhere

must be identical. Put another way, the right-hand side minus the left-

hand side is a continuous function that is 0 almost everywhere, hence it

must be identically 0.

Exercise 9.17 Consider the example g(t) = t` sin(2π log2(|t|)) for t 6= 0

and g(0) = 0 to show that the difference equation g(2t) = 2`g(t) has

solutions continuous for all t, other than ct`. Can you find solutions

distinct from these?

Theorem 9.31 appears to suggest that if we require that C(ω) has

a zero of order p at ω = π then we can represent the monomials

1, t, t2, . . . tp−1 within V0, hence all polynomials in t of order p− 1. This

isn’t quite correct since the functions t` are not square integrable, so

strictly speaking, they don’t belong to V0. However, due to the compact

support of the scaling function, the series for g`(t) converges pointwise.

Normally one needs only to represent the polynomial in a bounded do-

main. Then all of the coefficients y`j that don’t contribute to the sum in

that bounded interval can be set equal to zero.

Exercise 9.18 Determine the order p of the zero of the filter C(ω) at

ω = π, either directly or using the sum rules (9.104) for the following

filter coefficients. (In general these filters will not satisfy double-shift

orthogonality but are normalized so that C(0) =
√

2.)

1. c =
√

2( 1
4 ,

1
2 ,

1
4 )

2. c =
√

2
16 (1, 4, 6, 4, 1)

3. h =
√

2
8 (1−

√
3, 3−

√
3, 3 +

√
3, 1 +

√
3) (Daubechies in reverse)

4. c = 1√
2
( 1

2 ,
1
2 ,

1
2 ,

1
2 )

9.11 The cascade algorithm in the frequency domain

We have been studying pointwise convergence of iterations of the dilation

equation in the time domain. Now we look at the dilation equation

φ(t) =
√

2
∑
k

ckφ(2t− k)



DAMELIN: “MASTERFILE” — 2011/10/28 — 14:44 — PAGE 330 — #338

330 Multiresolution analysis

in the frequency domain. We again utilize the cascade algorithm

φ(j+1)(t) =
√

2
∑
k

ckφ
(j)(2t− k), j = 0, 1, . . .

and assume that the initial input φ(0)(t) is the Haar scaling function.

Taking the Fourier transform of both sides of this equation and using

the fact that (for u = 2t− k)

2

∫ ∞
−∞

φ(2t− k)e−iωtdt =

∫ ∞
−∞

φ(u)e−iω(u+k)/2du = e−iωk/2φ̂(
ω

2
),

we find

φ̂(ω) =
1√
2

(∑
k

cke
−iωk/2

)
φ̂(
ω

2
).

Thus the frequency domain form of the dilation equation is

φ̂(j+1)(ω) = 2−1/2C(
ω

2
)φ̂(j)(

ω

2
). (9.110)

Now iterate the left-hand side of the dilation equation:

φ̂(j+2)(ω) =
1

2
C(
ω

2
)[C(

ω

4
)φ̂(j)(

ω

4
)].

After N steps we have

φ̂(j+N)(ω) = 2−N/2C(
ω

2
)C(

ω

4
) · · ·C(

ω

2N
)φ̂(j)(

ω

2N
).

We want to let N → ∞ in this equation. Setting j = 0 we recall that

φ̂(0)(ω) = (1− e−iω)/iω so limN→∞ φ̂(0)( ω
2N

) = φ̂(0)(0) = 1, and postu-

late an infinite product formula for φ̂(ω):

φ̂(ω) = lim
N→∞

φ̂(N)(ω) = Π∞j=12−1/2C(
ω

2j
). (9.111)

We studied infinite products in Section 2.4 and established the fun-

damental convergence conditions in Theorem 2.27 and Corollary 2.28.

However formula (9.111) involves an infinite product of functions, not

just numbers and it will be important to establish criteria for the infinite

product to be a continuous function.

Definition 9.32 Let {wj(z)} be a sequence of continuous functions

defined on an open connected set D of the complex plane, and let S be

a closed, bounded subset of D. The infinite product P (z) ≡ Π∞j=1(1 +

wj(z)) is said to be uniformly convergent on S if

1. there exists a fixed m0 ≥ 1 such that wj(z) 6= −1 for k ≥ m0, and

every z ∈ S, and
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2. for any ε > 0 there exists a fixed N(ε) such that for n > N(ε), m ≥ m0

and every z ∈ S we have

|Pm,n(z)| · |1− Pn+1,n+p(z)| < ε, p ≥ 1.

Then from standard results in calculus,[92], we can verify the follow-

ing.

Theorem 9.33 Suppose wj(z) is continuous in D for each j and that

the infinite product P (z) ≡ Π∞j=1(1+wj(z)) converges uniformly on every

closed bounded subset of D. Then P (z) is a continuous function in D.

Now we return to the infinite product formula for the scaling function:

φ̂(ω) = Π∞j=12−1/2C(
ω

2j
).

Note that this infinite product converges, uniformly and absolutely on

all finite intervals. Indeed 2−1/2C(0) = 1 and the derivative of the 2π-

periodic function C ′(ω) is uniformly bounded: |C ′(ω)| ≤ K
√

2. Then

C(ω) = C(0) +
∫ ω

0
C ′(s)ds so

|2−1/2C(ω)| ≤ 1 +K|ω| ≤ eK|ω|.

Since K
∑∞
j=1

|ω|
2j = K|ω| converges, the infinite product converges ab-

solutely and, from the proof of Theorem 2.27 we have the (very crude)

upper bound |φ̂(ω)| ≤ eK|ω|.

Example 9.34 The moving average filter has filter coefficients c0 =

c1 = 1/
√

2 and C(ω) = (1 + e−iω)/
√

2. The product of the first N

factors in the infinite product formula is

2−N/2C(N)(ω) =
1

2N
(1+e−iω/2)(1+e−iω/4)(1+e−iω/8) · · · (1+e−iω/2

N

).

The following identities (easily proved by induction) are needed:

Lemma 9.35

(1 + z)(1 + z2)(1 + z4) · · · (1 + z2n−1

) =

2n−1∑
k=0

zk =
1− z2n

1− z
.

Then, setting z = e−iω/2
N

, we have

2−N/2C(N)(ω) =
1

2N
1− e−iω

1− e−iω/2N
.
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Now let N →∞. The numerator is constant. The denominator goes like

2N (iω/2N − ω2/22N+1 + · · · )→ iω. Thus

φ̂(ω) = lim
N→∞

2−N/2C(N)(ω) =
1− e−iω

iω
, (9.112)

basically the sinc function.

Although the infinite product formula for φ̂(ω) always converges point-

wise and uniformly on any closed bounded interval, this does not solve

our problem. We need to have φ̂(ω) decay sufficiently rapidly at infinity

so that it belongs to L2. At this point all we have is a weak solution to

the problem. The corresponding φ(t) is not a function but a generalized

function or distribution. One can get meaningful results only in terms

of integrals of φ(t) and φ̂(ω) with functions that decay very rapidly at

infinity and their Fourier transforms that also decay rapidly. Thus we can

make sense of the generalized function φ(t) by defining the expression

on the left-hand side of

2π

∫ ∞
−∞

φ(t)g(t)dt =

∫ ∞
−∞

φ̂(ω)ĝ(ω)dω

by the integral on the right-hand side, for all g and ĝ that decay suffi-

ciently rapidly. We shall not go that route because we want φ(t) to be a

true function.

Already the crude estimate |φ̂(ω)| < eK|ω| in the complex plane does

give us some information. The Paley–Weiner Theorem (whose proof is

beyond the scope of this book [93, 50]) says, essentially that for a func-

tion φ(t) ∈ L2(R) the Fourier transform can be extended into the com-

plex plane such that |φ̂(ω)| < K0e
K|ω| if and only if φ(t) ≡ 0 for |t| > K.

It is easy to understand why this is true. If φ(t) vanishes for |t| > K

then φ̂(ω) =
∫K
−K φ(t)e−iωtdt can be extended into the complex ω plane

and the above integral satisfies this estimate. If φ(t) is nonzero in an

interval around t0 then it will make a contribution to the integral whose

absolute value would grow at the approximate rate e|t0ω|.

Thus we know that if φ̂ belongs to L2, so that φ(t) exists, then φ(t)

has compact support. We also know that if
∑N
k=0 ck =

√
2, our solution

(if it exists) is unique.

9.12 Some technical results

We are in the process of constructing a family of continuous scaling

functions with compact support and such that the integer translates of
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each scaling function form an ON set. It isn’t yet clear, however, that

each of these scaling functions will generate a basis for L2(R), i.e. that

any function in L2 can be approximated by these wavelets. Throughout

this section we make the following assumptions concerning the scaling

function φ(t).

Assumptions: Suppose that φ(t) is continuous with compact support

on the real line and satisfies the orthogonality conditions (φ0k, φ0`) =∫
φ(t − k)φ(t− `)dt = δk` in V0. Let Vj be the subspace of L2(R) with

ON basis {φjk : k = 0,±1, . . .} where φjk(t) = 2j/2φ(2jt − k). Suppose

φ satisfies the normalization condition
∫
φ(t)dt = 1 and the dilation

equation

φ(t) =
√

2

N∑
k=0

ckφ(2t− k)

for finite N .

We will show that such a scaling function does indeed determine a

multiresolution analysis. (Note that the Haar scaling function does not

satisfy the continuity condition.) These technical results, though impor-

tant, are fairly routine abstract arguments in harmonic analysis rather

than features unique to wavelets. Thus their proofs can be omitted in a

first reading

Lemma 9.36 There is a constant C > 0 such that |f(t)| ≤ C||f || for

all functions f ∈ V0.

Proof If f ∈ V0 then we have f(t) =
∑
k ckφ0k(t). We can assume point-

wise equality as well as Hilbert space equality, because for each t only

a finite number of the continuous functions φ(t − k) are nonzero. Since

ck = (f, φ0k) we have

f(t) =

∫
h(t, s)f(s)ds, where h(t, s) =

∑
k

φ(t− k)φ(s− k).

Again, for any t, s only a finite number of terms in the sum for h(t, s)

are nonzero. For fixed t the kernel h(t, s) belongs to the inner product

space of square integrable functions in s. The norm square of h in this

space is

||h(t, ·)||2s =
∑
k

|φ(t− k)|2 ≤ K2
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for some positive constant K. This is because only a finite number of the

terms in the k-sum are nonzero and φ(t) is a bounded function. Thus

by the Schwarz inequality we have

|f(t)| = |(k(t, ·), f)s| ≤ ||h(t, ·)|| · ||f || ≤ K||f ||.

2

Theorem 9.37 The separation property for multiresolution analysis

holds: ∩∞j=−∞Vj = {0}.

Proof Suppose f ∈ V−j . This means that f(2jt) ∈ V0. By the lemma,

we have

|f(2jt)| ≤ K||f(2j ·)|| = K2−j/2||f ||.

If f ∈ V−j for all j then f(t) ≡ 0. 2

Theorem 9.38 The density property for multiresolution analysis holds:

∪∞j=−∞Vj = L2(R).

Proof Let Rab(t) be a rectangular function:

Rab(t) =

{
1 for a ≤ t ≤ b
0 otherwise,

for a < b. We will show that Rab ∈ ∪∞j=−∞Vj . Since every step func-

tion is a linear combination of rectangular functions, and since the step

functions are dense in L2(R), this will prove the theorem. Let PjRab be

the orthogonal projection of Rab on the space Vj . Since {φjk} is an ON

basis for Vj we have

PjRab =
∑
k

αkφjk.

We want to show that ||Rab − PjRab|| → 0 as j → +∞. Since Rab −
PjRab ⊥ Vj we have

||Rab||2 = ||Rab − PjRab||2 + ||PjRab||2,

so it is sufficient to show that ||PjRab||2 → ||Rab||2 as j → +∞. Now

||PjRab||2 =
∑
k

|αk|2 =
∑
k

|(Rab, φjk)|2 = 2j
∑
|
∫ b

a

φ(2jt− k)dt|2

so

||PjRab||2 = 2−j
∑
k

|
∫ 2jb

2ja

φ(t− k)dt|2.
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The support of φ(t) is contained in some finite interval with integer

endpoints m1 < m2: m1 ≤ t ≤ m2. For each integral in the summand

there are three possibilities:

1. The intervals [2ja, 2jb] and [m1,m2] are disjoint. In this case the

integral is 0.

2. [m1,m2] ⊂ [2ja, 2jb]. In this case the integral is 1.

3. The intervals [2ja, 2jb] and [m1,m2] partially overlap. As j gets larger

and larger this case is more and more infrequent. Indeed if ab 6= 0

this case won’t occur at all for sufficiently large j. It can only occur

if say, a = 0,m1 ≤ 0,m2 > 0. For large j the number of such terms

would be fixed at |m1|. In view of the fact that each integral squared

is multiplied by 2−j the contribution of these boundary terms goes

to 0 as j → +∞.

Let Nj(a, b) equal the number of integers between 2ja and 2jb. Clearly

Nj(a, b) ∼ 2j(b− a) and 2−jNj(a, b)→ b− a as j → +∞. Hence

lim
j→+∞

||PjRa,b||2 = b− a =

∫ b

a

1dt = ||Rab||2.

2

9.13 Additional exercises

Exercise 9.19 Let φ(t) and w be the Haar scaling and wavelet func-

tions, respectively. Let Vj and Wj be the spaces generated by φj,k(t) =

2j/2φ(2jt− k) and wj,k(t) = 2j/2w(2jt− k), k = 0,±1, . . ., respectively.

Suppose the real-valued function f(t) =
∑
k akφ1,k(t) belongs to V1 and

f ⊥ V0. Show that a2`+1 = −a2` for all integers `. Conclude that f can

be expressed as a linear combination of the functions, w0,k(t), hence that

f ∈W0.

Exercise 9.20 Let φ(t), w(t) Vj , and Wj be as defined in Exercise 9.19.

Let g(t) be defined on 0 ≤ t < 1 and given by

g(t) =


−1 0 ≤ t < 1/4

4 1/4 ≤ t < 1/2

2 1/2 ≤ t < 3/4

−3 3/4 ≤ t < 1.
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1. Express g in terms of the basis for V2.

2. Decompose g into its component parts in W1, W0 and V0. In other

words, find the Haar wavelet decomposition for g.

3. Sketch each of the four decompositions.

Exercise 9.21 Reconstruct a signal f ∈ V3 given that its only nonzero

coefficients in the Haar wavelet decomposition are

{a2,k} = {1

2
, 2,

5

2
,−3

2
}, {b2,k} = {−3

2
,−1,

1

2
,−1

2
}.

Here the first entry in each list corresponds to k = 0. Sketch the graph

of f .

Exercise 9.22 Reconstruct a signal g ∈ V3 given that its only nonzero

coefficients in the Haar wavelet decomposition are

{a1,k} = {3

2
,−1}, {b1,k} = {−1,−3

2
}, {b2,k} = {−3

2
,−3

2
,−1

2
,−1

2
}.

Here the first entry in each list corresponds to k = 0. Sketch the graph

of g.

Exercise 9.23 Let

f = exp(−t2/10)
(
sin(t) + 2 cos(2t) + sin(5t) + cos(8t) + 2t2

)
.

Discretize (sample) the function f(t) over the interval 0≤ t≤ 1 comput-

ing the signal vector f = {a8,k} where a8,k = f(2kπ/256), k= 1, . . . , 256,

so that the discretization belongs to V8 for the Haar decomposition. In

other words, use J = 8 as the top level so that there are 28 = 256 nodes

in the discretization. Implement the FWT decomposition algorithm for

Haar wavelets. Plot the resulting levels f (j) ∈Vj , j= 0, . . . , 7 and com-

pare with the original signal. Here you can use one of

1. The display facilities of the MATLAB wavelet toolbox. Note: You can

prepare a data file with commands such as

t=linspace(0,1,2^8)

and

f=exp(-t.^2/10).*(sin(t)+2*cos(2*t)+sin(5*t)+cos(8*t)+2*t.^2)

MATLAB can handle data files of length 2j for j ≤ 10. The command

save signal f
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will save the vectors f and t in the data file signal.mat. Then for the

“load signal” option you simply open the file signal.mat and use the

analysis and processing functions of the wavelet toolbox.

2. The MATLAB Wavelet Toolbox commands wavedec and waverec.

Here wavedec is the MATLAB wavelet decomposition routine. Its

inputs are the discretized signal vector f , the number of levels j (so

that for a maximal decomposition number of nodes is 2j = length of f

= length of t) and ’dbp’ where dbp is the corresponding Daubechies

wavelet, i.e., db1 or ′haar′ is the Haar wavelet, db2 is the Daubechies

4-tap wavelet, etc. The appropriate command is

[C,L] = wavedec(f,j,’dbp’)

Recall that f is associated to the time nodes t (e.g.,

t=linspace (0,1,2^8)

to decompose the interval [0, 1] into 28 terms). The output C is the 2j

component coefficients vector consisting of the coefficients a0,k and

b0,k, b1,k, . . . bj−1,k, in that order. L is a bookkeeping vector, listing the

lengths of the coefficient vectors for a0,k, b0,k, b1,k, . . . bj−1,k, in that

order, followed by the length of f . The wavelet recovery command,

to obtain the signal fr from the wavelet coefficients, is

fr = waverec(C,L,’dbp’)

This is just the inverse of the wavedec command. However, one can

process the C output of wavedec and obtain a modified file of wavelet

coefficients MC. Then the command

fr = waverec(MC,L,’dbp’)

will give the reconstruction of the modified signal. A related useful

command is

[NC,NL,cA] = upwlev(C,L,’dbp’)

a one-dimensional wavelet analysis function. This command performs

the single-level reconstruction of the wavelet decomposition structure

[C,L] giving the new one [NC,NL], and extracts the last coefficients

vector cA. Thus since [C,L] is a decomposition at level j, [NC,NL]

is the same decomposition at level j − 1 and cA is the coefficients

vector at this level. The default signal extension for these algorithms
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is zero padding. This makes no difference for Haar wavelets, but is

necessary to take into account for all other Daubechies wavelets.

Exercise 9.24 Prove Lemma 9.10.

Exercise 9.25 Verify Equation (9.26).

Exercise 9.26 From the definition (9.30), show that d has length 1 and

is double-shift orthogonal to itself.

Exercise 9.27 Let V0 be the space of all square integrable signals f(t)

that are piecewise linear and continuous with possible corners occurring

at only the integers 0,±1,±2, . . . Similarly, for every integer j let Vj be

the space of all square integrable signals f(t) that are piecewise linear

and continuous with possible corners occurring at only the dyadic points

k/2j for k an integer. Let φ(t) be the hat function

φ(t) =


t+ 1, −1 ≤ t ≤ 0,

1− t, 0 < t ≤ 1,

0, |t| > 1.

From the text, f(t) =
∑
k f(k)φ(t − k) for every f ∈ V0, so the hat

function and its integer translates form a (nonorthogonal) basis for V0.

This defines the linear spline multiresolution analysis, though it is not

orthonormal.

1. Verify that the spaces Vj are nested, i.e., Vj ⊂ Vj+1.

2. Verify that f(t) ∈ Vj ⇐⇒ f(2−jt) ∈ V0.

3. What is the scaling function basis for V1?

4. Compute the coefficients ck in the dilation equation φ(t) =√
2
∑
k ckφ(2t− k), where φ(t) is the hat function.

Exercise 9.28 Using the fact that N is odd, show that∫ π

−π
e2ikωD(ω)D(π + ω)dω = −

∫ π

−π
e2ikωC(ω)C(π + ω)dω. (9.113)

Exercise 9.29 Use the double-shift orthogonality conditions in the fre-

quency domain and (9.113) to verify Equations (9.67), (9.68) and (9.69).

Exercise 9.30 Show that the ideal low pass filter:

C(ω) =

{ √
2, 0 ≤ |ω| < π

2

0, π
2 ≤ |ω| ≤ π
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satisfies condition (9.82) for double-shift orthogonality. Verify that the

impulse response vector has coefficients

cn =


1√
2
, n = 0

±
√

2
πn , n odd

0, n even, n 6= 0.

Determine the associated high pass filter D(ω). Why is this not a prac-

tical filter bank? What is the delay `?

Exercise 9.31 What is the frequency response for the maxflat Daubechies

filter with p = 2? Graph P (ω) and |C(ω)|.

Exercise 9.32 Compute {cn} for the halfband Daubechies filter with

p = 5. Verify that C(ω) has four zero derivatives at ω = 0 and ω = π.

Exercise 9.33 Find H(1)[z], S(0)[z] and S(1)[z] for the biorthogonal

filter bank with H(0)[z] =
(

1+z−1

2

)3

and

P (0)[z] =
1

16

(
−1 + 9z−2 + 16z−3 + 9z−4 − z−6

)
.

Exercise 9.34 Suppose a real infinite matrixQ has the propertyQtrQ =

I. Show that the columns of Q are mutually orthogonal unit vectors.

Does it follow that QQtr = I?

Exercise 9.35 Let C, H be real low pass filters, each satisfying the

double-shift row orthogonality condition. Does the product CH satisfy

the double-shift row orthogonality condition?

Exercise 9.36 Plot the frequency response function |C(ω)| in the in-

terval 0 ≤ ω ≤ 2π for the Daubechies 4-tap filter. Point out the features

of the graph that cause this filter to belong to the maxflat class.

Exercise 9.37 Suppose the halfband filter

P (ω) = 1 +
∑
n odd

p(n)e−inω

satisfies P (0) = 2. From these facts alone, deduce that P (π) = 0, i.e.,

the filter is low pass.

Exercise 9.38 The reverse Daubechies 4-tap filter is related to Daubechies

D4 = db2 by reversing the order of the filter coefficients in the Z trans-

form. Thus the transform of the reverse filter is

C[z] =
1

4
√

2

(
(1−

√
3) + (3−

√
3)z−1 + (3 +

√
3)z−2 + (1 +

√
3)z−3

)
.
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It satisfies the properties C[1] =
√

2, C[−1] = 0 (low pass) and |C[z]|2 +

|C[−z]|2 = 2 (double-shift orthogonality). Is it true that the reverse filter

also has a root of degree 2 at z = −1, i.e., that C ′(−1) = 0? Justify your

answer.

—————-

For some additional references on wavelets and their applications to

signal processing see [10, 18, 35, 41, 43, 45, 54, 81].
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In this chapter we will provide some solutions to the questions of the

existence of wavelets with compact and continuous scaling functions,

of the L2 convergence of the cascade algorithm, and the accuracy of

approximation of functions by wavelets. For orthogonal wavelets we use

a normalized impulse response vector c = (c0, . . . , cN ) that satisfies

double-shift orthogonality, though for nonorthogonal wavelets we will

weaken this orthogonality restriction on c. We will start the cascade

algorithm at i = 0 with the Haar scaling function φ(0)(t), and then

update to get successive approximations φ(i)(t), i = 0, 1, . . . The advan-

tages of starting with the Haar scaling function in each case are sim-

plicity and the fact that orthogonality of the scaling function to integer

shifts is satisfied automatically. We already showed in Section 9.9 that if

c satisfies double-shift orthogonality and φ(i)(t) is orthogonal to integer

shifts of itself, then φ(i+1)(t) preserves this orthogonality. Our aim is to

find conditions such that the φ(t) = limi→∞ φ
(i)(t) exists, first in the L2

sense and then pointwise. The Haar scaling function is a step function,

and it is easy to see that each iteration of the cascade algorithm maps a

step function to a step function. Thus our problem harkens back to the

Hilbert space considerations of Section 1.5.1. If we can show that the

sequence of step functions φ(0), φ(1), φ(2), . . . is Cauchy in the L2 norm

then it will follow that the sequence converges. Thus, we must show that

for any ε > 0 there is an integer Nε such that ||φ(i)−φ(j)|| < ε whenever

i, j > Nε. We will develop the machinery to establish this property.

In the proof of Theorem 9.25 in the previous chapter we related the

inner products ∫ ∞
−∞

φ(i+1)(t)φ
(i+1)

(t− k)dt
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to the inner products
∫∞
−∞ φ(i)(t)φ

(i)
(t− k)dt in successive passages through

the cascade algorithm. Recall that this relationship is as follows. Let

a
(i)
k = (φ

(i)
00 , φ

(i)
0k ) =

∫ ∞
−∞

φ(i)(t)φ
(i)

(t− k)dt,

be the vector of inner products at stage i. Note that although a(i) is

an infinite-component vector, since φ(i)(t) has support limited to the

interval [0, N ] only the 2N − 1 components a(i)(k), k = −N + 1, . . . −
1, 0, 1 . . . , N − 1 can possibly be nonzero. We can use the cascade recur-

sion to express a
(i+1)
s as a linear combination of terms a

(i)
k :

a(i+1)
s =

∫ ∞
−∞

φ(i+1)(t)φ
(i+1)

(t− s)dt =

∫ ∞
−∞

φ
(i+1)

(t)φ(i+1)(t+ s)dt

= 2
∑
k,`

ckc`

∫ ∞
−∞

φ
(i)

(2t− k)φ(i)(2t+ 2s− `)dt

=
∑
k,`

ckc`

∫ ∞
−∞

φ
(i)

(t− k)φ(i)(t+ 2s− `)dt

=
∑
k,j

ckc(2s+ j)

∫ ∞
−∞

φ
(i)

(t)φ(i)(t+ k − j)dt

=
∑
m,j

c2s+jcm+j

∫ ∞
−∞

φ
(i)

(t)φ(i)(t+m)dt,

where ` = 2s+ j, m = k − j. Thus

a(i+1)
s =

∑
j,`

c2s+jc`+ja
(i)
` . (10.1)

In matrix notation this is just

a(i+1) = Ta(i) = (↓ 2)CC
tr
a(i) (10.2)

where the matrix elements of the T matrix (the transition matrix) are

given by

Ts` =
∑
j

c2s+jc`+j .

Although T is an infinite matrix, the only matrix elements that corre-

spond to action on vectors a (whose components ak necessarily vanish

unless −N+1 ≤ k ≤ N−1) are those contained in the (2N−1)×(2N−1)
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block −N+1 ≤ s, ` ≤ N−1. When we discuss the eigenvalues and eigen-

vectors of T we are normally talking about this (2N − 1) × (2N − 1)

submatrix. We emphasize the relation with other matrices that we have

studied before:

T = (↓ 2)CC
tr

=
1√
2
MC

tr
.

NOTE: Since the filter C is low pass, the matrix T shares with the

matrix M the property that the column sum of each column equals 1.

Indeed
∑
s c2s+j = 1/

√
2 for all j and

∑
j cj =

√
2, so

∑
s Ts` = 1 for

all `. Thus, just as is the case with M , we see that T admits the left

eigenvector f0 = (. . . , 1, 1, 1, . . .) with eigenvalue 1.

If we apply the cascade algorithm to the inner product vector of an

actual scaling function corresponding to c:

ak = (φ00, φ0k) =

∫ ∞
−∞

φ(t)φ(t− k)dt,

we just reproduce the inner product vector:

as =
∑
j,`

c2s+jc`+ja`, (10.3)

or

a = Ta = (↓ 2)CC
tr
a. (10.4)

Since ak = δ0k in the orthogonal case, this just says that

1 =
∑
j

|cj |2,

which we already know to be true. Thus T always has 1 as an eigenvalue,

with associated eigenvector ak = δ0k.

Let’s look at the shift orthogonality of the scaling function in the

frequency domain (the frequency analogs of (9.93)) as well as the update

of the orthogonality relations as we iterate the cascade algorithm. We

consider the vector a where

ak = (φ00, φ0k) =

∫ ∞
−∞

φ(t)φ(t− k)dt = (φ0i, φ0j), (10.5)

for k = j − i, and its finite Fourier transform A(ω) =
∑
k ake

−ikω. Note

that the integer translates of the scaling function are orthonormal if and

only if ak = δ0k, i.e., A(ω) ≡ 1. However, for later use in the study

of biorthogonal wavelets, we shall also consider the possibility that the

translates are not orthonormal.
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Using the Plancherel equality and the fact that the Fourier transform

of φ(t− k) is e−ikωφ̂(ω) we have in the frequency domain

ak =
1

2π

∫ ∞
−∞

φ̂(ω)φ̂(ω)eikωdω =
1

2π

∫ 2π

0

∞∑
n=−∞

|φ̂(ω + 2πn)|2eikωdω.

Theorem 10.1

A(ω) =
∞∑
−∞
|φ̂(ω + 2πn)|2.

The integer translates of φ(t) are orthonormal if and only if A(ω) ≡ 1.

The function A(ω) and its transform, the vector of inner products

(φ(t), φ(t+ k)) will be major players in our study of the L2 convergence

of the cascade algorithm. Let’s derive some of its properties with respect

to the dilation equation. We will express A(2ω) in terms of A(ω) and

H(ω). Since φ̂(2ω) = H(ω)φ̂(ω) from the dilation equation, we have

φ̂(2ω + 2πn) = H(ω + πn)φ̂(ω + πn)

=

{
H(ω)φ̂(ω + 2πk) n = 2k

H(ω + π)φ̂(ω + π + 2πk) n = 2k + 1

since H(ω + 2π) = H(ω). Squaring and adding to get A(2ω) we find

A(2ω) = |H(ω)|2
∑
k

|φ̂(ω + 2πk)|2 + |H(ω + π)|2
∑
k

|φ̂(ω + π + 2πk)|2

= |H(ω)|2A(ω) + |H(ω + π)|2A(ω + π). (10.6)

Essentially the same derivation shows how A(ω) changes with each pass

through the cascade algorithm. Let

a
(i)
k = (φ

(i)
00 , φ

(i)
0k ) =

∫ ∞
−∞

φ(i)(t)φ
(i)

(t− k)dt, (10.7)

and its associated Fourier transform A(i)(ω) =
∑
k a

(i)
k e−ikω denote the

information about the inner products of the functions φ(i)(t) obtained

from the ith passage through the cascade algorithm. Since φ̂(i+1)(2ω) =

H(ω)φ̂(i)(ω) we see immediately that

A(i+1)(2ω) = |H(ω)|2A(i)(ω) + |H(ω + π)|2A(i)(ω + π). (10.8)
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10.1 L2 convergence

Now we have reached a critical point in the convergence theory for

wavelets! We will show that the necessary and sufficient condition for the

cascade algorithm to converge in L2 to a unique solution of the dilation

equation is that the transition matrix T has a non-repeated eigenvalue 1

and all other eigenvalues λ are such that |λ| < 1. Since the only nonzero

part of T is a (2N −1)× (2N −1) block with very special structure, this

is something that can be checked in practice. The proof uses the Jordan

canonical form of matrix algebra, [66].

Theorem 10.2 The infinite matrix T = (↓ 2)CC
tr

= 1√
2
MC

tr
and its

finite submatrix T2N−1 always have λ = 1 as an eigenvalue. The cascade

iteration a(i+1) = Ta(i) converges in L2 to the eigenvector a = Ta if and

only if the following condition is satisfied:

• All of the eigenvalues λ of T2N−1 satisfy |λ| < 1 except for the simple

eigenvalue λ = 1.

Proof Let λj be the 2N−1 eigenvalues of T2N−1, including multiplicities.

Then there is a basis for the space of 2N−1-tuples with respect to which

T2N−1 takes the Jordan canonical form

T̃2N−1 =



λ1

. . .

λp
Ap+1

Ap+2

. . .

Ap+q


where the Jordan blocks look like

As =


λs 1 0 · · · 0 0

0 λs 1 · · · 0 0

· · · · · ·
0 0 0 · · · λs 1

0 0 0 · · · 0 λs

 .

If the eigenvectors of T2N−1 form a basis, for example if there are 2N−1

distinct eigenvalues, then with respect to this basis T̃2N−1 would be

diagonal and there would be no Jordan blocks. If however, there are

not enough eigenvectors to form a basis then the more general Jordan
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form will hold, with Jordan blocks. Now suppose we perform the cascade

recursion n times. Then the action of the iteration on the base space will

be

T̃n2N−1 =



λn1
. . .

λnp
Anp+1

Anp+2

. . .

Anp+q


where Ans =

λns

(
n

1

)
λn−1
s

(
n

2

)
λn−2
s · · ·

(
n

ms − 1

)
λn−ms+1
s

0 λns · · ·
(

n

ms − 2

)
λn−ms+2
s

· · · · · ·

0 0 0 · · ·
(
n

1

)
λn−1
s

0 0 0 · · · λns


and As is an ms×ms matrix with ms the multiplicity of the eigenvalue

λs. If there is an eigenvalue with |λj | > 1 then the corresponding terms

in the power matrix will blow up and the cascade algorithm will fail to

converge. (Of course if the original input vector has zero components cor-

responding to the basis vectors with these eigenvalues and the computa-

tion is done with perfect accuracy, one might have convergence. However,

the slightest deviation, such as due to roundoff error, would introduce a

component that would blow up after repeated iteration. Thus in practice

the algorithm would diverge. The same remarks apply to Theorem 9.25

and Corollary 9.26. With perfect accuracy and filter coefficients that

satisfy double-shift orthogonality, one can maintain orthogonality of the

shifted scaling functions at each pass of the cascade algorithm if orthog-

onality holds for the initial step. However, if the algorithm diverges, this

theoretical result is of no practical importance. Roundoff error would

lead to meaningless results in successive iterations.)

Similarly, if there is a Jordan block corresponding to an eigenvalue

|λj | = 1 then the algorithm will diverge. If there is no such Jordan

block, but there is more than one eigenvalue with |λj | = 1 then there
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may be convergence, but it won’t be unique and will differ each time the

algorithm is applied. If, however, all eigenvalues satisfy |λj | < 1 except

for the single eigenvalue λ1 = 1, then in the limit as n→∞ we have

lim
n→∞

T̃n2N−1 =


1

0
. . .

0


and there is convergence to a unique limit. 2

In the frequency domain the action of the T operator is

TX(2ω) =
1

2
|C(ω)|2X(ω) +

1

2
|C(ω + π)|2X(ω + π). (10.9)

Here X(ω) =
∑N
n=−N xne

−inω and xn is a 2N−1-tuple. In the z-domain

this is

TX[z2] =
1

2
C[z] C[z−1] X[z] +

1

2
C[−z] C[−z−1] X[−z] (10.10)

where C[z] =
∑N
k=0 ckz

−k and C[z−1] =
∑N
k=0 ckz

k. Here, x 6= 0 is an

eigenvector of T with eigenvalue λ if and only if Tx = λx, i.e.,

2λX[z2] = C[z] C[z−1] X[z] + C[−z] C[−z−1] X[−z]. (10.11)

We can gain some additional insight into the behavior of the eigenval-

ues of T through examining it in the z-domain. Of particular interest is

the effect on the eigenvalues of p > 1 zeros at z = −1 for the low pass

filter C.

We can write C[z] = (1+z−1

2 )p−1C0[z] where C0[z] is the Z transform

of the low pass filter C0 with a single zero at z = −1. In general, C0

won’t satisfy the double-shift orthonormality condition, but we will still

have C0[1] =
√

2 and C0[−1] = 0. This means that the column sums

of the corresponding transition matrix T0 are equal to 1 so that in the

time domain T0 admits the left-hand eigenvector f0 = (1, 1, . . . , 1) with

eigenvalue 1. Thus T0 also has some right eigenvector with eigenvalue

1. Here, T0 is acting on a 2N0 − 1-dimensional space, where N0 = N −
2(p− 1).

Our strategy will be to start with C0[z] and then successively multiply

it by the p − 1 terms (1 + z−1)/2, one-at-a-time, until we reach C[z].

At each stage we will use Equation (10.11) to track the behavior of

the eigenvalues and eigenvectors. Each time we multiply by the factor

(1 + z−1)/2 we will add two dimensions to the space on which we are
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acting. Thus there will be two additional eigenvalues at each recursion.

Suppose we have reached stage Cs[z] = (1+z−1

2 )sC0[z] in this process,

with 0 ≤ s < p − 1. Let x(s) be an eigenvector of the corresponding

operator Ts with eigenvalue λs. In the z-domain we have

2λsXs[z
2] = Cs[z] Cs[z

−1] Xs[z] + Cs[−z] Cs[−z−1] Xs[−z]. (10.12)

Now let Cs+1[z] = (1+z−1

2 )Cs[z], Xs+1[z] = (1−z−1)(1−z)Xs[z]. Then,

since

(
1 + z−1

2
)(

1 + z

2
)(1− z−1)(1− z) =

1

4
(1− z−2)(1− z2)

the eigenvalue equation transforms to

2(
λs
4

)Xs+1[z2] = Cs+1[z] Cs+1[z−1] Xs+1[z]

+Cs+1[−z] Cs+1[−z−1] Xs+1[−z].

Thus, each eigenvalue λs of Ts transforms to an eigenvalue λs/4 of Ts+1.

In the time domain, the new eigenvectors are linear combinations of

shifts of the old ones. There are still two new eigenvalues and their as-

sociated eigenvectors to be accounted for. One of these is the eigenvalue

1 associated with the left-hand eigenvector e0 = (1, 1, . . . , 1). (The as-

sociated right-hand eigenvector is the all important a.) To find the last

eigenvalue and eigenvector, we consider an intermediate step between

Cs and Cs+1. Let

Ks+1/2[z] = (
1 + z−1

2
)
1

2
Cs[z] Cs[z

−1], Xs+1/2[z] = (1− z−1)Xs[z].

Then, since

(
1 + z−1

2
)(1− z−1) =

1

2
(1− z−2)

the eigenvalue equation transforms to

1

2
λsXs+1/2[z2] = Ks+1/2[z] Xs+1/2[z] +Ks+1/2[−z] Xs+1/2[−z].

This equation doesn’t have the same form as the original equation, but

in the time domain it corresponds to

(↓ 2)Ks+1/2x(s+1/2) =
1

2
λx(s+1/2).

The eigenvectors of Cs transform to eigenvectors of (↓ 2)Ks+1/2 with

halved eigenvalues. Since Ks+1/2[1] = 1,Ks+1/2[−1] = 0, the columns



DAMELIN: “MASTERFILE” — 2011/10/28 — 14:44 — PAGE 349 — #357

10.1 L2 convergence 349

of (↓ 2)Ks+1/2 sum to 1, and (↓ 2)Ks+1/2 has a left-hand eigenvec-

tor e0 = (1, 1, . . . , 1) with eigenvalue 1. Thus it also has a new right-

hand eigenvector with eigenvalue 1. Now we repeat this process for

( 1+z
2 )Ks+1/2[z], which gets us back to the eigenvalue problem for Cs+1.

Since existing eigenvalues are halved by this process, the new eigenvalue

1 for (↓ 2)Ks+1/2 becomes the eigenvalue 1/2 for Ts.

Theorem 10.3 If C[z] has a zero of order p at z = −1 then T2N−1 has

eigenvalues 1, 1
2 , . . . (

1
2 )2p−1.

Theorem 10.4 Assume that φ(t) ∈ L2(R). Then the cascade sequence

φ(i)(t) converges in L2 to φ(t) if and only if the convergence criteria of

Theorem 10.2 hold:

• All of the eigenvalues λ of T2N−1 satisfy |λ| < 1 except for the simple

eigenvalue λ = 1.

Proof Assume that the convergence criteria of Theorem 10.2 hold. We

want to show that

||φ(i) − φ||2 = ||φ(i)||2 − (φ(i), φ)− (φ, φ(i)) + ||φ||2

= a
(i)
0 − b

(i)

0 − b
(i)
0 + a0 → 0

as i→∞, see (10.2), (10.31). Here

a
(i)
k =

∫ ∞
−∞

φ(t)φ
(i)

(t− k)dt, b
(i)
k =

∫ ∞
−∞

φ(t)φ
(i)

(t− k)dt.

With the conditions on T we know that each of the vector sequences

a(i), b(i) will converge to a multiple of the vector a as i → ∞. Since

ak = δ0k we have limi→∞ a
(i)
k = µδ0k and limi→∞ b

(i)
k = νδ0k. Now at

each stage of the recursion we have
∑
k a

(i)
k =

∑
k b

(i)
k = 1, so µ = ν = 1.

Thus as i→∞ we have

a
(i)
0 − b

(i)

0 − b
(i)
0 + a0 → 1− 1− 1 + 1 = 0.

(Note: This argument is given for orthogonal wavelets where ak = δ0k.

However, a modification of the argument works for biorthogonal wavelets

as well. Indeed the normalization condition
∑
k a

(i)
k =

∑
k b

(i)
k = 1 holds

also in the biorthogonal case.) Conversely, this sequence can only con-

verge to zero if the iterates of T converge uniquely, hence only if the

convergence criteria of Theorem 10.2 are satisfied. 2



DAMELIN: “MASTERFILE” — 2011/10/28 — 14:44 — PAGE 350 — #358

350 Discrete wavelet theory

Theorem 10.5 If the convergence criteria of Theorem 10.2 hold, then

the φ(i)(t) are a Cauchy sequence in L2, converging to φ(t).

Proof We need to show only that the φ(i)(t) are a Cauchy sequence in

L2. Indeed, since L2 is complete, the sequence must then converge to

some φ ∈ L2. We have

||φ(m) − φ(i)||2 = ||φ(m)||2 − (φ(m), φ(i))− (φ(i), φ(m)) + ||φ(i)||2.

From the proof of the preceding theorem we know that limi→∞ ||φ(i)||2 =

1. Set m = i+ j for fixed j > 0 and define the vector

c(i)(j)k = (φ
(i+j)
00 , φ

(i)
0k ) =

∫ ∞
−∞

φ(i+j)(t)φ
(i)

(t− k)dt,

i.e., the vector of inner products at stage i. A straightforward computa-

tion yields the recursion

c(i+1)(j) = Tc(i)(j).

Since
∑
k c

(i+1)(j)k = 1 at each stage i in the recursion, it follows that

limi→∞ c
(i)(j)k = ak for each j. The initial vectors for these recur-

sions are c(0)(j)k =
∫∞
−∞ φ(j)(t)φ

(0)
(t− k)dt. We have

∑
k c

(0)(j)k = 1

so c(i)(j)k → ak as i → ∞. Furthermore, by the Schwarz inequal-

ity |c(0)(j)k| ≤ ||φ(j)|| · ||φ(0)|| = 1, so the components are uniformly

bounded. Thus Tic(0)(j)0 → a0 = 1 as i→∞, uniformly in j. It follows

that

||φ(i+j)−φ(i)||2 = ||φ(i+j)||2− (φ(i+j), φ(i))− (φ(i), φ(i+j)) + ||φ(i)||2 → 0

as i→∞, uniformly in j. 2

We continue our examination of the eigenvalues of T, particularly

in cases related to Daubechies wavelets. We have observed that in the

frequency domain an eigenfunction X corresponding to eigenvalue λ of

the T operator is characterized by the equation

2λX(ω) = |C(
ω

2
)|2X(

ω

2
) + |C(

ω

2
+ π)|2X(

ω

2
+ π), (10.13)

where X(ω) =
∑N
n=−N xne

−inω and x is a 2N − 1-tuple. We normalize

X by requiring that ||X|| = 1.

Theorem 10.6 If C(ω) satisfies the conditions

• |C(ω)|2 + |C(ω + π)|2 ≡ 2,
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• C(0) =
√

2, C(π) = 0,

• |C(ω)| 6= 0 for − π/2 < ω < π/2,

then T has a simple eigenvalue 1 and all other eigenvalues satisfy |λ|< 1.

Proof The key is the observation that for any fixed ω with 0 < |ω| < π

we have λX(ω) = αX(ω2 )+βX(ω2 +π) where α > 0, β ≥ 0 and α+β = 1.

Thus λX(ω) is a weighted average of X(ω2 ) and X(ω2 + π).

• There are no eigenvalues with |λ| > 1. For, suppose X were a normal-

ized eigenvector corresponding to λ. Also suppose |X(ω)| takes on its

maximum value at ω0, such that 0 < ω0 < 2π. Then |λ| · |X(ω0)| ≤
α|X(ω0

2 )|+β|X(ω0

2 +π)| so, say, |λ| · |X(ω0)| ≤ |X(ω0

2 )|. Since |λ| > 1

this is impossible unless |X(ω0)| = 0. On the other hand, setting ω = 0

in the eigenvalue equation we find λX(0) = X(0), so X(0) = 0. Hence

X(ω) ≡ 0 and λ is not an eigenvalue.

• There are no eigenvalues with |λ| = 1 but λ 6= 1. For, suppose X was

a normalized eigenvector corresponding to λ. Also suppose |X(ω)|
takes on its maximum value at ω0, such that 0 < ω0 < 2π. Then

|λ| · |X(ω0)| ≤ α|X(ω0

2 )|+β|X(ω0

2 +π)|, so |X(ω0)| = |X(ω0

2 )|. (Note:

This works exactly as stated for 0 < ω0 < π. If π < ω0 < 2π we can

replace ω0 by ω′0 = ω0 − 2π and argue as before. The same remark

applies to the cases to follow.) Furthermore, X(ω0) = λ−1X(ω0

2 ). Re-

peating this argument n times we find that X( ω2n ) = λnX(ω0). Since

X(ω) is a continuous function, the left-hand side of this expression is

approaching X(0) in the limit. Further, setting ω = 0 in the eigen-

value equation we find λX(0) = X(0), so X(0) = 0. Thus |X(ω0)| = 0

and λ is not an eigenvalue.

• λ = 1 is an eigenvalue, with the unique (normalized) eigenvector

X(ω) = 1√
2π

. Indeed, for λ = 1 we can assume that X(ω) is real, since

both X(ω) and X(ω) satisfy the eigenvalue equation. Now suppose

the eigenvector X takes on its maximum positive value at ω0, such

that 0 < ω0 < 2π. Then X(ω0) ≤ αX(ω0

2 ) + βX(ω0

2 + π), so X(ω0) =

X(ω0

2 ). Repeating this argument n times we find that X( ω2n ) = X(ω0).

Since X(ω) is a continuous function, the left-hand side of this expres-

sion is approaching X(0) in the limit. Thus X(ω0) = X(0). Now

repeat the same argument under the supposition that the eigenvector
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X takes on its minimum value at ω1, such that 0 < ω1 < 2π. We

again find that X(ω1) = X(0). Thus, X(ω) is a constant function.

We already know that this constant function is indeed an eigenvector

with eigenvalue 1.

• There is no nontrivial Jordan block corresponding to the eigenvalue

1. Denote the normalized eigenvector for eigenvalue 1, as computed

above, by X1(ω) = 1√
2π

. If such a block existed there would be a

function X(ω), not normalized in general, such that TX(ω) = X(ω)+

X1(ω), i.e.,

X(ω) +
1√
2π

=
1

2
|C(

ω

2
)|2X(

ω

2
) +

1

2
|C(

ω

2
+ π)|2X(

ω

2
+ π).

Now set ω = 0. We find X(0)+ 1√
2π

= X(0) which is impossible. Thus

there is no nontrivial Jordan block for λ = 1.

2

It can be shown that that the condition |C(ω)| 6= 0 for − π/2 < ω <

π/2, can be relaxed just to hold for −π/3 < ω < π/3.

Figure 10.1 The D4 scaling function.



DAMELIN: “MASTERFILE” — 2011/10/28 — 14:44 — PAGE 353 — #361

10.1 L2 convergence 353

Figure 10.2 The D6 scaling function.

Figure 10.3 The D8 scaling function.
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From our prior work on the maxflat filters we saw that |C(ω)|2 is 2

for ω = 0 and decreases (strictly) monotonically to 0 for ω = π. In

particular, |C(ω)| 6= 0 for 0 ≤ ω < π. Since |C(ω)|2 = 2 − |C(ω + π)|2
we also have |C(ω)| 6= 0 for 0 ≥ ω > −π. Thus the conditions of the

preceding theorem are satisfied, and the cascade algorithm converges

for each maxflat system to yield the Daubechies wavelets DN , where

N = 2p− 1 and p is the number of zeros of C(ω) at ω = π. The scaling

function is supported on the interval [0, N ]. Polynomials of order ≤ p

can be approximated with no error in the wavelet space V0.

Exercise 10.1 For each of the Figures 10.1, 10.2, 10.3, determine the

significance of the horizontal and vertical scales.

10.2 Accuracy of approximation

In this section we assume that the criteria for the eigenvalues of T are

satisfied and that we have a multiresolution system with scaling function

φ(t) supported on [0, N ]. The related low pass filter transform function

C(ω) has p > 0 zeros at ω = π. We know that∑
k

y`kφ(t+ k) = t`, ` = 0, 1, . . . , p− 1,

so polynomials in t of order ≤ p − 1 can be expressed in V0 with no

error. We assume that the scaling function φ(t) is pointwise bounded

on the real line. (Soon we will be able to prove this boundedness for all

Daubechies scaling functions.)

Given a function f(t) we will examine how well f can be approximated

pointwise by wavelets in Vj , as well as approximated in the L2 sense.

We will also look at the rate of decay of the wavelet coefficients bjk as

j → ∞. Clearly, as j grows the accuracy of approximation of f(t) by

wavelets in Vj grows, but so does the computational difficulty. We will

not go deeply into approximation theory, but far enough so that the

basic dependence of the accuracy on j and p will emerge. We will also

look at the smoothness of wavelets, particularly the relationship between

smoothness and p.

Let’s start with pointwise convergence. Fix j = J and suppose that f

has p continuous derivatives in the neighborhood |t − t0| ≤ 1/2J of t0.

Let

fJ(t) =
∑
k

aJkφJk(t) =
∑
k

aJk2J/2φ(2J t− k),
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aJk = (f, φJk) = 2J/2
∫ ∞
−∞

f(t)φ(2J t− k)dt,

be the projection of f on the scaling space VJ . We want to estimate the

pointwise error |f(t)− fJ (t)| in the neighborhood |t− t0| ≤ 1/2J .

Recall Taylor’s theorem with integral remainder, from basic calculus.

Theorem 10.7 If f(t) has p continuous derivatives on an interval con-

taining t0 and t, then

f(t) =

p−1∑
k=0

f (k)(t0)
(t− t0)k

k!
+Rp(t, t0), Rp(t, t0) =

∫ t

t0

(t− x)p

p!
f (p)(x)dx

where f (0)(t) = f(t).

Since all polynomials of order ≤ p− 1 can be expressed exactly in VJ
we can assume that the first p terms in the Taylor expansion of f have

already been canceled exactly by terms a′Jk in the wavelet expansion.

Thus

|f(t)− fJ (t)| = |Rp(t, t0)−
∑
k

a′′JkφJk(t)|,

where the a′′Jk = (Rp(t, t0), φJk) are the remaining coefficients in the

wavelet expansion (aJk = a′Jk + a′′Jk). Note that for fixed t the sum in

our error expression contains only N nonzero terms at most. Indeed,

the support of φ(t) is contained in [0, N), so the support of φJk(t) is

contained in [ k
2J
, k+N

2J
). (That is, if φJk(τ) 6= 0 for some τ we have

k
2J
≤ τ < k+N

2J
.) Thus φJk(τ) = 0 unless k = [2Jτ ]−`, ` = 0, 1, . . . , N−1,

where [x] is the greatest integer in x. If |f (p)| has upper bound Mp in

the interval |t− t0| ≤ 1/2J then |Rp(t, t0)| ≤Mp/2
J(p+1)(p+ 1)! and we

can derive similar upper bounds for the other N terms that contribute

to the sum, to obtain

|f(t)− fJ(t)| ≤ CMp

2J(p+1)
(10.14)

where C is a constant, independent of f and J . If f has only ` < p con-

tinuous derivatives in the interval |t− t0| ≤ 1/2J then the p in estimate

(10.14) is replaced by `:

|f(t)− fJ(t)| ≤ CM`

2J(`+1)
.

Note that this is a local estimate; it depends on the smoothness of f

in the interval |t − t0| ≤ 1/2J . Thus once the wavelets choice is fixed,

the local rate of convergence can vary dramatically, depending only on
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the local behavior of f . This is different from Fourier series or Fourier

integrals where a discontinuity of a function at one point can slow the

rate of convergence at all points. Note also the dramatic improvement

of convergence rate due to the p zeros of C(ω) at ω = π.

It is interesting to note that we can investigate the pointwise con-

vergence in a manner very similar to our approach to Fourier series

and Fourier integral pointwise convergence. Since
∑
k φ(t + k) = 1 and∫

φ(t)dt = 1 we can write (for 0 ≤ t ≤ 1/2j .)

|f(t)− fJ (t)| = |f(t)−
∑
k

2J
∫ ∞
−∞

f(x)φ(2Jx− k)dx φ(2J t− k)|

= |
∑
k

(
f(t)− 2J

∫ ∞
−∞

f(x)φ(2Jx− k)dx

)
φ(2J t− k)|

≤ sup |φ|
0∑

k=−N+1

∣∣∣∣∫ ∞
−∞

[
f(t)− f(

u+ k

2J
)

]
φ(u)du

∣∣∣∣ . (10.15)

Now we can make various assumptions concerning the smoothness of

f to get an upper bound for the right-hand side of (10.15). We are not

taking any advantage of special features of the wavelets employed. Here

we assume that f is continuous everywhere and has finite support. Then,

since f is uniformly continuous on its domain, it is easy to see that the

following function exists for every h ≥ 0:

ω(h) = sup
|t−t′|≤h, t,t′ real

|f(t)− f(t′)|. (10.16)

Clearly, ω(h)→ 0 as h→ 0. We have the bound

|f(t)− fJ(t)| ≤ sup |φ| ·Nω(
N

2J
)

∫ N

0

|φ(u)|du.

If we repeat this computation for t ∈ [ k
2J
, k+1

2J
] we get the same upper

bound. Thus this bound is uniform for all t, and shows that fJ(t)→ f(t)

uniformly as J →∞.

Now we turn to the estimation of the wavelet expansion coefficients

bjk = (f, wjk) = 2j/2
∫ ∞
−∞

f(t)w(2jt− k)dt (10.17)

where w(t) is the mother wavelet. We could use Taylor’s theorem for f

here too, but present an alternate approach. Since w(t) is orthogonal to
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all integer translates of the scaling function φ(t) and since all polynomials

of order ≤ p− 1 can be expressed in V0, we have∫ ∞
−∞

t`w(t)dt = 0, ` = 0, 1, . . . , p− 1. (10.18)

Thus the first p moments of w vanish. We will investigate some of the

consequences of the vanishing moments. Consider the functions

I1(t) =

∫ t

−∞
w(τ0)dτ0 (10.19)

I2(t) =

∫ t

−∞
I1(τ1)dτ1 =

∫ t

−∞
dτ1

∫ τ1

−∞
w(τ0)dτ0

Im(t) =

∫ t

−∞
Im−1(τm−1)dτm−1, m = 1, 2, . . . p.

From Equation (10.18) with ` = 0 it follows that I1(t) has support

contained in [0, N). Integrating by parts the integral in Equation (10.18)

with ` = 1, it follows that I2(t) has support contained in [0, N). We

can continue integrating by parts in this series of equations to show,

eventually, that Ip(t) has support contained in [0, N). (This is as far as

we can go, however.)

Now integrating by parts p times we find

bjk = 2j/2
∫ ∞
−∞

f(t)w(2jt− k)dt = 2−j/2
∫ ∞
−∞

f(
u+ k

2j
)w(u)du

= 2−j/2(−1)p
∫ ∞
−∞

dp

dup
f(
u+ k

2j
)Ip(u)du

= 2j/2−pj(−1)p
∫ ∞
−∞

f (p)(
u+ k

2j
)Ip(u)du

= 2j/2−pj(−1)p
∫ ∞
−∞

f (p)(t)Ip(2
jt− k)dt

= 2j/2−pj(−1)p
∫ N+k

2j

k

2j

f (p)(t)Ip(2
jt− k)dt.

If |f (p)(t)| has a uniform upper bound Mp then we have the estimate

|bjk| ≤
CMp

2(p+1/2)j
(10.20)

where C is a constant, independent of f, j, k. If, moreover, f(t) has

bounded support, say within the interval (0,K), then we can assume
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that bjk = 0 unless 0 ≤ k ≤ 2jK. We already know that the wavelet

basis is complete in L2(R). Let’s consider the decomposition

L2(R) = VJ ⊕
∞∑
j=J

Wj .

We want to estimate the L2 error ||f − fJ || where fJ is the projection

of f on VJ . From the Plancherel equality and our assumption that the

support of f is bounded, this is

||f − fJ ||2 =
∞∑
j=J

2jK∑
k=0

|bjk|2 <
2C2M2

pK

22pJ
. (10.21)

Again, if f has 1 ≤ ` < p continuous derivatives then the p in (10.21) is

replaced by `.

Much more general and sophisticated estimates than these are known,

but these provide a good guide to the convergence rate dependence on

j, p and the smoothness of f .

Next we consider the estimation of the scaling function expansion

coefficients

ajk = (f, φjk) = 2j/2
∫ ∞
−∞

f(t)φ(2jt− k)dt. (10.22)

In order to start the FWT recursion for a function f , particularly a con-

tinuous function, it is very common to choose a large j = J and then use

function samples to approximate the coefficients: aJk ∼ 2−J/2f(k/2J).

This may not be a good policy. Let’s look more closely. Since the support

of φ(t) is contained in [0, N) the integral for ajk becomes

ajk = 2j/2
∫ N+k

2j

k

2j

f(t)φ(2jt− k)dt = 2−j/2
∫ N

0

f(
u+ k

2j
)φ(u)du.

The approximation above is the replacement∫ N

0

f(
u+ k

2j
)φ(u)du ∼ f(

k

2j
)

∫ N

0

φ(u)du = f(
k

2j
).

If j is large and f is continuous this using of samples of f isn’t a bad esti-

mate. If f is discontinuous or only defined at dyadic values, the sampling

could be wildly inaccurate. Note that if you start the FWT recursion at

j = J then

fJ(t) =
∑
k

aJkφJk(t),
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so it would be highly desirable for the wavelet expansion to correctly fit

the sample values at the points `/2J :

f(
`

2J
) = fJ(

`

2J
) =

∑
k

aJkφJk(
`

2J
). (10.23)

However, if you use the sample values f(k/2J) for aJk then in gen-

eral fJ(`/2J) will not reproduce the sample values! A possible fix is

to prefilter the samples to ensure that (10.23) holds. For Daubechies

wavelets, this amounts to replacing the integral aJk = (f, φJk) by the

sum acJk =
∑
` f(`/2J)φJk(`/2J). These “corrected” wavelet coefficients

acJk will reproduce the sample values. However, there is no unique, final

answer as to how to determine the initial wavelet coefficients. The issue

deserves some thought, rather than a mindless use of sample values.

10.3 Smoothness of scaling functions and wavelets

Our last major issue in the construction of scaling functions and wavelets

via the cascade algorithm is their smoothness. So far we have shown

only that the Daubechies scaling functions are in L2(R). We will use the

method of Theorem 10.3 to examine this. The basic result is this: The

matrix T has eigenvalues 1, 1
2 ,

1
4 , . . . ,

1
22p−1 associated with the zeros of

C(ω) at ω = π. If all other eigenvalues λ of T satisfy |λ| < 1
4s then φ(t)

and w(t) have s derivatives. We will show this for integer s. It is also

true for fractional derivatives s, although we shall not pursue this.

Recall that in the proof of Theorem 10.3 we studied the effect on T of

multiplying C[z] by factors 1+z−1

2 , each of which adds a zero at z = −1.

We wrote C[z] = (1+z−1

2 )p−1C0[z] where C0[z] is the Z transform of the

low pass filter C0 with a single zero at z = −1. Our strategy was to start

with C0[z] and then successively multiply it by the p− 1 terms ( 1+z−1

2 ),

one-at-a-time, until we reached C[z]. At each stage, every eigenvalue λi
of the preceding matrix Ti transformed to an eigenvalue λi/4 of Ti+1.

There were two new eigenvalues added (1 and 1/2), associated with the

new zero of C(ω).

In going from stage i to stage i + 1 the infinite product formula for

the scaling function

φ̂(i)(ω) = Π∞j=12−1/2Ci(
ω

2j
), (10.24)

changes to

φ̂(i+1)(ω) = Π∞j=12−1/2Ci+1(
ω

2j
) = (10.25)
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Π∞j=1

(
1

2
+

1

2
e−iω/2

j

)
Π∞j=12−1/2Ci(

ω

2j
) =

(
1− e−iω

iω

)
φ̂(i)(ω).

The new factor is the Fourier transform of the box function. Now suppose

that Ti satisfies the condition that all of its eigenvalues λi are < 1 in

absolute value, except for the simple eigenvalue 1. Then φ̂(i)(ω) ∈ L2,

so
∫∞
−∞ |ω|

2|φ̂(i+1)(ω)|2dω <∞. Now

φ(i+1)(t) =
1

2π

∫ ∞
−∞

φ̂(i+1)(ω)eiωtdω

and the above inequality allows us to differentiate with respect to t under

the integral sign on the right-hand side:

φ′(i+1)(t) =
1

2π

∫ ∞
−∞

iωφ̂(i+1)(ω)eiωtdω.

The derivative not only exists, but by the Plancherel theorem, it is square

integrable. Another way to see this (modulo a few measure-theoretic

details) is in the time domain. There the scaling function φ(i+1)(t) is the

convolution of φ(i)(t) and the box function:

φ(i+1)(t) =

∫ 1

0

φ(i)(t− x)dx =

∫ t

t−1

φ(i)(u)du.

Hence φ′(i+1)(t) = φ(i)(t) − φ(i)(t − 1). (Note: Since φ(i)(t) ∈ L2 it is

locally integrable.) Thus φ(i+1)(t) is differentiable and it has one more

derivative than φ(i)(t). It follows that once we have (the non-special)

eigenvalues of Ti less than one in absolute value, each succeeding zero of

C adds a new derivative to the scaling function.

Theorem 10.8 If all eigenvalues λ of T satisfy |λ| < 1
4s (except for

the special eigenvalues 1, 1
2 ,

1
4 , . . . ,

1
22p−1 , each of multiplicity one) then

φ(t) and w(t) have s derivatives.

Corollary 10.9 The convolution φ(i+1)(t) has k + 1 derivatives if and

only if φ(i)(t) has k derivatives.

Proof From the proof of the theorem, if φ(i)(t) has k derivatives, then

φ(i+1)(t) has an additional derivative. Conversely, suppose φ(i+1)(t) has

k + 1 derivatives. Then φ′(i+1)(t) has k derivatives, and from (10.3) we

have

φ′(i+1)(t) = φ(i)(t)− φ(i)(t− 1).
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Thus, φ(i)(t)− φ(i)(t− 1) has k derivatives. Now φ(i)(t) corresponds to

the FIR filter Ci so φ(i)(t) has support in some bounded interval [0,M).

Note that the function

φ(i)(t)− φ(i)(t−M) =
M∑
j=1

(
φ(i)(t)− φ(i)(t− j)

)
must have k derivatives, since each term on the right-hand side has k

derivatives. However, the support of φ(i)(t) is disjoint from the support

of φ(i)(t−M), so φ(i)(t) itself must have k derivatives. 2

Corollary 10.10 If φ(t) has s derivatives in L2 then s < p. Thus the

maximum possible smoothness is p− 1.

Example 10.11 Daubechies D4. Here N = 3, p = 2, so the T matrix is

5×5 (2N−1 = 5), or T5. Since p = 2 we know four roots of T5: 1, 1
2 ,

1
4 ,

1
8 .

We can use MATLAB to find the remaining root. It is λ = 1
4 . This just

misses permitting the scaling function to be differentiable; we would

need |λ| < 1
4 for that. Indeed by plotting the D4 scaling function using

the MATLAB toolbox you can see that there are definite corners in the

graph. Even so, it is less smooth than it appears. It can be shown that, in

the frequency domain,
∫∞
−∞ |ω|

2s|φ̂(ω)|2dω < ∞ for 0 ≤ s < 1 (but not

for s = 1). This implies continuity of φ(t), but not quite differentiability.

Example 10.12 General Daubechies DM . Here M = N + 1 = 2p.

By determining the largest eigenvalue in absolute value other than the

known 2p eigenvalues 1, 1
2 , . . . ,

1
22p−1 one can compute the number of

derivatives admitted by the scaling functions. The results for the smallest

values of p are as follows. For p = 1, 2 we have s = 0. For p = 3, 4 we

have s = 1. For p = 5, 6, 7, 8 we have s = 2. For p = 9, 10 we have s = 3.

Asymptotically s grows as 0.2075p+ constant.

We can derive additional smoothness results by considering more care-

fully the pointwise convergence of the cascade algorithm in the frequency

domain:

φ̂(ω) = Π∞j=12−1/2C(
ω

2j
).

Recall that we only had the crude upper bound |φ̂(ω)| ≤ eC0|ω| where

|C ′(ω)| ≤ C0

√
2 and C(ω) = C(0) +

∫ ω
0
C ′(s)ds, so

|C(ω)| ≤
√

2(1 + C0|ω|) ≤
√

2eC0|ω|.
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This shows that the infinite product converges uniformly on any compact

set, and converges absolutely. It is far from showing that φ̂(ω) ∈ L2. We

clearly can find much better estimates. For example if C(ω) satisfies

the double-shift orthogonality relations |C(ω)|2 + |C(ω + π)|2 = 2 then

|C(ω)| ≤
√

2, which implies that |φ̂(ω)| ≤ 1. This doesn’t prove that φ̂

decays sufficiently rapidly at ∞ so that it is square integrable, but it

suggests that we can find much sharper estimates.

The following ingenious argument by Daubechies improves the expo-

nential upper bound on φ̂(ω) to a polynomial bound. First, let
√

2C1 ≥√
2 be an upper bound for |C(ω)|,

|C(ω)| ≤
√

2C1 for 0 ≤ ω < π.

Set

Φk(ω) = Πk
j=12−1/2C(

ω

2j
),

and note that |Φk(ω)| ≤ eC0 for |ω| ≤ 1. Next we bound |Φk(ω)| for

|ω| > 1. For each |ω| > 1 we can uniquely determine the positive integer

K(ω) so that 2K−1 < |ω| ≤ 2K . Now we derive upper bounds for |Φk(ω)|
in two cases: k ≤ K and k > K. For k ≤ K we have

|Φk(ω)| = Πk
j=12−1/2|C(

ω

2j
)| ≤ CK1 ≤ C

1+log2 |ω|
1 = C1|ω|log2 C1 ,

since log2 C
log2 |ω|
1 = log2 |ω|log2 C1 = log2 C1 log2 |ω|. For k > K we have

|Φk(ω)| = ΠK
j=12−1/2|C(

ω

2j
)|Πk−K

j=1 |C(
ω

2K+j
)|

≤ CK1 |Φk−K(
ω

2K
)| ≤ C1|ω|log2 C1eC0 .

Combining these estimates we obtain the uniform upper bound

|Φk(ω)| ≤ C1e
C0(1 + |ω|log2 C1)

for all ω and all integers k. Now when we go to the limit we have the

polynomial upper bound

|φ̂(ω)| ≤ C1e
C0(1 + |ω|log2 C1). (10.26)

Thus still doesn’t give L2 convergence or smoothness results, but to-

gether with information about p zeros of C(ω) at ω = π we can use it

to obtain such results.

The following result clarifies the relationship between the smoothness

of the scaling function φ(t) and the rate of decay of its Fourier transform

φ̂(ω).
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Lemma 10.13 Suppose
∫∞
−∞ |φ̂(ω)|(1 + |ω|)n+αdω < ∞, where n is

a non-negative integer and 0 ≤ α < 1. Then φ(t) has n continuous

derivatives, and there exists a positive constant A such that |φ(n)(t +

h)− φ(n)(t)| ≤ A|h|α, uniformly in t and h.

Sketch of proof From the assumption, the right-hand side of the formal

inverse Fourier relation

φ(m)(t) =
im

2π

∫ ∞
−∞

φ̂(ω)ωmeiωtdω

converges absolutely for m = 0, 1, . . . , n. It is a straightforward applica-

tion of the Lebesgue dominated convergence theorem, [91], to show that

φ(m)(t) is a continuous function of t for all t. Now for h > 0

φ(n)(t+ h)− φ(n)(t)

hα
=
in

2π

∫ ∞
−∞

φ̂(ω)ωn(
eiω(t+h) − eiωt

hα
)dω

=
in+1

π

∫ ∞
−∞

φ̂(ω)ωn+αeiω(t+h
2 ) sin ωh

2

(ωh)α
dω. (10.27)

Note that the function sin ωh
2 /(ωh)α is bounded for all ωh. Thus there

exists a constant M such that | sin ωh
2 /(ωh)α| ≤M for all ωh. It follows

from the hypothesis that the integral on the right-hand side of (10.27)

is bounded by a constant A. A slight modification of this argument goes

through for h < 0. 2

NOTE: A function f(t) such that |f(t+ h)− f(t)| ≤ A|h|α is said to be

Hölder continuous with modulus of continuity α.

Now let’s investigate the influence of p zeros at ω = π of the low pass

filter function C(ω). In analogy with our earlier analysis of the cascade

algorithm (10.24) we write H(ω) = (1+e−iω

2 )pC−1(ω). Thus the FIR

filter C−1(ω) still has C−1(0) =
√

2, but it doesn’t vanish at ω = π.

Then the infinite product formula for the scaling function

φ̂(ω) = Π∞j=12−1/2C(
ω

2j
), (10.28)

changes to

φ̂(ω) = Π∞j=1

(
1

2
+

1

2
e−iω/2

j

)p
Π∞j=12−1/2C−1(

ω

2j
)

=

(
1− e−iω

iω

)p
φ̂−1(ω). (10.29)
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The new factor is the Fourier transform of the box function, raised to

the power p. From (10.26) we have the upper bound

|φ̂−1(ω)| ≤ C1e
C0(1 + |ω|log2 C1) (10.30)

with

C1 ≥
{

maxω∈[0,2π]|H−1(ω)|
1.

This means that |φ̂−1(ω)| decays at least as fast as |ω|log2 C1 for |ω| → ∞,

hence that |φ̂(ω)| decays at least as fast as |ω|log2 C1−p for |ω| → ∞.

Example 10.14 Daubechies D4. The low pass filter is

C(ω) =
√

2

(
1 + e−iω

2

)2 [
1

2
[1 +

√
3] +

1

2
[1−

√
3]e−iω

]

=

(
1 + e−iω

2

)2

C−1(ω).

Here p = 2 and the maximum value of |C−1(ω)| is
√

2C1 =
√

6 at ω = π.

Since log2

√
3 = 0.79248 . . . it follows that |φ̂(ω)| decays at least as

fast as |ω|−1.207... for |ω| → ∞. Thus we can apply Lemma 10.13 with

n = 0 to show that the Daubechies D4 scaling function is continuous

with modulus of continuity at least α = 0.207 . . .

We can also use the previous estimate and the computation of C1 to

get a (crude) upper bound for the eigenvalues of the T matrix associated

with C−1(ω), hence for the non-obvious eigenvalues of T2N−1 associated

with C(ω). If λ is an eigenvalue of the T matrix associated with C−1(ω)

and X(ω) is the corresponding eigenvector, then the eigenvalue equation

2λX(ω) = |C−1(
ω

2
)|2X(

ω

2
) + |C−1(

ω

2
+ π)|2X(

ω

2
+ π),

is satisfied, where X(ω) =
∑N−2p
n=−N+2p xne

−inω and xn is a 2(N −
2p) − 1-tuple. We normalize X by requiring that ||X|| = 1. Let M =

maxω∈[0,2π]|X(ω)| = |X(ω0)|. Setting ω = ω0 in the eigenvalue equation,

and taking absolute values we obtain

|λ| ·M =
1

2

∣∣∣|C−1(
ω0

2
)|2X(

ω0

2
) + |C−1(

ω0

2
+ π)|2X(

ω0

2
+ π)

∣∣∣
≤ C2

1M + C2
1M = 2C2

1M.
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Thus |λ| ≤ 2C2
1 for all eigenvalues associated with C−1(ω). This means

that the non-obvious eigenvalues of T2N−1 associated with C(ω) must

satisfy the inequality |λ| ≤ 2C2
1/4

p. In the case of D4 where C2
1 = 3 and

p = 2 we get the upper bound 3/8 for the non-obvious eigenvalue. In

fact, the eigenvalue is 1/4.

10.4 Additional exercises

Exercise 10.2 Apply the cascade algorithm to the inner product vector

of the ith iterate of the cascade algorithm with the scaling function itself

b
(i)
k =

∫ ∞
−∞

φ(t)φ
(i)

(t− k)dt,

and derive, by the method leading to (10.1), the result

b(i+1) = Tb(i). (10.31)

Exercise 10.3 The application of Theorem 10.1 to the Haar scaling

function leads to an identity for the sinc function. Derive it.

Exercise 10.4 The finite T matrix for the dilation equation associated

with a prospective family of wavelets has the form

T =


0 −1

16 0 0 0

1 9
16 0 −1

16 0

0 9
16 1 9

16 0

0 −1
16 0 9

16 1

0 0 0 −1
16 0

 .

Designate the components of the low pass filter defining this matrix by

c0, . . . cN .

1. What is N in this case? Give a reason for your answer.

2. The vector ak =
∫
φ(t)φ(t− k)dt, for k = −2,−1, 0, 1, 2, is an eigen-

vector of the T matrix with eigenvalue 1. By looking at T can you

tell if these wavelets are ON?

3. The Jordan canonical form for T is

J =


1 0 0 0 0

0 1
2 0 0 0

0 0 1
8 0 0

0 0 0 1
4 1

0 0 0 0 1
4

 .

What are the eigenvalues of T?
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4. Does the cascade algorithm converge in this case to give an L2 scaling

function φ(t)? Give a reason for your answer.

5. What polynomials P (t) can be expanded by the φ(t− k) basis, with

no error. (This is equivalent to determining the value of p.) Give a

reason for your answer.
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Biorthogonal filters and wavelets

11.1 Resumé of basic facts on biorthogonal filters

Previously, our main emphasis has been on orthogonal filter banks and

orthogonal wavelets. Now we will focus on the more general case of

biorthogonality. For filter banks this means, essentially, that the analysis

filter bank is invertible (but not necessarily unitary) and the synthesis fil-

ter bank is the inverse of the analysis filter bank. We recall some of the

main facts from Section 9.6, in particular, Theorem 9.18: A two-channel

filter bank gives perfect reconstruction when

S(0)[z]H(0)[z] + S(1)[z]H(1)[z] = 2z−`

S(0)[z]H(0)[−z] + S(1)[z]H(1)[−z] = 0. (11.1)

This is the mathematical expression of (11.2). (Recall that H(j)[z] is the

Z transform of the analysis filter Φ(j), S(j) is the Z transform of the

synthesis filter Ψ(j), and R is the right-shift or delay operator.)

Ψ(0) ↑ 2 ← ↓ 2 Φ(0)

↖
R`x = + x

↙
Ψ(1) ↑ 2 ← ↓ 2 Φ(1)

, (11.2)

We can find solutions of (11.1) by defining the synthesis filters in terms

of the analysis filters:

S(0)[z] = H(1)[−z], S(1)[z] = −H(0)[−z],

and introducing the halfband filter

P [z] = z`S(0)[z]H(0)[z]
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such that

P [z]− P [−z] = 2. (11.3)

The delay ` must be an odd integer. Equation (11.3) says the coeffi-

cients of the even powers of z in P [z] vanish, except for the constant

term, which is 1. The coefficients of the odd powers of z are undeter-

mined design parameters for the filter bank. Once solutions for P [z] are

determined, the possible biorthogonal filter banks correspond to factor-

izations of this polynomial.

The perfect reconstruction conditions have a simple expression in

terms of 2× 2 matrices:[
S(0)[z] S(1)[z]

S(0)[−z] S(1)[−z]

] [
Ḣ(0)[z] Ḣ(0)[−z]
Ḣ(1)[z] Ḣ(1)[−z]

]
= 2

[
1 0

0 1

]
,

or SḢ = 2I where Ḣ(0)[z] = z`H(0)[z], Ḣ(1)[z] = z`H(1)[z] are recen-

tered. (Note that since these are finite matrices, the fact that Ḣ[z] has a

left inverse implies that it has the same right inverse, and is invertible.)

Example 11.1 Daubechies D4 halfband filter is

P [z] =
1

16

(
−z3 + 9z + 16 + 9z−1 − z−3

)
.

The shifted filter P (0)[z] = z−`P [z] must be a polynomial in z−1 with

nonzero constant term. Thus ` = 3 and

P (0)[z] =
1

16

(
−1 + 9z−2 + 16z−3 + 9z−4 − z−6

)
.

Note that p = 2 for this filter, so P (0)[z] = (1 + z−1)4Q[z] where Q has

only two roots, r = 2 −
√

3 and r−1 = 2 +
√

3. There are a variety of

factorizations P (0)[z] = S(0)[z]H(0)[z], depending on which factors are

assigned to H(0) and which to S(0). For the construction of filters it

makes no difference if the factors are assigned to H(0) or to S(0) (there

is no requirement that H(0) be a low pass filter, for example). In the

following table we list the possible factorizations of P (0)[z] associated

with the D4 filter in terms of Factor 1 and Factor 2.

Remark If we want to use these factorizations for the construction of

biorthogonal or orthogonal wavelets, however, then H(0) and S(0) are

required to be low pass. Furthermore it is not enough that conditions

(11.1) hold. The T matrices corresponding to the low pass filters H(0)

and S(0) must each have the proper eigenvalue structure to guarantee L2

convergence of the cascade algorithm. Thus some of the factorizations

listed in the table will not yield useful wavelets.



DAMELIN: “MASTERFILE” — 2011/10/28 — 14:44 — PAGE 369 — #377
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Case Factor 1 Degree N Factor 2 Degree N

1 1 0 (1 + z−1)4(r − z−1) 6

(r−1 − z−1)

2 (1 + z−1) 1 (1 + z−1)3(r − z−1) 5

(r−1 − z−1)

3 (r − z−1) 1 (1 + z−1)4(r−1 − z−1) 5

4 (1 + z−1)2 2 (1 + z−1)2(r − z−1) 4

(r−1 − z−1)

5 (1 + z−1)(r − z−1) 2 (1 + z−1)3(r−1 − z−1) 4

6 (r − z−1)(r−1 − z−1) 2 (1 + z−1)4 4

7 (1 + z−1)3 3 (1 + z−1)(r − z−1) 3

(r−1 − z−1)

8 (1 + z−1)2(r − z−1) 3 (1 + z−1)2(r−1 − z−1) 3

For cases 3, 5, 8 we can switch r ↔ r−1 to get new possibilities. A com-

mon notation is (NA+1)/(NS+1) where NA is the degree of the analysis

filter H(0) and NS is the degree of the synthesis filter S(0), i.e. (# of

analysis coefficients)/(# of synthesis coefficients). (However, this no-

tation doesn’t define the filters uniquely.) Thus from case 4 we could

produce the 5/3 filters H(0)[z] = 1
8 (−1 + 2z−1 + 6z−2 + 2z−3 − z−4)

and S(0)[z] = 1
2 (1 + 2z−1 + z−2), or the 3/5 filters with H(0) and S(0)

interchanged. The orthonormal Daubechies D4 filter 4/4 comes from

case 7.

Let’s investigate what these requirements say about the finite impulse

response vectors h
(0)
n , h

(1)
n , s

(0)
n , s

(1)
n . (Recall that H(0)[z] =

∑
n h

(0)
n z−n,

and so forth.) The halfband filter condition for P [z], recentered , says∑
n

h
(0)
`+ns

(0)
2k−n = δ0k, (11.4)

and ∑
n

h
(1)
`+ns

(1)
2k−n = −δ0k, (11.5)

or ∑
n

h̆(0)
n s

(0)
2k+n = δ0k, (11.6)

and ∑
n

h̆(1)
n s

(1)
2k+n = −δ0k, (11.7)



DAMELIN: “MASTERFILE” — 2011/10/28 — 14:44 — PAGE 370 — #378

370 Biorthogonal filters and wavelets

where

h̆(j)
n = h

(j)
`−n,

so s
(0)
n = (−1)nh

(1)
`−n, s

(1)
n = (−1)n+1h

(0)
`−n. The conditions

Ḣ(0)[z]S(1)[z]− Ḣ(0)[−z]S(1)[−z] = 0,

Ḣ(1)[z]S(0)[z]− Ḣ(1)[−z]S(0)[−z] = 0,

imply ∑
n

h̆(0)
n s

(1)
2k+n = 0, (11.8)∑

n

h̆(1)
n s

(0)
2k+n = 0. (11.9)

Expression (11.6) gives us some insight into the support of h̆
(0)
n and

s
(0)
n . Since P (0)[z] is an even-order polynomial in z−1 it follows that the

sum of the orders of H(0)[z] and S(0)[z] must be even. This means that

h̆
(0)
n and s

(0)
n are each nonzero for an even number of values, or each are

nonzero for an odd number of values.

11.2 Biorthogonal wavelets: multiresolution
structure

In this section we will introduce a multiresolution structure for biorthog-

onal wavelets, a generalization of what we have done for orthogonal

wavelets. Again there will be striking parallels with the study of biorthog-

onal filter banks. We will go through this material rapidly, because it is

so similar to what we have already presented.

Definition 11.2 Let {Vj : j = . . . ,−1, 0, 1, . . .} be a sequence of sub-

spaces of L2(R) and φ ∈ V0. Similarly, let {Ṽj : j = . . . ,−1, 0, 1, . . .}
be a sequence of subspaces of L2(R) and φ̃ ∈ Ṽ0. This is a biorthogo-

nal multiresolution analysis for L2(R) provided the following conditions

hold:

1. The subspaces are nested: Vj ⊂ Vj+1 and Ṽj ⊂ Ṽj+1.

2. The union of the subspaces generates L2 : L2(R) = ∪∞j=−∞Vj =

∪∞j=−∞Ṽj .
3. Separation: ∩∞j=−∞Vj = ∩∞j=−∞Ṽj = {0}, the subspace containing

only the zero function. (Thus only the zero function is common to all

subspaces Vj , or to all subspaces Ṽj .)
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4. Scale invariance: f(t) ∈ Vj ⇐⇒ f(2t) ∈ Vj+1, and f̃(t) ∈ Ṽj ⇐⇒
f̃(2t) ∈ Ṽj+1.

5. Shift invariance of V0 and Ṽ0: f(t) ∈ V0 ⇐⇒ f(t − k) ∈ V0 for all

integers k, and f̃(t) ∈ Ṽ0 ⇐⇒ f̃(t− k) ∈ Ṽ0 for all integers k.

6. Biorthogonal bases: The set {φ(t−k) : k = 0,±1, . . .} is a Riesz basis

for V0, the set {φ̃(t − k) : k = 0,±1, . . .} is a Riesz basis for Ṽ0 and

these bases are biorthogonal:

< φ0k, φ̃0` >=

∫ ∞
−∞

φ(t− k)φ̃(t− `)dt = δk`.

Now we have two scaling functions, the synthesizing function φ(t), and

the analyzing function φ̃(t). The Ṽ , W̃ spaces are called the analysis

multiresolution and the spaces V,W are called the synthesis mul-

tiresolution.

In analogy with orthogonal multiresolution analysis we can introduce

complements Wj of Vj in Vj+1, and W̃j of Ṽj in Ṽj+1:

Vj+1 = Vj +Wj , Ṽj+1 = Ṽj + W̃j .

However, these will no longer be orthogonal complements. We start by

constructing a Riesz basis for the analysis wavelet space W̃0. Since Ṽ0 ⊂
Ṽ1, the analyzing function φ̃(t) must satisfy the analysis dilation equation

φ̃(t) = 2
∑
k

h̆
(0)
k φ̃(2t− k), (11.10)

where ∑
k

h̆
(0)
k = 1

for compatibility with the requirement
∫∞
−∞ φ̃(t)dt = 1.

Similarly, since V0 ⊂ V1, the synthesis function φ(t) must satisfy the

synthesis dilation equation

φ(t) = 2
∑
k

s
(0)
k φ(2t− k), (11.11)

where ∑
k

s
(0)
k = 1 (11.12)

for compatibility with the requirement
∫∞
−∞ φ(t) dt = 1.



DAMELIN: “MASTERFILE” — 2011/10/28 — 14:44 — PAGE 372 — #380

372 Biorthogonal filters and wavelets

Remarks 1. There is a problem here. If the filter coefficients are de-

rived from the halfband filter P (0)[z] = H(0)[z]S(0)[z] as in the previ-

ous section, then for low pass filters we have 2 = P [1] = H(0)[1]S(0)[1]

= [
∑
k h

(0)
k ][

∑
k s

(0)
k ], so we can’t have

∑
k h

(0)
k =

∑
k s

(0)
k = 1 simul-

taneously. To be definite we will always choose the H(0) filter such

that
∑
k h

(0)
k = 1. Then we must replace the expected synthesis dila-

tion equations (11.11) and (11.12) by

φ(t) =
∑
k

s
(0)
k φ(2t− k), (11.13)

where ∑
k

s
(0)
k = 2 (11.14)

for compatibility with the requirement
∫∞
−∞ φ(t)dt = 1.

Since the s(0) filter coefficients are fixed multiples of the h̆(1) co-

efficients we will also need to alter the analysis wavelet equation by

a factor of 2 in order to obtain the correct orthogonality conditions

(and we have done this below).

2. We introduced the modified analysis filter coefficients h̆
(j)
n = h

(j)
`−n

in order to adapt the biorthogonal filter identities to the identi-

ties needed for wavelets, but we left the synthesis filter coefficients

unchanged. We could just as well have left the analysis filter

coefficients unchanged and introduced modified synthesis coefficients

s̆
(j)
n = s

(j)
`−n.

Associated with the analyzing function φ̃(t) there must be an ana-

lyzing wavelet w̃(t), with norm 1, and satisfying the analysis wavelet

equation

w̃(t) =
∑
k

h̆
(1)
k φ̃(2t− k), (11.15)

and such that w̃ is orthogonal to all translations φ(t−k) of the synthesis

function.

Associated with the synthesis function φ(t) there must be an synthesis

wavelet w(t), with norm 1, and satisfying the synthesis wavelet equation

w(t) = 2
∑
k

s
(1)
k φ(2t− k), (11.16)

and such that w is orthogonal to all translations φ̃(t− k) of the analysis

function.
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Since w̃(t) ⊥ φ(t −m) for all m, the vector h̆(1) satisfies double-shift

orthogonality with s(0):

< φ(t−m), w̃(t) >=
∑
k

h̆
(1)
k s

(0)
k+2m = 0. (11.17)

The requirement that w̃(t) ⊥ w(t −m) for nonzero integer m leads to

double-shift orthogonality of h̆(1) with s(1):

< w(t−m), w̃(t) >=
∑
k

h̆
(1)
k s

(1)
k−2m = δ0m. (11.18)

Since w(t) ⊥ φ̃(t − m) for all m, the vector h̆(0) satisfies double-shift

orthogonality with s(1):

< w(t), φ̃(t−m) >=
∑
k

h̆
(0)
k s

(1)
k+2m = 0. (11.19)

The requirement that φ(t) ⊥ φ̃(t − m) for nonzero integer m leads to

double-shift orthogonality of h̆(0) with s(0):

< φ(t), φ̃(t−m) >=
∑
k

h̆
(0)
k s

(0)
k−2m = δ0m. (11.20)

Thus,

W0 = Span{w(t− k)}, W̃0 = Span{w̃(t− k)}, V0 ⊥ W̃0, Ṽ0 ⊥W0.

Once w, w̃ have been determined we can define functions

wjk(t) = 2
j
2w(2jt− k), w̃jk(t) = 2

j
2 w̃(2jt− k),

φjk(t) = 2
j
2φ(2jt− k), φ̃jk(t) = 2

j
2 φ̃(2jt− k),

for j, k = 0,±1,±2, . . . It is easy to prove the biorthogonality result.

Lemma 11.3

< wjk, w̃j′k′ > = δjj′δkk′ , < φjk, w̃jk′ > = 0, (11.21)

< φjk, φ̃jk′ > = δkk′ , < wjk′ , φ̃jk >= 0,

where j, j′, k, k′ = 0,±1, . . .

The dilation and wavelet equations extend to:

φ̃j` = 2
∑
k

h̆
(0)
k−2`φ̃j+1,k(t), (11.22)

φj` =
∑
k

s
(0)
k−2`φj+1,k(t), (11.23)
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w̃j` =
∑
k

h̆
(1)
k−2`φ̃j+1,k(t), (11.24)

wj` = 2
∑
k

s
(1)
k−2`φj+1,k(t). (11.25)

Now we have

Vj = Span{φj,k}, Ṽj = Span{φ̃j,k},

Wj = Span{wj,k}, W̃j = Span{w̃j,k}, Vj ⊥ W̃j , Ṽj ⊥Wj ,

so we can get biorthogonal wavelet expansions for functions f ∈ L2.

Theorem 11.4

L2(R) = Vj +
∞∑
k=j

Wk = Vj +Wj +Wj+1 + · · · =
∞∑

j=−∞
Wj ,

so that each f(t) ∈ L2(R) can be written uniquely in the form

f = fj +
∞∑
k=j

wk, wk ∈Wk, fj ∈ Vj . (11.26)

Similarly

L2(R) = Ṽj +
∞∑
k=j

W̃k = Ṽj + W̃j + W̃j+1 + · · · =
∞∑

j=−∞
W̃j ,

so that each f̃(t) ∈ L2(R) can be written uniquely in the form

f̃ = f̃j +

∞∑
k=j

w̃k, w̃k ∈ W̃k, f̃j ∈ Ṽj . (11.27)

We have a family of new biorthogonal bases for L2(R), two for each

integer j:

{φjk, wj′k′ ; φ̃jk, w̃j′k′ : j′ = j, j + 1, . . . , ±k,±k′ = 0, 1, . . .}.

Let’s consider the space Vj for fixed j. On the one hand we have the

scaling function basis {φj,k : ±k = 0, 1, . . .}. Then we can expand any

fj ∈ Vj as

fj =

∞∑
k=−∞

ãj,kφj,k, ãj,k =< fj , φ̃j,k > . (11.28)
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On the other hand we have the wavelets basis {φj−1,k, wj−1,k′ : ±k,±k′ =

0, 1, . . .} associated with the direct sum decomposition Vj = Wj−1 +

Vj−1. Using this basis we can expand any fj ∈ Vj as

fj =
∞∑

k′=−∞

b̃j−1,k′wj−1,k′ +
∞∑

k=−∞

ãj−1,kφj−1,k, (11.29)

where

b̃j−1,k =< fj , w̃j−1,k >, ãj−1,k =< fj , φ̃j−1,k > .

There are exactly analogous expansions in terms of the φ̃, w̃ basis.

If we substitute the relations

φ̃j−1,` = 2
∑
k

h̆
(0)
k−2`φ̃j,k(t), (11.30)

w̃j−1,` =
∑
k

h̆
(1)
k−2`φ̃j,k(t), (11.31)

into the expansion (11.28) and compare coefficients of φj,` with the

expansion (11.29), we obtain the following fundamental recursions.

Theorem 11.5 Fast Wavelet Transform.

Averages (lowpass) ãj−1,k =
∑
n h̆

(0)
n−2kãjn (11.32)

Differences (highpass) b̃j−1,k = 1
2

∑
n h̆

(1)
n−2kãjn. (11.33)

These equations link the wavelets with the biorthogonal filter bank.

Let xk = ãjk be a discrete signal. The result of passing this signal

through the (time-reversed) filter (H̆(0))T and then downsampling is

yk = (↓ 2)(H̆(0))T ∗ xk = ãj−1,k, where ãj−1,k is given by (11.32).

Similarly, the result of passing the signal through the (time-reversed)

filter (H̆(1))T and then downsampling is zk = (↓ 2)(H̆(1))T ∗xk = b̃j−1,k,

where b̃j−1,k is given by (11.33).

We can iterate this process by inputting the output ãj−1,k of the low

pass filter to the filter bank again to compute ãj−2,k, b̃j−2,k, etc. At

each stage we save the wavelet coefficients b̃j′k′ and input the scaling
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coefficients ãj′k′ for further processing, see expression (11.34).

ãj−2,k ← (↓ 2) H̆(0))T

↖
ãj−1,k ← (↓ 2) H̆(0))T

↙ ↖
b̃j−2,k ← (↓ 2) H̆(1))T ãjk

↙ Input.

b̃j−1,k ← (↓ 2) H̆(1))T

(11.34)

The output of the final stage is the set of scaling coefficients ã0k,

assuming that we stop at j = 0. Thus our final output is the complete

set of coefficients for the wavelet expansion

fj =

j−1∑
j′=0

∞∑
k=−∞

b̃j′kwj′k +

∞∑
k=−∞

ã0kφ0k,

based on the decomposition

Vj = Wj−1 +Wj−2 + · · ·+W1 +W0 + V0.

To derive the synthesis filter bank recursion we can substitute the inverse

relation

φj,` =
∑
h

(
s

(0)
`−2hφj−1,h + s

(1)
`−2hwj−1,h

)
, (11.35)

into the expansion (11.29) and compare coefficients of φj−1,`, wj−1,` with

the expansion (11.28) to obtain the inverse recursion.

Theorem 11.6 Inverse Fast Wavelet Transform.

ãj,` =
∑
k

s
(0)
`−2kãj−1,k +

∑
k

s
(1)
`−2k b̃j−1,k. (11.36)

Thus, for level j the full analysis and reconstruction picture is expres-

sion (11.37).

S̆(0) (↑ 2) ← ãj−1,k ← (↓ 2) (H̆(0))T

↙ ↖
ãjk Synthesis Analysis ãjk

Output ↖ ↙ Input.

S̆(1) (↑ 2) ← b̃j−1,k ← (↓ 2) (H̆(1))T

(11.37)
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For any f(t) ∈ L2(R) the scaling and wavelets coefficients of f are

defined by

ãjk = < f, φ̃jk >= 2j/2
∫ ∞
−∞

f(t)φ̃(2jt− k)dt,

b̃jk = < f, w̃jk >= 2j/2
∫ ∞
−∞

f(t)w̃(2jt− k)dt. (11.38)

11.2.1 Sufficient conditions for biorthogonal

multiresolution analysis

We have seen that the coefficients h̆i, si in the analysis and synthesis

dilation and wavelet equations must satisfy exactly the same double-

shift orthogonality properties as those that come from biorthogonal filter

banks. Now we will assume that we have coefficients h̆i, si satisfying

these double-shift orthogonality properties and see if we can construct

analysis and synthesis functions and wavelet functions associated with

a biorthogonal multiresolution analysis.

The construction will follow from the cascade algorithm, applied to

functions φ(i)(t) and φ̃(i)(t) in parallel. We start from the Haar scal-

ing function φ(0)(t) = φ̃(0)(t) on [0, 1]. We apply the low pass filter

S(0), recursively and with scaling, to the φ(i)(t), and the low pass fil-

ter H̆(0), recursively and with scaling, to the φ̃(i)(t). (For each pass of the

algorithm we rescale the iterate by multiplying it by 1/
√

2 to preserve

normalization.)

Theorem 11.7 If the cascade algorithm converges uniformly in L2 for

both the analysis and synthesis functions, then the limit functions φ(t), φ̃(t)

and associated wavelets w(t), w̃(t) satisfy the orthogonality relations

< wjk, w̃j′k′ > = δjj′δkk′ , < φjk, φ̃jk′ >= δkk′ ,

< φjk, w̃j,k′ > = 0, < wjk, φ̃j,k′ >= 0,

where j, j′,±k,±k′ = 0.

Proof There are only three sets of identities to prove:

1.

∫ ∞
−∞

φ(t− n)φ̃(t−m)dt = δnm,

2.

∫ ∞
−∞

φ(t− n)w̃(t−m)dt = 0,

3.

∫ ∞
−∞

w(t− n)w̃(t−m)dt = δnm.
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The rest are duals of these, or immediate.

1. We will use induction. If 1 is true for the functions φ(i)(t), φ̃(i)(t) we

will show that it is true for the functions φ(i+1)(t), φ̃(i+1)(t). Clearly

it is true for φ(0)(t), φ̃(0)(t). Now∫ ∞
−∞

φ(i+1)(t− n)φ̃(i+1)(t−m)dt =< φ
(i+1)
0n , φ̃

(i+1)
0m >

=<
∑
k

s
(0)
k φ

(i)
1,2n+k,

∑
`

h̆
(0)
` φ̃

(i)
1,2m+` >

=
∑
k`

s
(0)
k h̆

(0)
` < φ

(i)
1,2n+k, φ̃

(i)
1,2m+` >=

∑
k

s
(0)
k h̆

(0)
k−2(m−n) = δnm.

Since the convergence is L2, these orthogonality relations are also

valid in the limit for φ(t), φ̃(t).

2. ∫ ∞
−∞

φ(i+1)(t− n)w̃(i+1)(t−m)dt =< φ
(i+1)
0n , w̃

(i+1)
0m >

=<
∑
k

s
(0)
k φ

(i)
1,2n+k,

∑
`

h̆
(1)
` w̃

(i)
1,2m+` >

=
∑
k`

s
(0)
k h̆

(1)
` < φ

(i)
1,2n+k, w̃

(i)
1,2m+` >= 2

∑
k

s
(0)
k h̆

(1)
k−2(m−n) = 0,

because of the double-shift orthogonality of s(0) and h̆(1).

3. ∫ ∞
−∞

w(i+1)(t− n)w̃(i+1)(t−m)dt =< w
(i+1)
0n , w̃

(i+1)
0m >

=
∑
k

s
(1)
k h̆

(1)
k−2(m−n) = δnm,

because of the double-shift orthonormality of s(1) and h̆(1).

2

Theorem 11.8 Suppose the filter coefficients satisfy double-shift or-

thogonality conditions (11.6), (11.7), (11.8) and, (11.9), as well as the

conditions of Theorem 10.2 for the matrices T = (↓ 2)2S(0)(S
(0)

)tr and

T̃ = (↓ 2)2H̆(0)(H̆
(0)

)tr, which guarantee L2 convergence of the cascade
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algorithm. Then the synthesis functions φ(t − k), w(t − k) are orthogo-

nal to the analysis functions φ̃(t− `), w̃(t− `), and each scaling space is

orthogonal to the dual wavelet space:

Vj ⊥ W̃j , Wj ⊥ Ṽj . (11.39)

Also

Vj +Wj = Vj+1, Ṽj + W̃j = Ṽj+1

where the direct sums are, in general, not orthogonal.

Corollary 11.9 The wavelets

wjk = 2
j
2w(2j − k), w̃jk = 2

j
2 w̃(2j − k),

are biorthogonal bases for L2:∫ ∞
−∞

wjk(t)w̃j′k′(t)dt = δjj′δkk′ . (11.40)

Since the details of the construction of biorthogonal wavelets are some-

what complicated, we present a toy illustrative example. We show how

it is possible to associate a scaling function φ(t) with the identity low

pass filter H0(ω) = H0[z] ≡ 1. Of course, this really isn’t a low pass

filter, since H0(π) 6= 0 in the frequency domain and the scaling function

will not be a function at all, but a distribution or “generalized func-

tion.” If we apply the cascade algorithm construction to the identity

filter H0(ω) ≡ 1 in the frequency domain, we easily obtain the Fourier

transform of the scaling function as φ̂(ω) ≡ 1. Since φ̂(ω) isn’t square

integrable, there is no true function φ(t). However there is a distribution

φ(t) = δ(t) with this transform. Distributions are linear functionals on

function classes, and are informally defined by the values of integrals of

the distribution with members of the function class.

Recall that f ∈ L2(R) belongs to the Schwartz class if f is infinitely

differentiable everywhere, and there exist constants Cn,q (depending on

f) such that |tn dq

dtq f | ≤ Cn,q on R for each n, q = 0, 1, 2, . . . . One of the

pleasing features of this space of functions is that f belongs to the class

if and only if f̂ belongs to the class. We will define the distribution φ(t)

by its action as a linear functional on the Schwartz class. Consider the

Parseval formula∫ ∞
−∞

φ(t)f(t)dt =
1

2π

∫ ∞
−∞

φ̂(ω)f̂(ω)dω
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where f belongs to the Schwartz class. We will define the integral on the

left-hand side of this expression by the integral on the right-hand side.

Thus∫ ∞
−∞

φ(t)f(t)dt =
1

2π

∫ ∞
−∞

φ̂(ω)f̂(ω)dω =
1

2π

∫ ∞
−∞

f̂(ω)dω = f(0)

from the inverse Fourier transform. This functional is the Dirac Delta

Function, φ(t) = δ(t). It picks out the value of the integrand at t = 0.

We can use the standard change of variables formulas for integrals to

see how distributions transform under variable change. Since H0(ω) ≡ 1

the corresponding filter has h
(0)
0 = 1 as its only nonzero coefficient. Thus

the dilation equation in the signal domain is φ(t) = 2φ(2t). Let’s show

that φ(t) = δ(t) is a solution of this equation. On one hand∫ ∞
−∞

φ(t)f(t)dt =
1

2π

∫ ∞
−∞

φ̂(ω) = f(0)

for any function f(t) in the Schwartz class. On the other hand (for

τ = 2t) ∫ ∞
−∞

2φ(2t)f(t)dt =

∫ ∞
−∞

φ(τ)f(
τ

2
)dτ = g(0) = f(0)

since g(τ) = f(τ/2) belongs to the Schwartz class. The distributions δ(t)

and 2δ(2t) are the same.

Now we proceed with our example and consider the biorthogonal scal-

ing functions and wavelets determined by the biorthogonal filters

H(0)[z] = 1, S(0)[z] =
1

2
+ z−1 +

1

2
z−2.

Then we require H(1)[z] = S(0)[−z], S(1)[z] = −H(0)[−z], so

H(1)[z] =
1

2
− z−1 +

1

2
z−2, S(1)[z] = −1.

The low pass analysis and synthesis filters are related to the product

filter P (0) by

P (0)[z] = H(0)[z]S(0)[z], where P (0)[1] = 2, P (0)[z]− P (0)[−z] = 2z−`,

and ` is the delay. We find that P (0)[z] = 1
2 + z−1 + 1

2z
−2, so ` = 1.

To pass from the biorthogonal filters to coefficient identities needed

for the construction of wavelets we have to modify the filter coeffi-

cients. In Section 11.2 we modified the analysis coefficients to obtain new

coefficients h̆
(j)
n = h

(j)
`−n, j = 0, 1, and left the synthesis coefficients as

they were. Since the choice of what is an analysis filter and what is a
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synthesis filter is arbitrary, we could just as well have modified the syn-

thesis coefficients to obtain new coefficients s̆
(j)
n = s

(j)
`−n, j = 0, 1, and

left the analysis coefficients unchanged. In this problem it is important

that one of the low pass filters be H(0)[z] = 1 (so that the delta function

is the scaling function). If we want to call that an analysis filter, then

we have to modify the synthesis coefficients.

Thus the nonzero analysis coefficients are

(h
(0)
0 ) = (1) and (h

(1)
0 , h

(1)
1 , h

(1)
2 ) = (

1

2
,−1,

1

2
).

The nonzero synthesis coefficients are

(s
(1)
0 ) = (−1) and (s

(0)
0 , s

(0)
1 , s

(0)
2 ) = (

1

2
, 1,

1

2
).

Since s̆
(j)
n = s

(j)
`−n = s

(j)
1−n for j = 0, 1 we have nonzero components

(s̆
(0)
−1, s̆

(0)
0 , s̆

(0)
1 ) = ( 1

2 , 1,
1
2 ) and (s̆

(1)
1 ) = (−1), so the modified synthesis

filters are S̆(0)[z] = 1
2z + 1 + 1

2z
−1, and S̆(1)[z] = −z−1.

The analysis dilation equation is φ̃(t) = 2φ̃(2t) with solution φ̃(t) =

δ(t), the Dirac delta function. The synthesis dilation equation should be

φ(t) =
∑
k

s̆
(0)
k φ(2t− k),

or

φ(t) =
1

2
φ(2t+ 1) + φ(2t) +

1

2
φ(2t− 1).

It is straightforward to show that the hat function (centered at t = 0)

φ(t) =


1 + t −1 ≤ t < 0

1− t 0 ≤ t < 1

0 otherwise

is the proper solution to this equation.

The analysis wavelet equation is

w̃(t) =
∑
k

h
(1)
k φ̃(2t− k), or w̃(t) =

1

2
φ̃(2t)− φ̃(2t− 1) +

1

2
φ̃(2t− 2).

The synthesis wavelet equation is

w(t) = 2
∑
k

s̆
(1)
k φ(2t− k), or w(t) = −2φ(2t− 1).
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Now it is easy to verify explicitly the biorthogonality conditions∫
φ(t)φ̃(t− k)dt =

∫
w(t)w̃(t− k)dt = δ(k),∫

φ(t)w̃(t− k)dt =

∫
φ̃(t)w(t− k)dt = 0.

11.3 Splines

A spline f(t) of order N on the grid of integers is a piecewise polynomial

fj(t) = a0,j + a1,j(t− j) + · · · aN,j(t− j)N , j ≤ t ≤ j + 1,

such that the pieces fit together smoothly at the gridpoints:

fj(j) = fj−1(j), f ′j(j) = f ′j−1(j), . . . , f
(N−1)
j (j) = f

(N−1)
j−1 (j),

j = 0,±1, . . . Thus f(t) has N − 1 continuous derivatives for all t. The

Nth derivative exists for all non-integer t and for t = j the right- and

left-hand derivatives f (N)(j + 0), f (N)(j − 0) exist. Splines are widely

used for approximation of functions by interpolation. That is, if F (t) is a

function taking values F (j) at the gridpoints, one approximates F by an

N -spline f that takes the same values at the gridpoints: f(j) = F (j), for

all j. Then by subdividing the grid (but keeping N fixed) one can show

that these N -spline approximations get better and better for sufficiently

smooth F . The most commonly used splines are the cubic splines, where

N = 3.

Splines have a close relationship with wavelet theory. Usually the

wavelets are biorthogonal, rather than orthogonal, and one set of N -

splines can be associated with several sets of biorthogonal wavelets. We

will look at a few of these connections as they relate to multiresolution

analysis. We take our low pass space V0 to consist of the (N − 1)-splines

on unit intervals and with compact support. The space V1 will then con-

tain the (N−1)-splines on half-intervals, etc. We will find a basis φ(t−k)

for V0 (but usually not an ON basis).

We have already seen examples of splines for the simplest cases. The

0-splines are piecewise constant on unit intervals. This is just the case

of Haar wavelets. The scaling function φ0(t) is just the box function

φ0(t) = B(t) =

{
1, 0 ≤ t < 1

0, otherwise.
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Here, φ̂0(ω) = B̂(t) = 1
iω (1 − e−iω), essentially the sinc function. The

set φ(t− k) is an ON basis for V0.

The 1-splines are continuous piecewise linear functions. The functions

f(t) ∈ V0 are determined by their values f(k) at the integer points, and

are linear between each pair of values:

f(t) = [f(k + 1)− f(k)](t− k) + f(k) for k ≤ t ≤ k + 1.

The scaling function φ1 is the hat function. The hat function H(t) is

the continuous piecewise linear function whose values on the integers

are H(k) = δ1k, i.e., H(1) = 1 and H(t) is zero on the other integers.

The support of H(t) is the open interval −0 < t < 2. Furthermore,

H(t) = φ1(t) = (B ∗ B)(t), i.e., the hat function is the convolution of

two box functions. Moreover, φ̂1(ω) = B̂2(t) = ( 1
iω )2(1 − e−iω)2. Note

that if f ∈ V0 then we can write it uniquely in the form

f(t) =
∑
k

f(k)H(t− k + 1).

All multiresolution analysis conditions are satisfied, except for the ON

basis requirement. The integer translates of the hat function do define

a Riesz basis for V0 (though we haven’t completely proved it yet) but

it isn’t ON because the inner product (H(t), H(t − 1)) 6= 0. A scaling

function does exist whose integer translates form an ON basis, but its

support isn’t compact. It is usually simpler to stick with the nonorthog-

onal basis, but embed it into a biorthogonal multiresolution structure,

as we shall see.

Based on our two examples, it is reasonable to guess that an appro-

priate scaling function for the space V0 of (N − 1)-splines is

φN−1(t) = (B ∗B ∗ · · · ∗B)(t) N times, (11.41)

φ̂N−1(ω) = B̂N (t) = (
1

iω
)N (1− e−iω)N .

This special spline is called a B-spline, where the B stands for basis.

Let’s study the properties of the B-spline. First recall the definition

of the convolution:

f ∗ g(t) =

∫ ∞
−∞

f(t− x)g(x)dx =

∫ ∞
−∞

f(x)g(t− x)dx.

If f = B, the box function, then

B ∗ g(t) =

∫ t

t−1

g(x)dx =

∫ 1

0

g(t− x)dx.
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Now note that φN (t) = B ∗ φN−1(t), so

φN (t) =

∫ t

t−1

φN−1(x)dx. (11.42)

Using the fundamental theorem of calculus and differentiating, we find

φ′N (t) = φN−1(t)− φN−1(t− 1). (11.43)

Recall that φ0(t) is piecewise constant, has support in the interval [0, 1),

and discontinuities 1 at t = 0 and −1 at t = 1.

Theorem 11.10 The function φN (t) has the following properties:

1. It is a spline, i.e., it is piecewise polynomial of order N .

2. The support of φN (t) is contained in the interval [0, N + 1).

3. The jumps in the N th derivative at t = 0, 1, . . . , N + 1 are the alter-

nating binomial coefficients (−1)t
(
N

t

)
.

Proof By induction on N . We observe that the theorem is true for

N = 0. Assume that it holds for N = M − 1. Since φM−1(t) is piecewise

polynomial of order M − 1 and with support in [0,M), it follows from

(11.42) that φM (t) is piecewise polynomial of order M and with support

in [0,M + 1). Denote by [φ
(M)
N (j)] = φ

(M)
N (j+ 0)−φ(M)

N (j− 0) the jump

in φ
(M)
N (t) at t = j. Differentiating (11.43) M − 1 times for N = M , we

find

[φ
(M)
N (j)] = [φ

(M−1)
N (j)]− [φ

(M−1)
N (j − 1)]

for j = 0, 1, . . .M + 1 where

[φ
(M)
N (j)] = (−1)j

(
M − 1

j

)
− (−1)j−1

(
M − 1

j − 1

)
= (−1)j

(
(M − 1)!

j!(M − j − 1)!
+

(M − 1)!

(j − 1)!(M − j)!

)
=

(−1)jM !

j!(M − j)!

(
M − j
M

+
j

M

)
= (−1)j

(
M

j

)
.

2

Normally we start with a low pass filter H with finite impulse response

vector hn and determine the scaling function via the dilation equation

and the cascade algorithm. Here we have a different problem. We have

a candidate B-spline scaling function φN−1(t) with Fourier transform

φ̂N−1(ω) = (
1

iω
)N (1− e−iω)N .
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What is the associated low pass filter function H(ω)? The dilation equa-

tion in the Fourier domain is

φ̂N−1(ω) = H(
ω

2
)φ̂N−1(

ω

2
).

Thus

(
1

iω
)N (1− e−iω)N = H(

ω

2
)(

1

iω/2
)N (1− e−iω/2)N .

Solving for H(ω/2) and rescaling, we find

H(ω) =

(
1 + e−iω

2

)N
or

H[z] =

(
1 + z−1

2

)N
.

This is as nice a low pass filter as you could ever expect. All of its

zeros are at −1! We see that the finite impulse response vector hn =

1
2N

(
N

n

)
, so that the dilation equation for a spline is

φN−1(t) = 21−N
N∑
k=0

(
N

n

)
φN−1(2t− k). (11.44)

For convenience we list some additional properties of B-splines. The

first two properties follow directly from the fact that they are scaling

functions, but we give direct proofs anyway.

Lemma 11.11 The B-spline φN (t) has the properties:

1.
∫∞
−∞ φN (t)dt = 1.

2.
∑
k φN (t+ k) = 1.

3. φN (t) = φN (N + 1− t), for N = 1, 2, . . .

4. Let

χk(t) =

{
1, t ≥ k
0, otherwise.

φN (t) =
∑N+1
k=0

(
N + 1

k

)
(−1)k (t−k)N

N ! χk(t) for N = 1, 2, . . .

5. φN (t) ≥ 0.

6. ak =
∫∞
−∞ φN (t)φN (t+ k)dt = φ2N+1(N + k + 1).
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Proof

1.
∫∞
−∞ φN (t)dt = φ̂N (0) = 1.

2. ∑
k

φN (t+ k) =
∑
k

∫ t+k

t+k−1

φN−1(x)dx =

∫ ∞
−∞

φN−1(t)dt = 1.

3. Use induction on N . The statement is obviously true for N = 1.

Assume it holds for N = M − 1. Then

φM (M + 1− t) =

∫ M+1−t

M−t
φM−1(x)dx =

∫ t

t−1

φM−1(M − u)du

=

∫ t

t−1

φM−1(u)du = φM (t).

4. From the third property in the preceding theorem, we have

φ
(N)
N (t) =

N+1∑
k=0

(
N + 1

k

)
(−1)kχk(t).

Integrating this equation with respect to t, from −∞ to t, N times,

we obtain the desired result.

5. Follows easily, by induction on N .

6. The Fourier transform of φN (t) is φ̂N (ω) = φ̂N+1
0 (ω) = ( 1

2πiω )N+1(1−
e−iω)N+1 and the Fourier transform of φN (t+ k) is eikωφ̂N (ω). Thus

the Plancherel formula gives∫ ∞
−∞

φN (t)φN (t+ k)dt = 2π

∫ ∞
−∞
|φ̂N (ω)|2eikωdω =

2π

∫ ∞
−∞

(
1

2πiω
)2N+2(1− e−iω)2N+2ei(N+k+1)ωdω = φ2N+1(N + k + 1).

2

An N -spline f(t) in V0 is uniquely determined by the values f(j)

it takes at the integer gridpoints. (Similarly, functions f(t) in VJ are

uniquely determined by the values f(k/2J) for integer k.)

Lemma 11.12 Let f, f̃ ∈ V0 be N -splines such that f(j) = f̃(j) for all

integers j. Then f(t) ≡ f̃(t).

Proof Let g(t) = f(t)− f̃(t). Then g ∈ V0 and g(j) = 0 for all integers

j. Since g ∈ V0, it has compact support. If g is not identically 0, then

there is a least integer J such that gJ 6≡ 0. Here

gJ(t) = a0,j + a1,j(t− J) + · · ·+ aN,J(t− J)N , J ≤ t ≤ J + 1.



DAMELIN: “MASTERFILE” — 2011/10/28 — 14:44 — PAGE 387 — #395

11.3 Splines 387

However, since gJ−1(t) ≡ 0 and since

gJ (J) = gJ−1(J), g′J(J) = g′J−1(J), . . . , g
(N−1)
J (J) = g

(N−1)
J−1 (J),

we have gJ(t) = aN,J(t − J)N . But gJ(J + 1) = 0, so aN,J = 0 and

gJ (t) ≡ 0, a contradiction. Thus g(t) ≡ 0. 2

Now let’s focus on the case N = 3. For cubic splines the finite impulse

response vector is hn = 1
16 (1, 4, 6, 4, 1) whereas the cubic B-spline φ3(t)

has jumps 1,−4, 6,−4, 1 in its third derivative at the gridpoints t =

0, 1, 2, 3, 4, respectively. The support of φ3(t) is contained in the interval

[0, 4), and from the second lemma above it follows easily that φ3(0) =

φ3(4) = 0, φ3(1) = φ3(3) = 1/6. Since the sum of the values at the

integer gridpoints is 1, we must have φ3(2) = 4/6. We can verify these

values directly from the fourth property of the preceding lemma.

We will show directly, i.e., without using wavelet theory, that the

integer translates φ3(t − k) form a basis for the resolution space V0

in the case N = 3. This means that any f(t) ∈ V0 can be expanded

uniquely in the form f(t) =
∑
k skφ3(t− k) for expansion coefficients sk

and all t. Note that for fixed t, at most four terms on the right-hand side

of this expression are nonzero. According to the previous lemma, if the

right-hand sum agrees with f(t) at the integer gridpoints then it agrees

everywhere. Thus it is sufficient to show that given the input vector f

where fj = f(j) we can always solve the equation

f(j) =
∑
k

skφ3(j − k), j = 0,±1, . . . (11.45)

for the vector s with components sk, k = 0,±1, . . . We can write (11.45)

as a convolution equation f = b ∗ s where

b = (b0, b1, b2, b3, b4) = (0,
1

6
,

4

6
,

1

6
, 0).

We need to invert this equation and solve for s in terms of f . Let B be

the FIR filter with impulse response vector b. Passing to the frequency

domain, we see that (11.45) takes the form

F (ω) = B(ω)S(ω), F (ω) =
∑
j

fje
−ijω, S(ω) =

∑
k

ske
−ikω,

and

B(ω) =
∑
j

bje
−ijω =

e−iω

6
(1 + 4e−iω + e−2iω) =

e−2iω

3
(2 + cosω).
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Note that B(ω) is bounded away from zero for all ω, hence B is invertible

and has a bounded inverse B−1 with

B−1(ω) =
3e2iω

2 + cosω
=

6e2iω

(2 +
√

3)(1 + [2−
√

3]eiω)(1 + [2−
√

3]e−iω)

= −
√

3e2iω

(
[2−

√
3]eiω

1 + [2−
√

3]eiω
− 1

1 + [2−
√

3]e−iω

)
=
∑
n

cne
inω

where

cn =

{√
3(2 +

√
3)2−n(−1)n if n ≥ 3√

3(2 +
√

3)n−2(−1)n if n ≤ 2.

Thus,

s = c ∗ f or sk =
∑
j

ck−jfj .

Note that B−1 is an infinite impulse response (IIR) filter.

The integer translates φN (t−k) of the B-splines form a Riesz basis of

V0 for each N . To see this we note from Section 10.1 that it is sufficient

to show that the infinite matrix of inner products

Aij =

∫ ∞
−∞

φN (t− i)φN (t− j) dt =

∫ ∞
−∞

φN (t)φN (t+ i− j) dt = ai−j

has positive eigenvalues, bounded away from zero. We have studied ma-

trices of this type many times. Here, A is a Toeplitz matrix with associ-

ated impulse vector ak. The action of A on a column vector x, y = Ax,

is given by the convolution yn = (a ∗ x)n. In frequency space the action

of A is given as multiplication by the function

A(ω) =
∑
k

ake
−ikω =

∞∑
n=−∞

(φ̂N (ω + 2πn))2.

Now

(φ̂N (ω + 2πn))2 =

(
4 sin2(ω2 )

(ω + 2πn)2

)N+1

. (11.46)

On the other hand, from Lemma 11.11 we have

A(ω) =
∑
k

φ2N+1(N + k + 1)e−ikω

= φ2N+1(N + 1) + 2
∑
k>0

φ2N+1(N + k + 1) cos(kω).
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Since all of the inner products are nonnegative, and their sum is 1, the

maximum value of A(ω), hence the norm of A, is A(0) = B = 1. It is

now evident from (11.46) that A(ω) is bounded away from zero for every

N . (Indeed the term (11.46) alone, with n = 0, is bounded away from

zero on the interval [−π, π].) Hence the translates always form a Riesz

basis.

We can say more. Computing A′(ω) by differentiating term-by-term,

we find

A′(ω) = −2
∑
k>0

φ2N+1(N + k + 1)k sin(kω).

Thus, A(ω) has a critical point at ω = 0 and at ω = π. Clearly, there is

an absolute maximum at ω = 0. It can be shown that there is also an

absolute minimum at ω = π. Thus Amin =
∑
k φ2N+1(N + k + 1)(−1)k.

Although the B-spline scaling function integer translates don’t form

an ON basis, they (along with any other Riesz basis of translates) can

be “orthogonalized” by a simple construction in the frequency domain.

Recall that the necessary and sufficient condition for the translates φ(t−
k) of a scaling function to be an ON basis for V0 is that

A(ω) =
∞∑

n=−∞
|φ̂(ω + 2πn)|2 ≡ 1.

In general this doesn’t hold for a Riesz basis. However, for a Riesz basis,

we have |A(ω)| > 0 for all ω. Thus, we can define a modified scaling

function φ̃N (t) by

ˆ̃
φN (ω) =

φ̂N (ω)√
|A(ω)|

=
φ̂N (ω)√∑∞

n=−∞ |φ̂(ω + 2πn)|2

so that Ã(ω) ≡ 1. If we carry this out for the B-splines we get ON scaling

functions and wavelets, but with infinite support in the time domain.

Indeed, from the explicit formulas that we have derived for A(ω) we can

expand 1/
√
|A(ω)| in a Fourier series

1√
|A(ω)|

=
∞∑

k=−∞

eke
ikω

so that

ˆ̃
φN (ω) =

∞∑
k=−∞

eke
ikωφ̂N (ω),
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or

φ̃N (t) =
∞∑

k=−∞

ekφN (t− k).

This expresses the scaling function generating an ON basis as a convo-

lution of translates of the B-spline. Of course, the new scaling function

does not have compact support.

Usually however, the B-spline scaling function φN (t) is embedded in a

family of biorthogonal wavelets. There is no unique way to do this. A nat-

ural choice is to have the B-spline as the scaling function associated with

the synthesis filter S(0). Since P (0)[z] = H(0)[z]S(0)[z], the halfband fil-

ter P (0) must admit
(

1+z−1

2

)N+1

as a factor, to produce the B-spline. If

we take the halfband filter to be one from the Daubechies (maxflat) class

then the factor H(0)[z] must be of the form
(

1+z−1

2

)2p−N−1

Q2p−2[z].

We must then have 2p > N + 1 so that H(0)[z] will have a zero at

z = −1. The smallest choice of p may not be appropriate, because the

conditions for a stable basis and convergence of the cascade algorithm,

and the Riesz basis condition for the integer translates of the analysis

scaling function may not be satisfied. For the cubic B-spline, a choice

that works is

S(0)[z] =

(
1 + z−1

2

)4

, H(0)[z] =

(
1 + z−1

2

)4

Q6[z],

i.e., p = 4. This 11/5 filter bank corresponds to Daubechies D8 (which

would be 8/8). The analysis scaling function is not a spline.

11.4 Generalizations of filter banks and wavelets

In this section we take a brief look at some extensions of the theory of

filter banks and of wavelets. In one case we replace the integer 2 by the

integer M , and in the other we extend scalars to vectors. These are,

most definitely, topics of current research.

11.4.1 M channel filter banks and M band wavelets

Although two-channel filter banks are the norm, M -channel filter banks

with M > 2 are common. There are M analysis filters and the output

from each is downsampled (↓M) to retain only 1/M th the information.
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x̃

S(M−1)[z]

S(1)[z]

S(0)[z]

↑M

↑M

↑M

. . .

. . .

. . .

...
...

...
...

...
...

...
...

↓M

↓M

↓M

H(M−1)[z]

H(1)[z]

H(0)[z]

x

Figure 11.1 M-channel filter bank.

For perfect reconstruction, the downsampled output from each of the M

analysis filters is upsampled (↑M), passed through a synthesis filter, and

then the outputs from the M synthesis filters are added to produce the

original signal, with a delay. The picture, viewed from the Z transform

domain is that of Figure 11.1.

We need to define ↓M and ↑M .

Lemma 11.13 In the time domain, y = (↓ M)x has components yn =

xMn. In the frequency domain this is
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Y (ω) =
1

M

[
X(

ω

M
) +X(

ω + 2π

M
) + · · ·+X(

ω + (M − 1)2π

M
)

]
.

The Z transform is

Y [z] =
1

M

M−1∑
k=0

X[z1/Me2πik/M ].

Lemma 11.14 In the time domain, x = (↑M)y has components

xk =

{
y k
M
, if M divides k

0, otherwise.

In the frequency domain this is

X(ω) = Y (Mω).

The Z transform is

X[z] = Y [zM ].

The Z transform of u = (↓M)(↑M)x is

U [z] =
1

M

M−1∑
k=0

X[ze2πik/M ].

Note that (↑M)(↓M) is the identity operator, whereas (↓M)(↑M)x

leaves everyMth element of x unchanged and replaces the other elements

by zeros.

The operator condition for perfect reconstruction with delay ` is

M−1∑
j=0

S(j)(↑M)(↓M)H(j) = R`

where R is the right shift. If we apply the operators on both sides of

this requirement to a signal x={xn} and take the Z transform, we find

1

M

M−1∑
j=0

S(j)[z]

M−1∑
k=0

H(j)[zW k]X[zW k]

= z−`X[z], (11.47)

where X[z] is the Z transform of x, and W = e−2πi/M . The coefficients

of X[zW k] for 1 < k < M − 1 on the left-hand side of this equation are
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aliasing terms, due to the downsampling and upsampling. For perfect

reconstruction of a general signal X[z] these coefficients must vanish.

Thus we have

Theorem 11.15 An M-channel filter bank gives perfect reconstruction

when
M−1∑
j=0

S(j)[z]H(j)[z] = Mz−`, (11.48)

M−1∑
j=0

S(j)[z]H(j)[zW k] = 0, k = 1, . . . ,M − 1. (11.49)

In matrix form this reads
H(0)[z] H(1)[z] · · · H(M−1)[z]

H(0)[zW ] H(1)[zW ] · · · H(M−1)[zW ]
...

...
...

...

H(0)[zWM−1] H(1)[zWM−1] · · · H(M−1)[zWM−1]




S(0)[z]

S(1)[z]
...

S(M−1)[z]



=


Mz−`

0
...

0

.
In the case M = 2 we could find a simple solution of the requirements

(11.49) by defining the synthesis filters in terms of the analysis filters.

However, this is not possible for general M and the design of these filter

banks is more complicated. Associated with M -channel filter banks are

M -band filters. The dilation and wavelet equations are

φ`(t) = M
∑
k

h
(`)
k φ(Mt− k), ` = 0, 1, . . . ,M − 1.

Here h
(`)
k is the finite impulse response vector of the FIR filter H(`).

Usually ` = 0 is the dilation equation (for the scaling function φ0(t)

and ` = 1, . . . ,M − 1 are wavelet equations for M − 1 wavelets φ`(t),

` = 1, . . . ,M − 1. In the frequency domain the equations become

φ̂`(ω) = H(
ω

M
)φ̂`(

ω

M
), ` = 0, 1, . . . ,M − 1,

and the iteration limit is

φ̂`(ω) =

∞∏
k=1

(
H(

ω

Mk
)
)
φ̂`(0), ` = 0, 1, . . . ,M − 1,
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assuming that the limit exists and φ̂`(0) is well defined. For more infor-

mation about these M -band wavelets and the associated multiresolution

structure see, for example, [2, 17, 40, 53, 95].

11.4.2 Multifilters and multiwavelets

Next we go back to filters corresponding to the case M = 2, but now

we let the input vector x be an r ×∞ input matrix. Thus each compo-

nent x(n) is an r-vector xj(n), j = 1, . . . , r. Instead of analysis filters

H(0), H(1) we have analysis multifilters H(0),H(1), each of which is an

r × r matrix of filters, e.g., H
(0)
(j,k), j, k = 1, . . . r. Similarly we have syn-

thesis multifilters S(0),S(1), each of which is an r × r matrix of filters.

Formally, part of the theory looks very similar to the scalar case. Thus

the Z transform of a multifilter H is H[z] =
∑
k h(k)z−k where h(k) is

the r×r matrix of filter coefficients. In fact we have the following theorem

(with the same proof).

Theorem 11.16 A multifilter gives perfect reconstruction when

S(0)[z]H(0)[z] + S(1)[z]H(1)[z] = 2z−`I (11.50)

S(0)[z]H(0)[−z] + S(1)[z]H(1)[−z] = 0. (11.51)

Here, all of the matrices are r × r. We can no longer give a simple

solution to Equation (11.50) because r × r matrices do not, in general,

commute.

There is a corresponding theory of multiwavelets. The dilation equa-

tion is

Φ(t) = 2
∑
k

h(0)(k)Φ(2t− k),

where each Φj(t), j = 1, . . . , r is a vector of r scaling functions. The

wavelet equation is

w(t) = 2
∑
k

h(1)(k)w(2t− k),

where each wj(t), j = 1, . . . , r is a vector of r wavelets.

A simple example of a multiresolution analysis is “Haar’s hat.” Here

the space V0 consists of piecewise linear (discontinuous) functions. Each

such function is linear between integer gridpoints tj = j and right
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continuous at the gridpoints: f(j) = f(j+0). However, in general f(j) 6=
f(j − 0). Each function is uniquely determined by the 2-component

input vector (f(j), f(j + 1− 0)) = (aj , bj), j = 0,±1, . . . Indeed, f(t) =

(bj−aj)(t−j)+aj for j ≤ t < j+1. We can write this representation as

f(t) =
bj + aj

2
φ1(t− j) +

bj − aj
2

φ2(t− j), j ≤ t < j + 1,

where
bj+aj

2 is the average of f in the interval j ≤ t < j + 1 and bj − aj
is the slope. Here,

φ1(t) =

{
1 0 ≤ t < 1

0 otherwise
φ2(t) =

{
2t− 1 0 ≤ t < 1

0 otherwise.

Note that φ1(t) is just the box function. Note further that the integer

translates of the two scaling functions φ1(t+ k), φ2(t+ `) are mutually

orthogonal and form an ON basis for V0. The same construction goes

over if we halve the interval. The dilation equation for the box function

is (as usual)

φ1(t) = φ1(2t) + φ1(2t− 1).

You can verify that the dilation equation for φ2(t) is

φ2(t) =
1

2
[φ2(2t) + φ2(2t− 1)− φ1(2t) + φ1(2t− 1)] .

They go together in the matrix dilation equation[
φ1(t)

φ2(t)

]
=

[
1, 0

− 1
2 ,

1
2

] [
φ1(2t)

φ2(2t)

]
+

[
1, 0
1
2 ,

1
2

] [
φ1(2t− 1)

φ2(2t− 1)

]
.

(11.52)

11.5 Finite length signals

In our previous study of discrete signals in the time domain we have

usually assumed that these signals were of infinite length, and we have

designed filters and passed to the treatment of wavelets with this in

mind. This is a good assumption for files of indefinite length such as

audio files. However, some files (in particular video files) have a fixed

length L. How do we modify the theory, and the design of filter banks,

to process signals of fixed finite length L? We give a very brief discussion

of finite length signals.

Here is the basic problem. The input to our filter bank is the finite

signal x0, . . . xL−1, and nothing more. What do we do when the filters
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call for values xn where n lies outside that range? There are two basic

approaches. One is to redesign the filters (so-called boundary filters) to

process only blocks of length L. We shall not treat this approach. The

other is to embed the signal of length L as part of an infinite signal

(in which no additional information is transmitted) and to process the

extended signal in the usual way. Here are some of the possibilities:

1. Zero-padding, or constant-padding. Set xn = c for all n < 0 or n ≥ L.

Here c is a constant, usually 0. If the signal is a sampling of a continu-

ous function, then zero-padding ordinarily introduces a discontinuity.

2. Extension by periodicity (wraparound). We require xn = xm if n =

m, mod L, i.e., xn = xk for k = 0, 1, . . . , L−1 if n = aL+k for some

integer a. Again this ordinarily introduces a discontinuity.

3. Extension by reflection. There are two principal ways this is done. The

first is called whole-point symmetry. We are given the finite signal

x0, . . . xL−1. To extend it we reflect at position 0. Thus, we define

x−1 = x1, x−2 = x2, . . . , x−[L−2] = xL−2. This determines xn in the

2L−2 strip n = −L+2, . . . , L−1. Note that the values of x0 and xL−1

each occur once in this strip, whereas the values of x1, . . . , xL−2 each

occur twice. Now xn is defined for general n by 2L − 2 periodicity.

Thus whole-point symmetry is a special case of wraparound, but the

periodicity is 2L− 2, not L. This is sometimes referred to as a (1,1)

extension, since neither endpoint is repeated.

The second symmetric extension method is called half-point sym-

metry. We are given the finite signal x0, . . . xL−1. To extend it we

reflect at position −1/2, halfway between 0 and −1. Thus, we define

x−1 = x0, x−2 = x1, . . . , x−L = xL−1. This determines xn in the 2L

strip n = −L, . . . , L − 1. Note that the values of x0 and xL−1 each

occur twice in this strip, as do the values of x1, . . . , xL−2. Now xn is

defined for general n by 2L periodicity. Thus we have again a special

case of wraparound, but the periodicity is 2L, not L, or 2L− 2. This

is sometimes referred to as a (2,2) extension, since both endpoints

are repeated. We used this same extension in the derivation of the

Discrete Cosine Transform (DCT), Section 6.4.2.

Finite signals that are extended by wraparound or symmetric reflec-

tion are periodic. Thus they can be analyzed and processed by tools

such as the DFT that exploit this periodicity. That will be the subject

of the next section. If the original signal is a sampling of a differen-

tiable function, symmetric extension has the advantage that it main-

tains continuity at the boundary, only introducing a discontinuity in the
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first derivative. The downside to this is that extension of the signal by

reflection roughly doubles its length. Thus after processing the analyzed

signal we need to downsample it to obtain a signal of length L, satis-

fying perfect reconstruction. There are many ways to accomplish this,

e.g., some of the solutions are implemented in the wavelet toolbox of

MATLAB. A detailed discussion can be found in [95].

11.6 Circulant matrices

Most of the methods for treating finite length signals of length L intro-

duced in the previous section involve extending the signal as infinite and

periodic. For wraparound, the period is L; for whole-point symmetry the

period is 2L− 2; for half-point symmetry it is 2L. To take advantage of

this structure we modify the definitions of the filters so that they exhibit

this same periodicity. We will call this period M , (with the understand-

ing that this number is the period of the underlying data: L, 2L− 2 or

2L). Then the data can be considered as a repeating M -tuple and the

filters map repeating M -tuples to repeating M -tuples. Thus for passage

from the time domain to the frequency domain, we are, in effect, using

the discrete Fourier transform (DFT), base M .

For infinite signals the matrices of FIR filters Φ are Toeplitz, the

filter action is given by convolution, and this action is diagonalized in

the frequency domain as multiplication by the Fourier transform of the

finite impulse response vector of Φ. There are perfect M ×M analogies

for Toeplitz matrices. These are the circulant matrices. Thus, the infinite

signal in the time domain becomes an M -periodic signal, the filter action

by Toeplitz matrices becomes action by M ×M circulant matrices, and

the finite Fourier transform to the frequency domain becomes the DFT,

base M . Implicitly, we have worked out most of the mathematics of this

action in Chapter 6. We recall some of this material to link with the

concepts of filter bank theory.

Recall that the FIR filter Φ can be expressed in the form Φ =∑N
k=0 hkR

k where h is the impulse response vector and R is the

delay operator Rxn = xn−1. If N < M we can define the action of Φ (on

data consisting of repeating M -tuples) by restriction. For the restriction

we have RM = I. Thus the delay operator action is represented by the

M ×M cyclic permutation matrix R defined by Rxn = xn−1, mod M .

(Here and in the following discussion, all matrices are M × M .) For
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example, for M = 4,

Rx =


0 0 0 1

1 0 0 0

0 1 0 0

0 0 1 0



x0

x1

x2

x3

 =


x3

x0

x1

x2

 .
The action of Φ on repeating M -tuples becomes

Φ =

N∑
n=0

hnRn.

This is an instance of a circulant matrix.

Definition 11.17 An M ×M matrix Φ is called a circulant if all of

its diagonals (main, sub and super) are constant and the indices are

interpreted mod M . Thus, there is an M -vector with components hk
such that A`,k = h`−k, mod M .

Example 11.18

Φ =


1 5 3 2

2 1 5 3

3 2 1 5

5 3 2 1

 .

Here, M = 4, a0 = 1, a1 = 2, a2 = 3, a3 = 5.

Recall that the column vector

X = (X[0], X[1], X[2], . . . , X[M − 1])

is the Discrete Fourier transform (DFT) of x = {x[n], n = 0, 1, . . . ,M−
1} if it is given by the matrix equation X = Fx or

X[0]

X[1]

X[2]
...

X[M − 1]

=


1 1 1 · · · 1

1 ω ω2 · · · ωM−1

1 ω2 ω4 · · · ω2(M−1)

...
...

...
. . .

...

1 ωM−1 ω2(M−1) · · · ω(M−1)(M−1)




x[0]

x[1]

x[2]
...

x[M − 1]


(11.53)

where ω = W = e−2πi/M . Thus,

X[k] = x̃(k) =
M−1∑
n=0

x[n]W
nk

=
M−1∑
n=0

x[n]e−2πink/M .
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Here F = F is again an M × M matrix. The inverse relation is the

matrix equation x = F−1X or

x[n] =
1

M

M−1∑
k=0

X[k]Wnk =
1

M

M−1∑
k=0

X[k]e2πink/M ,

where F−1 = 1
M F and W = ω = e−2πi/M , W = ω̄ = ω−1 = e2πi/M .

Note that

FF = MI, F
−1

=
1

M
F.

For x, y ∈ PM (the space of repeating M -tuples) we define the convo-

lution x ∗ y ∈ PM by

x ∗ y[n] = z[n] ≡
M−1∑
m=0

x[m]y[n−m].

Then Z[k] = X[k]Y [k].

Now note that the DFT of Rnx[m] is (̂R)nx[k] where

(̂R)nx[k] =
M−1∑
m=0

(R)nx[m]e−2πimk/M =
M−1∑
m=0

x[m− n]e−2πimk/M

= W
nk

M−1∑
m=0

x[m]e−2πimk/M = W
nk
X[k] = W

nk
x̂[k].

Thus,

(Φ̂)x[k] =
N∑
n=0

hn(̂Rnx)[k] =
N∑
n=0

hnW
nk
x̂[k]

= ĥkx̂[k].

In matrix notation, this reads

(Φ̂)x = FΦx = DΦFx

where DΦ is the M ×M diagonal matrix

(DΦ)jk = ĥkδjk.

Since x is arbitrary we have FΦ = DΦF or

DΦ = (F )−1ΦF.

This is the exact analog of the convolution theorem for Toeplitz matrices

in frequency space. It says that circulant matrices are diagonal in the
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DFT frequency space, with diagonal elements that are the DFT of the

impulse response vector h.

11.7 Additional exercises

Exercise 11.1 Verify that the 2-spline scaling function φ2(t) can be

embedded in a 5/3 filter bank defined by

S(0)[z] =

(
1 + z−1

2

)2

, H(0)[z] =

(
1 + z−1

2

)2 [
−1 + 4z−1 − z−2

]
,

i.e., p = 2. This corresponds to Daubechies D4 (which would be 4/4).

Work out the filter coefficients for the analysis and synthesis filters. Show

that the convergence criteria are satisfied, so that this defines a family

of biorthogonal wavelets.

Exercise 11.2 Verify Lemma 11.14.

Exercise 11.3 Let x = (x0, x1, x2, x3) be a finite signal. Write down

the infinite signals obtained from x by (a) zero padding, (b) constant

padding with c = 1, (c) wraparound, (d) whole-point reflection, (e) half-

point reflection.

Exercise 11.4 Verify explicitly that the circulant matrix Φ of Example

11.18 is diagonal in the DFT frequency space and compute its diagonal

elements.

—————–

Additional properties of biorthogonal wavelets can be found in [39].

For more properties and applications of multiwavelets, see [74].
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Parsimonious representation of data

An important theme in this book is the study of systems y = Φx. We

have looked carefully at the case when Φ is linear and can be taken

as an m × n matrix or more generally a linear operator on a Hilbert

space. In the various applications we have considered thus far, x is the

signal or input, Φ is the transform and y is the sample or output. We

have studied in detail the reconstruction of x from y and have developed

many tools to deal with this case.

This chapter is concerned with the parsimonious representation of

data x, a fundamental problem in many sciences. Here, typically x is a

vector in some high-dimensional vector space (object space), and Φ is

an operation (often nonlinear) we perform on x, for example dimension

reduction, reconstruction, classification, etc. The parsimonious repre-

sentation of data typically means obtaining accurate models y of natu-

rally occurring sources of data, obtaining optimal representations of such

models, and rapidly computing such optimal representations. Indeed,

modern society is fraught with many high-dimensional highly complex

data problems, critical in diverse areas such as medicine, geology, critical

infrastructure, health and economics, to name just a few.

This is an introduction to some topics in this subject showing how to

apply mathematical tools we have already developed: linear algebra and

SVD, Fourier transforms/series, wavelets/infinite products, compressive

sampling and linear filters, PCA and dimension reduction/clustering,

compression methods (linear and nonlinear). The subject is vast and

we aim only to give the reader an introduction which is self-contained

within the framework of this book.
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12.1 The nature of digital images

12.1.0 What is an image?

An image consists of an array of pixels, digitized where at each pixel

there is an attribute vector. For example, a continuous image of a face

may consist of N rows of numbers from 0, . . . , 15 and M rows from

0, . . . , 15. The pixel at coordinates n = 3 and m = 10 has, say, integer

brightness 110. This is the attribute vector denoted by a[m,n]. Thus one

may think of an image as a point in some high-dimensional Euclidean

space. In every gray scale image, the attribute at each pixel is a number

indicating the brightness level of that pixel. The number is usually an

N bit binary number which lies between 0 and 2N−1. Here 2N is the full

dynamic range of the image. Consider the examples below:
1 2 2 1

2 3 3 2

1 2 2 1

0 1 1 0

 ,


1 2 2 1

2 2 2 2

1 2 2 1

1 1 1 1

 .
In both examples, the mean is 1.5 and the scenes are equally bright. In

the first example, the variance is 0.75 and in the second, the variance

is 0.25, thus the variance indicates contrast. In the case of a gray scale

image, the values recorded for the pixel brightness range, are between 0

and 2N − 1. Thus the pixels can take on 2N distinct brightness values

in the full dynamic range. The dynamic range of the image is the actual

range of values that occur. Note that in the first example above, it

is 4 and in the second, it is 2. If 256 is the full dynamic range, these

pictures will appear black to the human eye, even though they may have

structure. In the picture below, the human eye will see two white lines

fading towards the ends.
130 208 208 156

0 0 0 0

182 234 234 156

0 0 0 0


This picture was obtained from one with a smaller dynamic range by a

technique called contrast stretching. It uses the following linear trans-

formation:

b[m,n] =
(2N − 1)a[m,n]−min(m,n)

max(m,n)−min(m,n)
.
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Exercise 12.1 Consider the image immediately above. Use a contrast

stretch to construct this image from the image
5 8 8 6

0 0 0 0

7 9 9 6

0 0 0 0


Sometimes, we wish to modify the picture, so that all brightness values

are equally likely. The point is to allow all brightness values to have

similar contrasts. In practice, this requires the histogram of all pixel

values to occur in a straight line. The technique is called histogram

normalization. Consider the example below, (a) which has 16 elements

and dynamic range 23. We wish to equalize the histogram so that all 8

values are used equally often, i.e., twice. One possible solution, (b), is

shown below.

(a)


7 7 0 1

0 6 1 0

7 1 0 1

0 7 2 0

 , (b)


7 7 2 4

2 5 4 1

6 3 1 3

0 6 5 0

 .
Human perception of color, brightness, and contrast is not uniform or

even linear. Thus the format of the image does make a difference. For

example, contrast stretching from the view point of a computer, is simply

a rescaling and so does not affect the image at all. Histogram normaliza-

tion, however, does change the statistical properties of the image. Our

perception of brightness is not linear and is naturally skewed to edge

detection. For example, it is easy to construct an image whose top half

shows a linear increase in brightness between bands, whereas the bottom

half shows an exponential increase in brightness between bands which

leads to a contrast at edges.

All colors, may be obtained as a combination of the three RBG pri-

mary colors, Red, Green and Blue. Thus when we represent a color

digital image, we have a three dimensional attribute vector (R,G,B)

associated with every point. Each component, is exactly a gray scale im-

age. Noise: Images of whatever type, are generated from sensors which

measure light signal and return digital information and any process of

this kind attracts noise. There are different types of noise. For exam-

ple: (1) Instrument noise; (2) Photon noise: Sensors count photons and

the quantum physics laws governing this counting are non deterministic.
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Thus the noise effect is nonlinear or Gaussian and depends on the signal;

(3) Thermal noise: Sensor arrays are affected by temperature, heat gener-

ates electrons as photons do; (4) Dark current: This is the signal received

from the sensor in the absence of any external signal. This should be

ideally zero; (5) Amplifier noise: Various amplification and transfer pro-

cesses occur before the signal is digitized. All may add noise; (6) Quan-

tization noise: This occurs when an analog signal is converted to digital

numbers. Thus the error is a rounding one and may be significant in

dark images. Let us consider one popular type of noise referred to as

SNR (signal to noise): In this case, the signal is approximately constant

in the region of interest and the variation of the region is due to noise.

Moreover, the noise distribution is the same over the entire image with

constant standard deviation over the region of interest (ROI).

Exercise 12.2 Assume we have a system producing a dynamic range of

256, i.e., 8 bits and the system adds two percent (of the dynamic range)

random noise to the image. Suppose we measure the dark image first

and then add two percent random noise to it as shown. Show that the

contrast stretching has no effect on the dynamic range/noise ratio.

Isignal =


5 8 8 6

0 0 0 0

7 9 9 6

0 0 0 0

 , Isignal+noise =


8 3 8 2

5 2 5 2

7 5 11 3

4 3 4 1

 .
See Figure 12.1.

Figure 12.1 The pixels at coordinates n = a and m = b have different
integer brightness. This is the attribute vector.
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12.1.1 Image enhancement

Image enhancement techniques are designed to improve the quality of

the image. They can be subjective in the sense that they change the

appearance of the image, they may be used to select features such as

edge detection, for example, or they could be used to remove or reduce

certain cases of noise. Typically, image enhancement techniques fall into

three categories: pointwise operations, local operations and global oper-

ations. In what follows, we will present examples of these three groups of

techniques and we will see they relate to machinery we have developed

in earlier chapters.

12.1.2 Local/smoothing filters

We have already defined the notion of a filter and studied it in some de-

tail. We will now use local filters for image enhancement. Local filters are

local operations which take a group of neighboring pixels and use their

values to generate a new value for the central pixel. This is implemented

as follows: We take a matrix A, typically n × n with n odd and use it

to define a moving window across the picture. The entries of the matrix

are then determined by weights given to the pixels in order to calculate

the new value of the central pixel. We describe this mathematically by

taking convolution

Inew(x, y) = A ∗ Iold(x, y).

Example 12.1 Consider a rectangular unweighted smoothing filter ap-

plied to an image. The bold region in the image leads to the bold number

in the output image. The same process is applied to all the other entries

except the edge rows and edge columns.

A = 1/9

 1 1 1

1 1 1

1 1 1

 , Iold =


0 1 2 1 0

1 2 3 1 0

2 3 1 0 2

3 1 0 2 3

1 0 2 3 3



Inew =


0 1 2 1 0

1 1.67 1.56 1.11 0

2 1.78 1.44 1.33 2

3 1.44 1.33 1.78 3

1 0 2 3 3

 .
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Our next example is a circular smoothing filter:

Example 12.2

A = 1/5

0 1 0

1 1 1

0 1 0

 , Iold =


0 1 2 1 0

1 2 3 1 0

2 3 1 0 2

3 1 0 2 3

1 0 2 3 3

 ,

Inew =


0 1 2 1 0

1 2 1.8 1 0

2 1.8 1.4 1.2 2

3 1.4 1.2 1.6 3

1 0 2 3 3

 .
We present one more example on weighted circular filters. Observe

that the central pixel is multiplied by 4, the ones to the left, to the right,

above and below by 1 and the corner pixels neglected (i.e., multiplied

by 0).

Example 12.3

A = 1/8

 0 1 0

1 4 1

0 1 0

 , Iold =


0 1 2 1 0

1 2 3 1 0

2 3 1 0 2

3 1 0 2 3

1 0 2 3 3

 ,

Inew =


0 1 2 1 0

1 2 2.25 1 0

2 2.25 1.25 0.75 2

3 1.25 0.75 1.75 3

1 0 2 3 3

 .

12.1.3 Edge enhancement filters

Edges may be detected in an image by looking for high values of the

derivative as you move through the image along some direction. Typi-

cally we have the following rule: dark to light produces a large positive

derivative, light to dark a large negative derivative, and uniform a low

value of the derivative. When we think of derivative, we mean numerical
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directional derivative. Roughly speaking, we give meaning to this by

taking the difference between successive values in the picture where

successive means in the direction chosen. Edges can then be estimated

in different directions, or the magnitude of the derivative can be esti-

mated to select edges in any direction. Noise can be a problem, so we

smooth at the same time. In the example, below, smoothing is imple-

mented by filters in the horizontal directions and vertical directions,

respectively.

Ah = 1/3

 1 0 −1

1 0 −1

0 0 −1

 , Av = 1/3

 1 1 1

0 0 0

−1 −1 −1

 .
Computation of the horizontal derivative. Edges are shown in bold.

Iold =



0 1 5 4 6 3

2 2 6 5 6 2

1 2 7 6 5 0

0 1 6 7 6 1

1 2 7 6 5 2

0 0 5 5 6 1


, Inew =



0 1 5 4 6 3

2 −5 −3.33 0.3 3.3 2

1 −5.33 −4.33 0.7 5 0

0 −6 −4.67 1.3 5.3 1

1 −5.67 −5 0.3 4.7 2

0 0 5 5 6 1


.

We may compute a derivative h in an angle direction θ using the

well-known formula:

[hθ] = cos(θ).[hx] + sin(θ).[hy]

and its magnitude by

h2 = h2
x + h2

y.

Since high values for the magnitude will indicate a change of bright-

ness in some direction, this is a useful edge finder. Sometimes we use

the Laplace operator (second derivative) for edge enhancement/edge

detection.

The Laplacian:  −1 −1 −1

1 8 −1

−1 −1 −1


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Edge Enhancement:  −1 −1 −1

1 9 −1

1 −1 −1


Note the following: The second derivative in the horizontal direction is

(1, 2, 1); an approximation for the Laplace operator is: 0 1 0

1 −4 1

0 1 1


The form shown above is less sensitive to rotation.

12.1.4 Mathematical morphology

Morphology is the study of shapes. In image processing, this is the pro-

cessing and analysis of shapes within an image. We will study binary

images in this section and also give some ideas on how to generalize to

gray scale and thus color images. We will explain our ideas via set theory

language. Let us mention four basic morphology operations. (1) dilation:

growing the shape, filling small gaps and smoothers; (2) erosion: shrink-

age of the shape; (3) opening (and closing): idempotent shape operations;

(4) skeleton: this is the kernel of the shape.

Dilation: Let B be a structuring element and A be a shape in a binary

image, in the sense that A and B are defined by positions of points in

the underlying image. The dilation of A and B, which we will write as

AdB, is

AdB = {a+ b, a ∈ A, and b ∈ B} .

Here d is commutative and A is swelled by B. We also require that 0 ∈ B
so that A ⊆ AdB.

Erosion: The erosion of A and B written as AeB is defined as

AeB = {x ∈ B, x+ a ∈ A, ∀a ∈ A} .

We will assume that 0 ∈ A so that AeB ⊆ A. Erosion shrinks the shape.

Another interesting way to visualize erosion is by the set of points where

B can be centered and still be in contained in A. This is done in the

following way: The shift of a shape A by a position x, Ax is defined by

Ax = ∪{a+ x, a ∈ A} .
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Then, we can write

AeB = {x, Ax ⊆ A}

and similarly we can write

AdB = ∪{Ba, a ∈ A} .

Openings and Closings: We define the closing of an image A by a

structuring element K as AcK = (AdK)eK and the opening action on

A similarly by AoK = (AeK)dK. The opening of A is the union of all

shifts of A that we can fit completely inside A.

See Figures 12.2–12.5.

Figure 12.2 Discrete example dilation.

Figure 12.3 Continuous example dilation.
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Figure 12.4 Discrete example erosion.

Figure 12.5 Continuous example erosion.

12.1.5 Morphology for shape detection

In this section, we explain how morphology operators may be used for

the extraction of boundaries and skeletons from shapes in the sense of

extraction of information for classification, counting objects, and

enhancing edges for example. The boundary of a shape A may be

defined by taking A and removing its interior. By interior, we mean

taking the erosion of A by a suitable structuring element K. Thus we

may write ∂A = A ∩ (AeK)c where we are taking complements in the

last operation.

Exercise 12.3 Consider the examples already studied. For a suitable

structuring element K of your choice, calculate (1) The boundary of the

element below using the structuring element shown. (2) The boundary of

the nuts and bolts example using a dilation of 2. (3) Study the thickened

boundary (AdK) ∩ (AcdK). What do you find?
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Consider now a morphology operator which will preserve the topology

of the shape in the sense of distilling its essence in some natural sense.

We call such an operator a skeleton. One practical construction of a

skeleton may be implemented using the following heuristic algorithm:

• Set up a 3× 3 moving window.

• Repeatedly set the center pixel to zero unless one of the following

conditions occurs: (1) an isolated pixel is found; (2) removing a pixel

would change the connectivity; (3) removing a pixel would shorten

a line.

Exercise 12.4 Apply the skeletal algorithm above to the nuts and bolts

example above.

The last part of this section deals briefly with representations of gray

scale (and by extension, color) images. In this case, we may think of

our image as a three-dimensional object. It has a rectangular base (the

pixels) and the height over each pixel is the brightness of the pixel.

We are able to carry across most of the theory developed for binary

image morphology by the use of the following two operators on the 3D

grey scale shapes.

• Top: IfA is a shape, T [A] will be the top surface of the shape defined by

T [A](x) = max {y; (x, y) ∈ A} .

Note that T [A] is a function over the image.

• Umbra: A set A is called an umbra iff (x, y) ∈ A implies that (x, z) ∈ A
for all z ≤ y.

• If f is the gray scale intensity function over an image, then U [f ] is

the umbra of f defined by:

U [f ] = {(x, y); y ≤ f(x)} , T [f ] = f.

If A is an umbra, UT [A] = A.

The filter ideas we have discussed and introduced earlier in this section

can also be implemented with morphology variants. One such filter is

the open–close smoothing filter where open is understood to smooth

within and close is understood to smooth without. We illustrate this

with Figure 12.6.
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Figure 12.6 Some examples.

12.1.6 Fourier transform

The Fourier transform (FT) is an important image processing tool which

is used to decompose an image into its sine and cosine components. The

output of the transformation represents the image in the Fourier or fre-

quency domain, while the input image is the spatial domain equivalent.

In the Fourier domain image, each point represents a particular fre-

quency contained in the spatial domain image. The Fourier transform

is used in a wide range of applications, such as image analysis, image

filtering, image reconstruction and image compression. We restrict our-

selves to digital images, so we will restrict this discussion to the Discrete

Fourier transform (DFT).

The DFT is the sampled FT and therefore does not contain all frequen-

cies forming an image, but only a set of samples which is large enough

to fully describe the spatial domain image. The number of frequencies

corresponds to the number of pixels in the spatial domain image, i.e. the

image in the spatial domain and Fourier domain are of the same size.

For a square image of size N × N , the two-dimensional DFT F (k, l)

is given by:

F (k, l) =
1

N2

N−1∑
a=0

N−1∑
b−0

f(a, b) exp(−i2π(ka/N + lb/N))

where f(a, b) is the image in the spatial domain and the exponential term

is the basis function corresponding to each point F (k, l) in the Fourier

space. The equation can be interpreted as: the value of each point F (k, l)
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is obtained by multiplying the spatial image with the corresponding base

function and summing the result.

The basis functions are sine waves and cosine waves with increasing

frequencies, i.e., F (0, 0) represents the DC (discrete cosine)-component

of the image which corresponds to the average brightness and F (N −
1, N − 1) represents the highest frequency.

In a similar way, the Fourier image can be re-transformed to the spatial

domain. The inverse Fourier transform is given by:

f(a, b) =
1

N2

N−1∑
k=0

N−1∑
l=0

F (k, l) exp(i2π(ka/N + lb/N)).

To obtain the result for the above equations, a double sum has to be

calculated for each image point. However, because the FT is separable,

it can be written as

F (k, l) =
1

N

N−1∑
b=0

P (k, b) exp(−i2πlb/N)

where

P (k, b) =
1

N

N−1∑
a=0

f(a, b) exp(−i2πka/N).

Using these two formulas, the spatial domain image is first trans-

formed into an intermediate image using N one-dimensional FTs. This

intermediate image is then transformed into the final image, again using

N one-dimensional FTs. Expressing the two-dimensional FT in terms

of a series of 2N one-dimensional transforms decreases the number of

required computations. Even with these computational savings, the or-

dinary one-dimensional DFT has N2 complexity. This can be reduced to

N logN if we employ the fast Fourier transform (FFT) to compute the

one-dimensional DFTs. This is a significant improvement, in particular

for large images. There are various forms of the FFT and most of them

restrict the size of the input image that may be transformed, often to

N = 2n where n is an integer.

The FT produces a complex number valued output image which can

be displayed with two images, either with the real part and imaginary

part or with magnitude and phase. In image processing, often only the

magnitude of FT is displayed, as it contains most of the information of

the geometric structure of the spatial domain image. However, if we want

to re-transform the Fourier image into the correct spatial domain after

some processing in the frequency domain, we must make sure to preserve
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both magnitude and phase of the Fourier image. The Fourier domain

image has a much greater range than the image in the spatial domain.

Hence, to be sufficiently accurate, its values are usually calculated and

stored in float values. The FT is used if we also want to access the

geometric characteristics of a spatial domain image. Because the image

in the Fourier domain is decomposed into its sinusoidal components,

it is easy to examine or process certain frequencies of the image, thus

influencing the geometric structure in the spatial domain.

In most implementations the Fourier image is shifted in such a way

that the DC-value (i.e. the image mean) F (0, 0) is displayed in the center

of the image. The further away from the center an image point is, the

higher is its corresponding frequency.

What follows pertains to the images: FT1–FT8 in Figures 12.7–12.14.

We start off by applying the Fourier transform to the image FT1

(Figure 12.7).

The magnitude calculated from the complex result is shown in FT2

(Figure 12.8).

We can see that the DC-value is by far the largest component of the

image. However, the dynamic range of the Fourier coefficients (i.e. the

intensity values in the Fourier image) is too large to be displayed on the

screen, therefore all other values appear as black. Now apply a logarith-

mic transformation to the image (FT3 (Figure 12.9)) (replace each pixel

value by its log).

Figure 12.7 Example(Fourier transform 1).
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Figure 12.8 Example(Fourier transform 2).

Figure 12.9 Example(Fourier transform 3).

The result shows that the image contains components of all frequen-

cies, but that their magnitude gets smaller for higher frequencies. Hence,

low frequencies contain more image information than the higher ones.

The transform image also tells us that there are two dominating direc-

tions in the Fourier image, one passing vertically and one horizontally

through the center. These originate from the regular patterns in the

background of the original image.
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Figure 12.10 Example(Fourier transform 4).

Figure 12.11 Example(Fourier transform 5).

The phase of the Fourier transform of the same image is shown in

image FT4 (Figure 12.10).

The value of each point determines the phase of the corresponding

frequency. As in the magnitude image, we can identify the vertical and

horizontal lines corresponding to the patterns in the original image. The

phase image does not yield much new information about the structure of
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Figure 12.12 Example(Fourier transform 6).

Figure 12.13 Example(Fourier transform 7).

the spatial domain image; therefore, in the following examples, we will

restrict ourselves to displaying only the magnitude of the FT.

Before we leave the phase image entirely, however, note that we may

apply the inverse Fourier transform to the magnitude image (FT5

(Figure 12.11)) while ignoring the phase.

Although this image contains the same frequencies (and amount of fre-

quencies) as the original input image, it is corrupted beyond recognition.
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Figure 12.14 Example(Fourier transform 8).

This shows that the phase information is crucial to reconstruct the cor-

rect image in the spatial domain. See FT6–FT8 (Figure 12.12–12.14).

Exercise 12.5 Take FTs of two images. Add them using a suitable

morphology operator for example a blend, and take the inverse Fourier

Transform of the sum. Explain the result.

Exercise 12.6 Add different sorts of noise to two images and com-

pare the FT’s. Investigate if the Fourier Transform is distributive over

multiplication.

12.2 Pattern recognition and clustering

12.2.1 Understanding images

In this section, we study the extraction of information from images. For

example, we may be interested in recognizing handwritten characters,

extracting and recognizing target shapes or faces, mineral or land use

mapping, vegetation and human settlement, boundaries of cells obscured

via noise. We may also be interested in partial information from images

or extracting information with high probability, clustering or computing

neural networks. Images contain a variety of information which come

from color, texture, shapes and patterns. As we have already seen, we

may associate with each pixel an attribute vector which then contains
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all the information in the image. For computer recognition, we need to

design procedures to analyze patterns in the sense of constructing

pattern vectors from the image which then contain relevant pattern

information. Once we have obtained pattern vectors, we need to identify

information from them. One way to do this is via the following three

steps: (1) template matching where we match pattern vectors whose

meaning is known, (2) cluster the patterns into homogeneous groups,

(3) train an algorithm to assign correctly the patterns to homogeneous

groups. Types of pattern problems where (1–3) may be applied are for

example (A) handwritten digits (10 classes known), target detection

(2 classes known, target or non target), land use (a finite number of

classes known, say houses, offices, factories, parks, etc.); (B) minerals

present in a drill core, vegetation types present in a satellite scene and

causes of gravity anomalies in an airborne survey (in all three the classes

are unknown).

12.2.2 A probability model for recognition of

patterns. Bayes’ rule

Consider a handwritten digit example where all the digits are equally

likely. A character Q is presented and then generates a pattern or feature

vector x. We want to compute probabilities that Q is correctly assigned

to one of ten character classes which we list as A0, A1, A2, . . . , A9. We are

interested in the probability P (Ai|x), that Q is a handwritten version of

digit i, 0 ≤ i ≤ 9. Here, P (Ai|x) is the probability density function of x

belonging to a specific class i.

Conditional probability and Bayes’ rule. To set up a probabil-

ity model for pattern recognition, we first review the concept of condi-

tional probability. Although we will use the handwritten digit example,

it should be clear that this concept and Bayes’ rule to follow have wide

applicability. Let S be the set of all characters Q. (For convenience

we take this to be a very large but finite set.) Assume that there is a

probability set function P defined on all subsets of S. This means that

(1) P (B) is a real number ≥ 0 for every subset B of S, (2) P (S) = 1

and (3) P (B1 ∪B2 ∪ · · · ∪Bn) =
∑n
j=1 P (Bi) for any n pairwise disjoint

subsets Bi of S, [5, 78]. In this example we interpret P (B) as the prob-

ability that a character Q belongs to the subset B. Now suppose C is a

subset of S such that P (C) 6= 0.
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Definition 12.4 The conditional probability that a character Q ∈ C

belongs to a set B ⊆ S is defined by

P (B|C) =
P (B ∩ C)

P (C)
.

Exercise 12.7 Show that P (B|C) is a probability set function on the

subsets of C.

Let Ai, i = 0, . . . , 9 be the set of all characters Q in the ith character

class. Since each character Q belongs to exactly one of those mutually

distinct classes we have S = A0 ∪ · · · ∪ A9 and Ai ∩ Aj = φ for all

i 6= j. Now we interpret P (Ai) as the probability that a character Q is

a handwritten version of digit i. Clearly we must require P (Ai) > 0 for

each i and since P is a probability set function on S,
∑9
j=0 P (Aj) = 1.

Since the sets Aj are mutually disjoint and S is their union, it follows

that for any subset B of S we have

P (B) =

9∑
j=0

P (Aj)P (B|Aj). (12.1)

Exercise 12.8 Prove (12.1) and give its interpretation for the

handwriting problem.

Now suppose C is a subset of S such that P (C) 6= 0. Bayes’ rule

expresses the conditional probability P (Ai|B) in terms of the conditional

probabilities P (B|Aj):

Theorem 12.5 Bayes’ rule.

P (Ai|B) =
P (Ai)P (B|Ai)∑9
j=0 P (Aj)P (B|Aj)

. (12.2)

Proof Since Ai ∩B = B ∩Ai we have from Definition 12.4 that P (B ∩
Ai) = P (Ai)P (B|Ai) = P (B)P (Ai|B). Thus P (Ai|B) = P (Ai)P (B|
Ai)/P (B), and substituting for P (B) from (12.1) we obtain the desired

result. 2

Now we continue with the construction of our model. To each pattern

vector x we can associate the subspace X of S consisting of all char-

acters Q yielding x as a pattern. Thus the probability P (Ai|x), that Q

is a handwritten version of digit i is exactly the conditional probability

P (Ai|X). Next we assume that it is equally likely that a randomly chosen

character Q corresponds to each of the 10 digits i: P (Ai) = 1/10. Finally

we assume that for each of our pattern vectors x we can determine the
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probability set functions P (X|Ai) ≡ P (x|Ai) experimentally by consid-

ering a large number of handwritten digits Q for which i is known and

computing their vectors. Indeed, a perfect classifier xj would be of the

form P (xj |Ai) = δij . Applying Bayes’ rule in this case and using the

fact that P (Aj) = 1/10 for all j we find

P (Ai|x) =
P (x|Ai)∑9
j=0 P (x|Al)

.

12.2.3 Metrics

Most pattern clustering or template matching procedures rely on de-

termining some measure of distance between the pattern vectors and so

metrics arise in a natural way. The idea of metrics in collections of data is

a vastly studied subject with many applications. Some applications are:

weighted Euclidean metrics where the weight W is positive definite, i.e.,

xTWx > 0 for all nonzero x; metrics which arise from linear-nonlinear

dimension reduction processes on finite-dimensional spaces, for example

diffusion processes; metrics which arise from infinite-dimensional spaces,

for example Gromov–Hausdorf distance; matrices of distances in rigidity

theory; separators between cluster centers, say (.− z(i))T (.− z(i)) where

z(i) is the ith cluster center; angular distance. In the last application

mentioned, if vectors in a class cluster are in a particular direction, it

is often convenient to measure the angular displacement between them.

If vectors are scaled to have length one then 1 − x · y may be one such

measure. Here x · y is a suitable inner product.

12.2.4 Clustering algorithms

Clustering procedures fall into two main categories, supervised and un-

supervised. In unsupervised procedures, the patterns are presented to

the classifier with all the available information, for example, number of

classes, targets and the classifier generates the pattern classes. In super-

vised procedures, the classifier is trained using a set of representative

vectors whose classes are known. In both cases, supervised and unsuper-

vised, it is very possible that the feature vectors may not be understood.

We present examples of both categories.

Maxmin algorithm

This is a simple algorithm which illustrates well the idea of an unsuper-

vised classifier. Pick your favorite metric and (*) assign x(1) as the first
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cluster center z(1). Now for each pattern x(i), compute its distance from

each cluster center and choose the minimum distance to a cluster center.

Next, select the pattern whose minimum distance is the largest, i.e., the

one with the maximum of the minimum distances. If this distance is less

than some pre-assigned threshold, assign all remaining patterns to the

cluster with the closest center, if not call this the next cluster center and

and go back to (*). Finally recompute the cluster centers as the average

of the patterns in that cluster. We note that this algorithm may be very

sensitive to the choice of threshold.

K-means algorithm

The K-means algorithm is a base unsupervised algorithm, used when

we understand both the vector structure and the number of classes,

and typically requires minimizing a performance criterion. Start with

k ≥ 1 initial cluster centers. Pick your favorite metric d. (*) After each

iteration, distribute the pattern vectors amongst the k clusters Si say

according to the relationship:

x ∈ Sj if d(x, z(j)) ≤ d(x, z(i))

for all i 6= j. Now recompute the cluster centers in such a way as to

minimize a performance criterion which for example in the case of the

Euclidean metric, updates z(j) to be the mean of the vectors in Sj . If

at the end of this step, the cluster centers are unchanged, the algorithm

terminates. Otherwise repeat (*).

Supervised classifiers: neural networks

The two class Perceptron

Suppose we have a large amount of data in the form of real n-tuples

u ∈ Rn where n is also large. Extracting information from this data

or “data mining” is an important focus of modern mathematical and

statistical research. Here we consider a case where the data is “clustered”

into two subsets of points, Class 1 and Class 2. We describe a method to

“train” a function to classify these points automatically. This is one of

the simplest examples of a neural network, and illustrates what happens

at the core of machine learning. The Perceptron is a function R(u) =

(w, u)+w0 =
∑n
j=1 wjuj+w0 taking any vector u ∈ Rn to a real number.

Here the real n-tuple w = (w1, . . . , wn) is called a weight vector and is to

be determined by the data. The number w0 is called the scalar offset. For

fixed w,w0 the equation R(u) = 0 defines a hyperplane in Rn. (For n = 2
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this is a line, for n = 3 a plane, and so on.) Suppose the data is linearly

separable, i.e., suppose there exists some hyperplane R(u) = 0 such

that any Class 1 data point x satisfies R(x) > 0 and any Class 2 data

point y satisfies R(y) < 0. For n = 3, for example, this would mean that

there is a plane such that the Class 1 data points all lie above the plane

and the Class 2 data points all lie below it. We will show that if the data

is linearly separable then there is an efficient algorithm to determine a

separating hyperplane.

To describe the algorithm and the verification of its validity, it is useful

to embed the problem in Rn+1. Thus a data point u is replaced by the

n + 1-tuple u′ = (u, 1) and the weight vector becomes the n + 1-tuple

w′ = (w,w0). The equation for the hyperplane becomes (w′, u′)′ = 0

where (·, ·)′ is the dot product in Rn+1.

Suppose we have a finite set of training vectors v(1), . . . , v(m), each

of which belongs either to Class 1 or to Class 2, and we know which is

which.

The Single Layer Perceptron Algorithm:

1. Initially, assign arbitrary values to w′. Call this w′(1). At the kth

iteration the weights will be w′(k).

2. At iteration k we present a training vector v and augment it to v′.

– If v ∈ Class 1 and (w′(k), v′)′ ≤ 0, set w′(k+1) = w′(k) + v′;

– If v ∈ Class 2 and (w′(k), v′)′ ≥ 0, set w′(k+1) = w′(k) − v′;
– Otherwise set w′(k+1) = w′(k).

3. The process terminates when all the training vectors are correctly

classified, i.e., when w′ is unchanged over a complete training epoch.

4. If the process terminates then the final weight w′(k) = (w(k), w
(k)
0 )

defines a separating hyperplane for the data.

Theorem 12.6 If the classes (as represented by the training vectors) are

linearly separable, then the algorithm always terminates with a separating

hyperplane. Conversely, if the algorithm terminates then the training

data is linearly separable.

Proof Suppose the training vectors are linearly separable, so that there

exists a linear hyperplane S(u) ≡ (z, u) + z0 = 0 such that S(x) > 0

for all Class 1 training vectors x and S(y) < 0 for all Class 2 training

vectors y. We further simplify our analysis by writing y′ = (−y,−1) for

all the Class 2 training vectors, so that the inequality (z′, x′)′ > 0 will

characterize the training vectors of both classes. (The distinction will be
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in the last component, +1 for Class 1 and −1 for Class 2.) Then step 2

of the algorithm can be rewritten as

– If v′ is a data vector and (w′(k), v′)′ ≤ 0, set w′(k+1) = w′(k) + v′;

otherwise do nothing.

Note that for our proof we will not update w′ unless we are presented

with a training vector x(k) such that (w′(k), x′(k)) ≤ 0. Thus the algo-

rithm generates a sequence of weight vectors

w′(k+1) = w′(1) +

k∑
j=1

x′(j), k = 1, 2, . . . ,

where (w′(j), x′(j))′ ≤ 0 for all j and the x′(k) form a sequence of training

vectors with possible repetitions. Let a > 0 be the minimum value of the

inner products (z′, x′)′ for all the (finite number of) training vectors x.

Without loss of generality we can normalize z′ to have length 1: ||z′||′= 1.

(This doesn’t change the separating hyperplane.) Then

(z′, w′(k+1))′ = (z′, w′(1))′ +

k∑
j=1

(z′, x′(j))′ ≥ b+ ka, b = (z′, w′(1)).

Applying the Schwarz inequality to the left-hand side of this equation

we obtain

||w′(k+1)||′ ≥ b+ ka. (12.3)

Thus the norm squared of the weight vector w′(k+1) grows at least

quadratically in k. On the other hand we have

||w′(k+1)||′2 = (w′(k) + x′(k), w′(k) + x′(k))′ = ||w′(k)||′2 + ||x′(k)||′2+

2(w′(k), x′(k))′ ≤ ||w′(k)||′2 + ||x′(k)||′2,

so, iterating,

||w′(k+1)||′2 ≤ ||w′(1)||′2 +

k∑
j=1

||x′(j)||′2 ≤ ||w′(1)||′2 + ck (12.4)

where c is the maximum value of ||x′||′2 as x ranges over the set of train-

ing vectors. This shows that the norm squared of the weight vector w′(1)

grows at most linearly in k. The inequalities (12.3) and (12.4) can be

reconciled only if for some k the inner products (w′(k), x′)′ are strictly

positive for all training vectors x. Then the algorithm terminates. Con-

versely, we see from our method of proof that if the algorithm terminates
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with weight vector w′(k) then it defines a separating hyperplane for the

training vectors. 2

For practical application, the training set needs to be sufficiently rep-

resentative of the data that the Perceptron, once trained, can accurately

classify data not in the training set. Also, of course, the data must be

linearly separable and this is not always the case.

Exercise 12.9 Suppose the set of training vectors is such that a = 1,

c = 5 in the proof of Theorem 12.6 and we start the Perceptron algorithm

with w′(1) as the zero n + 1-tuple. Find the smallest k such that the

algorithm is guaranteed to terminate in at most k steps.

Exercise 12.10 Find an example in two dimensions and an example

in three dimensions of Class 1 and Class 2 training vectors that are not

linearly separable.

Self-organizing memory (SOM)

The concept of SOM was first introduced by Kohonen in 1982. The basic

idea is to keep high-dimensional distance accurately reflected in a given

low-dimensional representation, i.e., clusters close in n space are close

in the given network layout, or put another way, SOM proposes to do

purely unsupervised clustering in high dimensions without any dimen-

sion reduction. The concept is to set up a grid of high-dimensional nodes

which represent cluster centers in such a way that cluster centers close in

the grid represent clusters centers close in high-dimensional space, i.e.,

close to each other as pattern vectors.

The algorithm proceeds as follows:

• Choose a set of nodes in advance and assign random initial cluster

centers to the nodes;

• Present a pattern x to the network and find the closest cluster center

say c(j);

• Assign the pattern to that cluster and recompute the cluster center

m(j) as m(j) + α(x−m(j)) where α is a parameter between 0 and 1;

• All “neighboring” cluster centers are also shifted towards x, m(i) is

replaced by m(i) + β(x − m(i)) where β is a parameter between 0

and 1;

• Note that the values of α and β and the definition of “neighbors” are

changed with each epoch so that the general form would be that m(i)

is replaced by m(i) +hij(t)(x−m(i)) where hij(t) is chosen to decrease

to 0 in t (number of epochs) and eventually hij = 0 if i 6= j;
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• Note that if we allow no neighbors (i.e., hij = 0 if i 6= j for all epochs),

then, in effect, SOM reduces to K-Means and so one may think of SOM

as a spatially smooth form of K-Means.

• A modern generalization of SOM in several directions relates to prim

diffusions.

12.3 Image representation of data

We are constantly flooded with information of all sorts and forms, and a

common denominator of data analysis in many fields of current interest

is the problem of dealing with large numbers of observations, each of

which has high dimensionality.

Example 12.7 Suppose that a source X produces a high-dimensional

data set

X :=
{
x(1), . . . , x(n)

}
, n ≥ 1

that we wish to study. Typically, in a given problem of this kind, one is

faced with a finite data set or a set of finite objects in a vector space X.

For instance:

• Each member of X could be the frames of a movie produced by a

digital camera.

• Pixels of a hyperspectral image in a computer vision problem, say face

recognition.

• Objects from a statistical, computer science or machine learning model

which need to be clustered.

The problem of finding mathematical methods in order to study mean-

ingful structures and descriptions of data sets for learning tasks is an

exploding area of research with applications as diverse as remote sensing,

signal processing, critical infrastructure, complex networks, clustering,

imaging, neural networks and sensor networks, wireless communications,

financial marketing, and dynamic programming to name just a few. The

advantage of X being linear is that we can now use the power of the

linear algebra techniques we have developed earlier.

In the case of finite dimension, when dealing with these types of sets

X, high dimensionality is often an obstacle for any efficient processing

of the data. Indeed, many classical data processing algorithms have a

computational complexity that grows exponentially with the dimension

(the so-called “curse of dimension”).
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On the other hand, the source of the data may only enjoy a lim-

ited number of degrees of freedom. In this case, the high-dimensional

representation of the data is a natural function of the source and so

the data has actually a low intrinsic dimensionality. Thus we can hope

to find an accurate low-dimensional representation. We now describe

a method for attacking this problem, based on probability and linear

algebra theory.

12.3.1 The sample covariance matrix and principal

component analysis

Suppose we have a multivariate distribution ρ(t) in n random variables

given by the n-vector t and we take m vector samples, (T
(k)
1 , . . . , T

(k)
n ),

k = 1, . . . ,m, independently. (Thus T
(k)
i is the kth sample of the random

variable Ti ∼ ti, a change of notation from that in Section 4.8.) The

sample covariance matrix CS is the n× n matrix with elements

CSi,j =
1

n− 1

m∑
k=1

(T
(k)
i − T̄i)(T (k)

j − T̄j). (12.5)

Here CSii is the sample variance of the random variable ti. Note that the

sample data T
(k)
i for fixed i is normalized by subtraction of the sample

mean T̄i. The normalized data T
(k)
i − T̄i has mean 0. The interpretation

of the covariance CSi,j between variables ti and tj for i 6= j is that the

variables are correlated if CSi,j > 0, aniticorrelated if CSi,j < 0 and uncor-

related if CSi,j ≈ 0. An important application of the sample covariance

matrix is its use in describing the relationship, or lack thereof, between

data values of distinct random variables. The method for doing this is

called Principal Component Analysis, which is none other than the ap-

plication of a special case of the singular value decomposition to the

sample covariance matrix.

From the sample data we form the m× n matrix X:

Xk,i =
1√
n− 1

(T
(k)
i − T̄i) k = 1, . . . ,m, i = 1, . . . , n. (12.6)

A special case of the Singular Value Theorem applied to X, see

Subsection 1.7.1, says that there is a real orthogonal matrix O, Otr =

O−1, such that CS = O−1DO where D is the n× n diagonal matrix
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D =



σ2
1 0 · · · · · · · · · 0

0 σ2
2 · · · · · · · · · 0

...
...

. . .
...

...

0 0 · · · σ2
r 0 · · ·

...
...

...
...

...

0 0 · · · · · · · · · 0


.

Here, the nonzero eigenvalues of CS are λj = σ2
j where σ1 ≥ σ2 ≥

· · · ≥ σr > 0, and r is the rank of CS . Our interpretation of these

results is that the orthogonal matrix O defines a transformation from

our original coordinate axes, where data vectors took the form of n-

component row vectors ti− t̄i, to the principal axes. To understand this,

note that D = OCSO−1 = OXtrXO−1 so

(XO−1)tr(XO−1) = D.

With respect to the principal axes, the data matrix X takes the form

XO−1 and the sample matrix CS becomes the diagonal matrix C ′S = D.

Thus with respect to the new axes the data variables are uncorrelated

and there is no redundancy. The matrix D lists the principal variances

in decreasing magnitude down the diagonal.

What we have done is find new orthogonal axes for the coordinates

(new orthogonal basis for the vector space) such that:

• The axes explain the variance in the data in order.

• There is no redundancy between the coordinates.

• We can reduce the dimension in such a way that most of the informa-

tion lost is the noise.

As we have shown above, amazingly, it is possible to do this under

reasonable conditions (recall Example 1.85). We end this section by list-

ing some assumptions and limitations of PCA: (1) the process is linear

and orthogonal; (2) large variance implies information, small variance

implies noise; (3) the statistics of the process is described typically by

mean and variance.

Exercise 12.11 Show that E(CS) =C, i.e., the expectation of CS is C.

Exercise 12.12 Verify the following properties of the n × n sample

covariance matrix CS and the n × m matrix (12.6). (1) CS = XtrX,

(2) (CS)tr = CS . (3) The eigenvalues λj of CS are nonnegative.

—————–
For more results on principal component analysis related to statistics

see [87].
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12.4 Image compression

There are three basic styles of compression. (1) Lossless: Here we have

a recoding, no information is lost and the image can be perfectly recon-

structed. (2) Threshold: Here, we remove certain aspects of information

chosen to be least damaging to human perception. (3) Fractal: Here, we

exploit the fractal nature of edges. There are also three basic criteria for

compression so that (1)–(3) can be achieved. (a) Time for compression,

(b) degree of compression achieved and (c) use to which the data is to be

put. In what follows, we give a short description of image compression

using wavelets.

12.4.1 Image compression using wavelets

A typical image consists of a rectangular array of 256× 256 pixels, each

pixel coded by 24 bits. In contrast to an audio signal, this signal has a

fixed length. The pixels are transmitted one at a time, starting in the

upper left-hand corner of the image and ending with the lower right.

However for image processing purposes it is more convenient to take

advantage of the 2D geometry of the situation and consider the image

not as a linear time sequence of pixel values but as a geometrical array

in which each pixel is assigned its proper location in the image. Thus the

finite signal is two dimensional: xn1,n2
where 0 ≤ ni < 28. We give a very

brief introduction to subband coding for the processing of these images.

Since we are in two dimensions we need a 2D filter H

Hxn1,n2 = yn1,n2 =
∑
k1,k2

hk1,k2xn1−k1,n2−k2 .

This is the 2D convolution y = Hx. In the frequency domain this reads

Y (ω1, ω2) = H(ω1, ω2)X(ω1, ω2)

=

∑
k1,k2

hk1,k2e
−i(k1ω1+k2ω2)

(∑
n1,n2

xn1,n2e
−i(n1ω1+n2ω2)

)
,

with a similar expression for the Z transform. The frequency response is

2π-periodic in each of the variables ωj and the frequency domain is the

square −π ≤ ωj < π. We could develop a truly 2D filter bank to process

this image. Instead we will take the easy way out and use separable

filters, i.e., products of 1D filters. We want to decompose the image into

low-frequency and high-frequency components in each variable n1, n2
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separately, so we will use four separable filters, each constructed from

one of our 1D pairs hlow, hhigh associated with a wavelet family:

h(0)
n1,n2

= hlown1
hlown2

, h(2)
n1,n2

= hhighn1
hlown2

,

h(1)
n1,n2

= hlown1
hhighn2

, h(3)
n1,n2

= hhighn1
hhighn2

.

The frequency responses of these filters also factor. Thus, H(2)(ω1, ω2) =

Hhigh(ω1)H low(ω2), etc. After obtaining the outputs y
(j)
n1,n2 from each

of the four filters H(j) we downsample to get (↓ [2, 2])yn1,n2 = y
(j)
2n1,2n2

.

Thus we keep one sample out of four for each analysis filter. This means

that we have exactly as many pixels as we started with (256× 256), but

now they are grouped into four (128 × 128) arrays. Thus the analyzed

image is the same size as the original image but broken into four equally

sized squares: LL (upper left), HL (upper right), LH (lower right), and

HH (lower left). Here HL denotes the filter that is high pass on the n1

index and low pass on the n2 index, etc.

A straightforward Z transform analysis shows that this is a perfect

reconstruction 2D filter bank provided the factors hlow, hhigh define a 1D

perfect reconstruction filter bank. The synthesis filters can be composed

from the analogous synthesis filters for the factors. Upsampling is done in

both indices simultaneously: (↑ [2, 2])y2n1,2n2
= yn1,n2

for the even–even

indices. (↑ [2, 2])ym1,m2 = 0 for m1,m2 even–odd, odd–even or odd–odd.

At this point the analysis filter bank has decomposed the image into

four parts. LL is the analog of the low pass image. HL, LH, and HH each

contain high-frequency (or difference) information and are analogs of the

wavelet components. In analogy with the 1D wavelet transform, we can

now leave the (128×128) wavelet subimages HL, LH, and HH unchanged,

and apply our 2D filter bank to the (128×128) LL subimage. Then this

block in the upper left-hand corner of the analysis image will be replaced

by four 64 × 64 blocks L′L′, H′L′, L′H′, and H′H′, in the usual order.

We could stop here, or we could apply the filter bank to L′L′ and divide

it into four 32 × 32 pixel blocks L′′L′′, H′′L′′, L′′H′′, and H′′H′′. Each

iteration adds a net three additional subbands to the analyzed image.

Thus one pass through the filter bank gives 4 subbands, two passes give

7, three passes yield 10 and four yield 13. Four or five levels are common.

For a typical analyzed image, most of the signal energy is in the low pass

image in the small square in the upper left-hand corner. It appears as a

bright but blurry miniature facsimile of the original image. The various

wavelet subbands have little energy and are relatively dark.
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If we run the analyzed image through the synthesis filter bank, iter-

ating an appropriate number of times, we will reconstruct the original

signal. However, the usual reason for going through this procedure is to

process the image before reconstruction. The storage of images consumes

a huge number of bits in storage devices; compression of the number of

bits defining the image, say by a factor of 50, has a great impact on the

amount of storage needed. Transmission of images over data networks

is greatly speeded by image compression. The human visual system is

very relevant here. One wants to compress the image in ways that are

not apparent to the human eye. The notion of “barely perceptible dif-

ference” is important in multimedia, both for vision and sound. In the

original image each pixel is assigned a certain number of bits, 24 in our

example, and these bits determine the color and intensity of each pixel

in discrete units. If we increase the size of the units in a given subband

then fewer bits will be needed per pixel in that subband and fewer bits

will need to be stored. This will result in a loss of detail but may not be

apparent to the eye, particularly in subbands with low energy. This is

called quantization. The compression level, say 20 to 1, is mandated in

advance. Then a bit allocation algorithm decides how many bits to allo-

cate to each subband to achieve that over-all compression while giving

relatively more bits to high-energy parts of the image, minimizing dis-

tortion, etc. (This is a complicated subject.) Then the newly quantized

system is entropy coded. After quantization there may be long sequences

of bits that are identical, say 0. Entropy coding replaces that long string

of 0s by the information that all of the bits from location a to location b

are 0. The point is that this information can be coded in many fewer bits

than were contained in the original sequence of 0s. Then the quantized

file and coded file is stored or transmitted. Later the compressed file is

processed by the synthesizing filter bank to produce an image.

There are many other uses of wavelet-based image processing, such

as edge detection. For edge detection one is looking for regions of rapid

change in the image and the wavelet subbands are excellent for this.

Noise will also appear in the wavelet subbands and a noisy signal could

lead to false positives by edge detection algorithms. To distinguish edges

from noise one can use the criteria that an edge should show up at all

wavelet levels.

—————–

For more information about image compression using wavelets see

[42]. For the use of curvelets in image compression see [22, 23, 24]. For

ridgelets in image compression see [20].
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12.4.2 Thresholding and denoising

Suppose that we have analyzed a signal down several levels using the

DWT. If the wavelets used are appropriate for the signal, most of the

energy of the signal (
∑
k |aj,k|2 =

∑
k(|aj−1,k|2 + |bj−1,k|2)) at level j

will be associated with just a few coefficients. The other coefficients will

be small in absolute value. The basic idea behind thresholding is to zero

out the small coefficients and to yield an economical representation of

the signal by a few large coefficients. At each wavelet level one chooses

a threshold δ > 0. Suppose xj(t) is the projection of the signal at that

level. There are two commonly used methods for thresholding. For hard

thresholding we modify the signal according to

yhard
j (t) =

{
xj(t), for |xj(t)| > δ

0, for |xj(t)| ≤ δ.

Then we synthesize the modified signal. This method is very simple but

does introduce discontinuities. For soft thresholding we modify the signal

continuously according to

ysoft
j (t) =

{
sign(x(t))(xj(t)− δ), for |xj(t)| > δ

0, for |xj(t)| ≤ δ.

Then we synthesize the modified signal. This method doesn’t introduce

discontinuities. Note that both methods reduce the overall signal energy.

It is necessary to know something about the characteristics of the desired

signal in advance to make sure that thresholding doesn’t distort the

signal excessively.

Denoising is a procedure to recover a signal that has been corrupted

by noise. (Mathematically, this could be Gaussian white noise N(0, 1).)

It is assumed that the basic characteristics of the signal are known in

advance and that the noise power is much smaller than the signal power.

The idea is that when the signal plus noise is analyzed via the DWT

the essence of the basic signal shows up in the low pass channels. Most of

the noise is captured in the differencing (wavelet) channels. In a channel

where noise is evident we can remove much of it by soft thresholding.

Then the reconstituted output will contain the signal with less noise

corruption.
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12.5 Additional exercises

Exercise 12.1 (1) Take each of the examples below, with 16 pixels and

3 bit dynamic range monochrome values and apply a contrast stretch

and histogram normalization. What would you expect to see in real

images of these types?

(A) :


0 1 1 1

0 2 1 6

1 1 6 5

6 7 7 7

 , (B) :


7 6 5 4

6 7 5 5

5 5 6 7

4 5 7 6

 ,

(C) :


2 3 2 3

3 2 3 5

3 6 5 6

6 5 6 5

 .
(2) Suppose that in a binary image you have k white pixels in a total of

N pixels. Find the mean and variance of the image.

(3) (a) Show that the mean of an image with dynamic range of n bits

is 1/2(2n − 1) if histogram normalization has been applied to it. (b)

Write down a formula for the variance of the images in (a). (c) What

is the implication of (a)–(b) for contrast and brightness?

Exercise 12.2 (a) Consider each of the three images below. Each is the

Fourier transform of an image. Roughly sketch the original image.

(A) :

space space space

. . .

space space space

 , (B) :

space . space space

space space space space

space . space space

 ,

(C) :

space space space space space

. space space . .

space space space space space

 ,
(b) Suppose we take an image which consists of spaces everywhere except

on the diagonal where it has a high pixel value. What will its Fourier

transform look like? Explain your answer.

Try to work these out yourself from your understanding of Fourier trans-

forms. Then review the paper with the web address given by:

www.cs.unm.edu/∼ brayer/vision/fourier.html

Exercise 12.13 Gray scale morphology operators: (a) Show that the
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following is true: if f is the intensity function for an image and k is a

hemisphere structuring function then:

• fdk = T [[f ]dU [k]].

• fek = T [U [f ]eU [k]].

• fok = T [U [f ]oU [k]].

• fck = T [U [f ]cU [k]].

(b) Prove the Umbra Homomorphism Theorem:

• U [fdg] = U [f ]dU [g].

• U [feg] = U [f ]eU [g].

• U [fog] = U [feg]dU [g] = U [f ]oU [g].

Exercise 12.14 Find the opening and closing of the images (A)–(C) in

Exercise 254 for suitable structuring elements of your choice.

Exercise 12.15 Prove that if A and B are umbras, then so is AdB.

Exercise 12.16 Consider an image with pixels over [0, 4]. The gray scale

function for the image intensity is given by f(x) = x− 1 for 1 ≤ x ≤ 2,

f(x) = 3− x for 2 ≤ x ≤ 3 and 0 elsewhere. The structuring function is

a hemisphere of radius 0.25, i.e.,

k(x) =
√

0.0625− x2 − 0.25 ≤ x ≤ 0.25.

Find the opening and closing of f by k and discuss what this should do

to the visual aspects of the image.

Exercise 12.17 Write a program to implement the 3×3 skeletonization

algorithm described above and try it out on some images.

Exercise 12.18 Consider the pattern classes {(0, 0), (0, 1)} and

{(1, 0), (1, 1)}. Use these patterns to train a perceptron algorithm to sep-

arate patterns into two classes around these. [Do not forget to augment

the patterns and start with zero weights.]

Exercise 12.19 Suppose we have a collection of pattern classes and in

each case the distribution of the patterns around the cluster center is

Gaussian. Suppose also that the pattern components are uncorrelated.

[This means the covariance matrix is the identity.] Find a formula for

the probability that a given pattern vector x belongs to cluster wj . In

this case, given a pattern vector x, deduce that the decision as to which

class it belongs to would be made simply on its distance to the nearest

cluster center.
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Exercise 12.20 Consider the following 20 two-dimensional vectors

x =

(
x1

x2

)
:

(x1 = 4.1, 2.8, 0.5, 3.1, 4.8, 1.5, 3.8, 2.4, 1.7, 2, 0.2, 3.5, 2.1, 0.8, 2.9, 4.4, 3.7,

5, 4, 1.3)

(x2 = 9.7, 6.3, 2.4, 7.2, 10.2, 4.4, 9, 5.4, 4.7, 4.8, 1.5, 8, 5.7, 2.5, 6.7, 10, 8.8,

10.5, 9.3, 3.3)

Without using a MATLAB program, find its principal components and

comment on the results.

Exercise 12.21 In this chapter, we have given a self-contained intro-

duction to some techniques dealing with the parsimonious representation

of data. MATLAB offers several toolboxes which allow one to implement

demos on data. Study the imaging and statistical pattern toolbox demos

given in the links:

http://cmp.felk.cvut.cz/cmp/software/stprtool/examples.html

http://www-rohan.sdsu.edu/doc/matlab/toolbox/images/images.html

We have labored to produce the following reference list which allows

the interested reader to follow applications and modern and current

research in many topics in this area including our own research.

1. Compression, classification, clustering, neural networks, alignment,

segmentation, registration, clustering, computer aided geometric de-

sign, subdivision schemes, PDE methods, inpainting, edge detection,

shape detection, pattern detection and pattern recognition, shape

spaces, resolution recovery. See [33, 34, 56, 57, 64, 65, 86] and the

references cited therein.

2. Rigidity theory, matrix completions, image matching and shape match-

ing data matching, shape and point cloud recognition, metrics, group

invariance, symmetry. See [13] and the references cited therein.

3. Metrics, diffusion, percolation processes and linear, constrained, lo-

cal and nonlinear dimension reduction of data, dimension estima-

tion, PDE flows, prim diffusions and graph diffusions, self-organizing

memory, information theory methods. See [8, 31, 32, 33, 44, 45, 46,

49, 64, 65, 86] and the references cited therein.

4. Optimal configurations, discretization, kernels, numerical integration,

random matrix theory, minimal functionals. See [48, 51] and the ref-

erences cited therein.
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5. Compressive sensing, sparcity, wavelets, curvelets, edgelets, ridgelets,

shearlets, sparse approximation, approximation using sparcity, sparse

representations via dictionaries, robust principal component analysis,

recovery of functions in high dimensions, learning, linear approxima-

tion and nonlinear approximation, the curse of dimensionality. See

[6, 7, 9, 12, 14, 18, 20, 21, 22, 23, 24, 25, 27, 28, 29, 30, 35, 36, 37, 38,

39, 40, 41, 42, 43, 47, 52, 54, 58, 59, 60, 61] and the references cited

therein.
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2π − periodic functions, 93

B(p, q), 79

C(n)[a, b], 6, 10

C
(n)
2 (a, b), 14

C
(n)
2 [a, b], 14

Dk(t), 100

L1 convergence, 37

L1(I), 27, 39

L2 convergence, 37

L2(I), 30, 39

L2[a, b], 27

Lp, 123

Lp(I), 39

Lp[a, b], 67

N(T), 46

O(h(x)), 89

R(T), 46

R[a, b], 73

S(I), 6, 27, 30, 38

S[a, b], 28

S1(I), 11, 27, 38

S2(I), 14, 30, 38

Sk(t), 100

T ∗, 48

T tr, 48

Vn, 9

#(T ), 169

Cn, 4, 15

Γ(x), 79

Φ, 165

R′, 20

Rn, 4, 13, 15, 67

`p, 14

`1, 63

`1 minimization, 172

`2, 63

`2, infinite dimensional, 25

`∞, 18

η-distinguishable points, 186

∀, for all, 76

⊕, 43, 44

φ(t), 66

ψ(t), 66

∼, 94

ez , 93

f(t+ 0), 95, 127

f(t− 0), 95, 127

k-sparse, 165

lp(R), 68

o(g(x)), 89

F [f ](λ), 127, 130

F∗[g](t), 132

H∞, 13

Hn, 13

S⊥, 40

f̂(λ), 129

Ĥ∞, 13

Pr(x ≥ d), 160

sinc x, 79

a.e., 32, 38, 248

absolute convergence, 38, 76, 111, 114,
142

absolute value, 17

adjoint matrix, 48

adjoint operator, 48, 56, 252, 255

affine frame, 268

affine translation, 259, 267

algebraic theory of compressive
sampling, 168
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aliasing error, 215

almost everywhere, 32, 248
alternating flip, 240
analysis, 1, 278, 296

analysis dilation equation, 371
analysis filter, 307
analysis multifilter, 394
analytic function, 7

analytic theory of compressive
sampling, 172

angle, 10
approximation by wavelets, 354

Argmin, 167, 171
arithmetic summability, 122
arithmetic summability of Fourier

series, 116

associative law, 4
attribute vector, 402

B-spline, 383
Banach space, 24
basis, 50

basis of a vector space, 9, 64
Bayes’ rule, 419
Bernoulli distribution, 185, 194

Bessel inequality, 42, 45, 94, 106
best approximation, 60
beta function, 78, 88
binary numbers, 166

binomial theorem, 196, 199, 326
biorthogonal, 307
biorthogonal filter bank, 311

biorthogonal filters, 367
biorthogonal multiresolution analysis,

370
biorthogonal wavelet, 285, 349, 370
bit counter, 165

bounded interval, 6
bounded linear functional, 55
bounded linear operator, 55, 57

bounded operators on Hilbert spaces, 55
box function, 130, 143, 272, 360, 364,

383, 395

Cantor set, 31

Cardan formulas, 222
cascade algorithm, 317, 329, 341, 377
Cauchy criterion, 76
Cauchy principal value integral, 88
Cauchy sequence, 20, 21, 137, 261

Cauchy–Schwarz inequality, 10, 12, 16,
67, 106, 136

causal filter, 232, 234, 305

Cesàro sums, 117

characteristic function, 33, 136, 157,
248

Chebyshev inequality, 160

Chernoff inequality, 193, 197

Chi-square distribution, 193

circulant matrix, 397

closed interval, 6

closed subspace, 43

closed subspace of a normed linear
space, 24

clustering, 421

coherent states, 245

coin flip distribution, 185

column space, 50

commutative law, 4

complete metric space, 21

complete subset, 45

completion of a metric space, 22, 24

completion of a vector space, 20

complex exponential, 93

complex number, 4

compression, 228

compressive sampling, 62, 63, 165

concentration of measure inequality,
186, 189, 191, 194, 198

conditional convergence, 76

conditional probability, 419

conjugate alternating flip, 240, 289, 291,
301, 306, 308

conjugate matrix, 48

continuous wavelet, 259

continuous derivatives, 6

continuous wavelet transform, 243

contour integration, 90

contrast stretching, 402, 433

convergent sequence, 21

convex second-order cone program, 174,

175, 204

convolution, 383, 399

convolution of functions, 134, 162, 234

convolution of sequences, 210, 232

correlated random variables, 427

countable set, 31

covariance matrix, 157

covering numbers, 186

covering of a set, 35

CSOCP, 174, 204

cubic spline, 387

CVX, xii, 203
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data compression, 8

data compression for matrices, 55

Daubechies 4-tap filter, 311

Daubechies filter, 314, 315, 324

Daubechies wavelet, 282, 287, 337, 354,
361

decoder, 168

delayed shift property, 209

denoising, 227, 432

dense subset, 21

dense subspace of a metric space, 23

derivative, 7

deterministic compressive sampling, 176

DFT, 215, 217, 218

diagonal matrix, 51, 52, 69

difference equations, 213

differentiation of Fourier series, 115

digital image, 402

dilation equation, 145, 273, 288, 317,

320, 324, 344, 365, 385

dimension of a vector space, 8

Dirac delta function, 154, 234, 236, 379

direct sum, 43, 44, 278, 293

Dirichlet condition, 127

Dirichlet kernel, 100

discrete cosine transform, 219, 413

discrete Fourier transform, 214, 397,
398, 412

discrete signals, 238

discrete wavelet, 267, 341

discrete wavelet transform, 267

dispersion, 154

distribution function, 191

distributive law, 4

divergent integral, 74

dot product, 10

double-shift orthogonality, 289, 291,
300, 306, 318, 321, 341, 373, 378

downsampling, 238, 294, 375, 430

dual frame, 253, 270

dyadic point, 320, 338

edge enhancement filter, 406

eigenvalue, 51, 321, 347, 359

eigenvector, 51, 321, 347

encoders, 166

equivalence class, 22

equivalence relation, 22

Euclidean geometry, 10

Euclidean inner product, 67

Euclidean space, 4, 187

Euler product formula, 91

Euler reflection formula, 90

Euler–Mascheroni constant, 90, 91

even function, 98

expectation, 154, 157, 184

fast Fourier transform (FFT), 222, 282

fast wavelet transform (FWT), 282, 294

father wavelet, 272, 284

Fejér theorem, 116, 119

Fejér–Riesz Theorem, 310

FFT, 296

field, 4

filter, 430

filter bank, 279, 285, 296

filter coefficients, 300

finite-dimensional vector space , 8

finite impulse response (FIR) filter, 232

finite length signal, 395

FIR, 232, 235, 285, 296, 311, 312, 397

forward shift property, 209

Fourier, 92

Fourier coefficient, 45

Fourier convergence theorem, 142

Fourier cosine series, 98

Fourier cosine transform, 146

Fourier series, 129

Fourier series, complex, 92, 94

Fourier series, real, 92, 94, 96

Fourier sine series, 99

Fourier sine transform, 146

Fourier transform, 127, 132, 243, 262,

302, 321, 344, 412, 433

Fourier transform for L2 functions, 135

frame, 251, 255

frame bounds, 252

frequency bandlimited function, 147,
164

frequency domain, 235

fundamental theorem of algebra, 64, 309

fundamental theorem of linear algebra,
49

Gabor window, 245

gamma function, 78, 88, 193, 316

Gaussian distribution, 132, 154, 158,
265

Gaussian elimination, 62, 321

generalized function, 332, 379

geometric series, 100, 118

Gibbs phenomenon, 107, 108, 117, 121
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Gram matrix, 69

Gram–Schmidt process, 40, 41, 65, 66,
70, 192

Hölder continuous, 363

Hölder inequality, 16

Hölder–Minkowski inequality, 57, 67

Haar scaling function, 270, 272, 330,
341, 377

Haar wavelet, 261, 267, 272, 280, 319

Haar wavelet expansion, 66

Haar’s hat, 394

half open interval, 6

half-point symmetry, 396

halfband filter, 308, 309, 312, 316, 367,
372

Hankel matrix, 71

harmonic series, 80

hat function, 338, 383

Heaviside function, 162

Heine–Borel theorem, 35

Heisenberg inequality, 155

Hermite polynomials, 65

high pass filter, 237, 279, 299

Hilbert matrix, 70

Hilbert space, 11, 25

Hilbert transform, 123

histogram normalization, 403, 433

homogeneous equation, 167

homogeneous linear equation, 6

identity operator, 50

iff, if and only if, 76

iid, 158

IIR, 232, 285

image, 402, 406

image compression, 429

image enhancement, 405

image representation of data, 426

imaging, 8

improper integrals, 73

improper integrals of the second kind,
77

improper Riemann integral of the first
kind, 74

impulse response function, 306

impulse response vector, 285, 341, 369,
387, 397

independently distributed random
variables, 158

infinite-dimensional vector space, 8

infinite impulse response filter (IIR),

232

infinite product, 83, 329, 359

injective (1-1) operator, 47

inner product, 10

inner product space, 11

input, 1

integral test for series, 75

integral wavelet transform, 262

integration of Fourier series, 113

interval, 6

inverse Fourier transform, 127, 262

inverse matrix, 50

inverse operator, 47, 139

inverse Z transform, 211

invertible matrix, 60

invertible operator, 47, 242

isometric metric spaces, 22, 23

Jacobi Theta function, 249

Jordan canonical form, 345

jump discontinuity, 95

K-means algorithm, 422

kernel, 46

L’Hospital rule, 103

l.i.m., limit in the mean, 137

Lagrange interpolation, 71

Laplace operator, 407

Laplace transform, 163

lattice, 267

lattice Hilbert space, 246

law of cosines, 41

law of large numbers, 159, 161

least squares approximation, 46, 58, 60,
66

Lebesgue dominated convergence
theorem, 363

Lebesgue integrable function, 27

Lebesgue integral, 27, 28

left-hand derivative, 103

Legendre polynomials, 65

length, 10

limit of a sequence, 21

linear algebra, 8

linear combination of vectors, 5

linear filter, continuous, 233

linear filter, discrete, 230

linear operator, 46, 57

linear programming, 60, 174
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linear spaces, 4

linear system, 1

linearly dependent set, 8, 64

linearly independent set, 8, 64

local filters, 405

localization theorem for Fourier series,
102, 104

low pass filter, 237, 299

lower Darboux sum, 28, 191

M channel filter bank, 390

Mallat algorithm, 272, 280, 294

Mallat herring bone, 280

Maple, xii

Markov inequality, 160, 193, 195

MATLAB, xii

MATLAB wavelet toolbox, 314, 336

matrix, 5, 47

matrix addition, 5

matrix sum, 48

maxflat filter, 312, 316, 354

maxmin algorithm, 421

mean of a distribution, 154

mean value theorem, 200

measure zero, 31

metric, 21

metric space, 21

metrics in imaging, 421

Mexican hat wavelet, 265

modulus of continuity, 363

monotone, 77

monotone convergence theorem , 195

Morlet wavelet, 266

morphology, 408, 433

mother wavelet, 267, 275

moving average filter, 237, 273, 279,

306, 311, 314, 331

moving difference filter, 237, 279

multifilter, 285, 394

multiresolution analysis, 267, 272, 333

multiresolution structure, 284

multiwavelet, 285, 394

N-spline, 386

neural network, 422

Newton’s method, 318

nonsingular matrix, 50, 69

norm of an operator, 55

norm on a vector space, 10

normal distribution, 154, 184, 191

normal distribution, multivariate, 158

normed linear space, 10, 24

null set, 31

null space, 46, 168

null space property, 173, 174, 177

nullity, 46

Nyquist rate, 147, 164

odd function, 99

ON, 40

ON basis, 41, 216

ON set, 45

open interval, 6

ordinary differential equation, 64

orthogonal matrix, 51, 192, 299

orthogonal operator, 51

orthogonal polynomials, 40, 70, 123

orthogonal projection, 39, 43, 124, 273,
274

orthogonal vectors, 40

orthogonality, 39

orthonormal basis, 40, 285

orthonormal sequence, 45

orthonormal set, 40

orthonormal system, 43

output, 1

overcomplete, 242

overdetermined, 2, 242

Paley–Weiner Theorem, 332

parallelogram law, 44, 68

Parseval (Plancherel) equality, 130, 138,
217, 258, 260, 263, 344, 360

Parseval equality, 41, 46, 95, 106, 111,
113, 125, 129, 148, 235, 247, 256,
379

parsimonious representation of data, 401

partial sum, 100

Pascal’s triangle, 225

pass band, 237

pattern recognition, 418

perceptron, 422

perfect reconstruction, 1, 368, 392

perfect reconstruction filter bank, 306,

307, 430

periodization, 152

periodizing operator, 246

phase space, 157

piecewise continuous function, 95, 99,
142

pigeonhole principal, 187

pixel, 402
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pointwise convergence, 37

pointwise convergence of Fourier series,
99, 102, 107

pointwise convergence of the Fourier
integral formula, 140

Poisson summation formula, 153

polynomials, 5

positive definite matrix, 69

positive operator, 253

pre Banach space, 10

prime integer, 20

principal component analysis, 427, 435

probabilistic theory, 183

probability distribution, 154, 157

processing, 1

product filter, 308

product of linear operators, 47

product of matrices, 48

projection of a vector on a subspace, 42,

273

projection theorem, 43, 59

Pythagorean theorem, 41

quasi-normed space, 66

radar, 271

random matrix theory, 168

random variable, 154, 184

range, 46

rank, 46, 50

rational number, 20, 31

real, 5

real line, 6

real matrix, 5

real number, 4

real orthogonal matrix, 52

reconstruct, 1

rectangular system, 60

reflexive, 22

restricted isometry property (RIP), 178,
184, 188

Riemann integral, 14, 28

Riemann sum, 129

Riemann–Lebesgue lemma, 94, 101,
103, 140

Riesz basis, 252, 254, 270, 272, 285, 371,
383

Riesz representation theorem, 56

right-hand derivative, 103

RIP, 178

row space, 50

sample, 1

sample covariance matrix, 427

sample matrix, 165

sample mean, 159

sample variance, 159, 427

sampling, 146

sampling matrices, 166

sampling theorem, 147

scalar, 4

scalar multiple of an operator, 47

scalar multiplication, 5

scaling function, 272, 284, 320, 322, 332,
341, 371

Schwartz class, 152, 379

self organizing memory-SOM, 425

self-adjoint matrix, 51, 255

self-adjoint operator, 51, 252

separable Hilbert space, 27

Shannon resolution analysis, 287

Shannon–Whittaker–Kotelnikov

sampling, 147, 254

shape detection, 410

shift operator, 305

signal processing, 8, 10

simplex method, 175

sinc function, 79, 141, 144, 287, 332, 365

singular value, 52

singular value decomposition, 51, 55,
270, 427

smoothness of wavelets, 359

Sobolev H1 norm, 68

space, 5

span, 7, 41, 49

spanning set, 8

sparse signal, 164

spectral factorization, 309

spectral theorem, 51, 53, 254

spherical coordinates, 192

spherical distribution, 185

spline, 382

standard basis, 9

standard deviation, 154, 157

step function, 6, 27

Stirling formula, 190, 316

stop band, 237

subspace, 5

substitution rule for improper integrals,
87

sum of linear operators, 47

symmetric, 22

symmetric matrix, 51



DAMELIN: “MASTERFILE” — 2011/10/28 — 14:44 — PAGE 449 — #457

Index 449

symmetric operator, 51

synthesis, 1, 279, 294, 296
synthesis dilation equation, 371
synthesis filter, 307

synthesis multifilter, 394

taps, 232
Taylor theorem, 355

three-term recurrence relation, 65
thresholding, 432
tight frame, 253
time domain, 238

time reversed filter, 279
Toeplitz matrix, 231, 397
transform sample matrix filter, 1
transitive, 22

transpose matrix, 48
triangle inequality, 10, 21
trigonometric function, 8
trigonometric polynomial, 100, 309

two-channel filter bank, 308

uncertainty relation of quantum

mechanics, 154
underdetermined, 2, 242
underdetermined system, 62
uniform convergence, 117, 318, 330

uniform convergence of Fourier series,
111

uniform distribution, 184, 198
uniform pointwise convergence, 104, 105

union bound, 188, 198

unit ball, 62, 187
unit vector, 40
unitary filter bank, 285, 293, 296, 309

unitary matrix, 50, 51, 291, 299
unitary operator, 50, 137, 139
upper Darboux sum, 28, 191
upsampling, 239, 430

Vandermonde matrix, 71, 171, 206
variance, 154, 402
vector space, 4

wavelet equation, 275, 288, 373
wavelet packet, 295
wavelet transform, 259

Weierstrass approximation theorem, 120
Weierstrass product formula, 91
Weil–Brezin–Zak transform, 246
Weyl–Heisenberg (W–H) frame, 256

whole-point symmetry, 396
windowed Fourier transform, 243
wraparound, 396

Wronskian, 64

Z transform, 208, 235, 297, 307, 347,
359, 367, 392, 429

Zak transform, 247
zero operator, 50
zero vector, 5
zero-padding, 396
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