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Preface

Basically, this is a book about mathematics, pitched at the advanced
undergraduate/beginning graduate level, where ideas from signal pro-
cessing are used to motivate much of the material, and applications
of the theory to signal processing are featured. It is meant for math
students who are interested in potential applications of mathematical
structures and for students from the fields of application who want to
understand the mathematical foundations of their subject. The first few
chapters cover rather standard material in Fourier analysis, functional
analysis, probability theory and linear algebra, but the topics are care-
fully chosen to prepare the student for the more technical applications
to come. The mathematical core is the treatment of the linear system
y=®x in both finite-dimensional and infinite-dimensional cases. This
breaks up naturally into three categories in which the system is deter-
mined, overdetermined or underdetermined. Each has different mathe-
matical aspects and leads to different types of application. There are a
number of books with some overlap in coverage with this volume, e.g.,
[11, 15, 17, 19, 53, 69, 71, 72, 73, 82, 84, 95, 99, 101], and we have
profited from them. However, our text has a number of features, includ-
ing its coverage of subject matter, that together make it unique. An
important aspect of this book on the interface between fields is that it
is largely self-contained. Many such books continually refer the reader
elsewhere for essential background material. We have tried to avoid this.
We assume the reader has a basic familiarity with advanced calculus and
with linear algebra and matrix theory up through the diagonalization
of symmetric or self-adjoint matrices. Most of the remaining develop-
ment of topics is self-contained. When we do need to call on technical
results not proved in the text, we try to be specific. Little in the way
of formal knowledge about signal processing is assumed. Thus while
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this means that many interesting topics cannot be covered in a text of
modest size, the topics that are treated have a logical coherence, and
the reader is not continually distracted by appeals to other books and
papers. There are many exercises. In most of the volume the logic of the
mathematical topics predominates, but in a few chapters, particularly
for compressive sensing and for parsimonious representation of data, the
issues in the area of application predominate and mathematical topics
are introduced as appropriate to tackle the applied problems. Some of
the sections, designated by “Digging deeper” are more technical and
can be mostly skipped on a first reading. We usually give a nontechnical
description of the principal results of these sections. The book is suffi-
ciently flexible to provide relatively easy access to new ideas for students
or instructors who wish to skip around, while filling in the background
details for others. We include a large list of references for the reader who
wants to “dig deeper.” In particular, this is the case in the chapter on
the parsimonious representation of data.

This book arose from courses we have both taught and from ongoing
research. The idea of writing the book originated while the first author
was a New Directions Professor of Imaging at the Institute for Mathe-
matics and its Applications, The University of Minnesota during the 05—
06 academic year. The authors acknowledge support from the National
Science Foundation; the Centre for High Performance Computing, Cape
Town; the Institute for Mathematics and its Applications, University
of Minnesota; the School of Computational and Applied Mathematics,
the University of the Witwatersrand, Johannesburg; Georgia Southern
University; and the United States Office of Airforce Research. We are in-
debted to a large number of colleagues and students who have provided
valuable feedback on this project, particularly Li Lin and Peter Mueller
who tested the compressive sensing algorithms. All figures in this book
were generated by us from open source programs such as CVX, Maple
or MATLAB, or from licensed MATLAB wavelet and signal processing
toolboxes.

In closing, we thank the staff at Cambridge University Press, especially
David Tranah and Jon Billam, for their support and cooperation during
the preparation of this volume and we look forward to working with
them on future projects.



Introduction

Consider a linear system y = ®x where ® can be taken as an m X n
matrix acting on Euclidean space or more generally, a linear operator on
a Hilbert space. We call the vector x a signal or input, ® the transform—
sample matrix—filter and the vector y the sample or output. The problem
is to reconstruct x from y, or more generally, to reconstruct an altered
version of  from an altered y. For example, we might analyze the signal
z in terms of frequency components and various combinations of time
and frequency components y. Once we have analyzed the signal we may
alter some of the component parts to eliminate undesirable features or to
compress the signal for more efficient transmission and storage. Finally,
we reconstitute the signal from its component parts.
The three typical steps in this process are:

e Analysis. Decompose the signal into basic components. This is called
analysis. We will think of the signal space as a vector space and break
it up into a sum of subspaces, each of which captures a special feature
of a signal.

e Processing. Modify some of the basic components of the signal that
were obtained through the analysis. This is called processing.

e Synthesis. Reconstitute the signal from its (altered) component parts.
This is called synthesis. Sometimes, we will want perfect reconstruc-
tion. Sometimes only perfect reconstruction with high probability. If
we don’t alter the component parts, we usually want the synthesized
signal to agree exactly with the original signal. We will also be inter-
ested in the convergence properties of an altered signal with respect
to the original signal, e.g., how well a reconstituted signal, from which
some information may have been dropped, approximates the original
signal. Finally we look at problems where the “signal” lies in some
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high dimensional Euclidean space in the form of discrete data and
where the “filter” is not necessarily linear.

We will look at several methods for signal analysis. We will cover:

Fourier series and Fourier integrals, infinite products.

Windowed Fourier transforms.

Continuous wavelet transforms.

Filter banks, bases, frames.

Discrete transforms, 7 transforms, Haar wavelets and Daubechies

wavelets, singular value decomposition.

Compressive sampling/compressive sensing.
e Topics in the the parsimonious representation of data.

We break up our treatment into several cases, both theoretical and
applied: (1) The system is invertible (Fourier series, Fourier integrals,
finite Fourier transform, Z transform, Riesz basis, discrete wavelets, etc.).
(2) The system is underdetermined, so that a unique solution can be
obtained only if z is restricted (compressive sensing). (3) The system
is overdetermined (bandlimited functions, windowed Fourier transform,
continuous wavelet transform, frames). In the last case one can throw
away some information from y and still recover z. This is the motivation
of frame theory, discrete wavelets from continuous wavelets, Shannon
sampling, filterbanks, etc. (4) The signal space is a collection of data in
some containing Euclidean space.

Each of these cases has its own mathematical peculiarities and oppor-
tunity for application. Taken together, they form a logically coherent
whole.
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Normed vector spaces

The purpose of this chapter is to introduce key structural concepts that
are needed for theoretical transform analysis and are part of the com-
mon language of modern signal processing and computer vision. One of
the great insights of this approach is the recognition that natural ab-
stractions which occur in analysis, algebra and geometry help to unify
the study of the principal objects which occur in modern signal process-
ing. Everything in this book takes place in a vector space, a linear space
of objects closed under associative, distributive and commutative laws.
The vector spaces we study include vectors in Euclidean and complex
space and spaces of functions such as polynomials, integrable functions,
approximation spaces such as wavelets and images, spaces of bounded
linear operators and compression operators (infinite dimensional). We
also need geometrical concepts such as distance and shortest (perpen-
dicular) distance, and sparsity. This chapter first introduces important
concepts of vector space and subspace which allow for general ideas of
linear independence, span and basis to be defined. Span tells us for ex-
ample, that a linear space may be generated from a smaller collection
of its members by linear combinations. Thereafter, we discuss Riemann
integrals and introduce the notion of a normed linear space and metric
space. Metric spaces are spaces, nonlinear in general, where a notion
of distance and hence limit makes sense. Normed spaces are generaliza-
tions of “absolute value” spaces. All normed spaces are metric spaces.
The geometry of Euclidean space is founded on the familiar proper-
ties of length and angle. In Euclidean geometry, the angle between two
vectors is specified in terms of the dot product, which itself is formal-
ized by the notion of inner product. In this chapter, we introduce inner
product space, completeness and Hilbert space with important exam-
ples. An inner product space is a generalization of a dot product space
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which preserves the concept of “perpendicular/orthonormal” or “short-
est distance.” It is a normed linear space satisfying a parallelogram law.
Completeness means, roughly, closed under limiting processes and the
most general function space admitting an inner product structure is a
Hilbert Space. Hilbert spaces lie at the foundation of much of modern
analysis, function theory and Fourier analysis, and provide the theoret-
ical setting for modern signal processing. A Hilbert space is a complete
inner product space. A basis is a spanning set which is linearly indepen-
dent. We introduce orthonormal bases in finite- and infinite-dimensional
Hilbert spaces and study bounded linear operators on Hilbert spaces.
The characterizations of inner products on Euclidean space allows us to
study least square and minimization approximations, singular values of
matrices and £; optimization. An important idea developed is of natural
examples motivating an abstract theory which in turn leads to the abil-
ity to understand more complex objects but with the same underlying
features.

1.1 Definitions

The most basic object in this text is a vector space V over a field F, the
latter being the field of real numbers R or the field of complex numbers
C. The elements of IF are called scalars. Vector spaces V' or (linear spaces)
over fields F capture the essential properties of n > 1 Euclidean space
V™ which is the space of all real (R™) or complex (C™) column vectors
with n entries closed under addition and scalar multiplication.

Definition 1.1 A vector space V over F is a collection of elements
(vectors) with the following properties:!

e For every pair u,v € V there is defined a unique vector w = u+v € V
(the sum of uw and v)

e For every a € F, u € V there is defined a unique vector z = au € V
(product of o and w)

e Commutative, Associative and Distributive laws

l.u+v=v+u

2. (u+v)+w=u+ (v+w)
3. There exists a vector © € V such that u+© =u forallu eV

1 'We should strictly write (V,F) since V depends on the field over which is defined.
As this will be clear always, we suppress this notation.
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For every u € V there is a —u € V such that v+ (—u) = ©
lu=uforallueV

a(fu) = (af)u for all o, 5 € F

(a+ B)u = au+ Bu

a(u+v) = au+ av

®© N o

Vector spaces are often called “linear” spaces. Given any two elements
u,v € V, by a linear combination of u,v we mean the sum au + fv for
any scalars «, 8. Since V is a vector space, au + fv € V and is well
defined. O is called the zero vector.

Examples 1.2 (a) As we have noted above, for n > 1, the space V,, is
a vector space if given u := (uq, ..., u,) and v := (vy,...,v,) in V,, we
define u + v := (uy + v1, ..., Uy, + v,) and cu := (cuy, ..., cuy,) for any
cel.

(b) Let n,m > 1 and let M, x,, denote the space of all real matrices of
size m X n. Then M,, «, forms a real vector space under the laws
of matrix addition and scalar multiplication. The © element is the
matrix with all zero entries.

(c¢) Consider the space IL,, n > 1 of real polynomials with degree < n.
Then, with addition and scalar multiplication defined pointwise, II,,
becomes a real vector space. Note that the space of polynomials of
degree equal to n is not closed under addition and so is not a vector
space.?

(d) Let J be an arbitrary set and consider the space of functions Fy (J)
as the space of all f : J — V. Then defining addition and scalar
multiplication by (f + g)(z) := f(z) + g(x) and (cf)(z) = cf(x)
for f,g € Fy and = € J, Fy(J) is a vector space over the same
field as V.

Sometimes, we are given a vector space V' and a nonempty subset W
of V' that we need to study. It may happen that W is not closed under
linear combinations. A nonempty subset of V will be called a subspace
of V if it is closed under linear combinations of its elements with respect
to the same field as V. More precisely we have

Definition 1.3 A nonempty set W in V' is a subspace of V' if cu+ fv €
W for all a, 8 € F and u,v € W.

2 TIndeed, consider (x3 + 100) + (—23 — z) = 100 — x.
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It’s easy to prove that W is itself a vector space over F and contains in
particular the zero element of of W. Here, V' and the set {©} are called
the trivial subspaces of V.

We now list some examples of subspaces and non subspaces, some of
which are important in what follows, in order to remind the reader of
this idea.

Examples 1.4 (a) Let V;, = R™ and scalars ¢;, 1 < i < n be given.
Then the half space consisting of all n-tuples (uq, ..., u,—1,0) with
u; € Vi, 1 <4 < n—1 and the set of solutions (vq,...,v,) € V,, to
the homogeneous linear equation

cix1+ -+ cpry, =0

are each nontrivial subspaces.

(b) C™]a,b]: The space of all complex-valued functions with continu-
ous derivatives of orders 0,1,2,...n on the closed, bounded interval
[a, b] of the real line. Let t € [a,b], i.e., a <t < b with a < b. Vector
addition and scalar multiplication of functions u,v € C™][a,b] are
defined by

[u+v](t) = u(t) + v(t) [au)(t) = au(t).

The zero vector is the function ©(t) = 0.

(¢) S(I): The space of all complex-valued step functions on the (bounded
or unbounded) interval I on the real line.? s is a step function on
J if there are a finite number of non-intersecting bounded inter-
vals I, ..., I, and complex numbers ¢y, ..., ¢, such that s(t) = ¢
fort € I, k =1,...,m and s(t) = 0 for t € I — U I;. Vector
addition and scalar multiplication of step functions s1, s € S(I) are
defined by

[s1 4+ $2](t) = s1(t) + s2(¢) [as1](t) = as (t).

(One needs to check that s; + so and as; are step functions.) The
zero vector is the function O(t) = 0.

3 Intervals I are the only connected subsets of R of the form:
— closed, meaning [a,b] ;== {x € R: a <z < b}
— open, meaning (a,b) :={z €R: a < z < b}
— half open, meaning [a, b) or (a,b] where

[a,b) ={z €R: a<z<b}

and (a,b] is similarly defined. If either a or b is +o00, then J is open at a or b
and J is unbounded. Otherwise, it is bounded.
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(d) A(I): The space of all analytic functions on an open interval I. Here,
we recall that f is analytic on [ if all its n > 1 orders derivatives exist
and are finite on I and given any fixed a € I, the series > oo £ (a)
(z — a)™/n! converges to f(z) for all z close enough to a.

(e) For clarity, we add a few examples of sets which are not subspaces.
We consider V3 for simplicity as our underlying vector space.

— The set of all vectors of the form (uj,us,1) € R®. Note that
(0,0,0) is not in this set.

— The positive octant {(u1,uz,us): u; > 0,1 <4 < 3}. Note that
this set is not closed under multiplication by negative scalars.

We now show that given any finite collection of vectors say
uM u® o ul™ in V for some m > 1, it is always possible to construct
a subspace of V containing u, u®, ... u(™) and, moreover, this is the
smallest (nontrivial) subspace of V' containing all these vectors. Indeed,
we have

Lemma 1.5 Let v, u® ... u™ be a set of vectors in the vector
space V. Denote by [u) u®) ... u(™)] the set of all vectors of the form
aru™ + agu® 4 -+ apu™ for a; € F. The set [uM,u®, ... u™)],

called the span of the set {u(l), ...,u(m)}, 1s the smallest subspace of V
containing u(l), u(2), o ,u(m).

Proof Let u,v € [u™,u® ... u(™]. Thus,

u = zm: o, v= i Biu®
i=1 i=1

S0
m .
au+ pfv = Z(aai + BB:)u e [u(l), u®, . ,u(m)].
i=1
Clearly any subspace of V, containing u,u®, ... u(™ will contain
[w®, u@, . ulm)]. O

Note that spanning sets in vector spaces generalize the geometric no-
tion of two vectors spanning a plane in R®. We now present three def-
initions of linear independence, dimensionality and basis and a useful
characterization of a basis. We begin with the idea of linear indepen-
dence. Often, all the vectors used to form a spanning set are essential.
4 In fact, see Exercise 1.7, it is instructive to show that there are only two

nontrivial subspaces of R3. (1) A plane passing through the origin and (2) a line
passing through the origin.
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For example, if we wish to span a plane in R?, we cannot use fewer than
two vectors since the span of one vector is a line and thus not a plane.
In some problems, however, some elements of a spanning set may be
redundant. For example, we only need one vector to describe a line in
R3 but if we are given two vectors which are parallel then their span is
a line and so we really only need one of these to prescribe the line. The
idea of removing superfluous elements from a spanning set leads to the
idea of linear dependence which is given below.

Definition 1.6 The elements v, u® ... u® of V are linearly inde-
pendent if the relation aru® +asu@ 4. .+apu(p) = O for «; € F holds
only for oy = ay = -+ = a, = 0. Otherwise uD o ul®) are linearly
dependent.

Examples 1.7 (a) Any collection of vectors which includes the zero
vector is linearly dependent.

(b) Two vectors are linearly dependent iff they are parallel. Indeed, if
uM = cu® for some ¢ € F and vectors v, u® € V| then u(®) —
cu(? = © is a nontrivial linear combination of u") and «? summing
to ©. Conversely, if c;u® 4+ cou® = © and ¢; # 0, then vV =
—(02/01)u(2) and if ¢; = 0 and ¢y # 0, then u? = 0.

(c) The basic monomials {1,x, 22, 23, 796”} are linearly independent.
See Exercise 1.9.

(d) The set of quadratic trigonometric functions

{17 cosx, sinx, cos? z, cosx sin z, sin’ x}
is linearly dependent. Hint: use the fact that cos® z + sin® z = 1.
Next, we have

Definition 1.8 V is n-dimensional if there exist n linearly independent
vectors in V and any n + 1 vectors in V are linearly dependent.

Definition 1.9 V is finite dimensional if V' is n-dimensional for some
integer n. Otherwise V' is infinite dimensional.

For example, V;, is finite dimensional and all of the spaces C™)[a, b],
S(I) and A(I) are infinite dimensional. Next, we define the concept of
a basis. In order to span a vector space or subspace, we know that we
must use a sufficient number of distinct elements. On the other hand,
we also know that including too many elements in a spanning set causes
problems with linear independence. Optimal spanning sets are called
bases. Bases are fundamental in signal processing, linear algebra, data
compression, imaging, control and many other areas of research. We have
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Definition 1.10 If there exist vectors u(?), ..., u(™, linearly indepen-
dent in V' and such that every vector u € V' can be written in the form

uw=au® +au® + .. + anu("), a; €T,

{u®, ..., u™} spans V), then V is n-dimensional. Such a set
{u®, ... ul™} is called a basis for V.

The following theorem gives a useful characterization of a basis.

Theorem 1.11 Let V be an n-dimensional vector space and uV, . .. u(™
a linearly independent set in V.. Then vV, ... u(™ is a basis for V and
every w € V can be written uniquely in the form

w=Bu® + Bou® o 4 Bu™

Proof Let u € V. Then the set u™ ... u(™ v is linearly dependent.
Thus there exist oy, -+ ,an+1 € F, not all zero, such that

aru™ + apu® + -+ apul™ + apyu= 0.

If apy1 = 0 then ay = --+ = «,, = 0. But this cannot happen, so
an+1 7 0 and hence

w=BuM + Bou® 4 - 4 Bu™, B =—

Now suppose

w=Bu® 4 Bou® + -+ Bou™ = 710D + ou® -4 pu™.

Then

(Br = y)uM + -+ (B — ya)u™ = 0.
But the wu; form a linearly independent set, so 81 —~vy1 = 0,...,08, —
Yn =0. O

Examples 1.12 e V,: A standard basis is:
e =(1,0,...,0), e® =(0,1,0,...,0), ..., e™ =(0,0,...,1).
Proof
(a1, 0p) = are® 4+ e
so the vectors span. They are linearly independent because
(Bi,-- , Bn) =B1eM 4. 4 Be™ =0 = (0,---,0)
ifand only if 8y =--- =3, =0. O
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e V,, the space of all (real or complex) infinity-tuples

(1,09, ... Qpn, ).

1.2 Inner products and norms

The geometry of Euclidean space is built on properties of length and
angle. The abstract concept of a norm on a vector space formalizes the
geometrical notion of the length of a vector. In Euclidean geometry,
the angle between two vectors is specified by their dot product which
is itself formalized by the concept of inner product. As we shall see,
norms and inner products are basic in signal processing. As a warm up,
in this section, we will prove one of the most important inequalities in
the theory, namely the Cauchy—Schwarz inequality, valid in any inner
product space. The more familiar triangle inequality, follows from the
definition of a norm. Complete inner product spaces, Hilbert spaces, are
fundamental in what follows.

Definition 1.13 A vector space N over F is a normed linear space
(pre Banach space) if to every u € N there corresponds a real scalar
||u|| (called the norm of u) such that

1. ||u]| > 0 and ||u|| = 0 if and only if u = 0.
2. |lau|| = |af ||u]| for all a € F.
3. Triangle inequality. ||u + v|| < [|u]| + ||v]| for all u,v € N.

Assumption 3 is a generalization of the familiar triangle inequality in
R? that the length of any side of a triangle is bounded by the sum of the
lengths of the other sides. This fact is actually an immediate consequence
of the Cauchy—Schwarz inequality which we will state and prove later in
this chapter.

Examples 1.14 o C([a,d]: Set of all complex-valued functions with
continuous derivatives of orders 0,1,2,...,n on the closed interval
[a,b] of the real line. Let ¢ € [a,b], i.e., a <t < b with a < b. Vector
addition and scalar multiplication of functions u,v € C][a,b] are
defined by

[u+v](t) = u(t) + v(t), [au)(t) = au(t).

The zero vector is the function ©(t) = 0. We defined this space earlier,
but now we provide it with a norm defined by ||u|| = fj |u(t)| dt.



1.2 Inner products and norms 11

S1(I): Set of all complex-valued step functions on the (bounded or
unbounded) interval I on the real line with norm to be defined. This
space was already introduced as (c¢) in Examples 1.4, but here we
add a norm. The space is infinite-dimensional. We define the integral
of a step function as the “area under the curve,” ie., [, s( ;s(t)dt =
S ey cxl(Iy) where £(I;) = length of I, =b—a if I}, = [a b] or [a b),
or (a,b] or (a,b). Note that
1 SES( )= s |€S()
2. | [ps(t)dt] < [;|s(t)]dt.
3. 51,80 € S(I) = 151 +a252 € S(I) and [;(a1s1 + ags2)(t)dt =
alflsl dt-i—()égfISQ

Now we define the norm by H || = [, [s(t)|dt. Finally, we adopt the
rule that we identify s1,s2 € S(I), i.e., 81 ~ So, if 51(¢) = s2(t) except
at a finite number of points. (This is needed to satisfy property 1 of
the norm.) Now we let S*(I) be the space of equivalence classes of step
functions in S(I). Then S*(I) is a normed linear space with norm ||-||.

Definition 1.15 A vector space H over F is an inner product space or

pre Hilbert space if to every ordered pair u,v € H there corresponds a
scalar (u,v) € F such that

Case 1: F = C, Complex field

- W o=

(u,v) = (0,) [symmetry]

(u+v,w) = (u,w) + (v,w) [linearity]

(au, v) = afu,v), for all @ € C [homogeneity]

(u,u) >0, and (u,u) = 0 if and only if u = O [positivity]

Note: (u, av) = @(u,v).

Case 2: F = R, Real field

(u,v) = (v,u) [symmetry]

(u~+v,w) = (u,w) + (v,w) [linearity]

(au,v) = afu,v), for all @ € R [homogeneity]

(u,u) >0, and (u,u) = 0 if and only if u = 0 [positivity]

Note: (u, av) = a(u,v).

Unless stated otherwise, we will consider complex inner product spaces

from now on. The real case is usually an obvious restriction.
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Definition 1.16 Let H be an inner product space with inner prod-
uct (u,v). The norm ||u|| of uv € #H is the nonnegative number ||u|| =
(u, ).

We now introduce a fundamental inequality which is valid for any
inner product on any vector space. This inequality is inspired by the
geometric interpretation of the dot product on Euclidean space in terms
of the angle between vectors. It is named after two of the founders of
modern analysis, Augustin Cauchy and Herman Schwarz who first estab-
lished it in the case of the Ly inner product.® In Euclidean geometry, the
dot product between any two vectors can be characterized geometrically
by the equation

u-w = ||u]| ||w|| cos b

where 6 measures the angle between the vectors u and w. As cos# is
bounded by 1 for any argument, we have that the absolute value of the
dot product is bounded by the product of the lengths of the vectors

u-w| < full [|w]].

This is the simplest form of the Cauchy—Schwarz inequality which we
state below.

Theorem 1.17 Schwarz inequality. Let H be an inner product space
and u,v € H. Then

[(w, 0)| < [ [[]]-
FEquality holds if and only if u,v are linearly dependent.

Proof We can suppose u,v # 0. Set w = u + av, for a € C. Then
(w,w) > 0 and = 0 if and only if u + av = ©. Hence
(w,w) = (u+ av,u+av) = |[ul]* + |af? [|o]|* + a(v,u) + a(u,v) > 0.

Set o = —(u,v)/||[v||?. Then

(o) o)l
[lol}? ol>

Thus |(u,v)[* < [Julf? [jv][*. o

[|ul® +

Theorem 1.18 Properties of the norm. Let H be an inner product space
with inner product (u,v). Then

5 Some mathematicians give credit for this inequality to the Russian
mathematician Viktor Bunyakovskii.
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o ||u|| >0 and ||u|| = 0 if and only if u = ©.
o loul = [a] Jlull

e Triangle inequality. ||u+ v|| < ||u]| + ||v]].
Proof

llu+ 0l = (u+v,u+v) = |[ull® + (u,0) + (v,0) + [o]
< [lull* + 2ffull o]l + [[o]1* = (llull + llv]])*.
O

Examples 1.19 e H,. This is the space of complex n-tuples V,, with
inner product

n
(u,v) = Z U;U;
i=1

for vectors
u=(up,...,up), v=(V1,...,Un), u;,v; € C.

e R™ This is the space of real n-tuples V,, with inner product

n
(u,v) = Z v,
i=1

for vectors
u=(U,...,Up), v=(V1,...,Un), u;, v; € R.

Note that (u, v) is just the dot product. In particular for R? (Euclidean
3-space) (u,v) = [|u|| ||v]|cosd where |[u|| = /u?+u3+u3 (the
length of u), and cos¢ is the cosine of the angle between vectors u
and v. The triangle inequality ||u + v|| < ||u|| + ||v|| says in this case
that the length of one side of a triangle is less than or equal to the
sum of the lengths of the other two sides.

e H, the space of all complex infinity-tuples
w= (U1, U, ..., Up,...)

such that only a finite number of the u; are nonzero. (u,v) = > ;2| w;v;.
e M., the space of all complex infinity-tuples

w= (UL, U, ., Up,---)

such that > 2 |u;|* < oo. Here, (u,v) = Y o, u;v;. (Later, we will
verify that this is a vector space.)
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e /5, the space of all complex infinity-tuples
U= (e Ur g, Uy ULy e ey Upyy e e v)e

such that Y °° < oo. Here, (u,v) = > oo u,;v;. (Later, we
will verify that this is a vector space.)

. C’én) [a, b]: The set of all complex-valued functions u(¢) with continuous
derivatives of orders 0,1, 2,...n on the closed interval [a, b] of the real
line. We define an inner product by

oo luil?

(u,v) = / bu(t)v(t) at,  u,veCMa,b).

. C’én)(a,b): Set of all complex-valued functions u(t) with continuous
derivatives of orderb 0,1,2,---n on the open interval (a,b) of the real
line, such that f |u(t)|? dt < oo, (Riemann integral). We define an
inner product by

(1, 0) = / ") di. e O (a.b).

Note: u(t) = t~1/3 ¢ 02(2)(0, 1), but v(t) = ¢! doesn’t belong to this
space.

e S2(I): Space of all complex-valued step functions on the (bounded
or unbounded) interval I on the real line. This space was already
introduced as (c) in Examples 1.4, but now we equip it with an inner
product. Note that the product of step functions, defined by s1s2(t) =
s1(t)s2(t) is a step function, as are |s1| and $3. We earlier defined the
integral of a step function as [; s(t)dt = " | cxl(I},) where {(I},) =
length of I, = b—a if I}, = [a b] or [a,b), or (a b] or (a,b). Now
we define the inner product by (s1, s2) f I s1(t t)dt. Finally, we
adopt the rule that s1, sy € S(I) are identified, s; ~ s9 if 51(t) = s2(t)
except at a finite number of points. (This is needed to satisfy property
4 of the inner product, Definition 8.) Now we let S?(I) be the space of
equivalence classes of step functions in S(I). Then S?(I) is an inner
product space.

1.3 Finite-dimensional ¢, spaces

In the mathematics of signal processing it is conceptually very appealing
to work with general signals defined in infinite-dimensional spaces, such
as the space of square integrable functions on the real line, so that we
can apply the tools of calculus. On the other hand, the signals that are
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received, processed and transmitted in practice are almost always finite
and discrete. For example, a digital photograph is determined completely
by a vector of n pixels where each pixel is described by an integer that
denotes its color and intensity. Cell phone conversations are sampled and
digitized for transmission and reconstruction. Thus, while much of our
analysis will be carried out in the infinite-dimensional arena, to connect
with practical signal processing we will ultimately need to confront the
reality of finite signals. In preparation for this confrontation we will
introduce and study a family of norms on the vector space C™ of complex
n-tuples

T = (I17I27...,In).

(However, virtually all our results restrict naturally to norms on the
space R™ of real n-tuples.) Intuitively, we will consider our signals as
vectors x,y € C™ for some fixed n and use ||z — y|| to measure how
closely x approximates y with respect to the norm || - ||.

Let p > 1 be a real number. We define the ¢, norm of the vector
x € C™ by

=

el = [ D lalP| (L.1)
j=1

To justify the name, we need to verify that ||z||, is in fact a norm,
that it satisfies the triangle inequality ||z + y||, < ||z||p + ||y||, for each
p > 1. For p = 2 this follows immediately from the Cauchy—Schwarz
inequality, while for p = 1 it is a simple consequence of the inequality
o + B] < |a| + |8| for the absolute values of complex numbers. For
general p > 1 the proof is more involved.

Given p > 1 there is a unique ¢ > 1 such that 1/p+ 1/¢ = 1. In-
deed, ¢ = p/(p — 1). A fundamental result is the following elementary
inequality.

Lemma 1.20 Let o, 3,y > 0. Then

PP —q34q
raf qﬁ '

Proof The verification is via basic calculus. Consider the function

_ Pa? 4TI
fv) = ’ + .

af <

over the domain v > 0. We wish to find the absolute minimum value of
this function. It is easy to verify that this absolute minimum must occur
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at a critical point of f, i.e., at a value v such that f'(y) = v*~ta? —
B%/~4%+1 = (. Thus the minimum occurs at vy = ﬁl/p/al/q, and

Wor w8 _ B 07 el
fw) = r T 4 (a%) p+(5p) . = ap.

This result leads directly to Holder’s inequality.

Theorem 1.21 Let p,q > 1 such that 1/p+1/qg =1 and xz,y € C™.
Then

n
1> @iyl < llellp - [1yllq- (1.2)
=1

Proof Applying Lemma 1.20 for each j we have

Z%yﬂ < Zw ] < Z (xj|p+ |yﬂ)

/\ A4
— 2|+ — a4 1.3
p|| I8 . [Iyllg (1.3)

for any A > 0. To get the strongest inequality we choose A to minimize
the right-hand side of (1.3). A simple calculus argument shows that the
minimum is achieved for A\g = ||y|\q/p/\|m||1/q. Substituting A = Ao in
(1.3), we obtain Holder’s inequality. a

Note that the special case p = ¢ = 2 of Holder’s inequality is the
Cauchy—Schwarz inequality for real vector spaces.

Corollary 1.22 || - ||, is a norm on C™ for p > 1.

Proof It is evident from the explicit expression (1.1) that ||cz||, =
le| ||x||p for any constant ¢ and any = € C". Further ||z||, = 0 <
x = ©. The only nontrivial fact to prove is that the triangle inequality

lz+yllp < [lzllp +[lyllp (1.4)

is satisfied for all x,y € C™. This is evident for p = 1. For p > 1 we
employ the Hoélder inequality. For fixed j we have

|z + P

5+ ;P = |z 4yl oy +y P < a2y + 5P+ g

Summing on j and applying the Holder inequality to each of the sums
on the right-hand side, we obtain

[z +ylly < (lllp +[lyllp) [1]lq
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where ||z||, = ||x\|£/q = [|z|[5~". Dividing both sides of the inequality

by ||z||4 we obtain the desired result. O

We have introduced a family of norms on C”, indexed by the real
number p > 1. The space with this norm is called ¢,. One extreme
case of this family is p = 1, which we can characterize as the limit
l|z|]1 = limp—14 ||z]|p- On the other hand we can let p grow without
bound and obtain a new norm || - ||c in the limit. This norm is defined
by

12lleo = _ max a1, (1.5)

.....

i.e., the maximum absolute value of the components z; of . The proof
of the following result is elementary and is left to the exercises.

Theorem 1.23 || - || is @ norm on C" and satisfies the properties
[[#][oo = limpsoo [|2[lp and [[z]le < [lz]lp for any p > 1.

Now we show that ||z||, is a monotonically decreasing function of p.
The proof is elementary, but takes several steps.

Lemma 1.24 Ifp > 1 then (Jy1] + |y2])? > |y1|? + |y2|?-

Proof 1t is a simple exercise to see that the statement of the lemma is
equivalent to showing that the function

flx)=1+2)P-1—-2">0

for all z > 0. Note that f(0) = 0 and f'(0+) = p > 0 so that the
function is monotonically increasing from 0 for small x. The derivative
f(x) = p[(1 + z)P~! — 2P~ 1] is continuous for all positive x and never
vanishes. Thus always f'(z) > 0 so f(z) is a monotonically increasing
function that is strictly positive for all z > 0. O

Lemma 1.25 If p>1 then
(Il + ly2l 4+ + lynl)? = |9 l” + 2l + - + [y (1.6)

This result is true for n = 2 by the previous lemma. The result is then
established for general n by mathematical induction.

Theorem 1.26 If s >r > 1 then ||z||, > ||z||s for all z € C™.
Proof Set y; = |z;|", p=s/r in (1.6). Thus we have
(21" o+ o ] )7 2 o]+ ool 4o+

Taking the sth root of both sides of the inequality we obtain ||z||, >
[l]s- o
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We conclude that ||z|[1 > ||z||p, > ||2||s for all p > 1 and that ||z]|, is
a monotonically decreasing function of r. We can illustrate graphically
the relation between the £, norms. The unit ball in ¢, is the set of all
x € C" such that ||z||, < 1. For n = 2 and real vectors z € R? we can
construct the boundaries of the unit ball for various norms. Consider the
boundary ||z|| = |x1| + |x2| = 1 of the ¢1-ball. In the first quadrant this
curve is the line segment x1 +x2 = 1, 1,25 > 0, whereas in the second
quadrant it is the line segment —x1+z2 = 1, x5 > 0, 7 < 0. Continuing
in this way we observe that the ¢; unit ball is the interior and boundary
of the square with vertices at the points (£1,0), (0,+£1). Even simpler,
the unit ¢o-ball is the interior and boundary of the circle centered at
(0,0) and with radius 1. The unit £, ball is the interior and boundary of
the square with vertices at (£1,41). Figure 1.1 shows the relationships
between these unit balls. The ¢, balls for general p > 1 have an oval
shape and all balls go through the vertices (+1,0), (0,+£1). For n > 2
the situation is similar. Only the ¢; and ¢.,-balls have hyperplanes for
boundaries; the rest have smooth curved boundaries. The 2™ intersection
points of the coordinate axes with the unit />-ball lie on all £,,-balls.

As is true for all norms on finite-dimensional spaces, every £, norm
is commensurate to every s norm. That is, there are positive constants
Cr,s, dr,s such that

CT,S||$HS <|l=z||» < dT,SHIHS

for all € C". For example ||z|/oo < [|2]|, < n'/"||2]|s as the reader
can verify. An important inequality that we shall employ later is

lzll2 < [lzfly < V/nllz]]2. (1.7)

The right-hand side of this expression follows from the Cauchy—Schwarz
inequality for the dot product of x and e = (1,1,...,1) € C™:

n

el =) sl < llellzllzllz = Vallzlls-

Jj=1

The only £, normed space with a norm inherited from an inner product
is £5. In view of the fact that calculations are generally much easier for
inner product spaces than for spaces that are merely normed, one might
question the need for introducing the other norms in this book. However,
it turns out that some of these other norms are extremely useful in signal
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{so-ball

£1-ball

(—1,0) (0,0)

la-ball

(07'1)

Figure 1.1 Unit balls for ¢, spaces with n = 2.

processing applications. In particular the ¢; norm will play a critical role
in the sensing of sparse signals.

Exercise 1.1 Verify explicitly that || - ||1 is a norm on C™.

Exercise 1.2 Verify explicitly the steps in the proof of the Holder
inequality.

Exercise 1.3 Prove Theorem 1.23.

Exercise 1.4 Prove Lemma 1.25.
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1.4 Digging deeper: completion of inner product
spaces

In practice we are often presented with a vector space V' which may not
be complete, in a sense that we will make precise below. We describe a
method to embed V in a larger space which is complete. This process is
called completion.

Consider the space R of the real numbers which can be constructed
from the more basic space R’ of rational numbers. The norm of a rational
number 7 is just the absolute value |r|. Every rational number can be
expressed as a ratio of integers r = n/m. The rationals are closed under
addition, subtraction, multiplication and division by nonzero numbers.
Why don’t we stick with the rationals and not bother with real numbers?
The basic problem is that we cannot do analysis (calculus, etc.) with
the rationals because they are not closed under limiting processes. For
example v/2 wouldn’t exist. The Cauchy sequence 1,1.4,1.41,1.414, ...
wouldn’t diverge, but would fail to converge to a rational number. There
is a “hole” in the field of rational numbers and we label this hole by
V2. We say that the Cauchy sequence above and all other sequences
approaching the same hole are converging to v/2. Each hole can be iden-
tified with the equivalence class of Cauchy sequences approaching the
hole. The reals are just the space of equivalence classes of these sequences
with appropriate definitions for addition and multiplication. Each ratio-
nal number r corresponds to a constant Cauchy sequence r,r,7,... so
the rational numbers can be embedded as a subset of the reals. Then
one can show that the reals are closed: every Cauchy sequence of real
numbers converges to a real number. We have filled in all of the holes
between the rationals. The reals are the closure of the rationals.

Exercise 1.5 Show that there are “holes” in the rationals by demon-
strating that ,/p cannot be rational for a prime integer p. Hint: if
/D is rational then there are relatively prime integers m,n such that

VP =m/n, so m? = pn?.

The same idea works for inner product spaces and it also underlies
the relation between the Riemann integral and the Lebesgue integral.
To develop this idea further, it is convenient to introduce the simple but
general concept of a metric space. We will carry out the basic closure
construction for metric spaces and then specialize to inner product and
normed spaces. It is not essential to follow all of the details of these
constructions, particularly on a first reading. However it is important
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to grasp the essence of the argument, which is one of the great ideas in
mathematics. You will note that, although the details are complicated,
the same basic ideas are employed at each step of the construction.

Definition 1.27 A set M is called a metric space if for each u,v € M
there is a real number p(u,v) (the metric) such that

1. p(u,v) >0, and p(u,v) =0 if and only if u = v

2. plu,v) = p(v,u)
3. p(u,w) < p(u,v) + p(v,w) (triangle inequality).

Remark: Normed spaces are metric spaces: p(u,v) = ||u — v||.

Definition 1.28 A sequence v, u® ... in M is called a Cauchy
sequence if for every e > 0 there exists an integer N (e) such that
p(u™, ul™) < € whenever n,m > N(e).

Definition 1.29 A sequence u™), 4| ... in M is convergent if for every
¢ > 0 there exists an integer M(e) such that p(u(™,u) < ¢ whenever
n,m > M(e). Here u is the limit of the sequence, and we write u =
limy, oo u(™.

Lemma 1.30 (1) The limit of a convergent sequence is unique.
(2) Every convergent sequence is Cauchy.

Proof (1) Suppose u = lim,, o u(™, v = lim,, o u(™. Then p(u,v) <
p(u, ™)+ p(u™ v) = 0 as n — oco. Therefore p(u,v) = 0,50 u = v. (2
{u(™} converges to u implies p(u(™,u(™) < p(u™, u) + p(ul™, u) —
as n,m — 0o.

~—

0O o

Definition 1.31 A metric space M is complete if every Cauchy se-
quence in M converges in M.

Examples 1.32 Some examples of metric spaces:

e Any normed space. p(u,v) = ||u — v||. Finite-dimensional inner prod-
uct spaces are complete.

e The space C of complex numbers is complete under the absolute value
metric p(u,v) = |u — v|.

e M as the set of all rationals on the real line. p(u,v) = |u — v| for
rational numbers u,v (absolute value). Here M is not complete.

Definition 1.33 A subset M’ of the metric space M is dense in M
if for every u € M there exists a sequence {u(™} C M such that
w = lim,, o0 u(™.
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Definition 1.34 Two metric spaces M, M are isometric if there is a
1-1 onto map f : M1 — My such that pa(f(u), f(v)) = p1(u,v) for all
u, v € Mj.

Remark: We identify isometric spaces.

Theorem 1.35 Given an incomplete metric space M we can extend it
to a complete metric space M (the completion of ./\/l) such that (1) M
is dense in M. (2) Any two such completions ./\/l M are isometric.

Proof (divided into parts)
1.

Definition 1.36 Two Cauchy sequences {u(™},{a(™} in M are
equivalent ({u(™} ~ {a@(™1) if p(u™ @) = 0 as n — oo.

Clearly ~ is an equivalence relation, i.e.,

L {u™} ~ {u™}, reflexive

2. If {ul™} ~ {v™} then {v™} ~ {u(™}, symmetric

3. If {u™} ~ {v™} and {v™} ~ {w™} then {u(™} ~ {w(™},

transitive.

Let M be the set of all equivalence classes of Cauchy sequences. An
equivalence class @ consists of all Cauchy sequences equivalent to a
given {u(™}.

2. M is a metric space. Define 5(,7) = lim,_ o0 p(u(™,v(™), where

{u™} eq, {v™} € w.

1. p(w,v) exists.
Proof

p(u(n)’ v(n)) < p(u(n)’ u(m)) + p(u(m)’v(m)) + p(v(m)w(n)),
SO

p(u™ 0™ — p(u™ ™) < p(u™ ™) + p(v™) M),
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2. p(w,v) is well defined.
Proof Let {u™}, {u™)} € 7, {v ”)} {0} € 7. Does limy, o0
p(u™ oMY = lim, o0 p(u(™), v(™))? Yes, because

p(u™,0™) < p(u™,u™) + p(u®),0")) 4 p(u™),u™),
SO
lp(u™ ™)) — p(u™) ™)) < p(u™ ™)) + p(u™) ™) 0

as n — oo. O
3. P is a metric on M, i.e.

1. p(w,v) > 0, and = 0 if and only ifu=

Proof p(u,v) = limn_> p(u™ v™) >0 and = 0 if and only if
{u™} ~ {v™} ie., if and only ifu="m. O

2. p(u,v) = p(v, ), obv1ous

3. p(w,v) < p(u,w) + p(w,v), easy

4. M is isometric to a metric subset S of M.

Proof Consider the set S of equivalence classes @ all of whose

Cauchy sequences converge to elements of M. If @ is such a class

then there exists u € M such that lim,, . u™ = u if {u(™} € 7.

Note that u,u,...,u,... € T (stationary sequence). The map u >

7 is a 1-1 map of M onto S. It is an isometry since

p(u,0) = lim p(u™,v™) = p(u,v)

n—oo

for w,v € S, with {u(™} = {u} € @, {v™W} = {v} €. O
5. M is dense in M.
Proof Let u € M, {u(™} € w. Consider

50 = {u®) BB eSS =M, k=1,2,...

Then 5(@,5%)) = lim, o p(u™,u®). But {u(™} is Cauchy in

M. Therefore, given ¢ > 0, if we choose k > N(¢) we have

(@50 <e. o
6. M is complete.

Proof Let {t®)} be a Cauchy sequence in M. For each k choose

50 = {u®) u®) o u®) Y € § = M, (a stationary sequence),

such that p(T*),3%)) < 1/k, k=1,2, .... Then

p(u(j)7 u(k)) — ﬁ(g(ﬁ)g(“) < ﬁ(g(j)7§(j)) + ﬁ(@(j)7§(k))
+5@" 50y =0
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as j,k — oo. Therefore @ = {u(®} is Cauchy in M. Now
A(@,5%) < 5@, 5%) + 560, 70) = 0

as k — oo. Therefore limy_, . 7% = 7. O

Remark: Step 6 is crucial and the justification of the entire construction.

1.4.1 Completion of a normed linear space

Here B is a normed linear space with norm p(u,v) = ||ju — v||. We will
show how to extend it to a complete normed linear space, called a Banach
space. This is now easy, because of our construction of the completion
of a metric space.

Definition 1.37 Let S be a subspace of the normed linear space B. S is
a dense subspace of B if it is a dense subset of B. S is a closed subspace
of B if every Cauchy sequence {u(™} in S converges to an element of S.
(Note: If B is a Banach space then so is S.)

Theorem 1.38 An incomplete normed linear space B can be extended
to a Banach space B such that B is a dense subspace of B.

Proof By Theorem 1.35 we can extend the metric space B to a complete
metric space B such that B is dense in B.

1. Bis a vector space.

l.u,1€B—u+veB.
If {u™} €@, {v™} €7, define T+ v = u + v as the equivalence
class containing {u(™ +v(™}. Now {u(™ 4+v(™} is Cauchy because
1)+ — (@ )| < [l = ]|+ o) D] 0
as n, m — oo. It is easy to check that addition is well defined.

2. aeC,ueB— auchB.
If {u(™} € @, define o € B as the equivalence class containing
{au™}, Cauchy because ||au™ — au™)|| < |a| [|ul™ —ul™)]].

2. B is a Banach space.
Define the norm ||@||’ on B by ||| = 5(7@, ©) = lim, o |[u(™||
where © is the equivalence class containing {©,©,...}. Positivity is
easy. Let o € C, {u,,} € @. Then ||| = p(a@, ©) = lim,_ o ||ou™ |

= |al limy, o [[u™]] = |a| 5(w,©) = |af |[al|". We have |[z + 7|’ =
p(a+7v,0) < p(u+7v,v)+p(w,0) = |[a|| +|[7]|, because p(u+7v,v) =
it [0 4+ 5) = 60V = Ly soc ]| = [[all"

O
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1.4.2 Completion of an inner product space

Here H is an inner product space with inner product (u,v) and norm
p(u,v) = |lu — v||. We will show how to extend it to a complete inner
product space, called a Hilbert Space.

Theorem 1.39 Let H be an inner product space and {u'™}, {v(™} con-
vergent sequences in H with limy, oo u™ = u, lim,_ v(™ =v. Then

lim (u™, 0™ = (u,v).

n—oo
Proof We must first show that ||u(™|| is bounded for all n. We have
{u™} converges — [|u™]|| < ||u™ —wu||+||u|| < e+]|u|| for n > N(e).
Set K = max{|[uM]|],... [[uN ]|, e 4 ||u||}. Then [[u™|] < K for all
n. Thus

(a0) = (0] = [ = 0™, 0) 4+ (0 = 0)

<l = ut [ - [Jo]| + [Ju™] - [[o = o™ = 0
as n — o0. O

Theorem 1.40 Let H be an incomplete inner product space. We can
extend H to a Hilbert space H such that H is a dense subspace of H.

Proof H is a normed linear space with norm ||u|| = v/(u, u). Therefore
we can extend H to a Banach space H such that H is dense in H. We
claim that #H is a Hilbert space. Let 7,7 € H and let {u(™} {2} €
7, {v™}, {5} € 5. We define an inner product on H by (7,7)" =

lim,, 00 (ul™, v(™). The limit exists since |(u(™,v(™) — (u(™) v(™)]| =
‘(u(m) (n) _y m)) ( — u(m) v(m)) (u(n) — M) p(m) — v(m))| <
HU m)|| [CARER ||+||u(") —u™ || o] +[Ju —u(m)ll ot —

™| — 0 as n,m — oo. The limit is unique because |(u(™,v™) —
(ﬁ("),f)("))| — 0 as n,m — oo. We can easily verify that (-,-)’ is an
inner product on H and || - || = /(,-)". O

1.5 Hilbert spaces, L, and /,

A Hilbert space is an inner product space for which every Cauchy se-
quence in the norm converges to an element of the space.

Example 1.41 /o
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The elements take the form
u=(...,u_1,u0,u1,...), u; € C

such that >°0° _|u;|? < oo. For

i=—o0
v="_(..,0-1,00,01,...) € g,
we define vector addition and scalar multiplication by
utv=_(..,u_1+v_1,u + Vo, U1 + V1,...)

and

ou = (...,au_1,qup,quy,...).

The zero vector is © = (...,0,0,0,...) and the inner product is defined
by (u,v) =Y .o u;0;. We have to verify that these definitions make
sense. Note that 2|ab] < |a|> + [b|? for any a,b € C. The inner prod-
uct is well defined because |(u,v)] < 300 |uiv;| < $(30 o Jugl? +

Yoo lvil?) < oo. Note that |u; + vil? < Jui|* + 2|wi| |vi] + vi* <

2(|u;|* + |vi]?). Thus if u,v € f5 we have ||u+v||? < 2||ul|?+2||v|]? < oo,
sou—+v € fy.

Theorem 1.42 /5 is a Hilbert space.

Proof We have to show that £y is complete. Let {u(™} be Cauchy in £o,

u™ = (... 7u£n1),ué"), u&"), ce)e

Thus, given any ¢ > 0 there exists an integer N(e) such that [Ju(™ —
u(™|| < € whenever n,m > N(e). Thus

ST —ul™? < e, (1.8)

i=—00

Hence, for fixed i we have |u§n) — ugm)| < €. This means that for each
1, {ugn)} is a Cauchy sequence in C. Since C is complete, there exists
u; € C such that lim, ugn) = wu; for all integers i. Now set u =

(... u_1,uq,u1,...). We claim that v € f5 and lim,_, ™ =y Tt

follows from (1.8) that for any fixed k, Zfzfoo |u£n) - ugm)|2 < €2 for
n,m > N(e). Now let m — oo and get Zf:—oo |u§") —u;|? < € for all k

and for n > N(e). Next let k — oo and get > = \uf") —u;|? < €2 for
n > N(e). This implies

[ul™ —ul| < e (1.9)
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for n > N(e). Thus, u(™ —u € €y for n > N(e),s0 u = (u—u™)+ul™ €
l5. Finally, (1.9) implies that lim,, w™ = . O

Example 1.43 Ls[a,b]

Recall that Ca(a, b) is the set of all complex-valued functions u(t) con-
tinuous on the open interval (a, b) of the real line, such that f; lu(t)|? dt <
00, (Riemann integral). We define an inner product by

(u, v) = / ") dt, ww e O (ah).

We verify that this is an inner product space. First, from the inequality
u(@) +v(2)]? < 2[u(@)]*+2[v(z)[* we have [Jutv][* < 2[Jul[*+2[[v]|?, so
if u,v € Ca(a,b) then u+v € Cz(a,b). Second, |u(z)v(z)| < 1 (|u(z)* +
[w(@)[2), so [(u,v)] < [7 [u®)s(t)] dt < S(|[ull® + [[o]|?) < oo and the
inner product is well defined.

Now Cs(a, b) is not complete, but it is dense in a Hilbert space C3(a, b)
= Lsa,b]. In most of this book, we will normalize to the case a = 0,b =
2. We will show that the functions e, (t) = e /v/2m, n = 0,41, +2,...
form a basis for Ly[0, 27]. This is a countable (rather than a continuum)
basis. Hilbert spaces with countable bases are called separable, and we
will be concerned only with separable Hilbert spaces.

1.5.1 The Riemann integral and the Lebesgue integral

Recall that S(I) is the normed linear space of all real or complex-valued
step functions on the (bounded or unbounded) interval I on the real
line. A function s(¢) is a step function on I if there are a finite number
of non-intersecting bounded subintervals Iy, ..., I, of I and numbers
Cly-..,Cm such that s(t) = ¢ for t € I, k =1,...,m and s(t) = 0 for
t € I — U I;. The integral of a step function is defined as [, s(t)dt =
Yopey ckl(Iy) where £(I;) = length of I = b — a if I} = [a,b] or [a,b),
or (a,b] or (a,b). The norm is defined by |[s|| = [, [s(t)|dt. We identify
51,80 € S(I)}, s1 ~ sy if 51(t) = s2(t) except at a finite number of
points. (This is needed to satisfy property 1 of the norm.) We let S*(I)
be the space of equivalence classes of step functions in S(I). Then S*(I)
is a normed linear space with norm || - ||.

The space Li(I) of Lebesgue integrable functions on I is the comple-
tion of S'(I) in this norm. L;(I) is a Banach space. Every element u of
Ly (I) is an equivalence class of Cauchy sequences of step functions {s, },
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J; |85 —skldt — 0 as j,k — co. (Recall {s),} ~ {s,}if [} [s}, — snldt =0
as n — 00).

We will show in §1.5.2 that we can associate equivalence classes of
functions f(t) on I with each equivalence class of step functions {s,},
[75, 92]. The Lebesgue integral of f is defined by

f)dt = lim | s,(t)dt,
/ILebesgue 2 n—=eo Jr ()

and its norm by

f:/ ftdt:lim/sntdt.
1= ] g 7019 = Jim [ n®)

How does this definition relate to Riemann integrable functions? To
see this we take I = [a, b], a closed bounded interval, and let f(¢) be a
real bounded function on [a, b]. Recall that we have already defined the
integral of a step function.

Definition 1.44 f is Riemann integrable on [a,b] if for every ¢ > 0,
there exist step functions r,s € Sa,b] such that r(t) < f(¢) < s(t) for
all t € [a,b], and 0 < f:(s —r)dt <e.

Example 1.45 Divide [a,b] by a grid of n points a = ty < t; <
- < t, = bsuch that t; —t;_1 = (b—a)/n, j = 1,...,n. Let
Mj = supyeqy,_, 1,1 f(8), mj = infrepr; ;) f(t) and set

_ My teltiont)
o PR

_f omy tEeftjioity)
’””(t)_{ 0 tdlab)

Here, f; sp(t)dt is an upper Darboux sum and ff rn(t)dt is a lower
Darboux sum. If f is Riemann integrable then the sequences of step
functions {r,}, {s,} satisty r, < f < s, on [a,b], for n = 1,2,... and
f;(sn —rp)dt — 0 as n — oo. The Riemann integral is defined by

n—oo n—oQ

b
/ fdt= lim Sy, dt = lim [ r, dt =
o« Riemann

inf /s dt = sup /t dt.
upper Darboux sums lower Darboux sums
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Note that

n b
ZMJ(fj—tjfl)Z/ ,
e o Riemann

fdt>=>"mt; —tj_1).
j=1

Note also that

Ty — g < S — Tk, rE—1; <S8 — Ty

because every “upper” function is > every “lower” function. Thus

/|7‘j —rldt < /(Sk —r)dt + /(Sj —7r;)dt =0

as j,k — oo. It follows that {r,} and similarly {s,} are Cauchy
sequences in the norm, equivalent because lim, oo [(sn — r)dt = 0.
The Riemann integral is just the integral of basic calculus that we all
know and love.

Theorem 1.46 If f is Riemann integrable on I = [a,b] then it is also
Lebesgue integrable and

/ F(t)dt = / F(t)dt = lim | sn(t)dt.
I Riemann I Lebesgue n—oo Jr

The following is a simple example to show that the space of Riemann

integrable functions isn’t complete. Consider the closed interval I = [0, 1]
and let r1,79,... be an enumeration of the rational numbers in [0, 1].
Define the sequence of step functions {s,} by

s (t)* 1 ift:T17T27...,’I"n
"Y1 0 otherwise.

Note that

s1(t) < so(t) < --- forall t € [0,1].
Sy is a step function.

The pointwise limit

f(t) = lim s,(t) =

n—roo

1 if ¢ is rational
0 otherwise.

{sn} is Cauchy in the norm. Indeed fol |s; — skldt = 0 for all j, k =
1,2, ...
f is Lebesgue integrable with fol Lebesgue ft)dt = lim,, o fol sp(t)dt =0.
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e f is not Riemann integrable because every upper Darboux sum for f
is 1 and every lower Darboux sum is 0. One can’t make 1 — 0 < ¢ for
e<1!

Recall that S(I) is the space of all real or complex-valued step func-
tions on the (bounded or unbounded) interval I on the real line with
real inner product (si,s2) fl s1(t)52(t)dt. We identify s1,s2 € S(I),
s1 ~ so if s1(t) = sa(t) except at a ﬁnlte number of points. (This is
needed to satisfy property 4 of the inner product.) Now we let S?(I) be
the space of equivalence classes of step functions in S(I). Then S2(1) is
an inner product space with norm ||s||? = [} |s(¢)|?dt.

The space Lo(I) of Lebesgue square- zntegmble functions on I is the
completion of S?(T) in this norm. Ly (1) is a Hilbert space. Every element
u of Lo(T) is an equivalence class of Cauchy sequences of step functions
{sn}, [;1s; — sk|?dt — 0 as j,k — oo. (Recall {s},} ~ {sn} if [, [s} —
Sp|?dt — 0 as n — 00.)

As shown in §1.5.2 we can associate equivalence classes of functions
f(t) on I with each equivalence class of step functions {s,, }. The Lebesgue
integral of fi, fo € Lo(I) is defined by (f1, f2) = fILebesgue Fi(t) fo dt =
im0 [, 84 (8)s) (£)dt, [4, 91, 92, 93].

How does this definition relate to Riemann square integrable func-
tions, see Definition 1.447 In a manner similar to our treatment of Ly (T)
one can show that if the function f is Riemann square integrable on I,
then it is Cauchy square integrable and

ft%lt:/ f(t)]2dt.
/ILebesgue| )l 1Riemann| )l

1.5.2 Digging deeper: associating functions with
Cauchy sequences

We turn now from the abstract notion of the elements of the Lebesgue
space as equivalence class of Cauchy sequences of step functions to an
identification with actual functions. How should we identify a function
with an equivalence class of Cauchy sequences of step functions in S*(7)?
Let {s;} be a Cauchy sequence in S*(I).

e Does f(t) = limj_,o 5;(t) always exist pointwise for all t € I?
Answer: no.

e Is there a subsequence {s;/} of {s;} such that f(t) = lim; o s;/(t)
exists? Answer: almost.
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Example 1.47 Let I = (0,1] and f(¢t) = 0 for t € I. We will define a
particular Cauchy sequence {s;} of step functions that converge to f in
the norm. Any positive integer j can be written uniquely as j = 2P + ¢
forp=0,1,...and ¢ =0,1,...,27 — 1. Now set

1
1 for & <t< "2%

st = {

otherwise.

1
/I‘f—Sj‘dt:\/I|82p+q|dt:2fp—>o

as p = 0o (or j = 00) so s; — f in the norm as j — oco. However
lim;_,oc 5;(t) doesn’t exist for any ¢t € I. Indeed for any fixed to € I
and any j there are always integers ji,j2 > j such that s; (to) = 0
and sj,(to) = 1. Note, however, that we can find pointwise convergent
subsequences of {s;}. In particular, for the subsequence of values j = 27
we have lim,_, o sor(t) = f(t) =0 for all t € I.

Then

Definition 1.48 A subset NV of the real line is a null set (set of measure
zero) if for every € > 0 there exists a countable collection of open intervals
{I,, = (an,by)} such that N C U2 ,I, and > 2 ¢(I,) < e. (Here
UIy,) = by —ayp.)

Examples 1.49 1. Any finite set is null.

2. Any countable set is null.

Proof Let N = {ri,ra,...,7pn,...}. Given € > 0 let I,, = (1, — 5257, "'n +
sgr),n=12,... Then N C U2 I, and Y07 U(I,,) = > 07 5 =
€. O
The rationals form a null set.

The set I = (a,b) with a < b is not null.

A countable union of null sets is null.

S G W

There exist null sets which are not countable. The most famous ex-
ample is probably the Cantor set.

The Cantor set is defined as
C={ze[0,1] e, =0,2). 1.10
fo =3 g } (1.10)

Note that any real number x € [0,1] can be given a ternary repre-
sentation x = Zf;l g = .cicac3cy -, for ¢, = 0,1,2. For example
1=3>7,2/3" = .2222--.. (Just as with decimal expansions of real

numbers, this representation is not quite unique, e.g., 1/3 = .10000- - - =
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.02222- - but we could adopt a convention to make it unique.) The
Cantor set consists of those real numbers whose ternary representation
doesn’t contain any ¢, = 1. We are more familiar with the binary expan-

sion of any real number y € [0,1], y = > 7, % = .b1bobsby - - -, where
b, =0, 1.

e ( is uncountable.
Proof The map C = [0, 1] defined by

00 oo 1
Cn 26n

— 2™
n=1 3" n=1 2"
is 1-1 and onto. Since the real line contains an uncountable number
of points, C' is also uncountable. O
e (' is a null set.
Proof We can see this geometrically, from the triadic representation.
The points in the open middle third (1/3,2/3) of the interval [0,1]
don’t lie in the Cantor set, so we can remove this third. Then we
can remove the open middle thirds (1/9,2/9) and (7/9,8/9) of the
remaining intervals, etc. After k steps there remains a set C} that is
the union of 2% intervals of total length (2/3)%. C' = N, Cy, so for
each k, C can be covered by 2% open intervals of length < 2(2/3)*.
Since this goes to zero as k — oo we see that C is a null set. O

Definition 1.50 If a property holds for all real numbers ¢ except for
t € N, a null set, we say that the property holds almost everywhere

(a.e.).

The following technical lemmas show us how to associate a function
with a Cauchy sequence of step functions.

Lemma 1.51 Let {s;} be a Cauchy sequence in S*(I). Then there exist
strictly increasing sequences {ny} of positive integers such that

o0
Z/ |Snp iy — Sy |dt < 0. (1.11)
k=171

For every such sequence {ny} the subsequence {sy, (t)} converges point-
wise a.e. in 1.

Proof Choose nj, > nj_1, and so large that fI |Sm — Snldt < 1/2% for
all m,n >ny, k=1,2,.... Then [, [sp, ., — sn,|dt <1/2F k=1,2,...
and Y07 [} ISnpps — Snildt < 3007, 1/2% < co. Now assume {s,, } is
an arbitrary subsequence of {s,} such that (1.11) converges. Set

uk:|Sn1‘+|8n2_Sn1‘+"'+|5nk _Snk—1|’ k> 2, u1:|5n1|'
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Then 0 < uy(t) < ug(t) < --- for all ¢t € I and uy is a step function.
By (1.11) there exists M > 0 such that [, updt < M for all k. We will
show that limy_,o ug(t) exists for almost all ¢ € I. Given € > 0, let
Ri(e) ={t € I:uy(t) > M/e}. Clearly:

1. Ri(€) = Ry is the union of finitely many non-intersecting intervals.

2. Let € be the sum of the lengths of the intervals in Ry. Then ¢, < €
because wuy(t) > %Xnk(t) = [ugdt > f%kadt = M > %ek
where xgs(t) is the characteristic function of the set S, i.e.,

1 ifteS
Xs(t)_{ 0 iftgs.

3. up 2> up—1 = Ri 2 Ri—1.
4. Let

R=R(e) =Up>1Ri(e) =R1U(R2 —R1)U---U(Rp — Rg—1)U---

Then Ry — Rr—1 can be represented as the union of finitely many
non-intersecting intervals of total length ex — €_1.

5. Tt follows that R(e€) is the union of countably many non-intersecting
intervals. The sum of the lengths of the intervals in R(e) is

€1+(62—61)+"'—|—(€k—€k_1)+"'2 lim ¢, <e.

k—o0

Conclusion: u(t) < M/e, k =1,2,...,Vt € [ —R(e) = limp_, 00 ui(t)
exists Vt € I—R(e). The points of divergence are covered by the intervals
of R(e) (of total length < €). But € is arbitrary so the points of divergence
form a null set N so limy_,o ug(t) exists a.e.

Consider
Sny () £ (Sny (8) = 80y (0) + -+ + (Sny () = 8my, (1) +--+ (1.12)
Now
Sy ()] 4 S0 () = S0y (D) + -+ + |8y, (1) = Sy, (B)[ + - = lim. ug(2)

exists Vt ¢ N. Therefore (1.12) converges Vt ¢ N = limy o0 Sn,, (t)
exists a.e. O

Lemma 1.52 Let {s;}, {s,} be equivalent Cauchy sequences in S*(I),
possibly the same sequence. Let {sp, }, {s,, } be subsequences of {sy} and
{s},} that converge pointwise a.e. on I. Then limy_,o0 (sp, (t) — s, (1)) =
0 pointwise a.e. on I.
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Proof Let vy = sp, — sy, k=1,2,.... Then {vx} is a Cauchy sequence
and limy_ o v (t) exists pointwise V¢ & N; where N is some null set.

Also,
/ (o dt =
I

/I|Spk —s;k|dt§/j|spk —sk|dt—|—/1|sk—S;C|dt+/1|s;§—s;k|dt—>0

as k — oo. Let {k¢} be an increasing sequence of positive integers
such that Y, [} |vg,|dt < co. Then by lemma 1.51, ;2 |vg, (t)| con-
verges Vt ¢ Ny where Np is a null set. So limg—o vy, (t) = 0 pointwise
YVt & No = for all ¢t € N1 U Ny (a null set) we have limy_, oo vg(t) =
limy_, o Vg, (t) =0. O

We want to associate an equivalence class of functions (equal a.e.)
with each equivalence class of Cauchy sequences of step functions. How
can we do this uniquely? In particular, let {s;} be a sequence in S*(I)
such that s — 0 a.e. as k — oco. How can we guarantee that f[ spdt — 0
as k — oo?

Example 1.53 Let a >0, I = (0,1). Set

0 ift> 1
spt)=¢ ak f0<t<4, kodd
k if0<t<%7keven.

Remarks:

e 5;(t) = 0 as k — oo, for every t.

a, kodd
/Iskdt B { 1, k even.

o limy_ o fl spdt = 1, if a = 1. Otherwise the limit doesn’t exist.

The next lemma and the basic theorem to follow give conditions that
guarantee uniqueness.

Lemma 1.54 Let {s..}, {tx} be Cauchy sequences in S*(I) that converge
pointwise a.e. in I to limit functions that are equal a.e. in I. Then
{se} ~ {tr}, ie., [} |5k —teldt = 0 as k — oco.

Proof This is an immediate consequence of the following basic theorem.
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Theorem 1.55 Let {51} be a sequence in S1(I) such thatlimy_,« sk (t) =
0 a.e. in I. Suppose either

1. the s; are real and
$1(8) > 52(t) 2 - > su(t) 2+ 2 0

Vtel, or

2. for every e > 0 there exists an integer N (€) such that [} |s;—sp|dt < e
whenever, j, k > N(e), i.e., {si} is Cauchy in the norm.

Then [, |sg|dt — 0 as k — oo. (Note: | [} spdt| < [ |sp|dt, so [} spdt —
0 as k — c0.)

Proof

§1 >8>+ >0, sp(t) = 0 a.e. as k — oo.

Given € > 0, let M = maxs;(t), and let [a,b] be the smallest closed
interval outside of which s;(t) = 0. We can assume a # b.

Let N be the null set consisting of the points ¢ where either
limg_ 00 85 (t) is not zero or where the limit doesn’t exist, plus the
points where one or more of the functions si, ss,... is discontinu-
ous. Let Z = {I1, I5, ...} be a countable family of open intervals that
cover N and such that Y ;- ¢(I;) < e. Choose ty € (a,b) such that
to & Uk>11g. Since si(to) — 0 as K — oo there exists a smallest index
h = h(e, to) such that sp(tp) < e Vk > h. Since tg is a point of conti-
nuity of s, there exists an open interval in [a,b] that contains ¢y and
on which s (t) < e. Let I(tg) = I(to,€) be the largest such interval.
Then si(t) < eon I(tg) Vk > h(tg). Let G = {I(t) : t € [a,b] —Up 1, }.
Let H = H(e) be the family consisting of the intervals of Z and those
of G. Now H forms a covering of [a,b] by open intervals. Therefore,
by the Heine-Borel theorem (see [55, 92] if you are not familiar with
this theorem) we can find a finite subfamily H’ of H that covers [a, b].

H ={I(t1),I(t2),..., I(tn), I1,Io, ..., Iy}

On I(t1), 1 < i < n, we have sx(t) < e VkE > h(t;). Let p =
max{h(t1),...,h(t,)}. Then si(t) < e for k > p on every interval
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I(t;), 1 <i<n.On I, 1 <k <m, we know only si(t) < s1(t) < M.
Therefore, for k > p,

/Skdt < /SpdtS / [eXI(tl)U---UI(tn) +MX11U-~~UIW] dt
I I I

e(b—a)+ Me since  sp < €X(ty)u--UI(tn) T MX1U-UL, -

(Note that the latter are step functions.) But € is arbitrary, so limy_ o sidt =0.

lim sx(t) =0 a.e., /|sk — s¢|dt — 0 as k,{ — oo.
I

k—oc0

\/|sk|dt/|5e|dt' _ \/<|sk| - |s@|>dt\ < [l = el 1
I I I

S/‘Sk—sddt—)(]

1

as k,{ — 00. So { [, |sx|dt} is a Cauchy sequence of real numbers —
J; Iskldt — A as k — oco.

We will show that A = 0 by making use of part 1 of the proof.
Let n1 < mo < -+ < ng < --- be a strictly increasing sequence of
positive integers. Set v1(t) = |sp, (t)|, and vk = [Sn, [ASny A+ AlSn, s
k=2,3,..., le, vp(t) = min{|sn, )|, [Sns ()], - - -, [Sns, ()] }-
Remarks:

o v, € SY(I).

® VU =Up_1 /\|snk|

e vy > vy >wz > 2> 0.

o vUi(t) < |sn, (t)] = 0 a.e. as k — oo. Therefore, by part 1,

limy oo f[ vpdt = 0.

o —Up + V1 = —VUp_1 A |Sp, | + V-1 =
Uk;,l(t) — Uk(t) =

0 i [0, (0)] > 001 (8)

th—1(t) = 80, ()] < |80y (B)] = 80, ()]
< 8y (t) = Sy (B)] otherwise.

o [((vk—1 —v)dt < [} |sp,_, — Sn,|dt = d) (definition).
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Therefore,

/|Sn1|dt: /'Uldt:/[’l]z-l-(vl —Ug)}dt S /7)2dt+52 (113)
I I I I
= /[U3+(’U2 —1)3)]dt+(52 < /1)3dt—|—(52—|-(53
I I

s-~-s/vpdt+52+63+-~-+6p7
I

for p=2,3, ... Given € > 0 choose n; so large that [} |s,, |dt > A—e
and [} |s,, — su|dt < €/2 Vn > ny. For k > 2 choose ny > ng_1 so
large that f[ |Sp, — snldt < €/2F ¥n > ng. Then §;, < /2871, for
k=2,3,.... Choose p so large that [, v,dt < e. Then (1.13) =

€ € €
A—e</I|sm|dt<e—+—§-|—27-|-~~~-|—2p_1 < 2e,
=— 0 < A < 3e. But € is arbitrary, so A = 0. O

1.5.3 Pointwise convergence and L; and L, convergence

Now we can clarify what happens when we have a Cauchy sequence of
functions in L;(I) that also converges pointwise a.e.

Theorem 1.56 Let {g,} be a Cauchy sequence in Li(I) such that
gn(t) = f(t) a.e. asn — oo. Then f € Li(I) and [, f dt =lim, s [; gndt.
Also, limy, o0 [;|f — gnldt = 0.

Proof Note that f(t) = g1(t) + Zf:ﬂgnﬂ(t) = gn(t)] = limy, o0 gn(t)
a.e. and, by passing to a subsequence if necessary, we can assume that
Jilgul dt + 3707 [ |gns1 — gn| dt < oco. Similarly we can find step
functions s, ; such that

L gni1(t)=gn(t) = sn1 () 3272 [Snj41(8) =55 (B)] = Himy o0 s, 541 (1),
except on a set N,, of measure zero

2. f[ S| dt + Z;il f] [Sn,j+1 = Snj| dt < oo.

For each n, choose €, > 0. By passing to a further subsequence of step
functions if necessary, we can also assume that

L ;1501 — (Gn+1 — gn)| dt < &,
2. Z;il fz [8n,j+1 — 8n,j| dt < €p.
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Thus, by the triangle inequality, we have

o
/|5n,1| dt + Z/ [Sn.j+1 = Sn.j
I o

+/|(gn+1 —Gn) — Sn,1| dt + €, < / |9n+1 — gn| dt + 2¢,.
I I

Now set €, = 1/2"*! and note that

Z/|Sn 1| dt+ Z /lsnj+1 snjldt< Z/|gn+1 gn|dt

n,j=1

+Z—<oo

This implies that Zf:’j:l 5p,;(t) converges absolutely Vt ¢ N, where N
is a null set. Therefore, if t & (U, N,,) UN then g1(¢) + Y o0 i (gnt1(t) —
gn(t)) = g1(t) + 2021 (8nj41 — Snj)(t) = f(t). Since gi(t) can be
expressed as the limit of a Cauchy sequence of step functions, it fol-

dt S / |gn+1 _gn| dt
I

lows that f is the limit of a (double-indexed) Cauchy sequence of step
functions, so

feLi(I) and /f dt = lim [ gndt.
I

n—oo I

O
We can easily modify the preceding results to relate pointwise con-
vergence to convergence in Lo(I). Recall that S%(I) is the space of all
real or complex valued step functions on I with inner product (s1,s2) =
J; s1(t)52(t)dt. More precisely, S*(I) is the space of equivalence classes
of step functlons in S(I) where two step functions are equivalent pro-
vided they differ at most for a finite number of points. Then S2(I) is an
inner product space with norm |[|s||? = [} |s(t)[*dt. The space of L (I)
is the completion of S?(I) with respect to this norm. Ly(I) is a Hilbert
space. Every element u of Lo(I) is an equivalence class of Cauchy se-
quences of step functions {s,}, [, |s; — sk|?dt — 0 as j,k — oco. (Recall
{s),} ~{sn}if [, |5}, —snl?dt — 0 as n — o0.) Now by a slight modifica-
tion of Lemmas 1.51, 1.52 and 1.54 we can identify an equivalence class
X of Cauchy sequences of step functions with an equivalence class F' of
functions f(t) that are equal a.e. Indeed we will show that f € F <=
there exists a Cauchy sequence {s,} € X and an increasing sequence of
integers n; < ng--- such that s,, — f a.e. as k — oco. This result is an

immediate consequence of the following lemma.

Lemma 1.57 If {s,} is a Cauchy sequence in S*(I) then {|s,|*} is a
Cauchy sequence in S*(I).
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Proof Given € > 0 we have
Isn] = [sm — (8m — sn)|

AL+ 6)sml  if [Sm — Sn] < €|sm]

< |Sm| + [8m — Sn| < .
(Sl + fsm = 5l {<1+i>smsn| i[5 — 5] > €loml,

which implies

N2
I5,]% < (14 €)%|sm|? + <1 + 6> |Sm — 502,

SO
1 2
2
lol? = 2| < [0+ 0 = s+ (15 7)o =%

Integrating this inequality over I and using that fact that since {s,,} is
Cauchy in S?(I) there exists a finite number M such that [} |s,,[2dt <
M, we obtain

2
1
/ ’|sn|2 — |sm|2’ dt <[(1+4¢€)* —1]M + (1 + e) |[8m — snl|?.
I

Now, given ¢ > 0 we can choose € so small that the first term on the
right-hand side of this inequality is < € /2. Then we can choose n, m so
large that the second term on the right-hand side of this inequality is
also < € /2. Thus [ ||sn|* — [sm|?| dt — 0 as n,m — . ]

Though we shall not do this here, the arguments used for the Banach
spaces L1(I), Lo(I) can be generalized to construct the Banach spaces
L,(I) for p any positive real number. Here the norm is ||f|[, where
[fI[5 = [, f()|" dt. The space is the completion of the space of step
functions on I with respect to this norm.

1.6 Orthogonal projections, Gram—Schmidt
orthogonalization

Orthogonality is the mathematical formalization of the geometrical prop-
erty of perpendicularity, as adapted to general inner product spaces. In
signal processing, bases consisting of mutually orthogonal elements play
an essential role in a broad range of theoretical and applied applications
such as the design of numerical algorithms. The fact of the matter is
that computations become dramatically simpler and less prone to nu-
merical instabilities when performed in orthogonal coordinate systems.
For example, the orthogonality of eigenvector and eigenfunction bases
for symmetric matrices and self-adjoint boundary value problems is the
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key to understanding the dynamics of many discrete and continuous
mechanical, thermodynamical and electrical systems as well as almost
all of Fourier analysis and signal processing. The Gram—Schmidt process
will convert an arbitrary basis for an inner product space into an orthog-
onal basis. In function space, the Gram—Schmidt algorithm is employed
to construct orthogonal and biorthogonal polynomials. Orthogonal poly-
nomials play a fundamental role in approximation theory, integrable
systems, random matrix theory, computer vision, imaging and harmonic
analysis to name just a few areas.

1.6.1 Orthogonality, orthonormal bases

Definition 1.58 Two vectors u, v in an inner product space H are called
orthogonal, v L wv, if (u,v) = 0. Similarly, two sets M, N C H are
orthogonal, M L N, if (u,v) =0 for all u € M, v € N

Definition 1.59 Let S be a nonempty subset of the inner product space
H. We define St = {u € H:u L S}.

Lemma 1.60 S* is a closed subspace of H in the sense that if {u(”)}
is a sequence in ST, and u) — u € H asn — oo, then u € S*.

Proof
1. 8t is a subspace. Let u,v € S*, a,8 € C, then (au + Bv,w) =

a(u,w) + Bv,w) =0 for all w € S, so au + fv € S*.
2. St is closed. Suppose {u(™} c St lim, 0o u™ = u € H. Then

(u,v) = (limy, 00 u™,v) = lim, 00 (u™,v) = 0 for all v € S =
u € St. |

1.6.2 Orthonormal bases for finite-dimensional
inner product spaces

Let H be an m-dimensional inner product space, (say H,). A vector
u € H is a unit vector if ||u|l| = 1. The vectors in a finite subset
{u® .. u®} c H are mutually orthogonal if u® 1L ul) for i # j.
The finite subset is orthonormal (ON) if u® L uU) for i # j, and
|[u?|| = 1. Orthonormal bases for H are especially convenient because
the expansion coefficients of any vector in terms of the basis can be
calculated easily from the inner product.
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Theorem 1.61 Let {u™ ... u™} be an ON basis for H. If u € H
then

w = au® + apu® 4+ -+ ayu™
where a; = (u,u®), i=1,...,n.
Proof
(U,u(i)) - (alu(l) +oaou® 4. —i—anu("),u(i)) - Z aj(u(j)7u(i)) = q;.
J

O

Example 1.62 Consider Hs. The set e = (1,0,0), e = (0,1,0), e =
(0,0,1) is an ON basis. The set v = (1,0,0), u® = (1,1,0),
(1,1,1) is a basis, but not ON. The set v(Y) = (1,0,0), v® = (0,2,0),
v®) = (0,0,3) is an orthogonal basis, but not ON.

Exercise 1.6 Write the vector w = (1,—2,3) as a linear combination
of each of the bases {¢®}, {u(D}, {v)} of Example 1.62.

The following are very familiar results from geometry, where the inner
product is the dot product, but apply generally:

Corollary 1.63 For u,v € H and {uD} an ON basis for H.:

o (IL7 ’U) — (alu(1)+a2u(2)+ . _l’_anu(n)’ /Blu(l)+/82u(2) J’_. . .+/Bnu(n)) =
> (u,u) (u®, ).

o |[ul?2 =31 |(u,u®)|. Parseval’s equality.

Lemma 1.64 If u L v then |ju+ v|[* = |[u]|* + |[v||®. Pythagorean
Theorem.

Lemma 1.65 If u,v belong to the real inner product space H then ||u+
v|[2 = ||ul|? + [|v]|? + 2(u,v). Law of Cosines.

Does every n-dimensional inner product space have an ON basis? Yes!
Recall that [u(l), u?, .. ,u(m)] is the subspace of H spanned by all linear
combinations of the vectors u®, u®@ ... (™).

Theorem 1.66 (Gram-Schmidt) let {u™ u® ... u(™} be an (ordered)
basis for the inner product space H, where n > 1. There exists an ON
basis {f, f@ ... f™Y for H such that

WD, u® ] = [f0 @) )

for each m=1,2,....,n.
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Proof Define f) by f1) = 4M/[|[uM||. This implies ||fM|| = 1 and
[uM] = [fV)]. Now set g® = u® —af) £ 0. We determine the con-
stant a by requiring that (¢, f() = 0. But (¢, f1)) = (@, fM) -
asoa = (u?, fM). Now define f? by 2 = ¢ /||g()]|. At this point
we have (f(), f0)) = ¢;; for 1 <4,j <2 and [u®,u®] = [fD )]

We proceed by induction. Assume we have constructed an ON set
{fO . f™Y such that [fV, ... f®] = [wW® .. w®] for
k=1,2,...,m.Set g0t = (m+1) _q f) _qy f2) —..._q, f(M) £
©. Determine the constants o; by the requirement (¢(m+, f)) =0 =
(um D D) — ;0 1 < i < m. Set fmHD) = g0mHD) /|| g(nF || Then
{fO, .. fm+D1 is ON, O

Let W be a subspace of H and let {f(), f) ... (™)1 be an ON basis
for W. Let u € H. We say that the vector u' = > (u, V) f) € W is
the projection of v on W.

Example 1.67 The vectors
u = (1,-1,0), «® =(1,0,1),

form a basis for a two-dimensional subspace V of R3. Use the Gram—
Schmidt process on these vectors to obtain an orthonormal basis for V.
Solution: Let f(), f(2) be the ON basis vectors. Then |[uM|| = 2, so
f = f( —1,0). Now (u®, fM) = 1/v/2 s0 (9@, fM) = 0 where
g =u® — (@, fW) D) Thus

11 3 2/11
@ =221 2 (2) \/71
5= (53:1) 1@ =5 — 2 =/3(5.51),

to within multiplication by £1.

Theorem 1.68 If u € H there exist unique vectors u' € W, u"" € W+
such that w = v’ + u”.

Proof

1. Existence: Let {f(M, f@) ... f(™1 be an ON basis for W, set v’ =
S (u, fO) O e W and v = u — . Now (u”, D) = (u, V) —
(u, fD)=0,1<i<m,so (u",v) =0 for all v € W. Thus v € W+.

2. Uniqueness: Suppose u = v’ +u” = v/ +v" where v/,v" € W, u” v €
WL, Then v/ —v' =v" —u” e WNWH = (v —v',u' —v') =0=
Hu’—v’Hz:>u’:1/,u”:v”. 0

Corollary 1.69 Bessel’s Inequality. Let {f(, ..., f™} be an ON set
inH. If u € H then ||ul|®> > S0 | (u, £O)]2.
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Proof Set W = [fM) ..., f(™)]. Then u = «' + u” where v’ € W,
u" € Whand o' = 37" (u, fD) f@. Therefore [[u||? = (v + v, u’ +
u’) = [+ [l 2> (|| = (@ u') = 307 [ (u, fO) o
Note that this inequality holds even if m is infinite.
The projection of u € H onto the subspace W has invariant meaning,
i.e., it is basis independent. Also, it solves an important minimization
problem: v is the vector in W that is closest to u.

Theorem 1.70 min, ey ||u—v|| = ||lu—'|| and the minimum is achieved
if and only if v =u'.

Proof Let v € W and let {fV), f@ . f0™1 bhe an ON basis for
W. Then v = 7" a; f for a; = (v, f@) and |ju — v|| = |Ju —
Y aifOlP = (w = Y aifPu = Y aifY) =l -
S G FO) =3 o (£, )3 el = (=0 (s ) PO 2
+3  (uy f9) — @2 > |Ju — «/||2. Equality is obtained if and only if
a; = (u, f), for 1 <i < m. O

To indicate the uniqueness of the decomposition of each vector in H
into the sum of a vector in W and W+, we write H = W @ W=, a direct
sum decomposition.

1.6.3 Orthonormal systems in an infinite-dimensional
separable Hilbert space

Let H be a separable Hilbert space. (We have in mind spaces such as £
and L2[0, 27].)

The idea of an orthogonal projection extends to infinite-dimensional
inner product spaces, but there is a problem. If the infinite-dimensional
subspace W of H isn’t closed, the concept may not make sense.

For example, let H = /5 and let W be the subspace consisting of
elements of the form (...,a_1,a9,a1,...) such that a; = 0 for i =
1,0,—1,—2,... and there are a finite number of nonzero components
«; for i > 2. Choose u = (...,5-1,00,01,...) such that §; = 0 for
i=0,—-1,-2,--- and B, = 1/n for n = 1,2,... Then u € ¢3 but the
projection of w on W is undefined. If W is closed, however, i.e., if every
Cauchy sequence {u(”)} in W converges to an element of W, the problem
disappears.

Theorem 1.71 Let W be a closed subspace of the inner product space
H and let w € H. Set d = inf,ew ||u — v||. Then there exists a unique
@ € W such that ||u — a@|| = d, (@ is called the projection of u on W).
Furthermore uw — u L. W and this characterizes .
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Proof Clearly there exists a sequence {v(™} € W such that |ju—v(™|| =
dp, with lim,, o d,, = d. We will show that {v("} is Cauchy. To do this
it will be convenient to make use of the parallelogram law for inner
product spaces:

llz +yl[? + [lz = yl* = 2[2|* + 2[|y]]?,
see Exercise 1.23. Set z = u — v, y = v — v(™ in the parallelogram
law and rewrite it to obtain the identity

(m) (n)
||U(m) N v(n)||2 _ 2”“’ _ ’U(m)||2 + 2||’LL — v(”)|‘2 _ 4||U — %”2

< 2d2 4 2d% — 4d?,

since by definition of d we must have |ju — (v(™ + v(™)/2|| > d. Thus
in the limit

0 < [0\ — vy || < 2d%, +2d2 — 4d* — 0

as m,n — +oo. This means that ||[v(™ — (|| — 0 as m,n go to oo,
so the sequence {v(™} is Cauchy.

Since W is closed, there exists @ € W such that lim,,_, o v(™ = @. Also,
Ju — @] = [Ju — limy, 0o v™ || = lim, 00 [Ju — || = limy, 00 dp, = d.
Furthermore, for any v € W, (u — @, v) = limy,_o0 (v — v, 0) = 0 =
u—u Ll W.

Conversely, if u—u L. W and v € W then |ju —v||? = ||(u — @) + (@ —
V|2 = |Ju—al||?> + ||a — v||* = d* + ||a — v||?. Therefore ||u — v||? > d?
and = d? if and only if @ = v. Thus @ is unique. O

Corollary 1.72 Let W be a closed subspace of the Hilbert space H and
let u € H. Then there exist unique vectors w € W, © € W, such that
w =1+ 0. We write this direct sum decomposition as H =W & W+.

Corollary 1.73 A subspace M C H is dense in H if and only if u L M
for uw € H implies u = ©.

Proof M dense in H = M = H. Suppose v L. M. Then there exists a
sequence {u(™} in M such that lim,, . u™ = u and (u,u(™) = 0 for
all n. Thus (u,u) = lim, 0 (u,u™) =0 = u = 0.

Conversely, suppose v L M = u = 0. If M isn’t dense in H then
M # H = there is a u € H such that u # M. Therefore there exists a
@ € M such that v = u— @ # O belongs to ML = v 1 M. Impossible!
O

Now we are ready to study ON systems on an infinite-dimensional
(but separable) Hilbert space H. If {v(™)} is a sequence in H, we say that
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S22 0™ = v € H if the partial sums 22:1 v = u®) form a Cauchy
sequence and limy_, o u®) = v. This is called convergence in the mean or
convergence in the norm, rather than pointwise convergence of functions.
(For Hilbert spaces of functions, such as L2 [0, 27], we need to distinguish
this mean convergence from pointwise or uniform convergence.)

The following results are just slight extensions of results that we have
proved for ON sets in finite-dimensional inner-product spaces. The se-
quence uV u® ... € H is orthonormal (ON) if (u(?,u9)) = §;;. (Note
that an ON sequence need not be a basis for H.) Given v € H, the
numbers a; = (u, u9)) are the Fourier coefficients of u with respect to
this sequence.

Lemma 1.74 u=3 anu™ = a,, = (u,u™).

Given a fixed ON system {u(™}, a positive integer N and u € H
the projection theorem tells us that we can minimize the “error” |lu —
ijzl anu™|| of approximating u by choosing a,, = (u,u™), i.e., as
the Fourier coefficients. Moreover,

Corollary 1.75 ij:l |(u, ™) 2 < ||ul|? for any N.
Corollary 1.76 >°°  |(u,u(™)|? < ||u||?, Bessel’s inequality.

n=1

Theorem 1.77 Given the ON system {u(™} € H, then 307, Boul™
converges in the norm if and only if Y oo, |8n]?* < 00.

Proof Let v = Zszl Bau™. 5% B,ul™ converges if and only if
{v®} is Cauchy in H. For k > ¢,

k k
o O =) 3 gau@lE= 3 gR (119)
n=~0+1 n=0+1

Set t = 2221 |8n]?. Then (1.14)== {v(®} is Cauchy in H if and only
if {¢)} is a Cauchy sequence of real numbers, if and only if Y 07 | |8,]* <
00. O

Definition 1.78 A subset K of H is complete if for every u € H and
¢ > 0 there are elements v, u® ... «®™) € K and a1,...,any € C
such that |lu — Zf:]:l anu™|| < ¢, ie., if the subspace K formed by
taking all finite linear combinations of elements of K is dense in H.

Theorem 1.79 The following are equivalent for any ON sequence {u(™}
mn H.
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1. {u™} is complete ({u(™} is an ON basis for H).

2. Every u € H can be written uniquely in the form u =", apu™,
o = (u,ul™)
n k) -

3. For every u € H, ||ul|> = 32°°, [(u, u'™)|?, Parseval’s equality.

n=1
4. Ifu L {u(™} then u = ©.
Proof

1. 1 == 2 {u(™} complete => given u € H and € > 0 there is an integer
N and constants {«,} such that ||u — 22;1 anu™|| < e = ||u —
22:1 anu™|| < eforallk > N. Clearly S0 (u, ul™)u(™ € H since
S (u,u™)2 < ul|? < oo. Therefore u = > o7 (u, u(™)u(™),
Uniqueness obvious.

2. 2 = 3 Suppose u = EZOZA anu™, o, = (u,ul™). Then, ||u —
Son_y anu™[2 = J[ul[2 = 35, |(w,ul™)2 = 0 as k — oco. Hence
o0 n
lull? = 320 1w, u™) 2.

3. 3 = 4 Suppose u L {u(™}. Then |Jul> = >0°  |(u,u(™)|?> = 0 so
u=0.

4. 4 = 1 Let M be the dense subspace of H formed from all finite
linear combinations of u(®, (), ... Then given v € H and € > 0
there exists a ZnN:1 anu™ € M such that H”*Zgﬂ anu™|| < e O

1.7 Linear operators and matrices,
LS approximations

We assume that the reader has a basic familiarity with linear algebra
and move rapidly to derive the basic results we need for applications.
Let V, W be vector spaces over F (either the real or the complex field).

Definition 1.80 A linear transformation (or linear operator) from V
to W is a function T : V — W, defined for all v € V that satisfies
T(au + pv) = aTu + BTv for all u,v € V, o, 8 € F. Here, the set
R(T) = {Tu: u € V} is called the range of T. The dimension r of R(T)
is called the rank. The set N(T) = {u € V : Tu = 0} is called the null
space or kernel of T. The dimension k of N(T) is called the nullity.

Lemma 1.81 R(T) is a subspace of W and N(T) is a subspace of V.
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Proof Let w = Tu,z = Tv € R(T) and let o, € F. Then aw +
Bz = T(au + Bv) € R(T). Similarly, if u,v € N(T) and «, 8 € F then
T(au+ fv) =aO + 0 = 0O, so au + v € N(T). ad

Note that an operator T : V' — W is 1-1 or injective if and only if its
null space is zero dimensional. If T is 1-1 and if R(T) = W then T is
invertible and for any w € W the equation Tv = w always has a unique
solution v € V. The linear operator T~! : W — V defined by T™'w = v
is called the inverse operator to T.

If V is n-dimensional with basis v(*), ... (") and W is m-dimensional
with basis w®, ..., w(™ then T is completely determined by its matrix
representation T = (Tj;) with respect to these two bases:

m
To® =S Tpw®,  k=1,2,...,n.

IfveVandv= ZZ:l av® then the action Tv = w is given by

n m n
_T<Za’““ ) ZakT”(k =3 Y T =Y A =u
k=1 - j=1 k=1 j=1
Thus the coefficients §; of w are given by 3; = 22:1 Tikok, j =
1,...,m. In matrix notation, one writes this as
Ty - Thp o b1
Tml e Tmn Oy, Bm
or
Ta=0.

The matrix T = (T}) has m rows and n columns, i.e., it is m x n,
whereas the vector a = (o) is n x 1 and the vector b = (3;) is m x 1. If
V and W are Hilbert spaces with ON bases, we shall sometimes represent
operators T by matrices with an infinite number of rows and columns.

Let V,W, X be vector spaces over F', and T, U be linear operators
T:V —>W,U: W — X. The product UT of these two operators is the
composition UT : V — X defined by UTv = U(Tw) for all v € V. The
sum T + T’ of two linear operators T : V — W, T/ : V. — W, is defined
by (T + T )v = To+ T'v. If a € F the scalar multiple of T is the linear
operator oT defined by (aT)v = a(Tv).

Suppose V is n-dimensional with basis vV, ..., v(") W is m-dimensional
with basis w™, ..., w(™ and X is p-dimensional with basis (1), ..., z®.
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Then T has matrix representation T' = (Tjx), U has matrix representa-
tion U = (Uy;),

P
Uw) = ZUgjz(e), 1=12....m

=1
and Y = UT has matrix representation Y = (Yy) given by

P
Yot = UTo® = Zngx(Z), k=1,2,...,n,
(=1

A straightforward computation gives Yy, = Z;nzl UgiTii, £ =1,...,p,

k=1,...,n. In matrix notation, one writes this as
U - U Ty - Tip Yo - Y
U - Upm T -+ Toun Yo o Y
or
UT =Y.

Here, Uis pxm, T ism xn and Y is p X n. Similarly, if T : V — W,
T : V — W, have m x n matrix representations T,T" respectively,
then T + T' has m x n matrix representation T+ T”, the sum of the
two matrices. The scalar multiple of o'T has matrix representation a1’
where (oT') i = oT}y.

Now let us return to our operator T : V' — W and suppose that
both V and W are complex inner product spaces, with inner products
(-, )v, (+,-)w, respectively. Then T induces a linear operator T* : W —
V' and defined by

(Tv,w)w = (v, T"w)y, veV,iweW.

To show that T* exists, we will compute its matrix 7. Suppose that
v 0™ is an ON basis for V and w®, ... w(™ is an ON basis for
W. Then, for k=1,...,n,5 =1,...,m, we have

P

T = (To® W)y = (v T*w))y, = T* .

Thus the operator T* (the adjoint operator to T) has the adjoint matrix
to T': ng = _jk. In matrix notation this is written T* = T* where the
' stands for the matrix transpose (interchange of rows and columns).
For a real inner product space the complex conjugate is dropped and

the adjoint matrix is just the transpose.
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There are fundamental relations between the linear transformations
T:V —- W and T* : W — V that apply directly to the solution of
systems of m x n linear equations T'a = b. Recall that N(T) and R(T*)
are subspaces of V' with dimensions k, r*, respectively. Similarly, N (T*)
and R(T) are subspaces of W with dimensions k*, r, respectively.

Theorem 1.82 The Fundamental Theorem of Linear Algebra. Let T :
V — W as defined above. Then, [94],

1.n=k+r, m=k"+r",

2. V=N(T)® R(T*), ie, R(T*)=N(T)%,
3. W =N(T*)® R(T), ie., N(T*)=R(T)*,
4. r=r".

Proof Let {vM ..., o™} be an ON basis for N(T) in V. Using the
Gram—Schmidt process we can supplement this set with vectors
oD v in V osuch that {v™), ... v(™} is an ON basis for V. Now
set w) =T j =k +1,...,n. We claim that {w®+D w®} is
a basis for R(T) in W. For any constants «; we have

T(ao™W + -+ a,0™) Z o; To® Z ow®,

i=k+1 1=k+1

so the {w)} form a spanning set for R(T). Further the set {w()} is
linearly independent, since if Z?=k+1 ajw(j) = O then

Zav” ZO(]T’U Za] =0,

j=k+1 j=k+1 j=k+1

SO ki1 a;v9) € N(T), which is possible only if 41 = - = a, = 0.
Thus dim R(T) = n — k = r. The dual argument, using the fact that
T** =T, yields dim R(T*) =m — k* = r*.

For the remaining parts of the proof we first apply the projection
theorem to V and the subspace N(T): V = N(T) @ N(T)*. We will
show that R(T*) = N(T)*. Let 9 € R(T*) CV and 9 € N(T) C V.
Then there is a w € W such that v = T*w and we have

(0,9)y = (0, T*0)y = (T, 0)w = (0, w)w =0,
so o € N(T)t. Thus R(T*) C N(T)*. This means that R(T*)+ D
(N(T)1)*+ = N(T). Counting dimensions we have n — r* > k. A

dual argument applied to the projection W = N(T*) @ N(T*)* yields
R(T)* 2 (N(T*)1)t = N(T*). Counting dimensions we get m—r > k*.
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Thus we have the inequalities n > k 4+ r*, m > k* 4+ r, or by adding
m+n > (k+ k") + (r + r*) where strict equality in the last expres-
sion holds if and only if there is strict equality in the first two ex-
pressions. However, the proof of part 1 shows that indeed m + n =
(K 4+ )+ (k+7) = (k+k*) + (r +r*). Since R(T*)* D N(T) and
the two spaces have the same dimension, they must be equal. A similar
argument gives R(T)* = N(T*).

To prove 4) we note from 1) that n = k 4+ r whereas from the proof of
3) n=Fk+r*. Thus r =r*. O

Note from Theorem 1.82 that the rank of T is equal to the rank of
T*. This result has an important implication for the matrices T',T* of
these operators with respect to bases in V and W. The rank of T is
just the number of linearly independent column vectors of T, i.e., the
dimension of the vector space of n-tuples (the column space) spanned
by the column vectors of T. The rank of T* is the number of linearly
independent column vectors of T, which is the same as the number of
linearly independent row vectors of 7T, i.e., the dimension of the vector
space of m-tuples (the row space) spanned by the row vectors of T'. This
is true even for matrices with complex entries because taking the com-
plex conjugate does not alter the linear independence of row or column
vectors. Note also that any m xn matrix T' can be realized as the matrix
of some operator T : V — W with respect to an appropriate basis.

Corollary 1.83 The dimension of the row space of an m x n matriz T
is equal to the dimension of its column space.

There are some special operators and matrices that we will meet often
in this book. Suppose that v, ... (") is a basis for V.

1. The identity operator I : V' — V is defined by Iv = v for all v € V.
The matrix of I'is I = (J;5) where d;; =1 and d;, =01if j #h, 1 <
j,h < m.If T is invertible with inverse T~! then TT"! = T~ !T =L
In this case the matrix 7" of T with respect to the basis has rank m
and T~! is the matrix of T™!, where TT~! = T7'T = I. We say
that T is nonsingular with inverse matrix 7!,

2. The zero operator Z : V — V is defined by Zv = © for all v € V.
The n x n matrix of Z has all matrix elements 0.

3. Anoperator U : V — V that preserves the inner product, (Uv, Uu) =
(v,u) for all u,v € V is called unitary. The matrix U of a unitary
operator is characterized by the matrix equation UU* = I.
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4. If V is a real inner product space, the operators O : V' — V that pre-
serve the inner product, (Ov, Ou) = (v, u) for all u,v € V are called
orthogonal. The matrix O of an orthogonal operator is characterized
by the matrix equation OO' = T.

5. An operator T : V — V that is equal to its adjoint, i.e., T = T* is
called self-adjoint if V is a complex vector space and symmetricif V' is
real. The m xm matrix T of a self-adjoint operator is characterized by
the matrix equation 7* = T (the matrix is self-adjoint) for complex
spaces and T = T*" (the matrix is symmetric) for real spaces.

1.7.1 The singular value decomposition

We recall some important results from linear algebra concerning the
diagonalization of self-adjoint operators, e.g. [94]. Suppose that T : V —
V' is an operator on a complex inner product space V. We say that
a nonzero v € V is an eigenvector of T with eigenvalue A € C if
Tv* = \v*. This definition is also valid for real vector spaces if A € R.
Now suppose T is self-adjoint. Then its eigenvalues must be real. In-

deed, since T = T* we have
Mo [2 =< Tot, 0 >=< o, T >= ||| %,

so A = \. If A1, A\ are distinct eigenvalues for T, then the corresponding
eigenvectors are orthogonal. Indeed

A <M 0 >=< ToM 0?2 >=< o™ T >= Ay < 0™ 0?2 >,

s0 (A1 — A2) < v, v*2 >= 0, which implies < v*1,v*? >= 0. A funda-
mental result from linear algebra, the Spectral Theorem for self-adjoint
operators, states that if T is self-adjoint then V has an ON basis {v*}
of eigenvectors of T:

Tot :)\jv)‘9'7 j=1...,m.

The matrix of T with respect to this basis is diagonal: D = (;xA;). If
V is real and T is symmetric the same result holds.

Now we give the matrix version of this result for self-adjoint operators.
Let T be the self-adjoint matrix of T with respect to the ON basis { (1)}
of V: Ty, = (Tf®), f)). We expand this basis in terms of the ON basis
of eigenvectors: f(*¥) = 22;1 Upgv for j = 1,...,m. Note that the
m x m matrix U is unitary, so that U~ = U*.

Ty, = (Tf®, f0)) = ZUhkUTj < Toth v >= ZUhkUTjtshe)w
h,¢ h,l
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Thus T'=U"'DU or D = UTU ! where U~! = U* and D is diagonal.
In the real case U = O is real orthogonal and we have T = O~'DO
where O~! = O,

By definition, an operator T : V' — W cannot have eigenvectors. Sim-
ilarly it makes no direct sense to talk about eigenvectors and eigenvalues
of nonsquare matrices. However, there is a sense in which T and its ma-
trix T with respect to a pair of ON bases can be diagonalized. This is the
Singular Value Decomposition (SVD) that has proven extremely useful
for applications. Let T : V. — W be a linear operator of rank r from
the inner product space V to the inner product space W, with adjoint
operator T* : W — V.

Theorem 1.84 (Singular Value Decomposition) There is an ON basis
{vM .. 0™ for V and an ON basis {w™ ... w™} for W such that

To® = gw®, T w® = g0, £=1,...,m7, (1.15)

To" =0, h=r+1,...,n, T wW) =0, j=r+1,...,m.
Here
o1>092>--2>20,>0
are the singular values of T.

Proof Recall from Theorem 1.82 that V = R(T*) ® N(T) and W =
R(T) ® N(T*), where r = dim R(T*) = dim R(T), k = dim N(T),
k* = dim N(T*) and k + r = n, k* + r = m. Note that the operator
Trer+) : R(T*) — R(T), maps the subspace R(T*) of V' 1-1 onto
the subspace R(T) of W. Similarly, the operator T*r(r) : R(T) —
R(T*), maps the subspace R(T) of W 1-1 onto the subspace R(T*) of
V. Further, the compositions

(T*T)g(r+) : R(T*) = R(T*), (TT")ger) : R(T) — R(T),

are 1-1 maps of R(T*) and R(T), respectively, onto themselves. Both of
these operators are self-adjoint. Indeed if u"), u(? € R(T*) then

<T*TuM, u® >, =< T, Tu® >y =<« T*Tu® >,

with an analogous demonstration for TT*.
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It follows from the Spectral Theorem for self-adjoint operators that
there is an ON basis {v"), ..., v("} for R(T*) consisting of eigenvectors
of T*T:

T*Tol) = /\jv(j), j=1,...,r
Moreover, the eigenvalues \; are strictly positive. Indeed,
0 < ||ToW |2 =< ToW, ToW) >p=< 0@ T*Tv() >y,
= Al = .

Thus we can set \; = OJQ- where o; > 0. We reorder the labels on our

eigenvectors so that o; > 02 > -+ > o,.. Note that
(TT*)TvY) = T(T*TvW) = o2 ToV),

so Tvl) € R(T) is an eigenvector of TT* with eigenvalue o7. Now we
renormalize these new eigenvectors by defining w(?) = O';lT’U(j ). Thus,

Ty = ij(j)7 T*w@) = aj_lT*Tv(j) - crjv(j)

7

and

< ToW) To® >y =
gj0¢ g0y

<), w® 5=

< U(j), T* Ty >

A RN Ol — 5o,
g
so {w¥)} is an ON basis for R(T).

Next we choose an ON basis {v(!), ... v(™} for V such that the first r
vectors are the constructed ON eigenvector basis for R(T*) and the last k&
an ON basis for N(T). Similarly, we choose an ON basis {w™), ... w(™}
for W such that the first r vectors are the constructed ON eigenvector
basis for R(T) and the last k* an ON basis for N(T*). These vectors
satisfy relations (1.15 ). a

For the matrix version of the theorem we consider the m x n matrix
T = (Tys) of T with respect to the ON bases {e(*), 1 < s < n} for V
and {f®), 1 <t <m} for W: Ty, =< Te®, f® >y, We expand these
bases in terms of the ON bases from Theorem 1.84: e(5) = ZZ:1 Ap o™
fors=1,...,nand f® = Py Byw'® for t =1,...,m. Then

Ty =< Te®), fO > = Z ApsBg < ToM w@ >y
h,q=1

= Y AnsBgiondng.

h,q=1
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Thus, T = B*S A where A is an n X n unitary matrix and B is an m x m
unitary matrix. The m x n matrix S takes the form

o, 0 o e o0
0 o9 oo or e 0
S=1 0 o o 0
0 0 <+ v v 0

Example 1.85 We consider an example where T is a real 3 x 4 matrix,
so B and A will be orthogonal. Here

—1.7489 —.3837  0.2643 1.5590
T=1| —-39454 —-8777  0.5777  3.5049
4.9900 1.1081 —0.7404 —4.4343

It is an easy exercise with the software program MATLAB to obtain the
singular value decomposition

T =B"SA=
—0.2654  0.8001 0.5379 9 0 0 0
—0.5979 —0.5743 0.5592 0 0.01 0 0 | x
0.7564 —0.1732 0.6308 0 0 0.003 0

0.7330  0.1627 —0.1084 —0.6515
0.2275  0.5127  0.7883 0.2529
0.2063  0.5996 —0.6043 0.4824
0.6069 —0.5925  0.0408 0.5281

Note that in this example o7 = 9 is much larger than the other two
singular values. If the matrix elements of T' are values obtained from
an experiment, we would have reason to suspect that the two smallest
singular values are effects due to “noise” or experimental error, and that
the basic information in the data is contained in the oy. If that is the
case we could replace S by a new matrix S of singular values 6, = 9,
09 = 03 = 0 and recompute the matrix

—1.7510 —0.3888 0.2589 1.5562
T=B"SA=| -3.9445 —0.8757  0.5833 3.5056
4.9900 1.1079 —0.7379 —4.4348

Here T agrees with T to 2 decimal place accuracy and has a much more
transparent structure. Whereas 12 matrix elements are needed to store
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the content of T, only 8 are needed for T the first row of B, the first
row of A and o7. Thus we have achieved data compression.

The singular value decomposition displays the underlying structure of
a matrix. In many practical applications only the largest singular values
are retained and the smallest ones are considered as “noise” and set equal
to 0. For large matrices that data compression can be considerable. In
the extreme case where only one singular value is retained for an m x n
matrix, only m + n 4+ 1 numbers are needed to recompute the altered
matrix, rather than mn.

1.7.2 Bounded operators on Hilbert spaces

In this section we present a few concepts and results from functional
analysis that are needed for the study of wavelets, [75, 93].

An operator T: H — K from the Hilbert space H to the Hilbert Space
K is said to be bounded if it maps the unit ball ||u||% < 1 to a bounded
set in KC. This means that there is a finite positive number N such that

[ITul|x < N whenever |lully <1.
The norm ||T|| of a bounded operator is its least bound:
T} = sup [[Tullx = sup |[[Tullx. (1.16)
ulla <1 [ull2=1

Lemma 1.86 Let T : H — K be a bounded operator.

1. | Tulle < ||T| - Jullx for all u € H.
2. If S : L — H is a bounded operator from the Hilbert space L to H,
then TS : L — K is a bounded operator with ||TS|| < ||T||-|S]|.¢

Proof

1. The result is obvious for u = ©. If u is nonzero, then v = ||u||;'u
has norm 1. Thus ||Tv||x < ||T||. The result follows from multiplying
both sides of the inequality by [|u||.

2. From part 1, ||TSwl[x = [|T(Sw)l[x < [[T[ - [|Swlls < [|T[ - IS -
||lwl|- Hence || TS| < [|T|| - [[S]]-

O

A special bounded operator is the bounded linear functional f : H —
C, where C is the one-dimensional vector space of complex numbers
(with the absolute value |-| as the norm). Thus f(u) is a complex number

6 Equality holds for operators which lie in a sigma algebra.
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for each w € H and f(au + Bv) = af (u) + Bf(v) for all scalars «, 8 and
u,v € H. The norm of a bounded linear functional is defined in the usual
way:

£l = sup [£(u)]. (1.17)

[lulln=1

For fixed v € H the inner product f(u) = (u,v) is an important ex-
ample of a bounded linear functional. The linearity is obvious and the
functional is bounded since |f(u)| = |(u,v)] < [|u]| - ||v]|.- Indeed it is
easy to show that ||f|| = ||v||. A very useful fact is that all bounded lin-
ear functionals on Hilbert spaces can be represented as inner products.
This important result, the Riesz representation theorem, relies on the
fact that a Hilbert space is complete. It is an elegant application of the
projection theorem.

Theorem 1.87 (Riesz representation theorem) Let f be a bounded linear
functional on the Hilbert space H. Then there is a vector v € H such
that f(u) = (u,v) for allu € H.

Proof

e Let N = {w € H : f(w) = 0} be the null space of f. Then N is a closed
linear subspace of H. Indeed if w®,w® e A and «, 8 € C we have
faw™ + pw®) = af (wM) + gf(w?) =0, so aw) + pw? € N.
If {w(™} is a Cauchy sequence of vectors in N, i.e., f(w™) = 0, with
w™ — w € H as n — oo then

[£(w)] = [f(w) = F(w™)] = [f(w — ™) < If]] - |lw — ™| = 0

as n — 00. Thus f(w) =0 and w € N, so N is closed.

e If f is the zero functional, then the theorem holds with v = O, the
zero vector. If f is not zero, then there is a vector u € H such that
f(u’) = 1. By the projection theorem we can decompose u° uniquely
in the form v’ = v° + w® where w® € A and v L N. Then 1 =
f(u®) = £(0°) + f(w?) = £(v°).

e Every u € H can be expressed uniquely in the form « = f(u)vg+w for
w € N. Indeed f(u—f(u)v°) = f(u)—f(u)f(v°) = 0 so u—Ff(u)v® € N.

o Let v = [|v°]|720°. Then v L. A and

(u,v) = (F(u)o” + w,v) = £(u)(v°,v) = £(u)|[°|| > (", %) = £(w).

O
We may define adjoints of bounded operators on general Hilbert
spaces, in analogy with our construction of adjoints of operators on
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finite-dimensional inner product spaces. We return to our bounded op-
erator T : H — K. For any v € K we define the linear functional
f,(u) = (Tu,v)x on H. The functional is bounded because for ||u||y =1
we have

[y (w)] = [(Tu, v)c| < ||Tullxc - ||v]lc < [IT] - [[ol]x-
By Theorem 1.87 there is a unique vector v* € ‘H such that
f,(u) = (Tu,v) = (u,v"),

for all u € H. We write this element as v* = T*v. Thus T induces an
operator T* : L — H and defined uniquely by

(Tu,v) = (u, T*v)3, veH,weK.

Note that the above calculations allow us to prove Hélder—Minkowski’s
inequalities. See Exercise 1.19, Exercise 1.21 and Theorem 1.21.

Lemma 1.88 1. T* is a linear operator from K to H.
2. T* is a bounded operator.
3. [|T*? = [|T|]* = [|TT*|| = || T*T]|.

Proof
1. Let v € K and a € C. Then
(u, T*av)y = (Tu, av)x = @(Tu,v)x = a@(u, T )y
so T*(aw) = aT*v. Now let v!,v? € K. Then
(u, T*[v* + v*))y = (Tu, ! +0?))k =
(Tu, v )k + (Tu,v?)x = (u, T 0 + T*v?)y

so T* (vt +0?) = T*o! + T*v2
2. Set u = T*v in the defining equation (Tu,v)x = (u, T*v)%. Then

1T 0[5, = (T*v, T*v)y =
(TT v, v)c < ||TT [ |c[[ollc < |IT[|- [IT 0[2[v]]x-

Canceling the common factor ||T*v||y from the far left and far right-
hand sides of these inequalities, we obtain

T 03 < |IT[[ - [lv]]x,

so T* is bounded.
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3. From the last inequality of the proof of 2 we have ||T*|| < ||T||. How-
ever, if we set v = Tu in the defining equation (Twu,v)c = (u, T*v)3,
then we obtain an analogous inequality

Tl < [T - [[ull2-

This implies ||T|| < ||T*||. Thus ||T|| = ||T*||. From the proof of
part 2 we have

IT*0|[3, = (TT*v, ). (1.18)

Applying the Cauchy—Schwarz inequality to the right-hand side of
this identity we have

1T 0[5, < [ITT*0|licllvllx < [ITT] - [Jvllk

so ||T*||? < ||TT*||. But from Lemma 1.86 we have ||[TT*|| < ||T|| -
T[], so

IT*(|* < [ITT*]| < [T - [|T*]] = || T*]*.
An analogous proof, switching the roles of u and v, yields

[IT|[* < [IT*T]| < ||T]] - ||T*|| = || T[>

1.7.3 Least squares approximations

Most physical systems seek stability. For example in a mechanical sys-
tem, equilibrium configurations minimize the total potential energy of
the system; in electrical circuits, the current adjusts itself to minimize
power. In optics and relativity, light rays follow the paths of minimal
distance, the geodesics on curved space-time. In random matrix theory,
approximation theory and harmonic analysis, suitably scaled zeros of
extremal polynomials, eigenvalues of large random ensembles, interpo-
lation points and points of good quadrature often converge weakly to
minimizers of minimal energy problems. Not surprisingly, in data analy-
sis, a common way of fitting a function to a prescribed set of data points
is to first minimize the least squares error which serves to quantify the
overall deviation between the data and sampled function values. Thus
we are given a system of equations to solve of the form Ax = b or

A - Aln T1 by
: S =1 ] (1.19)
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Here b = {b1,...,b,,} are m measured quantities, the m x n matrix
A = (Ajx) is known, and we have to compute the n quantities z =
{x1,...,2,}. Since b is measured experimentally, there may be errors

in these quantities. This will induce errors in the calculated vector x.
Indeed for some measured values of b there may be no solution x.

Example 1.89 Consider the 3 x 2 system

3 1 0
11 ( o > = 2
12 2 b
If b3 = 5 then this system has the unique solution z; = —1,25 = 3.

However, if b3 = 5 + € for € small but nonzero, then there is no solution!

We want to guarantee an (approximate) solution of (1.19) for all vec-
tors b and matrices A. Let’s embed our problem into the inner prod-
uct spaces V and W above. That is A is the matrix of the operator
A :V — W, bis the component vector of a given w € W (with
respect to the {w(7)} basis) and x is the component vector of v € V' (with
respect to the {v(®)} basis), which is to be computed. Now the original
equation Az = b becomes Av = w.

Let us try to find an approximate solution v of the equation Av = w
such that the norm of the error ||w — Av||w is minimized. If the original
problem has an exact solution then the error will be zero; otherwise we
will find a solution v° with minimum (least squares) error. The square
of the error will be

¢’ = min|jw — Av|ffy = [Jw — AL|[5.
veV

This may not determine v° uniquely, but it will uniquely determine Av°.

We can easily solve this problem via the projection theorem. Recall
that the range of A, R(A) = {Au : u € V} is a subspace of W. We need
to find the point on R(A) that is closest in norm to w. By the projection
theorem, that point is just the projection of w on R(A), i.e., the point
AvY € R(A) such that w — Av® 1. R(A). This means that

(w — Av°, Av)yw =0
for all v € V. Now, using the adjoint operator, we have

(w— A, Av)y = (A*[w — Av°],v)y = (A*w — A*Av°, v)y =0
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for all v € V. This is possible if and only if
A A’ = A*w.

In matrix notation, our equation for the least squares solution z° is

A* Az = A*b. (1.20)

The original system was rectangular; it involved m equations for n un-
knowns. Furthermore, in general it had no solution. Here however, the
n X n matrix A*A is square and there are n equations for the n un-
knowns 2° = {z1,...,z,}. If the matrix A is real, then Equations (1.20)
become A" Ax® = A¥b. This problem always has a solution z° and Az°
is unique. Moreover, if A is 1-1 (so necessarily m > n) then the n x n
matrix A*A is invertible and the unique solution is

2% = (A*A)"1 A% (1.21)

Example 1.90 Consider Example 1.89 with b3 = 6, a 3 X 2 system.
Then the equation A* Az = A*b becomes

(v (m)-()

Inverting the 2 x 2 matrix A*A we obtain the least squares solution

<2>_<—11//55 1_11/{9,%>(184>’
s0 21 = —6/5, w5 =53/15.

We could use another norm to find the best approximation of (1.19),
e.g, we could find the x such that ||Ax — b||, is a minimum for some
£p-norm. (It is easy to see that a minimum must exist for any p > 1.)
However, only for the case p = 2 is there an inner product which permits
the explicit analytic solution (1.21). In all other cases numerical methods
must be used. On the other hand, some of these norms possess special
advantages for certain kinds of signal processing problems. In particular
we shall find the ¢; norm to be especially useful in dealing with sparse
signals, discrete signals that contain only a few nonzero terms. Moreover,
minimization of ||Ax — b||; is an example of a linear programming prob-
lem and there are very fast numerical algorithms (based on the simplex
method) to find the solutions.



1.7 Linear operators and matrices, LS approzimations 61

Example 1.91 We consider the same problem as in Example 1.90, ex-
cept that here we minimize the ¢; norm

f(x) = [[Az—bl[1 = [3z1+m2|+|z1+22—2|+|21+222—6| = |y1|+|ya|+|ys]-

Keys to the direct solution of this problem are the lines 3x1+x2 = 0, 21+
r9—2 = 0and x1+2x5—6 = 0 in the x1 —x5 plane. They divide the plane
into up to eight regions based on the eight possibilities (y1,y2,ys >0),
(y1,y2 > 0,y3 <0),..., (y1,¥2,y3 < 0). The regions overlap only on the
boundary lines. In each region f(z) is a linear function. Thus in the first
region we have

31’1+£L’220, (E1+{E222, .’£1+2$226, f(x):5x1+4x2—6

This region is actually bounded below by the lines y; = 0 and y3 = 0 be-
cause if y; > 0 and y3 > 0 we can verify that yo > 0. The lines f(z) = ¢
for any ¢ are not parallel to y; = 0 or y3 = 0 so the minimum of f(z)
in this region must occur at the point of intersection of the two lines
y1 =y3 =0. This intersection point occurs at (z1,z2) = (—6/5,18/5).
Here f(—6/5,18/5) = |y2| = 2/5. Similarly, in the other regions the min-
imum of f never occurs at an interior point but always on the bound-
ary at a vertex where two lines intersect. We have only to check the
three intersection points. If y; = yo = 0 then (x1,22) = (—1,3) and
f=lys|l = 1. If yo = y3 = 0 then (z1,22) = (=2,4) and f = |y1| = 2.
Thus the minimum value of f occurs at (z1,z2) = (—6/5,18/5). Note
that this answer differs from the /5 solution. In this case two of the three
equations y; = yo = y3 = 0 are satisfied.

In the general case where we minimize the expression

f(@) =|Az = bl[x = |ya] + |y2| + |ys| + - + [ym]

with y; = > ¢, Ajkxk, j = 1,...,n and the rank of A is r, we can
always achieve the minimum of f at an x such that at least r of the
y; vanish. For the least squares solution it may be that none of the y;
vanish.

In our previous discussion of the m x n system Az = b we have mostly
considered cases where the system was overdetermined, i.e., where the
number of conditions m was greater than the number of unknowns n. As
we have seen, these equations are typically inconsistent. They have no
exact solution, but we can obtain approximate solutions via minimiza-
tion with respect to an appropriate norm. If the number of conditions
m is less than the number of unknowns n, then the system is called
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underdetermined. In this case the null space of A has strictly positive
dimension, so if there is a solution at all then there are infinitely many
solutions. In signal processing this situation occurs when we sample an
n-component signal m times where m is much less than n. Then typically
there are many signals = that could yield the same sample b = Az. If
one solution is z° then the general solution is 2 = x° +v where Av = O,
i.e., v belongs to the null space N(A) of A. How should we choose an
“optimal” reconstruction of x?

There is no one best answer to the problem we have posed for underde-
termined systems. The approach depends on the nature of the problem.
One way to proceed mathematically would be to choose the solution with
least ¢, norm. Thus the solution would be x = 2% 4+ v° where v° € N(A)
and

1% +0°l, = minyenaylla® + vll,.

This method can be justified in many applications, particularly for p = 2
and p = 1. Later we shall show that the ¢; minimization is exactly the
right approach in compressive sampling. A very simple example will help
demonstrate the difference between ¢; and ¢ minimization for under-
determined systems of equations. Consider the case m = 1, n = 3 with
single equation

3r1 + 2x2 + x3 = 6.

Via Gaussian elimination we can see that the general solution of this
equation is
2

T =2- 361736 T2=0, Ty oy

where c¢1,cy are arbitrary. Geometrically, the solution is a plane in
Z1, %2, xr3-space that cuts the xj-axes at x; = 2, 9 = 3 and z3 = 6.
In the ¢; norm the unit ball is a cube with vertices (+1,0,0), (0, £1,0)
and (0,0,+1). To minimize the ¢; norm we must find the point on the
plane such that ||z||; = [2 — 2¢1 — fco| + || + |c2| is a minmum. By
dilating the unit ball we see that the minimum value occurs at the vertex
(2,0,0). On the other hand, in the £ norm the unit ball is a sphere cen-
tered at the origin with radius 1. To minimize the £5 norm we must find
the point on the plane such that ||z[|3 = (2— 2¢1 — 2¢2)? + (c1)? + (c2)?
is a minmum. Here the solution is the point (9/7,6/7,3/7). Thus the
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T2

2]+ min

2]l min

Figure 1.2 ¢; and /2 minimization for an underdetermined system.

£1 solution has only one nonzero term, whereas the ¢ solution has all
terms nonzero.

Figure 1.2 will help to fix the ideas. The £5 minimum occurs at the
point on the set 2° + v whose Euclidean distance to the origin is a
minimum, whereas the ¢; minimum occurs at points where some of the
components of x are zero. In general, if Az = b is an underdetermined
m X n system of rank r < m with at least one solution, then there
is always an ¢; minimal solution with at least m — r zero components,
whereas an f5 minimal solution may have no zero components. This
property of the /1 norm plays an important role in compressive sampling.
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1.8 Additional exercises

Exercise 1.7 (a) Let V be a vector space. Convince yourself that V
and {O} are subspaces of V' and every subspace W of V is a vector
space over the same field as V.

(b) Show that there are only two nontrivial subspaces of R3. (1) A plane
passing through the origin and (2) A line passing through the origin.

Exercise 1.8 (a) Prove or give a counterexample to the following state-
ment: If v, ... v®) are elements of a vector space V and do not
span V, then v ... v are linearly independent.

(b) Prove that if v® .., v(™ are linearly independent, then any subset
v, 0¥ with k < m is also linearly independent.

(¢) Does the same hold true for linearly dependent vectors? If not, give
a counterexample.

Exercise 1.9 Show that the basic monomials {1, z, 2,23, ... 75E”} are
linearly independent in the space of polynomials in z. Hint: Use the Fun-
damental Theorem of Algebra which states that a non-zero polynomial
of degree n > 1 has at most n distinct real roots (and exactly n complex
roots, not necessarily distinct).

Exercise 1.10 The Wronskian of a pair of differentiable, real-valued
functions f and g is the scalar function

winsor-on( 1517

= f(x)g'(x) — f'(x)g(z).

(a) Prove that if f, g are linearly dependent, then W[f(z), g(z)] = 0.

(b) Prove that if W[f(x),g(z)] # 0, then f, g are linearly independent.

(c) Let f(x) = 2% and g(z) = |z|?. Prove that f and g are twice continu-
ously differentiable on R, are linearly independent but W[ f(z), g(z)] =
0. Thus (b) is sufficient but not necessary. Indeed, one can show the
following: W{[f(x),g(x)] = 0 iff f, g satisfy a second-order linear or-
dinary differential equation.

Exercise 1.11 Prove the following theorem. Suppose that V isann > 1
dimensional vector space. Then the following hold.

(a) Every set of more than n elements of V is linearly dependent.
(b) No set of less than n elements spans V.
(c) A set of n elements forms a basis iff it spans V.
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(d) A set of n elements forms a basis iff it is linearly independent.

Exercise 1.12 The Legendre polynomials P,(x), n = 0,1,... are the
ON set of polynomials on the real space La[—1,1] with inner product

1
(f.9) = / falg(a)da.

obtained by applying the Gram-Schmidt process to the monomials 1, z, 22,

23,... and defined uniquely by the requirement that the coefficient of
t™ in P,(t) is positive. (In fact they form an ON basis for Lo[—1,1].)

Compute the first four of these polynomials.

Exercise 1.13 Using the facts from the preceding exercise, show that
the Legendre polynomials must satisfy a three-term recurrence relation

P, (z) = anPry1(z) + bpPr(z) + ¢ Pr—1(x), n=0,1,2,...

where we take P_;(x) = 0. (Note: If you had a general sequence of poly-
nomials {p,(z)}, where the highest-order term on p,(z) was a nonzero
multiple of ¢, then the best you could say was that

n+1

pa(r) =) ap;().

=0

What is special about orthogonal polynomials that leads to three-term
relations?) What can you say about a,,, b,, ¢, without doing any detailed
computations?

Exercise 1.14 Let Ly[R,w(x)] be the space of square integrable func-
tions on the real line, with respect to the weight function w(z) = e~
The inner product on this space is thus

(f.9) = / @)@ w(@)dz.

The Hermite polynomials H,(z), n =0,1,... are the ON set of polyno-
mials on Ls[R, w(x)], obtained by applying the Gram—Schmidt process
to the monomials 1,2, 2%, 23,... and defined uniquely by the require-
ment that the coefficient of 2™ in H,(z) is positive. (In fact they form
an ON basis for Ls[R,w(x)].) Compute the first four of these polyno-
mials. NOTE: In the study of Fourier transforms we will show that
f_oooo e~isTe— T gt = ﬁe‘32/4. You can use this result, if you wish, to

simplify the calculations.
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Exercise 1.15 Note that in the last problem, Hy(z), Ho(x) contained
only even powers of z and H;(x), Hs(x) contained only odd powers. Can

you find a simple proof, using only the uniqueness of the Gram—Schmidt
process, of the fact that H,,(—z) = (—1)"H,(x) for all n?

Exercise 1.16 Use least squares to fit a straight line of the form y =
bz + c to the data

4
20

0 1 3
0 8 8

in order to estimate the value of y when x = 2.0. Hint: Write the problem
in the form

=W = O
— =

Exercise 1.17 Repeat the previous problem to find the best least squares
fit of the data to a parabola of the form y = ax?+bx+c. Again, estimate
the value of y when x = 2.0.

Exercise 1.18 Project the function f(t) onto the subspace of

L5[0, 1] spanned by the functions ¢(t), ¥ (¢), ¥ (2 (2t — 1), where
<t<i
o(t)={ L fer0ststd 1 ior(j<is<1
1 0, otherwise p o
0therw1se

(This is related to the Haar wavelet expansion for f

Exercise 1.19 A vector space pair V:=(V, ||-||) is called a quasi-normed
space if for every z,y € V and a € F, there exists amap |||| : V — [0, c0)
such that

(1) ||z|| > 0 if x # 0 and ||0]| = 0. (positivity)
(ii) fla]l = laflfz]l. (homogeneity)
(iii) |Jz 4+ y|| < C(||z|| + ||ly||) for some C > 0 independent of x and y.

If C =1 in (iii), then V is just a normed space since (iii) is just the
triangle inequality. If C' = 1, ||z|| = 0 but = # 0, then V is called a
semi-normed space.
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Letn > 1land forx = (z1,22,...,2,) € R"and y = (y1,¥2,.-.,Yn) €
R™ let (z,y) :== Z?:l z;y;. Recall and prove that (-,-) defines the
Euclidean inner product on the finite-dimensional vector space R™
with Euclidean norm (27 + --- + 22)'/2. Note that the Euclidean
inner product is exactly the same as the dot product we know from
the study of vectors. In this sense, inner product is a natural gener-
alization of dot product.

Use the triangle inequality to show that any metric is a continuous
mapping. From this deduce that any norm and inner product are
continuous mappings.

Let 0 < p < o0, [a,b] C R and consider the infinite-dimensional
vector space Lya,b] of p integrable functions f : [a,b] — R, i.e., for
which ff |f(z)[Pdx < oo where we identify functions equal if they
are equal almost everywhere Use the Cauchy—Schwarz inequality to
show that (f,g) f f(x)g(x)dx is finite and also that (-,-), defines
an inner product on Lg[a b] Hmt. you need to show that

b b b
/ |F@)g(@))de < ( / () ) / lg(a)[2d) 2,

Let 1/p+1/q =1, p > 1. The Holder—-Minkowski inequality

b b b
/ F(@)g(x)|da < ( / | () Py / lg(a)]9dz) /e

for f € Lyla,b], g € Lg[a, b], generalizes the former inequality. Prove
this first for step functions using the Hélder inequality, Theorem
1.21, and then in general by approximating L,[a, b] and Lg[a, b] func-
tions by step functions. Note that without the almost everywhere
identification above, L,a,b] is a semi-normed space.

Show that L [a b is a complete metric space for all 0 < p < oo by
defining d(f, ) == ([ |f(x) — g(z)[Pdx)"/7.

Show that Lp[a, b] is a complete normed space (Banach space) for
all1<p < oo and a quasi-normed space for 0 < p < 1 by defining
111 = (2 £ (2) P /.

Show that Ly[a,b] is a complete inner product space (Hilbert space)
iff p=2.

Loo[a,b] is defined as the space of essentially bounded functions f :
[a,b] — R for which ||f||c[a,b] := sup,epq 4 |f(2)] < 00. Cla,b] is
the space of continuous functions f : [a,b] — R with the same norm.
Show that both these spaces are Banach spaces.
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Exercise 1.20 Prove that
b
(f.9) = [ [@lgle) + (@) (@))dz

defines an inner product on C''[a, b], the space of real-valued continuously
differentiable functions on the interval [a, b]. The induced norm is called
the Sobolev H' norm.

Exercise 1.21 Let 1 < p < oo and consider the infinite-dimensional
space [,(R) of all real sequences {z;};°, so that (352, |2;]P)Y/P < cc.
Also define

loo(R) := sup {|z1], |22, ...} .

Then show the following.

(a) (z5,yi) = > iy x;y; defines an inner product on I,(R) iff p = 2.
(b) I,(R) is a complete normed space for all 1 < p < oo.
(c) I

)

(d) Recall the Holder-Minkowski inequality for [,(R), 1 < p < oco. See
Theorem 1.21. In particular, prove that

»(R) is a quasi-normed, complete space for 0 < p < 1.

(x1+ @2+ 2,)” <n(af + 23+ +27)

for all real numbers z1,...,z,. When does equality hold in the
above?

Exercise 1.22 Let V be an inner product space with induced norm
[| -]]- If © L y show that

lal| + [yl < V2lle +yll, 2,y € V.

Exercise 1.23 Let V be an inner product space with induced norm
|| - ||. Prove the parallelogram law:

llz +yll* + lle = yll* = 2|21 + 2[lyl1?, 2,y € V-

The parallelogram law does not hold for normed spaces in general.
Indeed, inner product spaces are completely characterized as normed
spaces satisfying the parallelogram law.

Exercise 1.24 Show that for 0 < p < o0, f,g9 € Lyla,b] and x;,y; €
1,(F), the Minkowski and triangle inequalities yield the following:
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e For all f,g € Lyla,b], there exists C > 0 independent of f and g such
that

b b b
( / (@) + g(a)Pdz) VP < C( / (@) Pd) 7 + / l9(x) Pd)!77).

e For all z;,y; € 1,(F), there exists C' > 0 independent of z; and y;
such that

O lzi+wil)? < IO )P+ O wil) 7).
=1 =1 =1

Exercise 1.25 An n x n matrix K is called positive definite if it is
symmetric, KT = K and K satisfies the positivity condition 27 Kz > 0
for all z # 0 € R™. K is is called positive semi definite if 7 Kx > 0 for
all x € R™. Show the following;:

e Every inner product on R" is given by

where K is symmetric and a positive definite matrix.

o If K is positive definite, then K is nonsingular.

e Every diagonal matrix is positive definite (semi positive definite) iff all
its diagonal entries are positive (nonnegative). What is the associated
inner product?

Exercise 1.26 e Let V be an inner product space and let vy, vs, ...,v, €V.
The associated Gram matrix

(v1,v1)  (v1,v2) ... (v1,vn)

(vg,v1)  (v2,v2) ... (va,vp)
K =

(vn;vl) (’Un;’Ug) (vn,.’un)

is the n X n matrix whose entries are the inner products between
selective vector space elements. Show that K is positive semi definite
and positive definite iff all vy, ..., v, are linearly independent.

e Given an m x n matrix V, n < m, show that the following are equiv-
alent:

— The m x n Gram matrix AT A is positive definite.
— A has linearly independent columns.
— A has rank n.

~ N(A4) = {0}
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Exercise 1.27 Given n > 1, a Hilbert matrix is of the form

1 12 . 1/n

/2 1/3 - 1/(n+1)
K(n):=

1/n 1/(nh+1) 1/(27”;—1)

e Show that in L»[0, 1], the Gram matrix from the monomials 1, z, 22 is

the Hilbert matrix K (3).

e More generally, show that the Gram matrix corresponding to the
monomials 1,z,...,x2" has entries iﬂ%l, i, =1,...,n+1 and is
K(n+1).

e Deduce that K (n) is positive definite and nonsingular.

Exercise 1.28 e Use Exercise 1.25 to prove: If K is a symmetric, posi-
tive definite nxn, n > 1 matrix, f € R™ and ¢ € R, then the quadratic
function

T Ke—22Tf+¢

has a unique minimizer ¢ — fTK1f = ¢ — fTa* = ¢ — ()T Ka*
which is a solution to the linear system Kz = f.

e Prove the following: Let vy,...,v, form a basis for a subspace V C
R™ n,m > 1. Then given b € R™, the closest point v* € V is the
solution 2* = K~ f of Kx = f where K is the Gram matrix, whose
(4, j)th entry is (v;,v;) and f € R™ is the vector whose ith entry is
the inner product (v;,b). Show also that the distance

[lv™ =0l = \/IIbl[* = fTax.

Exercise 1.29 Suppose w : R — (0,00) is continuous and for each
fixed j > 0, the moments, p; := [;x/w(x)dx are finite. Use Gram—
Schmidt to construct for j > 0, a sequence of orthogonal polynomials P;
of degree at most j such that [, Pi(x)P;(z) = d;; where d;; is 1 when
i = j and O otherwise. Recall the P; are orthogonal if we only require
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Jg Pi(x)Pj(x) =0, i # j. Now consider the Hankel matrix

Ho M1
M1 M2
K:=| p2 p3

Prove that K is positive-semi definite and hence that P; are unique. The
sequence {P;} defines the unique orthonormal polynomials with respect
to the weight w.

Exercise 1.30 o For n > 1, let t1,ta,...,t,+1 be n+ 1 distinct points
in R. Define the 1 < k < n 4 1th Lagrange interpolating polynomial
by

T2 —t)
(tk —t;)
Verify that for each fixed k, Ly is of exact degree n and Ly (t;) = 0;k-

e Prove the following: Given a collection of points (say data points),
Y1,---,Yn+1 in R, the polynomial p(t) := Z?:ll y;Li(t), t € Ris of
degree at most n and is the unique polynomial of degree at most n
interpolating the pairs (¢;,y;),j = 1,...,n+ 1, i.e. p(¢t;) = y; for
every j > 0.

e Now let y be an arbitrary polynomial of full degree n on R with
coefficients c;, 0 < j < n. Show that the total least squares error

Li(t) == ,teR.

between m > 1 data points t1, . .., t,, and the sample values y(¢;), 1 <
i<mis ||y — Az||? where z = [c1,...,cm]T, ¥y = [Y1,. -, ym]T and
1t 2 -
1ty t3 - 1B
A=
1 oty 3, -t

which is called the Vandermonde matrix.”
e Show that

detA= ] (-t

1<i<j<n+1

7 The Vandermonde matrix is named after the eighteenth-century French
mathematician, scientist and musicologist Alexander-Theophile Vandermonde.
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when Aisofsizen+1xn-+1.

For additional background material concerning the linear algebra and
functional analysis topics in this chapter, see [55, 76, 89, 102].



2
Analytic tools

In this chapter we develop simple analytic tools that provide essential
examples, approximation methods and convergence procedures for the
study of linear transform analysis and its applications, particularly to
signal processing. They are not directly part of the theoretical devel-
opment of transform analysis, but rather related results and techniques
needed at critical points in the development. Thus, particular improper
integrals are needed in Fourier analysis and infinite products are em-
ployed in the cascade algorithm of wavelet analysis. Depending on the
interests of the reader, parts of this chapter can be omitted at a first
reading.

2.1 Improper integrals

In order to proceed, we need the notion of an improper Riemann inte-
gral. Henceforth and throughout, by a Riemann integral on a bounded
closed interval [a,b], we mean the usual definite integral, f; f(x)dx
with upper limits and lower limits on the real line. This motivates the
following:

Definition 2.1 R[a,b] is the class of all functions f : [a,b] — R which
are bounded and Riemann integrable on a finite interval [a, b].

In this chapter, we shall define integrals of functions on infinite inter-
vals and also integrals of unbounded functions on finite intervals.
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2.1.1 Integrals on [a,o0)

Definition 2.2 Let f : [a,00) — R. Assume that for every s > a,
f € Ra, s]. Then we define

oo s
/ f(z)dz = lim f(x)dx

a S0 a
if the limit exists and is finite. (Note that for every fixed s, [’ f(z)dx
is well defined since f is bounded and Riemann integrable on [a, s].) In
this case, we say that f;o f(z)dz is convergent. Otherwise, we say that
the integral is divergent. We call such an integral an improper integral
of the first kind.

Remarks (a) If faoo f(z)dx = £o00, we say that the integral diverges to
+o0.
(b) Suppose that b > a. Then for s > b,

/asf(x)dx = /abf(:c)da:+/bsf(m)dx

s0, letting s — oo, we see that [~ f(x)da is convergent iff [, f(x)dx
is convergent.

(c) When f is nonnegative, then we can write [~ f(z)dz < oo to indi-
cate that the integral converges.

(d) We note that everything we have said above, and in what follows,
applies to functions f : [a, b] — C if we agree to write f = Ref+ilm f
where both Ref and Imf are real valued with domain [a, b]. In what
follows, we choose to work with real valued functions, keeping this
fact in mind.

Example 2.3 For what values of a € R is floo % convergent?

Solution Let f(z) := 1/2%, x € (1,00). Then it is clear that f € R[1, s]
for every s > 1. Now:

s log s, a=1
flx)dr = o= .
‘/1 1—a + ﬁ’ a # 1

. s 0o, a<l
lim fz)dz = { 1 01

Ehnde el 1

Hence

and the integral converges iff a > 1.
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Note the equivalent well-known fact (1) from series of positive num-
bers: >, 1/n® converges iff a > 1. This follows from the integral test
for series:

Let J be a positive integer and let f : [J,00) — [0,00) be decreasing.
Then 7 ; converges iff f;o converges. The fact of the matter is that f
decreases on [1,00). Thus we deduce that there exists a positive constant
C depending only on a such that

[ =1 >
5/1 f(x)dx<n§_:lna<0/l f(z)dz

from which (1) follows.

Exercise 2.1 Use the integral test and Example (2.3) to show that
3%, ——L - converges iff a > 1.

n=2 n(logn)®

We may also define integrals over (—oo, b] and (—oo, 00). We have:

Definition 2.4 Let f : (—o0,b] — R. Suppose that for every s < b,
f € R[s,b]. Then we define

b b
/ f(@)dx = lim f(x)dx

S§——00

if the limit exists and is finite. In this case, we say that the integral is
convergent; otherwise it is divergent.

Definition 2.5 Let f : (—o00,00) — R. Assume that for every —oo <
a <b< oo, f€ Ra,b]. Then we define

/_O:o f(z)dx = /_Ooo f(z)dz + /OOO Fla)da

provided that both the integrals on the right-hand side are finite. We
say that the integral is convergent; otherwise it is divergent.

Exercise 2.2 Are [*_e~1®ldz and [*°_xdz convergent? If so, evaluate
o0 o0
them.

Solution e~*l is continuous and bounded on R. So e~1*! is in R[a, b]

for every —oo < a < b < 0o. Next, note that

S$—00

/ ellde = lim (—e™*4+1) =1
0
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and similarly,

S§——00

0
/ elldz = lim (1—e%) =1.

—oo
Hence ffooo el*ldz = 2. On the other hand, we have

S

lim rdxr = 00
S§— 00 0

and so ffooo xdx diverges. Note also that for every finite s, we have
fjs xdx = 0. (We note that this latter observation, allows us to define
principal-valued, infinite integrals, see Exercise 2.16.)

2.1.2 Absolute convergence and conditional convergence

Just as one treats absolutely convergent series and conditionally conver-
gent series, one can do the same for integrals.

Definition 2.6 Let f : [a,00) — R. If f € RJa,s] for every s > a
and faoo |f(x)|dx converges, then we say that faoo f(z)dz is absolutely
convergent. If [ f(x)dxz converges but [ |f(z)|dx diverges, then we
say that faoo f(x)dx is conditionally convergent.

We have the following lemma which we state (without proof [92]).
Lemma 2.7 Cauchy criterion for limits at infinity Let F : (a,00) — R
be a function. The following are equivalent:

(a) lim, o F(z) exists and is finite.
(b) Ye > 0, there exists C = C(e) > a such that for s,t > C, we have
|F(s) — F(t)] <e.

Exercise 2.3 In Chapter 1, we defined completeness of a metric space.
Formulate Lemma 2.7 into a statement about completeness of the real
numbers.

As a direct consequence of Lemma 2.7, we obtain:

Theorem 2.8 Let f : [a,00) — R and f € Rla,s], Vs > a. Then
f:o f(x)dx is convergent iff Ve > 0, there exists C = C(e) such that for

s,t > C, we have
s t
/ f(x)dx 7/ f(x)dx

<e.
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We know that if faoo f(x)dx converges absolutely, then it converges.
Another criterion, besides the Cauchy criterion above, for testing con-
vergence of integrals is given by the following:

Theorem 2.9 Let f, g : [a,00) — R and suppose that f,g € Ra, s],Vs >
a. Assume that g is nonnegative and faoo g(z)dx converges and there exist
nonnegative constants C,C’ such that for x > C', | f(z)| < Cg(x). Then
[° f(@)dx converges.

Exercise 2.4 Prove Theorem 2.9 using the fact that a monotone (i.e.
all terms have the same sign) bounded sequence converges. What is this
limit?

Examples 2.10 Show that [, Sin(?’zwdx is absolutely convergent

)

(hence convergent), and [ Sm(z dx is convergent.

Indeed, given any ﬁxed 1 > 9 > 0, one has for x sufficiently large
that Si“(3§ll°g’” < 5-3—5. Thus the first integral converges absolutely
by Example 2.3. For the second integral, integrate by parts. Indeed, let

s > 1, and write

[0y iy ) [,

x S x

Using the method of the first integral in this example, we see that
IN Cos(m)dm is absolutely convergent as s — co. Hence [, sm(w) dx con-
verges. But this integral is not absolutely convergent as we Wlll demon-

strate in Section 2.3.

2.1.3 Improper integrals on finite intervals

This section deals with integrals of functions that are unbounded on a
finite interval. We have in analogy to Definition 2.2, the following:

Definition 2.11 Let f : [a,b] — R and f € R]s,b] for every s € (a,b)
but f not bounded at a. Thus f ¢ Rla,b]. We define

[ s0ia =t [ sto

s—)a s

if the limit exists and is finite. In this case, we say that the integral is
convergent; otherwise it is divergent. (Such integrals are called improper
integrals of the second kind.)
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We have the following:

Example 2.12 For what values of a > 0, does fol 4z converge?

m(l/
It is straightforward to show that for any s € (0,1), one has

1 1
lim godg =4 a0 @ <1
s—0+ J 00, a>1

which implies that the integral in question converges only for a < 1.
(Clearly this integral is trivially finite for a < 0.)

Much as in Definition 2.11, we may define improper integrals of func-
tions f : [a,b] — R that satisfy f € Rla,s] for every s € (a,b) but
f ¢ Rla,b] and also for functions unbounded at both endpoints. We
have:

Definition 2.13 Let f : [a,b] — R and assume that f € R]c,d] for all
a<c<d<bbut f & R[a,d] and f & R[c,b]. Then we choose @ € (a,b)

and define
b o b
[ t@de= [ g@da+ [ fa)ds

if both improper integrals on the right-hand side converge. In this case,
as before, we say that the integral is convergent; otherwise it is divergent.

Exercise 2.5 Show, using Definition 2.13 that f_ll \/fl_m? =7

Remark Just as for improper integrals of the first kind, we may de-
fine absolute and conditional convergence for improper integrals of the
second kind.

Exercise 2.6 (a) Show that fo Sm(lnz) dx is absolutely convergent.

(b) Show that fﬂ/z 1/+/tcos(t)dt is dlvergent. (Hint: Split the integral
into two integrals from [0,7/4] and from [n/4,7/2]. For the first
integral use that cos(t) is decreasing and for the second integral
expand cos(t) about 7/2.)

(c) Show that f_ll Ldz is divergent.

2.2 The gamma functions and beta functions

Sometimes, we have integrals that are improper of both first (infinite
interval) and second (unbounded function) kind. Important examples
are given by the gamma functions and beta functions.
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Definition 2.14 The gamma function I' is defined by way of
o0
I'(x):= / e 't tdt, x > 0.
0
The later integral is often called Euler’s integral for I'. It is easy to see
that I" is a convergent improper integral for z > 0.
Next we have:

Definition 2.15 For p,q > 0, the Beta function is:

1
B(p,q) ::/ P71 — )9 Lt
0

Then using Example 2.12, it is straightforward to see that B(p,q) is
a proper Riemann integral. Moreover, if 0 < p < 1 and/or 0 < ¢ < 1,
then B(p, q) is a convergent improper Riemann integral. We have

Lemma 2.16 Forp,q >0,

w/2
Blpva) =2 [ (sin ) cos )T o,

Proof We pick 0 < ¢ < d < 1 and make a substitution ¢t = sin2(¢) in
the integral. This gives,

d arcsin(V/d)
/ 11— 1)1t — 2 / (sin ()27~ (cos(15))24~ .
c arcsin(,/c)

Now let ¢ - 0t and d — 1_. O

The following classical result relates the functions I and B.

I'(p)T'(q)
T(p+q) -

Proof Exercise. (Hint: Write out the right-hand side, make a substitution
t = 22 in each integral and evaluate the resulting double integral over a
1/4 circle using polar coordinates.)

Theorem 2.17 For p,q > 0, we have B(p,q) =

2.3 The sinc function and its improper relatives

In this section we compute some improper Riemann integrals that are
important both in Fourier analysis and in applications to such fields as
wavelets and splines. First of all we will need the value of the
improper Riemann integral fooo Si%dx. The function sinc x is one of
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the most important that occurs in this book, both in the theory and in
the applications.

Definition 2.18 sinc x = {bligw for 2 70

1 for x = 0.

The sinc function is one of the few we will study that is not Lebesgue
integrable. Indeed we will show that the L;[0, oo] norm of the sinc func-
tion is infinite. (The L2[0, co] norm is finite.) However, the sinc function
is improper Riemann integrable because it is related to a (conditionally)
convergent alternating series. Computing the integral is easy if you know
about contour integration. If not, here is a direct verification (with some
tricks).

Lemma 2.19 The sinc function doesn’t belong to L1[0, 00]. However the

. . . . N7 i
improper Riemann integral I = limpy_, fo *=dx does converge and

I:/ Smxdac:ﬂ'/ sinc ¢ do = —. (2.1)
o 0 2
Proof Set Ay, = [*7D7 |sibz| gy Note that
2 /(kH)” | sin x| de < /(k'H)” |sinx‘dx
k +1 km (k + ].)’/T Lk x

- /(k“)Tr \sinx\d | 2
x| = -
k km :ZC7

™

ﬁ<Ak<ﬁfork>0.ThusAk%Oask%ooandAkH<
Ay, so I = 72 (—1)F Ay converges. (Indeed, it is easy to see that
the even sums Ej, = Ziio(*l)k/lk form a decreasing sequence Ey >
Ey > -+ > E, > --- > I of upper bounds for I and the odd sums
Oy, = i};gl(—l)kAk form an increasing sequence Oy < O; < -+ <
Oy, < --- < I of lower bounds for I. Moreover Ej, — Oy = Asp11 — 0 as

h — o0.) However,

SO

_|_)

El

< sing > 2 1 1
de =Y Ay>Z(14+=4=+4--
/7T|x|a: ;k St

diverges, since the harmonic series diverges.
Now consider the function

G(t)z/ eitmsmxdx, (2.2)
0
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defined for Re ¢ > 0. Note that
[eS) k+1)7m .
G(t) :Z(—l)k/( ) (—1)kete 22T gy
k=0 ke
converges uniformly on [0, co] which implies that G(t) is continuous for
t > 0 and infinitely differentiable for ¢ > 0. Also G(0) = limy—0>0
G(t) = G(+O)

Now, G'(t) = — fo Tsinx dx. Integrating by parts we have
0 —e sing oo —e " cosx

/ e Wsinzdr=———— |3 + / e "eoszdr=——5—|[°

0 t 0 t

e sing
[ty
O t

Hence, [ e " sinz do = 1-&-% and G'(t) = 1+t2 Integrating this equa-
tion we have G(t) = —arctant + ¢ where c is the integration constant.
However, from the integral expression for G we have lim;_, o, G(t) = 0,
so ¢ = m/2. Therefore G(0) = 7/2. ad

Remark: We can use this construction to compute some other impor-
tant integrals. Consider the integral fooc Si%e’”‘xdx for A a real num-
ber. (If integrals of complex functions are new to you, see Exercise 2.13.)
Taking real and imaginary parts of this expression and using the trigono-
metric identities

1
sinasin § = i[cos(a — pB) — cos(a + B)],
1
sinacos 8 = i[sin(a — B) +sin(a + 38)],
we can mimic the construction of the lemma to show that the improper

Riemann integral converges for |A| # 1. Then

x e—0,e>0

/ AT idegy = lim G(iX +¢)
0

where, as we have shown, G(t) = —arctant + 5 = £1In 1% + Z_ Using
the property that In(e’’) = i for —m < 6 < 7 and taking the limit
carefully, we find

/oo Sinm@_i}‘wdx _ Z+ i ln\1+)\ for |A| <1
0 X Zln|1+/\| for [A] > 1.

Noting that [7 SiZe=irrdy =2 [* S0L co5(\z)da we find

for |A| <1
0o -
smx :
/ 7671)\mdl, _
o X

for [\ =1 (2.3)
for |A| > 1.

Oy 3
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It is easy to compute the Lo norm of sinc x:

Lemma 2.20

< gin? z o T
/ ;—dr = 7r/ sinc’z do = —. (2.4)
0 T 0 2
Proof Integrate by parts.
 gin? sin® x > 2sinz cosx * sin 2z
[y e [, [,
0 X X 0 xr 0 X

o -
:/ smydyzz.
o ¥ 2

O

Here is a more complicated proof, using the same technique as for
Lemma 13. Set G(t) = [;°e " (822)2dz, defined for ¢ > 0. Now,
G"(t) = fooo e~ sin? z dx for t > 0 Integratlng by parts we have

> 0 et ® e~ gin g
/ e sin?x de = 2/ —de - 4/ 72d:1c.
0 o U 0 t

Hence, G"(t) =

ﬁ. Integrating this equation twice we have

1 1 t
G(t) = §tlnt — Ztln(él + t2) — arctan 3 +bt+c

where b, ¢ are the integration constants. However, from the integral ex-
pression for G we have lim;, o, G(t) = limy_, o G'(t) = 0, so b =
0,c = /2. Therefore G(0) = /2. a

Again we can use this construction to compute some other important

integrals. Consider the integral [;*(222)2e=*A%dz for A a real number.
Then
/ (w)ze“‘xdx = lim G(ix+e¢)
0 x e—0,e>0
where,

1 1 n
G(t) = itlnt — Ztln(4 + %) — arctani + g

Using the property that In(e’?) = i@ for —m < § < 7 and taking the
limit carefully, we find

0o
/ (Smx)ze_i’\mdx _
0

T

{g\(ln|>\|j:i’2’) Dnjd - A2\+L1n|m|+ﬂ for £\ < 2
A

L(n |\ £i%) — 4(ln|4 A2| +im) + Zln|2+)\| for+ X > 2.
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Noting that [ (S22)2e=A%dy = 2 [*(22)2 cog(Ax)da we find

[SSI— Y
SINT. 5 g m(l— 45 for|A] < 2
dr = 2 2.
/ ( T ) e v { 0 for|A\| > 2. (2:5)

— 00

2.4 Infinite products

The next sections deal with the infinite products used in various areas of
computer vision, signal processing, approximation theory and wavelets.
We have already developed the notion of an improper integral rigorously
which has, as one of its motivations, the idea of adding infinitely often.
In what follows, we will develop the notion of multiplying and dividing
infinitely often as well.

2.4.1 Basics

Consider some r € (0,00) and II}_,r = r". We know that

n { 0, r<l

r't — as n — 0o.
oo, r>1

This suggests that if we wish to multiply more and more numbers, their

product can only remain bounded and tend to a finite number, if they

approach 1. This motivates:

Definition 2.21 Let {ax};., € R. For n > 1, we define the nth partial
product

P,=1;_1(1+ar) =1 +a1) - (1+an).
We assume ay, # —1, Vk.

(a) If
P = lim P,

n—oo

exists, and is nonzero, then we say that the infinite product 1132, (1+
ay) converges and has value P.

(b) Otherwise, we say that the product diverges. In the special case,
when lim,, ., P, = 0, then we say the product diverges to zero. We
remark that dropping/adding finitely many nonzero terms does not
change convergence.
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Example 2.22 Is I1° , (1 — 1/k?) convergent? If so, evaluate it.

Solution Note that we start for k = 2, since 1 —1/k* = 0 for k = 1. We
form the partial product P,:

noq o Lo (k=D(R+1)\ IRk = DIy (k+1)
_[1-2-3--(n=2)n—-1)J[3-4-5---n(n+1)] n+1
2-3---(n—1nJ2[3-4-5---(n—1)n]  2n °
Thus

a1 — 1/k) = lim T_,(1— 1/k%) = 1/2

converges.

Example 2.23 Is 1132 ,(1 — 1/k) convergent? If so, evaluate it.

Solution Form
k—1 me_,(k—1)
P, =12,(1-1/k) =TI} _ ( ) = k—Qn
k=2 k=2 2 Ik

~1-2.3---(n=2)(n—-1)
BT P T e

So II2 (1 — 1/k) diverges to zero.

Example 2.24 Let

1, keven

a _{ ~1/2, kodd.
Does II22 | (1 + ay,) converge?

Solution By induction on n, it is easy to see that

P - { 1/2, mnodd

1, neven
and so lim,,_,, P, doesn’t exist.
This example, helps to motivate

Theorem 2.25 A necessary condition for convergence If P =
I12° (1 + ay) converges, then limy_, o ar, = 0.

Proof Our hypothesis ensures that P # 0 and P, = II}_,(1 + ax) has
lim,,yoo P, = P. Then

P,
1= = lim = lim (1 + ay).

hmn_wo Pn—l =0 I'p_1 n—oo
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The condition above is necessary but not sufficient, since with a, =
—1/n, the product does not converge.

Definition 2.26 We say that II2 (1 + az) converges absolutely iff
122, (1 + |ak|) converges.

This motivates:
Theorem 2.27 Let ai, # —1, k > 1. The following are equivalent:

(a) 1132 | (1 4 ax) converges absolutely.
(b) >3 ax converges absolutely.

Proof Set py, = |ax| and
Q.= p  Pu=T_,(1+p0).
k=1

Now

1+ Qp < Py =y (14 pg) < eXimaPh = 9,

where the last inequality is a consequence of 1 + py < eP*. (The left-
hand side is just the first two terms in the power series of eP*, and the
power series contains only nonnegative terms.) Thus the infinite product
converges if and only if the power series converges. O

Corollary 2.28 Let ap # —1, k > 1. Then if TI}2 (1 + ai) converges
absolutely, it converges.

Proof We have that limy_, o |ax| = 0. So there exists L > 0 such that
lax| <1/2, k > L.
But by the inequality in the previous proof, we have
|log(1 + ax)| < 3/2|ax|, k> L.

Then much as before, we have that
o0 o0
S log(1 +ar)] <3/2 3 lax] < oo
k=L k=L

so that >_p- ; In(1+ay) converges to say finite S. Then clearly, as In(z)
is continuous away from 0, we deduce taking limits that

lim II}_; (1 + ax) = exp(S) #0

n—0o0

which of course implies that IIg° ; (1 4 ax) converges. O
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Example 2.29 For what value of p > 0 does II2 (1 + ax) converge
with ax = (—1)*/kP, k > 2? Note that

o0
Z|ak| Z— < 0
k=2

if p> 1. If p =1, then one easily observes that if
P,=1;_,(1+ag), n>1,

then

p _ 1, neven
" 1-1/2n+1), nodd.

So the product converges also for p = 1 but not absolutely. In fact, one
can show that the product converges for all p > 0.

2.5 Additional exercises

Exercise 2.7 Test the following integrals for convergence/absolute con-
vergence/conditional convergence:

(a) [y Wda: a>0.

) 1 e

(c)

(d)

(e)

( )
(g)
(h)

[, P(x)e”#ldz, P a polynomial.
7, P(z)In(1 + 2?)e ~2"dz, P a polynomial.

C

OO co%'psln'pd

f

Ji
I 51gn( )dzx.
J

&S]

OO cos 2% 296

1 dx.
lnx

f9 z(In ln )100 dz.

Exercise 2.8 Let f: [a,00) = R with f € RJa, s|, Vs > a and suppose
that [ f(z)dx converges. Show that V & > 0, there exists B. > 0 such

that

s > B.implies / f(z)dz| < e.
Exercise 2.9 Show that if f,¢g : [a oo) — R and f f(z)dx and
[ g(xz)da converge, then Vo, 3 € R, [] ) + Bg(x)]dz converges

to afaoo f(x)dz +p3 f:o g(z)dx
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Exercise 2.10 The substitution rule for improper integrals.
Suppose that g : [a,00) — R is monotone, increasing and continuously
differentiable and lim; . g(t) = oco. Suppose that f : [g(a),00) — R
and f € Rla,s],Vs > g(a). Show that [ f(g(t))g'(t)dt converges iff

/ go(z) f(z)dz converges and if either converges, both are equal.

Exercise 2.11 For what values of a do the series below converge?

o0 oo

>~ 1 1
27 ;n(lnn)a Z3W

n=
Exercise 2.12 Use integration by parts for the integral [ Smwz)d to

00 sin z)d

establish the convergence of the improper integral f -

Exercise 2.13 If f = f; +ifs is a complex-valued function on [a, c0),

we define
/ f(z)dx = / fi(x)dx + Z/ fa(x)dx

whenever both integrals on the right-hand side are defined and finite.

Show that
/ e dx
1 x

Exercise 2.14 Suppose that f : [—a,a] - R and f € R[—s,s] V0 <
s < a, but f € R[—a,a]. Suppose furthermore that f is even or odd.
Show that [ f(x)dx converges iff [ f(x)dx converges and

converges.

@ 2 [ f(z)dz, if feven
= 0 ’
J@)de { 0, if fodd.
Exercise 2.15 Test the following integrals for convergence/absolute
convergence/conditional convergence. Also say whether or not they are
improper.

a f L lzl~%dz,a > 0.
1 bln(l/(l))dw

(a)

(b) fO z

(c) fo t(1 —t))~%dt, a > 0.
(@ J 5 Wdz

(e) [[Te —1)"%/3dg.

() [ Iff\’ldév
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(g) The Beta function, Definition 33:
1
B(p,q) :/ (1 — )9 dt.
0

Exercise 2.16 Cauchy Principal Value. Sometimes, even when f; flx)dx
diverges for a function f that is unbounded at some ¢ € (a,b), we may
still define what is called the Cauchy Principal Value Integral: Suppose
that f € Rl[a,c—¢] and f € R[c+ ¢,b] for all small enough ¢ > 0 but f

is unbounded at c. Define

b
P.V./ f(z)dz ;== lim

e—0*t

c—e€ b
[ f(x)dx]
a c+e

if the limit exists. (P.V. stands for Principal Value).

(a) Show that f_ll Ldz diverges but P.V. f_ll Ldz =o.
(b) Show that P.V. [* L dz =In (b—;) if ¢ € (a,b).

Tr—c c—

(¢) Show that if f is odd and f € R[e,1], V 0 < € < 1, then
P.V. [!| f(z)dz = 0.

Exercise 2.17 (a) Use integration by parts to show that
I(z+1) =2l (z), z > 0.

This is called the difference equation for I'(x).

(b) Show that I'(1) = 1 and deduce that for n > 0, I'(n + 1) = n!l. Thus
I" generalizes the factorial function.

(¢) Show that for n > 1,

L(n+1/2) = (n—1/2)(n—3/2)---(3/2)(1/2)x"/2.
Exercise 2.18 (a) Show that

B(p,q) = / yP (14 y) P dy.
0

(b) Show that

1

B(p.g) = (1/2)"""" / (a1,

Also B(p,q) = B(q,p).
(¢) Show that

B(p,q) = B(p+1,9)+ B(p.q+1).

(d) Write out B(m,n) for m and n positive integers.



2.5 Additional exercises 89

Exercise 2.19 Large O and little o notation Let f and h : [a, 00) —
R, g : [a,00) = (0,00). We write f(x) = O(g(z)), x — oo iff there exists
C > 0 independent of z such that

|f(x)] < Cg(x), V large enough x.

We write f(z) = o(g(z)), z — oo iff lim, o f(x)/g(x) = 0. Quite
often, we take g = 1. In this case, f(z) = O(1), = — oo means |f(z)| <
C for some C' independent of x, i.e. f is uniformly bounded above in
absolute value for large enough z and f(z) = o(1), ¢ — oo means

lim, o f(2) = 0.

(a) Show that if f(z) = O(1) and h(x) = o(1) as & — oo, then f(z)h(z) =
o(1), z = oo and f(z) +h(z) = O(1), x — oco. Can we say anything
about the ratio h(z)/f(z) in general for large enough x?

(b) Suppose that f,g € R[a,s], Vs > a and faoo g(z)dx converges. Show
that if f(z) = O(g(x)), # — oo, then [ f(z)dx converges abso-
lutely.

(¢) Show that if also & is nonnegative and

f(x) =0(g(z)), x = o0, g(x) = O(h(z)), * — o0
then this relation is transitive, that is
f(x) =O(h(z)), z — .
Exercise 2.20 Show that
2
me,(1—- ——— ) =1/3.
" ( n(n+ 1)) /
Exercise 2.21 Show that
e, (1 +

Exercise 2.22 Show that

6
(n+1)2n+ 9)) = 21/8.

n 1
Hzozo(]. +f1}'2 ) = m, |$| < 1

Hint: Multiply the partial products by 1 — z.

Exercise 2.23 Let a,b € C and suppose that they are not negative
integers. Show that

a—b—1 a
me. (1 = .
”1( +(n+a)(n+b)) b+1

Exercise 2.24 Is 1122 (1 +n~!) convergent?
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Exercise 2.25 Prove the inequality 0 < e* — 1 < 3u for u € (0,1) and
deduce that 1132, (1 + 2[e?/™ — 1]) converges.

Exercise 2.26 The Euler—-Mascheroni Constant. Let

n

Hn:Z%,TLZL

k=1

Show that 1/k > 1/z, x € [k, k + 1] and hence that

Deduce that
n+1 1
H, > / —dr=In(n+1)
1 X
and that

(H,, —In(n + 1)] — [Hy — Inn] = %Jrln (11>

+1 n+1
o) k
1
= — k .
Z(n—f—l) /k<0

k=2

Deduce that H, — Inn decreases as n increases and thus has a non-
negative limit v, called the Euler—-Mascheroni constant and with value
approximately 0.5772... not known to be either rational or irrational.
Finally show that

1
Py (11 ke = T (11 BT e/ = 2 exp(—(H, —Inn).

Deduce that
2 (1 +1/k)e Yk =,

Many functions have nice infinite product expansions which can be
derived from first principles. The following examples, utilizing contour
integration in the complex plane, illustrate some of these nice expan-
sions.

Exercise 2.27 The aim of this exercise is to establish Euler’s reflection
formula:

Iz)(1—x) = Re(z) > 0.

sin(nz)’
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Step 1: Set y =1— 2, 0 < 2 < 1 in the integral
[ = M
o (L9t T(x+y)

to obtain

o0 yxr—1
F(x)F(l—x):/ P
o 1+t

Step 2: Let now C consist of two circles about the origin of radii R
and e respectively which are joined along the negative real axis from R

to —e. Show that
mel
/ dz = —2im
cl—=z

where z%~! takes its principal value.

Now let us write,

T Pz . e 4x—1 .
i — / iR exp(m'@) 20 Jr/ t*~ exp(ixm) &t
_» 1 — Rexp(if) R 1+¢

T e” exp(izf) /R t*~ 1 exp(—ixm)
————df ———2dt.
+/,r1—€exp(z'9) + R 1+1¢

Let R — oo and ¢ — 01 to deduce the result for 0 < 2 < 1 and then for
Re > 0 by continuation.

Exercise 2.28 Using the previous exercise, derive the following expan-
sions for those arguments for which the RHS is meaningful.

(1)
sin(r) = 1172, (1 — (l‘/jﬂ')Q) .

cos(z) = T2, (1 - (m;) .

(3) Euler’s product formula for the gamma function

ol(z) =152, [(1+ 1/n)*(1 + 2/n) '] .

(2)

(4) Weierstrass’s product formula for the gamma function
(D(z)) ! = 2e™ 12, [(1 + x/k)e—w/k] .

Here, v is the Euler-Mascheroni constant.
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Fourier series

Jean Baptiste Joseph Fourier (1768-1830) was a French mathematician,
physicist and engineer, and the founder of Fourier analysis. In 1822 he
made the claim, seemingly preposterous at the time, that any function
of t, continuous or discontinuous, could be represented as a linear com-
bination of functions sin nt. This was a dramatic distinction from Taylor
series. While not strictly true in fact, this claim was true in spirit and
it led to the modern theory of Fourier analysis, with wide applications
to science and engineering.

3.1 Definitions, real Fourier series and
complex Fourier series

We have observed that the functions e, (t) = e™t/v/2m,n = 0,41, 42, ...
form an ON set in the Hilbert space Lz[0, 27] of square-integrable func-
tions on the interval [0, 27]. In fact we shall show that these functions
form an ON basis. Here the inner product is

(u,v) = /0 7Tu(t)@(t) dt, u,v € Lo[0, 27].

We will study this ON set and the completeness and convergence of
expansions in the basis, both pointwise and in the norm. Before we
get started, it is convenient to assume that Lo[0, 27| consists of square-
integrable functions on the unit circle, rather than on an interval of
the real line. Thus we will replace every function f(¢) on the interval
[0,27] by a function f*(¢) such that f*(0) = f*(27) and f*(¢t) = f(¢)
for 0 <t < 27. Then we will extend f* to all —oo < ¢t < 0o by requiring
periodicity: f*(t + 2m) = f*(¢t). This will not affect the values of any
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integrals over the interval [0, 27], though it may change the value of f at
one point. Thus, from now on our functions will be assumed 27-periodic.
One reason for this assumption is:

Lemma 3.1 Suppose f is 2w — periodic and integrable. Then for any
real number a

27+a 2
/ rd= [ @

0

Proof Each side of the identity is just the integral of f over one period.
For an analytic proof, note that

27 a 27 a 27
F(t)dt = / fde+ [ ftydt = / fi+omdi+ [ f@)de
0 0 a 0 a

27+a 27 27+a
:/ f®)dt + f(t)dt:/ f(t)dt.
2 a

™ a
O
Thus we can transfer all our integrals to any interval of length 27
without altering the results.

Exercise 3.1 Let g(a) = fjwra f(t)dt and give a new proof of of Lemma
3.1 based on a computation of the derivative ¢'(a).

For students who don’t have a background in complex variable theory
we will define the complex exponential in terms of real sines and cosines,
and derive some of its basic properties directly. Let z = = + iy be a
complex number, where z and y are real. (Here and in all that follows,

i =+/—1.) Then z = x — iy.
Definition 3.2 e* = exp(x)(cosy + isiny).

Lemma 3.3 Properties of the complex exponential: e*te® = e*1t%2
le*| = exp(z), €# = e* = exp(x)(cosy — isiny).

Exercise 3.2 Verify Lemma 3.3. You will need the addition formulas
for sines and cosines.

Simple consequences for the basis functions e, (t) = €i"t/\/2r, n =
0,£1,£2,... where t is real, are given by

Lemma 3.4 Properties of e : e(t27) = gint ' |eint| = 1 eint = g=int
eimtpint — ez(m—&-n)t’ el = 1,

d . ) ) eint + efint ] eint _ efint
—e" = ine't,  cosnt = — —— sin nt = —
i

dt
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Lemma 3.5 (e, em) = Onm.-

Proof If n # m then

i(n—m)t

1 [, 1 eitn-
= — l(nim)tdt = — 2m = O
(en €m) o /0 € 27 i(n —m) lo
Ifn:mthen(emem)zi 027r1dt21. O

Since {e,} is an ON set, we can project any f € L3[0,27] on the
closed subspace generated by this set to get the Fourier expansion
f(t) ~ Z (f7 6n)en(t)a
or
0 ) 1 27 )
fO) ~ Y ene™, e f(t)e~™tdt. (3.1)

T or
n=—o0 0

This is the complex version of Fourier series. (For now the ~ just de-
notes that the right-hand side is the Fourier series of the left-hand side.
In what sense the Fourier series represents the function is a matter to
be resolved.) From our study of Hilbert spaces we already know that
Bessel’s inequality holds: (f, f) > Y02 |(f,en)|? or

oo
1 27

FOPdE> D feal. (3.2)

2
0 n=—oo
An immediate consequence is the Riemann—Lebesgue Lemma.

Lemma 3.6 (Riemann-Lebesgue, weak form) limj, fOQW f(t)e imtdt
=0.

Thus, as |n| gets large the Fourier coefficients go to 0.
If f is a real-valued function then ¢, = c_,, for all n. If we set

ep =200 0,1,2,. ..
2
b
c,nza’”’%, n=1,2,...

and rearrange terms, we get the real version of Fourier series:

ap s .
f(t) ~ 5 + Z(an cos nt + by, sinnt), (3.3)

n=1

2m 1 2m
an = — f(t)cosnt dt b, = / f(t)sinnt dt
7r 0

0 71—
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with Bessel inequality

1 |a0\ = 2
7)) VO 55l + o)

and Riemann—Lebesgue Lemma
2m 2m

lim f(t) cos(nt)dt = lim f () sin(nt)dt = 0.

Remark: The set {\15 77 cosnt, f sinnt} forn =1,2,...1s also ON
in L]0, 27], as is easy to check, so (3.3) is the correct FOUI‘IGI" expansion
in this basis for complex functions f(t), as well as real functions.

Later we will prove the following fundamental result called Parseval’s
equality:

Theorem 3.7 Let f € Ly[0,2n]. Then

oo

(1,0 ="> (el

n=—o0
In terms of the complex and real versions of Fourier series this reads

[e'S)
1 2m

o [ WOPd= 3 el (3.4)

n=—oo

or

Let f € L3[0,27] and remember that we are assuming that all such
functions satisfy f(t+2w) = f(t). We say that f is piecewise continuous
on [0, 2] if it is continuous except for a finite number of discontinuities.
Furthermore, at each ¢ the limits f(¢t 4+ 0) = limp_0 n>0 f(t + k) and
f(t —0) = limp_0,n>0 f(t — h) exist. NOTE: At a point ¢ of continuity
of f we have f(t +0) = f(t — 0), whereas at a point of discontinuity
f(t+0)# f(t—0) and f(t+0)— f(t —0) is the magnitude of the jump
discontinuity.

Theorem 3.8 Suppose

t) is periodic with period 2.
t) is piecewise continuous on [0, 2m].

I
I

) f (t) is piecewise continuous on [0, 27].
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Then the Fourier series of f(t) converges to

Fourier series
w at each pointt.

We will first illustrate this theorem and then prove it.

3.2 Examples

We will use the real version of Fourier series for these examples. The
transformation to the complex version is elementary.

1.

2.

Let
0, t=0
f)y=4 =, 0<t<2m
0, t=2m
and f(t +2m) = f(t). We have ag = L [27 7=t gt = 0 and for n > 1,
1 (7 —t T—tsinnt 1 2
an:f/ T cosmtdt=—Z — |24~ sinnt dt = 0,
T Jo nmw 2 Jo
1 (75— m—t cosnt 1 2
by, = f/ T sinntdt=——2 """ o cosnt dt =
T Jo nmw 2mn Jq
Therefore,
m—1 >, sinnt
e Sk P
n=1

By setting ¢ = /2 in this expansion we get an alternating series for
/4
™

T, 1,111
4 3 5 7 9

Parseval’s identity gives

n=1
Let

1 _

5, t=0

1, O<t<m
t) = '
=371 =,

0 w<t<2m
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and f(t+ 2m) = f(t) (a step function). We have ag = L ["dt = 1,
and for n > 1,

1 /" sinnt
an:f/ cosnt dt = 6 =0,
0 nm

™
1 (7 t —1)ntt 41 2 dd
bn:f/ sinnt dt = — " |g:( it :{ oo 1O
T Jo nmw nmw 0, mneven
Therefore,

1 2 ~sin(2j — 1)t
,7_1_75

2 T3 27 -1
For 0 < t < 7 this gives

sin 3¢ n sin 5t n
3 5 ’

T —sint+
— =sin
4

and for 7 < t < 27 it gives

sin 3t n sin 5t
3 5

0 i+
—— =sin
4

Parseval’s equality becomes

2 > 1
8 _Z (27 —1)2

Jj=1

3.3 Intervals of varying length, odd and
even functions

Although it is convenient to base Fourier series on an interval of length
27 there is no necessity to do so. Suppose we wish to look at functions
f(z) in Lao|c, B]. We simply make the change of variables

27(z — @)
b —«
in our previous formulas. Every function f(z) € Ls[a, (] is uniquely
associated with a function f(t) € L3[0,27] by the formula f(x) =

f(Lé”” ao‘)) The set { —— T =1/ 73 2~ cos 72“7;(_“7;0‘) , 5_% sin Lz(f;a) } for
n=1,2,...1s an ON basis for Lg[ , 8], The real Fourier expansion is,

foru=(x—a)/(8 - a),

t= = 2mu
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ao i .
flz) ~ 5+ ;(an cos 2nu + by, sin 2wnu), (3.5)
B 9 B
ap = f(x)cos2mnu dx, b, = / f(z)sin2mnu dx
= [ 1@ = [ 1@

with Parseval’s equality

2 ([P =
o [ @pa =t # 3+l

For our next variant of Fourier series it is convenient to consider the
interval [—, 7] and the Hilbert space Ly[—, 7]. This makes no difference
in the formulas for the coefficients, since all elements of the space are
2m-periodic. Now suppose f(t) is defined and square integrable on the
interval [0, 7]. We define F'(t) € Ly[—m, 7| by

[ f@) on [0, 7]
F(t) = { f(=t) for —w<t<O.

The function F' has been constructed so that it is even, i.e., F(—t) =
F(t). For an even function the coefficients b, = L [* F(t)sinnt dt =0
$0

F t)rv(;—o—i—nz::lancosnt

on [—m, 7] or

%A—Zancosnt, for0<t<m (3.6)

1 [ 2 (7
ap = — F(t)cosnt dt = f/ f(t) cosnt dt.
T Jo

s

—T

Here, (3.6) is called the Fourier cosine series of f.
We can also extend the function f(t) from the interval [0, 7] to an odd
function on the interval [—m, w]. We define G(t) € Ly[—m, 7] by

ft) on (0, 7]
Git)=< 0 fort=0
—f(=t) for —m<t<O.
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The function G' has been constructed so that it is odd, i.e., G(—t) =
—G(t). For an odd function the coefficients a, = £ [*_G(t) cosnt dt =0
S0

o0
t) ~ Z b, sin nt
n=1

on [—m, 7] or

t) ~ Z bysinnt, for 0 <t <m, (3.7)

1 (" 2 (7
b, = — G(t)sinnt dt = f/ f(t)sinnt dt.
T Jo

—T

Here, (3.7) is called the Fourier sine series of f.
Example 3.9 Let f(¢t)=t, 0<t<m.

1. Fourier Sine series.

2 (7 —2t t 2 (7 2(—1)n+t
bn:f/ tsinntdt:ﬂm —1——/ cosntdtzi.
0 nm.Jjo

T nm n
Therefore,

e n+1
Z sinnt, 0<t <.

2. Fourier Cosine series.

2 (7 2t sinnt 2 (7 2[(-1)" -1
an:f/ tcosnt dt =~ 1o ——/ sinntdtzu,
0 0

s nmw nmw n2m

fornZlanda():%fowtdt:W,so

cos(2j
— —Z (2 - , 0<t<m.
23—1

3.4 Convergence results

In this section we will prove Theorem 3.8 on pointwise convergence. Let
f be a complex-valued function such that

f(t) is periodic with period 2.
f(¢) is piecewise continuous on [0, 27].
f’ (t) is piecewise continuous on [0, 27].
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Expanding f in a Fourier series (real form) we have

f(t) ~ %4 Z(an cosnt + b, sinnt) = S(t), (3.8)
2 n=1
1 2 1 27
ap = — f(z) cosnzx dx, b, = — f(z)sinnz dz.
T Jo T Jo

For a fixed t we want to understand the conditions under which the
Fourier series converges to a number S(¢), and the relationship between
this number and f. To be more precise, let

k
= ?0 Z (ay, cosnt + by, sin nt)
be the kth partial sum of the Fourier series. This is a finite sum, a
trigonometric polynomial, so it is well defined for all t € R. Now we have
S(t) = lim Sg(t),
k—o0

if the limit exists. To better understand the properties of Si(t) in the
limit, we will recast this finite sum as a single integral. Substituting the
expressions for the Fourier coefficients a,,, b,, into the finite sum we find

Sk(t) = 71?/0%

1 27

1 2

-2/ Di(t — 2) f(z)dx. (3.9)

k
1
3 + Z (cos nx cosnt + sin nx sin nt)] f(z)dx

n=1

1 &
3 + Z cos[n(t — x)]] f(z)dx

We can find a simpler form for the Dirichlet kernel

Recalling the geometric series

k
Do iti_l

m=0

we find, for e # 1, Di(t) =

1 [eit(k+1) _ 1 g=it(h+1) _ citk 4 o—ith _ git(k+1) _ o—it(k+1)
2{ et — 1 e it — 1 ]_

1
373 * 2 — T)(e @ —1)
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_ —cost(k + i)t—l— costk _ sin(k + %)t7 (3.10)

-1
2sin 5 251n§

where we have made use of standard addition and double angle formulas
for the trigonometric functions. For e®* = 1 we have cosmt = 1 so it is
clear that Di(0) = k+1/2.

Exercise 3.3 Verify the details of the derivation of the expression (3.10)
for Dg(t).

Note that Dy has the properties:

o Dy(t) =Dy (t+27r)

o Dy(—t) = Di(t)
e Dy (t) is defined and differentiable for all ¢ and Dy, (0) = k + 3.

From these properties it follows that the integrand of (3.9) is a 27-
periodic function of x, so that we can take the integral over any full
2m-period:
1 a+m
sy =1 [ Dilt- )@y,
a—T
for any real number a. Let us set a =t and fix a § such that 0 < é < 7.

(Think of ¢ as a very small positive number.) We break up the integral
as follows:

1 t— t+m 1 t+6
=— / / Dy(t—2z)f(x)dx+— Dy (t—2z)f(x)dx.
™ \Jt T Jt—6
For fixed ¢t we can write Dy (t — x) in the form

fi(z,t) cosk(t — x) + fa(w,t)sink(t — )
sin[3(t — x)]

Dk(t — :ZZ) =

= g1(z,t) cosk(t — z) + go(x,t) sink(t — z).

In the interval [t — m, ¢t — §] the functions g1, g2 are bounded. Thus the
functions

| gi(z,t) forxet—m,t—0] _
Gelw,t) = { 0 elsewhere ’ £=12

are elements of Ls[—7, 7] (and its 27-periodic extension). Hence, by the
Riemann—Lebesgue Lemma, applied to the ON basis determined by the
orthogonal functions cos k(t — x), sin k(t — x) for fixed ¢, the first integral
goes to 0 as k — oo. A similar argument shows that the integral over
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the interval [t + 0,¢ + 7] goes to 0 as k — oo. (This argument doesn’t
hold for the interval [t — §, ¢+ 6] because the term sin[3 (¢ — z)] vanishes
in the interval, so that the G are not square integrable.) Thus,

1 [te
klim Sk(t) = lim — Dy(t — z) f(x)dz, (3.11)

where,

Theorem 3.10 The sum S(t) of the Fourier series of f at t is com-
pletely determined by the behavior of f in an arbitrarily small interval
(t —0,t+0) about t.

This is a remarkable fact! It is called the Localization Theorem. Al-
though the Fourier coefficients contain information about all of the val-
ues of f over the interval [0, 27), only the local behavior of f affects the
convergence at a specific point ¢.

Now we are ready to prove a basic pointwise convergence result. It
makes use of another simple property of the kernel function Dy (t):

Lemma 3.11
27
Dy (z)dx = 7.
0

Proof

2m
Dy (z)dx = /
0 0

since each of the last k£ functions integrates to 0. O

k
1
(5 + ; cosnx)dx = T,

Theorem 3.12 Suppose

(t)
(t)

o f/(t) is piecewise continuous on [0, 27].

e f(t) is periodic with period 27.
o f

is piecewise continuous on [0, 2m].

f(t+0)+f(t—0)
2

Then the Fourier series of f(t) converges to at each point t.

Proof It will be convenient to modify f, if necessary, so that

ft+0)+ f{t-0)

£(t) = .
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at each point ¢. This condition affects the definition of f only at a finite
number of points of discontinuity. It doesn’t change any integrals and
the values of the Fourier coefficients. Then, using Lemma 3.11 we can
write

1 27

Sk(t) = f(t) == [ Di(t —z)[f(z) = f(t)]dz

/‘Dk Ft+2) + f(t—2) — 2f(t)|da
:7/ [f(t+x)+ f(t —x) —2f ()]
T™Jo

2sin Z 3

1
sin(k + i)x dx

1 ™
= / [H1(t,x)sinkx + Ha(t, x) cos kx]dz.
0

™

From the assumptions, Hy, Hs are square integrable in x. Indeed, we can
use L’Hospital’s rule and the assumptions that f and f’ are piecewise
continuous to show that the limit

L ) + g =)~ 26 (1)

z—0+ 2sin %

exists. Thus Hy, Hy are bounded for z — 0+. Then, by the Riemann—
Lebesgue Lemma, the last expression goes to 0 as k — oo:

lim [Sy(t) — £(£)] = 0.

k—o0

O

Exercise 3.4 Suppose f is piecewise continuous and 27-periodic. For
any point ¢ define the right-hand derivative fg(t) and the left-hand
derivative f1 (t) of f by

fa(t) = tim TTERD gy gy [ TEZ0)

u—t+ u—t u—t— u—t ’

respectively. Show that in the proof of Theorem 3.12 we can drop the
requirement for f’ to be piecewise continuous and the conclusion of the
theorem will still hold at any point ¢ such that both ff(¢) and ff(¢)
exist.

Exercise 3.5 Show that if f and f’ are piecewise continuous then for
any point ¢ we have f/'(t + 0) = fr(¢t) and f'(t — 0) = f;(¢). Hint: By



104 Fourier series

the mean value theorem of calculus, for v > ¢t and w sufficiently close to
t there is a point ¢ such that ¢t < ¢ < u and

fuw) = f(t+0)

u—t

= f'(c).
Exercise 3.6 Let

t?sin(1) fort#0
1) = { 0 for t = 0.
Show that f is continuous for all ¢ and that f(0) = f;(0) = 0. Show
that f'(t 4+ 0) and f/(t — 0) do not exist for ¢ = 0. Hence, argue that
f’ is not a piecewise continuous function. This shows that the result of
Exercise 3.4 is a true strengthening of Theorem 3.12.

Exercise 3.7 Let

t

2sin £ .
2 ifo<|t|<m
t) = ’
10 {1 if t=0.

Extend f to be a 2w-periodic function on the entire real line. Verify that
f satisfies the hypotheses of Theorem 3.12 and is continuous at ¢t = 0.
Apply the Localization Theorem (3.11) to f at ¢ = 0 to give a new
evaluation of the improper integral [;* 2 dy = 7 /2.

3.4.1 Uniform pointwise convergence

We have shown that for functions f with the properties:

(t) is periodic with period 27,
(t) is piecewise continuous on [0, 27],

o f
o f
e f/(t) is piecewise continuous on [0, 27],

then at each point ¢ the partial sums of the Fourier series of f,

oo 1 27
ft) ~ @—I—Z(ancosnt—i—bnsinnt):S(t), ap = — f(t) cosnt dt
2 ot T Jo
1 2
by, = — f(t)sinnt dt,
T Jo

converge to 710(”0);’0“70):

k
Sk(t) = %—I—Z(an cos nt+b, sinnt), kli_>rr010 Sk(t) = f(t+0) —; ft=0) .
n=1
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(If we require that f satisfies f(t) = w at each point then the
series will converge to f everywhere. In this section we will make this
requirement.) Now we want to examine the rate of convergence.

We know that for every e > 0 we can find an integer N (e, t) such that
|Sk(t)— f(t)| < e for every k > N(e, t). Then the finite sum trigonometric
polynomial Si(t) will approximate f(¢) with an error < e. However, in
general N depends on the point ¢; we have to recompute it for each t.
What we would prefer is uniform convergence. The Fourier series of f
will converge to f uniformly if for every € > 0 we can find an integer
N(e) such that |Sk(t) — f(t)] < € for every k > N(e) and for all t.
Then the finite sum trigonometric polynomial Si(¢t) will approximate
f(t) everywhere with an error < e.

We cannot achieve uniform convergence for all functions f in the class
above. The partial sums are continuous functions of ¢. Recall from cal-
culus that if a sequence of continuous functions converges uniformly, the
limit function is also continuous. Thus for any function f with disconti-
nuities, we cannot have uniform convergence of the Fourier series.

If f is continuous, however, then we do have uniform convergence.

Theorem 3.13 Assume f has the properties:

o f(t) is periodic with period 2,
e f(t) is continuous on [0,27],
o f'(t) is piecewise continuous on [0,27].

Then the Fourier series of f converges uniformly.

Proof Consider the Fourier series of both f and f':

s 1 27
f(t)N@+Z(ancosm€+bnsmnt), an:f/ f(t) cosnt dt
2 el ™ Jo
1 27
b, = — f(t)sinnt dt,
T Jo
/ Ao - . I /
ff@t)~—+ Z(An cosnt + By, sinnt), A, == f'(t) cosnt dt
2 —1 ™ Jo
1 2 , .
B, =— f'(t)sinnt dt.
T Jo
Now

27 27

1

Ap=— [ ft)cosntdt=—f(t)cosnt]2™ + 2 [ f(t)sinnt dt
s 0 ™ ™ 0
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[ nbp, n>1
10, n = 0.
(We have used the fact that f(0) = f(2x).) Similarly, B,, =
1 2 , ] 1 ) ) n 2
= f(t)sinnt dt = — f(t) sinnt|g™ — — f(t) cosnt dt = —na,.
™ Jo ™ ™ Jo

Using Bessel’s inequality for f/ we have

Stz < L [T irapa< s,
hence " .
S ¥ (anl? + fonl?) < oo
Now =
R
< (2 AP + BA)
n=1 n=1

which converges as m — co. (We have used the Schwarz inequality for
the last step.) Hence Y 07 | |a,| < 00, D07, |by| < 0o. Now

% + Z(an cosnt + by, sinnt)| < |%| + Z(Ian cos nt| + |by, sin nt|)

n=1 n=1

)
ao
n=1

so the series converges uniformly and absolutely. O

Corollary 3.14 For f satisfying the hypotheses of the preceding theorem

2m
SRRy MTORE

Proof This is Parseval’s Theorem. The Fourier series of f converges uni-
formly, so for any € > 0 there is an integer N () such that |Sk(¢)— f(t)| <
¢ for every k > N(e) and for all t. Thus

2
/0 1Sk(t) — F()? dt = |[Ss — f1?
k
||f||2ﬂ<a0| Z |an|2+|b | > < 2mé?
n=1

for k > N(e). a
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Remark: Parseval’s Theorem actually holds for any f € Ls[0,27], as
we shall show later.

Remark: As the proof of the preceding theorem illustrates, differentia-
bility of a function improves convergence of its Fourier series. The more
derivatives the faster the convergence. There are famous examples to
show that continuity alone is not sufficient for convergence, [91, 92].

3.5 More on pointwise convergence, Gibbs
phenomena

We return to our first Example of Fourier series:

0, t=0
h(t)=q 5%, 0<t<2mw
0, t=2mw

and h(t + 27) = h(t). In this case, a, = 0 for all n and b, = 1/n.
Therefore,

T—t isinnt 0<t<?
= , .
2 = n

The function h has a discontinuity at ¢ = 0 so the convergence of this
series can’t be uniform. Let’s examine this case carefully. What happens
to the partial sums near the discontinuity?

Here, Si(t) = zk sinnt g,

n=1 n

t) = E 1 sin —+ 1 t .kt L (k+1)t
t k i Bt (k+1)t
Slg() “ 1COS’I’L —Dk(i)———l(i 2) bln— 2005

2sin

int
3 sin

2
Thus, since S (0) = 0 we have
¢ t (gin k cog Dz
Sk(t) = / Sy (z)dz = / (21’2 dx.
0 0 2sin 5

Note that S;,(0) > 0 so that Sj starts out at 0 for ¢ = 0 and then
increases. Looking at the derivative of Sj we see that the first maximum

is at the critical point t, = 17 (the first zero of cos % as  increases
from 0). Here, h(ty) = Z5%. The error is
e sin(k + 1)z 7r
Sk(tr) — h(ty) = — 2 — —
(t) = hts) /0 2sinz U2
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" sin(k + 5 LA 1 1
:/ Sm(+2)xdw+/ — — = sin(k—«—f)wdx—E
0 T 0 2sing  x 2 2

where I(t;) =

th gin(k + L (3t g i
/ sin(k +5)z [ B s [~ 1ssisemose
0 0 0

x u u

(according to MAPLE). Also

o1 1\ . 1
J(ty) = /0 <251n”” - x) sin(k + i)x dzx.

2

Note that the integrand is bounded near x = 0 (indeed it goes to 0 as
x — 0) and the interval of integration goes to 0 as k — co. Hence we
have J(t;) — 0 as k — oo. We conclude that

ler&(Sk(tk) — h(tx)) =~ 1.851397052 — g ~ 0.280600725
To sum up, limg o0 Sk(tr) ~ 1.851397052 whereas limg o0 h(tx) = § ~
1.570796327. The partial sum is overshooting the correct value by about
17.86359697%! This is called the Gibbs Phenomenon.

To understand it we need to look more carefully at the convergence
properties of the partial sums Sy (t) = Zﬁzl sinnt for all ¢,

First some preparatory calculations. Consider the geometric series
Ej(t) = Zk pint — 6”(1*51“)'

n=1 1—et
Lemma 3.15 For 0 <t < 2w,
2 1

1 — et - sin &

[Ex(t)] <

Note that Si(t) is the imaginary part of the complex series Zszl Ll

o

nt

Lemma 3.16 Let 0 < a < 8 < 27. The series Zzozl % converges
uniformly for all t in the interval (o, B].

Proof (tricky)

k gint E,(t) = E,_1(t) k E,(¢) K E.(t) E;j_1(t) Ex(t)
D e B D —gn“‘ ikt

n=j n=j n=j n

J
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S0

k int k
e 1 1 1 1 1 2
< S — —_— = .
|Z n |_sin3 Z(n n+1)+j+k+1 jsini

n=j 2 n=j

This implies by the Cauchy Criterion that Zﬁ:j e::t converges uni-
formly on [«, 5]. ]

This shows that the Fourier series for h(t) converges uniformly on
any closed interval that doesn’t contain the discontinuities at ¢ = 27/,
¢ = 0,£1,4£2,... Next we will show that the partial sums S (t) are
bounded for all t and all k. Thus, even though there is an overshoot

near the discontinuities, the overshoot is strictly bounded.

From Lemma 3.16 on uniform convergence above we already know
that the partial sums are bounded on any closed interval not containing
a discontinuity. Also, Sk(0) = 0 and Sk(—t) = —Sk(¢), so it suffices to
consider the interval 0 < ¢t < /2.

We will use the facts that 2/7 < sint/t < 1 for 0 < t < 7/2. The
right-hand inequality is a basic calculus fact and the left-hand one is
obtained by solving the calculus problem of minimizing sint/t over the
interval 0 < t < 7/2. Note that

sinnt tsinnt sinnt
< .
D

1<n<1/t 1/t<n<k

Using the calculus inequalities and the lemma, we have

k sinnt 2 1
E < E t+ <t -+
| n < Lgint = ¢

=14 27.

n=1 1<n<1/t t 2

3o

=
Nl D

Thus the partial sums are uniformly bounded for all ¢ and all k.

We conclude that the Fourier series for h(t) converges uniformly to
h(t) in any closed interval not including a discontinuity. Furthermore
the partial sums of the Fourier series are uniformly bounded. At each
discontinuity ty = 27N of h the partial sums Sy overshoot h(ty + 0)
by about 17.9% (approaching from the right) as & — oo and undershoot
h(tny —0) by the same amount. This is illustrated in Figures 3.1 and 3.2.

All of the work that we have put into this single example will pay off,
because the facts that have emerged are of broad validity. Indeed we can
consider any function f satisfying our usual conditions as the sum of
a continuous function for which the convergence is uniform everywhere
and a finite number of translated and scaled copies of h(t).
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0.5

0.5

1.0

15

Figure 3.1 Plot of the sum of the first 10 nonzero terms in the Fourier
series for h(t) on the interval 0 < ¢ < 2. Note the overshoot and
undershoot around the discontinuities.

1.5

1.0

0.5

PRI T T N S T T T [ N T A B M|

[T T T T T T ST S N T S W ¥

Figure 3.2 Plot of the sum of the first 22 nonzero terms in the
Fourier series for h(t) on the interval 0 < ¢ < 2m. Note that as
the number of terms in the partial sum increases, the width of the
overshoot /undershoot region narrows, but that the magnitude of the
error stays the same.
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Theorem 3.17 Let f be a complez-valued function such that

o f(t) is periodic with period 2.

o f(t) is piecewise continuous on [0, 27].
o f/(t) is piecewise continuous on [0, 27].
e f(t)= w at each point t.

Then

a | < :
f@) = 5 + Z(an cosnt + by, sinnt)

n=1

pointwise. The convergence of the series is uniform on every closed in-
terval in which f is continuous.

Proof Let x1,xa,...,x¢ be the points of discontinuity of f in [0, 27). Set
s(xzj) = f(x; +0) — f(x; — 0). Then the function

o) = 1) =3 e )
=1

is everywhere continuous and also satisfies all of the hypotheses of the
theorem. Indeed, at the discontinuity x; of f we have g(x; —0) =

oy =0~ 280 0) = g o) - LEEO =0 o,y

Similarly, g(z;+0) = f(z;). Therefore g(t) can be expanded in a Fourier

series that converges absolutely and uniformly. However, Z§:1 @

h(t —x;) can be expanded in a Fourier series that converges pointwise
and uniformly in every closed interval that doesn’t include a discontinu-
ity. But

I

1) =g+ > 2 nt — ),

™

j=1
and the conclusion follows. O

Corollary 3.18 Parseval’s Theorem. For f satisfying the hypotheses of
the preceding theorem

laol® |

1 2
o=+ Sl + ) = 1 [P

n=1
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Proof As in the proof of the theorem, let x1, x5, ..., x, be the points of
discontinuity of f in [0, 27) and set s(z;) = f(z;+0)— f(z; —0). Choose
a > 0 such that the discontinuities are contained in the interior of I =
(—a,2m — a). From our earlier results we know that the partial sums of
the Fourier series of h are uniformly bounded with bound M > 0. Choose
P = sup,c(o 2.1 | f(t)|- Then [Si(t) — f(t)|> < (M + P)? for all ¢ and all
k. Given ¢ > 0 choose non-overlapping open intervals Iy, I, ..., I, C I
such that z; € I; and (Z§:1 |I;])(M +P)? < €/2. Here, |I;| is the length
of the interval I;. Now the Fourier series of f converges uniformly on
the closed set A = [—a,27m —a] — I, UIy U--- U I,. Choose an integer
N (e) such that |Sk(t) — f(t)|? < €/4r for all t € A,k > N(e). Then

J " ISk(t) — F()[2dt = / T Su(0) — Ft)Pdt =
0

—a

/ 1Su(t) — F(O)Pde + / 1Sk (8) — £(0)[2dt
IL1Uul,U---Ul,

4
€ _ 2 €€ _
<2r—+ (O _|L)(M + P) <gtg=e

47 =
Thus limy e ||Sk — f|| = 0 and the partial sums converge to f in the
mean.
Furthermore,
2w k
ag
> [ 18u0-7OF de = 115117 = 17175+ 3 o410, )
n=1

for k > N(e). O
Exercise 3.8 Expand

0 —r<z< -3

fl)=¢ 1 —-Z<x<E
0 s<z<mw

in a Fourier series on the interval —m < x < 7. Plot both f and the
partial sums Sy for k = 5,10, 20,40. Observe how the partial sums ap-
proximate f. What accounts for the slow rate of convergence?
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3.6 Further properties of Fourier series

The convergence theorem and the version of the Parseval identity proved
in the previous section apply to step functions on [0, 27]. However, we
already know that the space of step functions on [0,27] is dense in
L5[0,27]. Since every step function is the limit in the norm of the par-
tial sums of its Fourier series, this means that the space of all finite
linear combinations of the functions {e?"*} is dense in Lo[0, 27]. Hence
{e™/\/21t} is an ON basis for Ly[0,27] and we have

Theorem 3.19 Parseval’s Equality (strong form) [Plancherel Theo-
rem/. If f € L]0, 27] then

o0

|a0|2 2 2y _ 1/27r 2
5+ 2 anl +10aP) = [ IFOP

where an, by, are the Fourier coefficients of f.

Integration of a Fourier series term-by-term yields a series with
improved convergence.

Theorem 3.20 Let f be a complez-valued function such that

f(t

f(t) is periodic with period 2.
f(t) is piecewise continuous on [0, 27].
!

. f (t) is piecewise continuous on [0, 27].
Let

~

?O z_: an cosnt + by, sinnt)

be the Fourier series of f. Then

t > 1
/0 f(z)dx = %t + ; - [an sinnt — by, (cosnt — 1)]

where the convergence is uniform on the interval [0, 27].

Proof Let F(t fo — %t. Then

o F(2m) = 0 " f(x Jdx — &x(2m) = 0 = F(0).
e F(t) is continuous on [0, 27].

o F'(t) = f(t) — % is piecewise continuous on [0, 27].
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Thus the Fourier series of F' converges to F' uniformly and absolutely on
[0, 27]:

A oo
F(t) = 70 + ;(An cosnt + By, sinnt).
Now
27
1 [2r F(t)sinnt 1 [P
A, = 7/ F(t) cosnt dt = M - (f(t)*@) sin nt dt
T Jo nmw o nm o 2
=T n # Oa
and
2m
1 [ F(t t 1 [
B, = 7/ F(t)sinnt dt = _ F(t)cosnt +— (f(t)—@)cosnt dt
7 Jo nm o N Jo 2
_ I
T n
Therefore,
Ay =, by n
F(t) = 70 + ;(—; cosnt + % sinnt),
Ay = bn
F(m)=0="2-3 =
n=1

Solving for Ay we find

Pl - /Ot f(2)d — %t = i % [an, sinnt — b, (cosnt — 1)].

n=1
O
Example 3.21 Let
Tt 0<t<2m
t)y=14 2
1) { 0 t=0,2r.
Then
T—t . sinnt
2 ~ ; n

Integrating term-by term we find

oo

ot — 2 1

WT:—E:—Q(cosnt—l), 0<t<2m.
n

n=1
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Differentiation of Fourier series, however, makes them less smooth and
may not be allowed. For example, differentiating the Fourier series

m™—t i sin nt
2 n ’
n=1
formally term-by term we get

1 oo
3 ~ Z cosnt,
n=1

which doesn’t converge on [0, 27]. In fact it can’t possibly be a Fourier
series for an element of Ly[0, 27]. (Why?)
If f is sufficiently smooth and periodic it is OK to differentiate term-

by-term to get a new Fourier series.
Theorem 3.22 Let f be a complez-valued function such that

f () is periodic with period 2.

f(t) is continuous on [0, 27].

f'(t) is piecewise continuous on [0, 27].
o f”(t) is piecewise continuous on [0,27].

Let
ft)= % + Zl(an cos nt + by, sin nt)
n=

be the Fourier series of f. Then at each point t € [0,27] where f"(t)
exists we have

oo
= Z n (—ay sinnt + b, cosnt) .

Proof By the Fourier convergence theorem the Fourier series of f/ con-
verges to w at each point to. If f”(to) exists at the point
then the Fourier series converges to f’(tg), where

A oo
i) ~ 20 +nz:l (A, cosnt + By, sinnt).
Now
27
1 2 t t 27
A, = f/ () cosnt dt = LS [ e Gt dt
™ Jo ™ 0 ™ Jo

= nb,,
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Ag=12 () dt = L(f(2m)—f(0)) = 0 (where, if necessary, we adjust

the mterval of length 27r so that f’ is continuous at the endpoints) and
27

n

- — f(t) cosnt dt
o TJo

2m

1 27 N .
B, =— f(t)sinnt dt = f()ﬂ

T Jo

= —Nay,.

Therefore,
"(t) ~ Z n(by, cosnt — a, sinnt).
=1

O

Note the importance of the requirement in the theorem that f is

continuous everywhere and periodic, so that the boundary terms vanish

in the integration by parts formulas for A, and B,. Thus it is OK to
differentiate the Fourier series

o2t — t2 2
f(t):ﬂT—l:—Z—cosnt 0<t<or

term-by-term, where f(0) = f(27), to get
, m—t . sinnt
t) = ~ .

1) == ; ;

However, even though f’(¢) is infinitely differentiable for 0 < ¢t < 27 we
have f/(0) # f/(2m), so we cannot differentiate the series again.

Exercise 3.9 Consider Example 3.9: f(t) = ¢, 0 <t < 7. Is it permissi-
ble to differentiate the Fourier sine series for this function term-by-term?
If so, say what the differentiated series converges to at each point. Is it
permissible to differentiate the Fourier cosine series for the function f(t)
term-by-term? If so, say what the differentiated series converges to at
each point.

3.7 Digging deeper: arithmetic summability and
Fejér’s theorem

We know that the kth partial sum of the Fourier series of a square
integrable function f:

k
— ?0 Z ay, cosnt + by, sinnt)

n=1
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is the trigonometric polynomial of order k that best approximates f in
the Hilbert space sense. However, the limit of the partial sums

S(t) = lim Si(t),

doesn’t necessarily converge pointwise. We have proved pointwise con-
vergence for piecewise smooth functions, but if, say, all we know is that
f is continuous then pointwise convergence is much harder to establish.
Indeed there are examples of continuous functions whose Fourier series
diverge at uncountably many points ([103], Chapter 8). Furthermore we
have seen that at points of discontinuity the Gibbs phenomenon occurs
and the partial sums overshoot the function values. In this section we
will look at another way to recapture f(t) from its Fourier coefficients,
by Cesaro sums (arithmetic means). This method is surprisingly simple,
gives uniform convergence for continuous functions f(¢) and avoids most
of the Gibbs phenomenon difficulties.

The basic idea is to use the arithmetic means of the partial sums to
approximate f. Recall that the kth partial sum of f(¢) is defined by

1 2m
Sk(t) = o ), (x)dz +
1 k 2 2m
— Z < (z) cosnz dx cosnt + (z) sinnx dx sin m‘> ,
m 0 0
n=1
S0

11 &
Sk(t) = - /o 3 + ;(COS nx cos nt + sin nx sin nt)} f(z)dx

1 &

-1 /0 5 ;cos[n(t—x)]] f(x)de
2m

Dy (t — ) f(x)dz.

3=

0

where the kernel Dy (t) = 1 +3°F | cosnt = —14+3°F _ cosmt. Further,

coskt —cos(k+ 1)t sin(k+ 1)t
Dy (t) = 5 = 2

: A
4 sin 5 2s1n2

Rather than use the partial sums Sj(t) to approximate f(t) we use
the arithmetic means oy (t) of these partial sums:

on(t) = SO(t)+Sl(t)Z"'+S’“*1(t), E=1,2,... (3.12)




118 Fourier series

Then we have

k—1 21 27 k—1
o(t) = ;72; | pie-apw= | ,;r;OD](t—@ f(@)da
27
_! / Fu(t — 2)f(2)de (3.13)

™ Jo

where
= 15 gin(i
t):%ZODj( 7%2 2sm

i= j=C

Lemma 3.23

wi - ()

Proof Using the geometric series, we have

k—1 ikt kt
(i1 it € -1 Skt sin %
61(3+2)t:ezz m 1 —¢e'2 % .
[ sin =

3=0 2

Taking the imaginary part of this identity we find
k—1 . 2
1 1 1 [(sinkt/2
Fr(t) = in(j+ =)t = —
k() ksin%jgosm(‘7+2) k (sint/Q)

Note that F' has the properties:

Fi(t) = (t + 2m)

Fi(—t) = Fy(t)

Fy(t) is deﬁned and differentiable for all ¢ and F}(0) = k
Fi(t) >

From these properties it follows that the integrand of (3.13) is a 27-
periodic function of x, so that we can take the integral over any full
2m-period. Finally, we can change variables and divide up the integral,
in analogy with our study of the Dirichlet kernel Dg(t), and obtain the

following simple expression for the arithmetic means:

Lemma 3.24

ou(t) = z/m f(t+22) + f(t — 22) <smkx)2dm

km Jo 2 sinx
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Exercise 3.10 Derive Lemma 3.24 from expression (3.13) and Lemma
3.23.

Lemma 3.25

2 [ [(sinkz\>

2

km Jo sinx
Proof Let f(t) =1 for all t. Then o (t) = 1 for all k and ¢. Substituting
into the expression from Lemma 3.24 we obtain the result. O

Theorem 3.26 (Fejér) Suppose f(t) € Li1[0,2n], periodic with period
27 and let

o(t) = lim ft+a)+ ft—a) _ ft+0)+f(t—0)
z—04 2 9

whenever the limit exists. For any t such that o(t) is defined we have

ft+0)+ f(t—0)
5 .

kli)ngo oi(t) =0o(t) =

Proof From Lemmas 3.24 and 3.25 we have
w/2 _ . 9
o(t) — o(t) = ki/ {f(th) + f(t —22) U(t)} <smk‘x) N
™ Jo

2 sinx

For any t for which o(t) is defined, let G¢(z) = w —o(t).
Then Gi(x) — 0 as t — 0 through positive values. Thus, given € > 0
there is a 6 < 7/2 such that |Gy (z)| < €¢/2 whenever 0 < z < §. We have

op(t)—o(t) = kir/oé Gi(z) (Sinkx>2dx+2 " Gi(z) <Sink5”>2dx.

sinx km Js sinx

2/6Gt(z) si?kz 2dx < e/’“/2 Si?kw de: €
km Jo sinx km Jo sin x 2
and

2 [™/? sin kx \ 2 2 /2 oI
P G dr| < ———— Gy(z)|de < — =
kﬂ'/& () ( sin x ) 1:| - k7TSiIl25/5 (Gr()lde < kmsin? 6

where T = OW/Q |Gt(x)|dz. This last integral exists because F' is in L;.

Now choose K so large that 27/(Knsin®6) < €/2. Then if k > K we

have |ok(t) — o(t)] <
2 [T/? sin ka \ 2
E/(; Gi(@) ( sin x > de

2 J sin kx \ 2
E/O Gilw) ( sinx ) de

+

< €.




120 Fourier series

Corollary 3.27 Suppose f(t) satisfies the hypotheses of the theorem
and also is continuous on the closed interval [a,b]. Then the sequence of
arithmetic means oy (t) converges uniformly to f(t) on [a,b.

Proof If f is continuous on the closed bounded interval [a,b] then it is
uniformly continuous on that interval and the function Gy is bounded
on [a,b] with upper bound M, independent of ¢. Furthermore one can
determine the 0 in the preceding theorem so that |G (x)| < €/2 whenever
0 < x < § and uniformly for all ¢ € [a,b]. Thus we can conclude that
or — o, uniformly on [a,b]. Since f is continuous on [a,b] we have
o(t) = f(¢) for all ¢ € [a,b]. O

Corollary 3.28 (Weierstrass approximation theorem) Suppose f(t) is
real and continuous on the closed interval [a,b]. Then for any e > 0 there
exists a polynomial p(t) such that

[f(t) = p(t)] < e
for every t € [a,b].

Sketch of proof Using the methods of Section 3.3 we can find a linear
transformation to map [a, b] 1-1 on a closed subinterval [a/, ] of [0, 27],
such that 0 < a’ < b < 27. This transformation will take polynomials
in t to polynomials. Thus, without loss of generality, we can assume
0 <a<b<2m Let g(t) = f(¢t) for a <t < b and define g(¢) outside
that interval so that it is continuous at ¢ = a,b and is periodic with
period 27. Then from the first corollary to Fejér’s theorem, given an
€ > 0 there is an integer NV and arithmetic sum

N
o(t) = % + Z(Aj cos jt + Bj sin jt)

Jj=1

such that |f(t) — o(t)] = |g(t) — o(t)| < €/2 for a <t < b. Now o(t) is
a trigonometric polynomial and it determines a power series expansion
in t about the origin that converges uniformly on every finite interval.
The partial sums of this power series determine a series of polynomials
{pn(t)} of order n such that p, — o uniformly on [a,b], Thus there is
an M such that |o(t) — par(t)] < €/2 for all ¢ € [a, b]. Hence

[F(&) =par(®)] < |F@) = o (@) +|o(t) —pu(t)] <€

for all t € [a, b]. O
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This important result implies not only that a continuous function on a
bounded interval can be approximated uniformly by a polynomial func-
tion but also (since the convergence is uniform) that continuous functions
on bounded domains can be approximated with arbitrary accuracy in
the Lo norm on that domain. Indeed the space of polynomials is dense
in that Hilbert space.

Another important offshoot of approximation by arithmetic sums is
that the Gibbs phenomenon doesn’t occur. This follows easily from the
next result.

Lemma 3.29 Suppose the 2mw-periodic function f(t) € Lo[—m,m] is
bounded, with M = sup,c;_ 1 |f(t)|. Then |on(t)] < M for all t.

Proof From Lemma 3.13 and Lemma 3.24 we have |o(t)| <

1 sinka /2 2 M [*™ [sinkz/2\>
_ t — ) dr < — —— ) dx = M.
2/<:7r/0 [ft+ )] ( sinx/2 ) C= Ok 0 ( sinx/2 ) o

O
Now consider the example which has been our prototype for the Gibbs
phenomenon:

0, t=0
h(t)=¢ %, 0<t<2mw
0, t=2mw

and h(t + 27) = h(t). Here the ordinary Fourier series gives

T—t isinnt O<t<?
= 5 v
2 = n

and this series exhibits the Gibbs phenomenon near the simple discon-
tinuities at integer multiples of 2. Furthermore the supremum of |h(¢)|
is /2 and it approaches the values +7/2 near the discontinuities. How-
ever, the lemma shows that |o(¢)| < 7/2 for all n and ¢. Thus the arith-
metic sums never overshoot or undershoot as t approaches the disconti-
nuities, so there is no Gibbs phenomenon in the arithmetic series for this
example. This is illustrated in Figure 3.3, which should be compared with
Figure 3.1.

In fact, the example is universal; there is no Gibbs phenomenon for
arithmetic sums. To see this, we can mimic the proof of Theorem 3.17.
This then shows that the arithmetic sums for all piecewise smooth
functions converge uniformly except in arbitrarily small neighborhoods
of the discontinuities of these functions. In the neighborhood of each
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10 +

-1.0 7

Figure 3.3 Plot of the average of the first 10 partial sums for the
Fourier series of h(t) on the interval 0 < ¢t < 2m. Note that the
overshoot disappears.

discontinuity the arithmetic sums behave exactly as does the series for
h(t). Thus there is no overshooting or undershooting.

Exercise 3.11 Expand

0 —7r<m<—%
f(z) = 1 —F<z<3
0 IT<e<nm

in a Fourier series on the interval —m < x < 7. Plot both f and the
arithmetic sums o for £ = 5,10, 20,40. Observe how the arithmetic
sums approximate f. Compare with Exercise 3.8.

Remark The pointwise convergence criteria for the arithmetic means
are much more general (and the proofs of the theorems are simpler)
than for the case of ordinary Fourier series. Further, they provide a
means of getting around the most serious problems caused by the Gibbs
phenomenon. The technical reason for this is that the kernel function
F(t) is nonnegative. Why don’t we drop ordinary Fourier series and
just use the arithmetic means? There are a number of reasons, one being
that the arithmetic means oy (t) are not the best Ly approximations for
order k, whereas the S (t) are the best Lo approximations. There is no
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Parseval theorem for arithmetic means. Further, once the approximation
Sk(t) is computed for ordinary Fourier series, in order to get the next
level of approximation one needs only to compute two more constants:

Sk+1(t) = Sk(t) + a1 cos(k + 1)t + by41 sin(k + 1)t.

However, for the arithmetic means, in order to update o(t) to ox41(t)
one must recompute ALL of the expansion coefficients. This is a serious
practical difficulty.

Fourier Series in L,(0 < p < co) There is an old mathematical say-
ing that L1, Lo and Ly, were invented by God and man invented all else.
Among the many manifestations of this for Fourier series and more gen-
erally orthogonal expansions on the real line, is the best approximation
property in Ly which ensures polynomials are dense in the space of con-
tinuous functions (the generalized Weierstrass approximation problem).
But since it is part of the mathematician’s spirit to take important tools
out of their natural domain, so it is not surprising that much effort has
been devoted to studying mean convergence of orthogonal expansions
on the line. Many fundamental advances have ensued. For example, the
boundedness of the Hilbert transform in L, for 1 < p < oo was estab-
lished in order to prove that Fourier series converge in L,,. The theory of
so-called A, weights started with Mukenhoupt and Pollard’s efforts to
prove convergence in L, of Hermite expansions and general expansions
in orthogonal polynomials with respect to exponential weights. We refer
the reader to the references [61, 80] and the references cited therein for
more on this specialized but interesting topic.

3.8 Additional exercises
Exercise 3.12 Let f(z) =z, z € [—m, 7).

(a) Show that f(z) has the Fourier series

2
Z ﬁ(_l) sin(nx).
n=1

(b) Let o > 0. Show that f(z) = exp(ax), x € [—7, ] has the Fourier

series

(e‘“ —e"”) <1+ > (_Dkacos(kx)—ksin(kx)).

2 2
2« — a? +k
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(¢) Let o be any real number other than an integer. Let f(z) = cos(ax), = €
[—m,7]. Show that f has a Fourier series

sin(ar) 1 = [sin(a+n)r = sin(a —n)7r ]
P ”; { P A — cos(nz).
(d) Find the Fourier series of f(z) = —asin(az), x € [—7,x]. Do you

notice any relationship to that in (c)?
(e) Find the Fourier series of f(z) = |z|, z € [-m,7].
(f) Find the Fourier series of

-1, <0
f(z) =sign(z) = 0, z=0
1, =z>0.

Do you notice any relationship to that in (e)?

Exercise 3.13 Sum the series Y~ ;27" cosnt and Y ° 27" sinnt.
Hint: Take the real and imaginary parts of Y - ;27 "e™. You should
be able to sum this last series directly.

Exercise 3.14 Find the Ly[—, 7| projection of the function f;(x) = 22

onto the (2n + 1)—dimensional subspace spanned by the ON set

( coskx sinkxr
f v om

for n = 1. Repeat for n = 2, 3. Plot these projections along with f;. (You
can use MATLAB, a computer algebra system, a calculator, etc.) Repeat
the whole exercise for fo(z) = 2%. Do you see any marked differences
between the graphs in the two cases?

=1,...,n}

Exercise 3.15 By substituting special values of x in convergent Fourier
series, we can often deduce interesting series expansions for various num-
bers, or just find the sum of important series.

(a) Use the Fourier series for f(x) = 22 to show that

nl 7T2

(b) Prove that the Fourier series for f(z) =  converges in (—7, ) and
hence that

[e'e) _1)l
22l+1 4

=0
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(c) Show that the Fourier series of f(x) = exp(ax), x € [—m,7) con-
verges in [—, ) to exp(ax) and at z = 1 to SRLTEexp(zam) H,

5 nce
show that

am = 202
_am .
tanh (o) + kz::l k? 4+ o?

(d) Show that

T 1 (-1t
PR O v
n=1
(e) Plot both f(s) = 2 and the partial sums

k
Sk(z) = % + Z(an cosnx + by, sin nx)

n=0

for k =1,2,5,7. Observe how the partial sums approximate f.

Exercise 3.16 Let f1(x) =z and fo(z) = 7% — 32%, —7 <t < 7. Find
the Fourier series of f; and fo and use them alone to sum the following
series:

o (=1)"
Lo > 2nF1

o0
2. Zn:l n?

—1 n

3. 220:1 ( n2)

o0
4. Zn:l #
Exercise 3.17 By applying Parseval’s identity to suitable Fourier se-
ries:

(a) Show that

(b) Evaluate

(¢) Show that
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Exercise 3.18 Is
. cos(nx)
> i

n=1

the Fourier series of some square integrable function f on [—m,7]|? The
same question for the series

Z COS ’I’LZC
1og (n+2)
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The Fourier transform

4.1 Fourier transforms as integrals

There are several ways to define the Fourier transform (FT) of a function.
In this section, we define it using an integral representation and state
some basic uniqueness and inversion properties, without proof. There-
after, we will define it as a suitable limit of Fourier series, and will prove
the results stated here.

Definition 4.1 Let f : R — C. The Fourier transform of f € L;(R),
denoted by F[f](+), is given by the integral:

1 o0
FLfIA ::—/ t) exp(—iAt)dt
A0 = = [ f0esp(=inn
for A € R for which the integral exists.
We have the Dirichlet condition for inversion of Fourier integrals.

Theorem 4.2 Let f : R — R. Suppose that (1) ffooo |f] dt converges
and (2) in any finite interval, f,f’ are piecewise continuous with at most
finitely many mazima/minima/discontinuities. Let F = F|[f]. Then if f
is continuous at t € R, we have

() = \/% L O:O F()) exp(itA)dA.

Moreover, if f is discontinuous at t € R and f(t+0) and f(t—0) denote
the right and left limits of f at t, then

1 1 > .
U0+ £0=0] = == [ () explitA)an

From the above, we deduce a uniqueness result:
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Theorem 4.3 Let f,g: R — R be continuous, f', g piecewise continu-
ous. If

then
f(t) = g(t), vt.

Proof We have from inversion, easily that

ft) = %27 / Z FIAIN) exp(itA)dA
1 > .
= Nor /_OO Flg](N) exp(itA)dA

=g(t)-
O
Example 4.4 Find the Fourier transform of f(t) = exp(—|t|) and, using
inversion, deduce that foo 119;2 = 7 and fooo )‘;lﬁg\é‘t) d\ = ”Xp( t),

t>0.

Solution We write

P = \/% [ ") exp(—irt)dt

_ \/% U_OOO exp(t(1 — iX))dt + /OOO exp(—t(1 + X))

_\/51
V1422

Now by the inversion formula,

exp(—|t]) = \/7/ A) exp(iAt)dA
_ 1 [/ exp(iAt) + exp(—iAt) @t
T LJo

14+ A2
2 oo
_2 / cos(At) N
Vs 0 1 + )\2

This formula holds at ¢ = 0, so substituting ¢ = 0 into the above gives
the first required identity. Differentiating with respect to t as we may

for t > 0, gives the second required identity. 0.

We will show that we can reinterpret Definition 4.1 to obtain the
Fourier transform of any complex-valued f € Lo(R), and that the Fourier
transform is unitary on this space:
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Theorem 4.5 If f,g € La(R) then F[f], Flg] € L2(R) and

/ T gl di = / " FANFIO) da.

This is a result of fundamental importance for applications in signal
processing.

4.2 The transform as a limit of Fourier series

We start by constructing the Fourier series (complex form) for functions
on an interval [—w L, 7L]. The ON basis functions are

en(t):ietb7 n=0,%1,...,

and a sufficiently smooth function f of period 27 L can be expanded as

> L ing int
=3 (;L [ WLf<x>e“rdm> o

n=—oo
For purposes of motivation let us abandon periodicity and think of the
functions f as differentiable everywhere, vanishing at ¢ = 7L and iden-
tically zero outside [—m L, wL]. We rewrite this as

n=-—oo

which looks like a Riemann sum approximation to the integral
10 =5 [ Foyeran (1)
21 J_ oo '

to which it would converge as L — oo. (Indeed, we are partitioning the
A interval [—L, L] into 2L subintervals, each with partition width 1/L.)
Here,

F\) = [ h f(t)e~ M. (4.2)

Similarly the Parseval formula for f on [—wL,7L],

L = 1 s n
[ wera =SS SIFGP

—nL n=-—o00
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goes in the limit as L — oo to the Plancherel identity

an [ Is0Par= [ IFPa (43)

— 00 — 00

Expression (4.2) is called the Fourier integral or Fourier transform
of f. Expression (4.1) is called the inverse Fourier integral for f. The
Plancherel identity suggests that the Fourier transform is a 1-1 norm-
preserving map of the Hilbert space Ly[R] onto itself (or to another
copy of itself). We shall show that this is the case. Furthermore we shall
show that the pointwise convergence properties of the inverse Fourier
transform are somewhat similar to those of the Fourier series. Although
we could make a rigorous justification of the steps in the Riemann sum
approximation above, we will follow a different course and treat the
convergence in the mean and pointwise convergence issues separately.

A second notation that we shall use is

1 -

AN == [ e a= o=f) @

Pl == [ gear (45)

Note that, formally, F*[f](¢) = v27 f(t). The first notation is used more
often in the engineering literature. The second notation makes clear that
F and F* are linear operators mapping Lo (R) onto itself in one view, and
F mapping the signal space onto the frequency space with F* mapping
the frequency space onto the signal space in the other view. In this
notation the Plancherel theorem takes the more symmetric form

/oo |f(t)Pdt = /Oo | FLF1(N)|2dA.

— 0o — 00

Examples 4.5

1. The box function (or rectangular wave)

1 if —m<t<nm
() =4 3 if t =47 (4.6)
0 otherwise.

Then, since II(¢) is an even function and e~ = cos(\t) + isin(\t),
we have
oo

II(\) = V2rF[I](\) = / TI(t)e Mt = / II(t) cos(At)dt

— 00 — 00

[e.°]
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s 2 .
= / cos(At)dt = w = 27 sinc A.

—Tr

Thus sinc A is the Fourier transform of the box function. The inverse
Fourier transform is

/00 sinc(\)erd\ = TI(t), (4.7

as follows from (2.3). Furthermore, we have
/ [TI(t)|?dt = 27

and
/ | sinc (\)]%d\ = 1

from (2.4), so the Plancherel equality is verified in this case. Note
that the inverse Fourier transform converged to the midpoint of the
discontinuity, just as for Fourier series.

. A triangular wave.

1+¢t if —1<t<0
f) = 1—-¢t #0<t<1 (4.8)
0 otherwise.

Then, since f is an even function, we have

FO) = VEIRFLA(O) = /_ T feMar o /0 (1— 1) cos(M)dt
_ 2—2cos A
- 2o2es)

. A truncated cosine wave.

cost if —m<t<m
[y =35 -1 if t =47
0 otherwise.

Then, since the cosine is an even function, we have

Oy =VERFNM = [ e a= |

™

cos(t) cos(At)dt

_ 2Xsin(A)
1=
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4. A truncated sine wave.

sint if —7<t<n7
t) = .
1® { 0 otherwise.

Since the sine is an odd function, we have

FOO = VarFIf1(A) = [ T et = —i [ " sin(t) sin(At)dt
—2i sin( )
1— )2

5. The Gaussian distribution.
ft) = e 2 oo <t < o0
This is an even function and it can be shown that
FO) = V2me™?,

see Exercise 4.27.

NOTE: The Fourier transforms of the discontinuous functions above de-
cay as 1/ for |A\] — oo whereas the Fourier transforms of the continuous
functions decay at least as fast as 1/\2.

4.2.1 Properties of the Fourier transform

Recall that

1 o , 1 .
F A:—/ t)e " Mdt = —— f(A
N0 =—=[ 1w =)
1 e -
Flgt) = —= A)edA
0= <= [ o)
We list some properties of the Fourier transform that will enable us to
build a repertoire of transforms from a few basic examples. Suppose that

f, g belong to Ly (R), i.e., [*°_|f(t)|dt < oo with a similar statement for
g. We can state the following rules:

e F and F* are linear operators. For a,b € C we have

Flaf +bgl = aF[f] +bFlg], Frlaf +bg] = aF*[f] +bF"[g].
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e Suppose t" f(t) € L1(R) for some positive integer n. Then

FIF)) = " FIf)
Similarly, suppose A" f(A) € L1(R) for some positive integer n. Then
FN OO0 = " S F 0.

e Suppose the nth derivative f(™(t) € L;(R) and piecewise continuous
for some positive integer n, and f and the lower derivatives are all
continuous in (—o0,00). Then

FIF™IN) = GEN"FIFN).

Similarly, suppose the nth derivative f(")()\) € Li(R) and piecewise
continuous for some positive integer n, and f and the lower derivatives
are all continuous in (—oo,00). Then

F ™)) = (=it)"F*[£1(0)-
e The Fourier transform of a translated and scaled function is given by
1 _, A
FIF(b — @) () = 5 P FAE).
Exercise 4.1 Verify the rules for Fourier transforms listed above.

Examples 4.6 ¢ We want to compute the Fourier transform of the
rectangular box function with support on [c, d]:

1 ife<t<d
R(t)=4 1 ift=cd
0 otherwise.

1 if —m<t<nm
I(t) =4 1 if t = 47
0 otherwise

has the Fourier transform f[(A) = 27 sinc A. But we can obtain R from
IT by first translating t - s =1t — @

and then rescaling s — d2” s:
—C

2w t—wc+d)
d—c d—c’

R(t) = II(

2
R()\)* 4 em)\(chd)/(dfc)SinC(d?W)\

d—rc —c

). (4.9)
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Furthermore, from (2.3) we can check that the inverse Fourier trans-
form of R is R, i.e., F*(F)R(t) = R(t).
e Consider the truncated sine wave
gint if —w<t<m
1) = { 0 otherwise
with
P —2i sin(Am)
A)=—775-—-
Note that the derivative f’ of f(¢) is just g(t) (except at 2 points)
where g(t) is the truncated cosine wave

cost if —m<t<m
gty =4 -3 if t = +m
0 otherwise.
We have computed

_ 2Asin(Ar)
g(A) = EEESVEE

s0 §(A) = (i\) f()), as predicted. Reversing this example above we can
differentiate the truncated cosine wave to get the truncated sine wave.
The prediction for the Fourier transform doesn’t work! Why not?

o If f(t) = e /2, then for g(t) = e~ ®*=2*/2 we have §()\) =
%eﬂ'xa/beﬂ@/mﬂ.

4.2.2 Fourier transform of a convolution

The following property of the Fourier transform is of particular impor-
tance in signal processing. Suppose f, g belong to L (R).

Definition 4.7 The convolution of f and g is the function f * g defined
by

(f*g)(t / f(t —x)g(x)dx

Note also that ( f f(x)g(t — z)dz, as can be shown by a
change of varlable

Lemma 4.8 fxg € Li1(R) and

| irsgwla= [ ip@as [ oo
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Sketch of proof

/_O; |f*g(t)|dt = /_Z (/_O:O |f(x)g(t — x)|dx> dt —
/_Z </_O:o |9(t—x)dt> |f(x)|de = /_Z |g(t)|dt/_z \f ()| dx.

Theorem 4.9 Let h = f xg. Then

h(N) = FNGN)-

Sketch of proof

B(A):/Zf*g(t)emdt:/z (/O; f(a:)g(t—x)dx) Mg —

/00 fz)e™ e (/DQ gt — J:)e_i)‘(t_x)dt) dr = /_Z f(x)e=%dx g(\)

—0o0 —00

= fNg).

Exercise 4.2 Let f,g,h: R — R. Let a,b € R. Show that:
(i) Convolution is linear:
(af +bg)*h=a(f*h)+b(g=h).
(ii) Convolution is commutative:
frxg=gxFf.
(i) Convolution is associative:

(fxg)xh=fx(gxh).

4.3 L, convergence of the Fourier transform

In this book our primary interest is in Fourier transforms of functions in
the Hilbert space La(R). However, the formal definition of the Fourier
integral transform,

FUAN) = \/% /_ T e Mt (4.10)



136 The Fourier transform

doesn’t make sense for a general f € Lo(R). If f € Ly(R) then f is
absolutely integrable and the integral (4.10) converges. However, there
are square integrable functions that are not integrable. (Example: f(t) =
ﬁ) How do we define the transform for such functions?

We will proceed by defining F on a dense subspace of f € Ly(R) where
the integral makes sense and then take Cauchy sequences of functions in
the subspace to define F on the closure. Since F preserves inner product,
as we shall show, this simple procedure will be effective.

First some comments on integrals of Ly functions. If f,g € La(R)
then the integral (f,g) f f()g(t)dt necessarily exists, whereas the
integral (4.10) may not because the exponentlal e~
of L,. However, the integral of f € Lo over any finite interval, say
[-N, N] does exist. Indeed for N a positive integer, let x| n] be the
characteristic function for that interval:

1 if —-N<t<N
_ >t 4.11
X[fN,N](t) { 0 otherwise. ( )

Then x;_n,n] € L2(R) so f f(t)dt exists because, using the Cauchy—
Schwarz inequality,

is not an element

N
/w LFOldt = (£ xi-ww)] < I lzalixi-nmllze = 1112, V2N < cc.

Now the space of step functions is dense in Ly(R), so we can find a con-
vergent sequence of step functions {s, } such that lim, . ||f — snl||z, =
0. Note that the sequence of functions {fy = fx|—n,n]} converges to f
pointwise as N — oo and each fy € Lo N Ly.

Lemma 4.10 {fx} is a Cauchy sequence in the norm of La(R) and
limy, o0 ||f - fn||L2 =0.

Proof Given € > 0 there is step function sy such that ||f — sa|| < €/2.
Choose N so large that the support of sy is contained in [-N, N], i.e

M (X (t) = sar(8) for all £. Then [lsar — fxl[* = I lsar(t) —
f( 2dt < [ [sar(t) — f(t)[?dt = ||sar — fI[?, s0

I[f = Il = I(f = sar) + (sar = S <A = sael + [[sar — [l
<2|lf —sml| <e.

O
Here we will study the linear mapping F : Ly(R) — L2[—o0, 0c] from
the signal space to the frequency space. We will show that the mapping is
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unitary, i.e., it preserves the inner product and is 1-1 and onto. Moreover,
the map F* : L?[—00,00] — La(R) is also a unitary mapping and is the
inverse of F:

FF=1I,  FF=I,

where I1,,,I; are the identity operators on L and Lo, respectively. We
know that the space of step functions is dense in Ly. Hence to show
that F preserves inner product, it is enough to verify this fact for step
functions and then go to the limit. Once we have done this, we can define
Ff for any f € La[—00,00]. Indeed, if {s,,} is a Cauchy sequence of step
functions such that lim, o || f—$n||z, = 0, then {Fs, } is also a Cauchy
sequence (in fact, ||s, — sm|| = || Fsn — Fsml|) so we can define Ff by
Ff =lim,_,o Fs,. The standard methods of Section 1.3 show that F f
is uniquely defined by this construction. Now the truncated functions
f~n have Fourier transforms given by the convergent integrals

N
FUNO = o= [ roe e

and imy o0 ||f — fN||L, = 0. Since F preserves inner product we have

| Ff = Finlle, = [F(f = fn)lle. = IIf = fnlle,, so imy oo |[Ff —
FfnllL, = 0. We write

FIfJ(A) =1i Flfn](A) =1i 1/N F(t)e~Mdt
= 1L1m. N5 N = .l.Hl.N_mo\/% . e

where ‘Li.m.” indicates that the convergence is in the mean (Hilbert
space) sense, rather than pointwise.

We have already shown that the Fourier transform of the rectangular
box function with support on [c, d]:

1 ife<t<d
Rea(t)y=14 1 ift=cd
0 otherwise
is
472 X 2T
FlRod)(N) = T gimatetd) /td=c) g o 2T

’ V27(d — ¢) d—c

and that F*(F)Rc,q(t) = Re,a(t). (Since here we are concerned only with
convergence in the mean the value of a step function at a particular point
is immaterial. Hence for this discussion we can ignore such niceties as
the values of step functions at the points of their jump discontinuities.)
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Lemma 4.11
(Ra,lch,d)Lg = (fRa,waRc,d)ﬁz

for all real numbers a < b and ¢ < d.

Proof

(FRon FRed)i = [ " FIRas (V) F R (V)

N d ei/\t
= i F|Rgv|(A dt | d\
g [ (A ,b]<>/c N

= lim (/ FlRap)( >dt.
N~>oo

Now the inside integral is converging to R, as N — oo in both the
pointwise and Ly sense, as we have shown. Thus

d
(FRaps FRoa) 2 = / Rupdt = (Raps Rea)L,

O

Since any step functions wu,v are finite linear combinations of in-

dicator functions R, , with complex coefficients, u = Zj a;Ra; b
v = BrRe, q, we have

(Fu, Fo)zo = ¥ 0;By(FRa, b, FRey a,) 12

7.k

YRS

= Z ajﬁk (Raj,bj ) Rck,dk)Lz = (u7 v)LQ .

Jik

Thus F preserves inner product on step functions, and by taking Cauchy
sequences of step functions, we have

Theorem 4.12 (Plancherel Formula) Let f,g € Ly(R). Then

(fag)Lzz(]:fv]:g)ﬁzv Hf”%z:”]:fH%Z

In the engineering notation this reads

o [ " fatydt = / ST



4.8 Lo convergence of the Fourier transform 139

Theorem 4.13 The map F* : .Z/Q(R) — Lo(R) has the following properties:
1. It preserves inner product, i.e.,
(Ff F 9, = (1.9)s,
for all f,§ € Ly(R). )
2. F* is the adjoint operator to F : La(R) — La(R), i.e.,
(Ffi9)p, = (F:F )L,
for all f € Ly(R), § € Ly(R).

Proof

1. This follows immediately from the facts that F preserves inner prod-

uct and F[f](A) = F*[f](N).

(FRap,Red)j2 = (Rap, F*Red) Lo

as can be seen by an interchange in the order of integration. Then
using the linearity of 7 and F* we see that

(Fu,v);, = (u, Fv)r,,

for all step functions u,v. Since the space of step functions is dense
in Ly(R) and in Lo(R)

O

Theorem 4.14 1. The Fourier transform F : Ly(R) — Ly(R) is a
unitary transformation, i.e., it preserves the inner product and is 1-1
and onto.

2. The adjoint map F* : Lo(R) — Lo(R) is also a unitary mapping.

3. F* is the inverse operator to F:

F*F=1,, FFr=1;,
where I, I}~ are the identity operators on Ly and jig, respectively.

Proof

1. The only thing left to prove is that for every § € Lo(R) there is a
f € Ly(R) such that Ff = g, i.e, R = {Ff: f € Ly(R)} = La(R).
Suppose this isn’t true. Then there exists a nonzero h € Ly(R) such
that h L R, i.e., (Ff, ) = 0 for all f € Ly(R). But this means that
(f7.7:* )r, = 0 for all f E Ly(R), so F*h = ©. But then ||F*h||, =
HhHL = 0so0 h =0, a contradiction.
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2. Same proof as for 1.

3. We have shown that FF*R,, = F*FRqp = Rap for all indicator
functions R, . By linearity we have FF*s = F*Fs = s for all step
functions s. This implies that

(]:*]:fag)Lz = (fag>L2
for all f,g € Ly(R). Thus

([‘F*‘F_ILQ]fvg)Lz =0

for all f,g € La(R), so F*F = I1,. An analogous argument gives
FFr=1;,.

4.4 The Riemann—Lebesgue lemma and pointwise
convergence

Lemma 4.15 (Riemann—Lebesgue) Suppose f is absolutely Riemann
integrable in (—o0,00) (so that f € L1(R)), and is bounded in any finite
subinterval [a,b], and let «, 5 be real. Then

0113_100 /_OO f(t)sin(at + B)dt = 0.

Proof Without loss of generality, we can assume that f is real, because
we can break up the complex integral into its real and imaginary parts.

1. The statement is true if f = R, is an indicator function, for

oo b
| Rast®ysinat )it = [ sinfat+ )it = costat + )1 -0

as o — +00.

2. The statement is true if f is a step function, since a step function is
a finite linear combination of indicator functions.

3. The statement is true if f is bounded and Riemann integrable on the
finite interval [a,b] and vanishes outside the interval. Indeed given
any € > 0 there exist two step functions 3§ (Darboux upper sum) and
s (Darboux lower sum) with support in [a, b] such that 5(¢) > f(¢) >
s(t) for all ¢ € [a,b] and f; [s — s| < €/2. Then

b
/ f(t)sin(at + B)dt =

/ F(1) — s(t)] sin(at + B)dt + / s(t) sin(at + B)dt.
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|/ ) —s(t Sln(at+,3dt|</ [F(t) —s(t |dt</ |575|<7

and (since s is a step function), by choosing « sufficiently large we
can ensure

I/ ) sin(at + B)dt| < -
Hence
b
\/ f(t)sin(at + B)dt] < €

for «a sufficiently large.
4. The statement of the lemma is true in general. Indeed

|/_Oo f(t)sin(at + B)dt| < |/_a f(t) sin(at 4+ B)dt|

b [eS)
+] / f(t) sin(at + B)dt| + | /b () sin(at + B)dt].

Given € > 0 we can choose a and b such that the first and third
integrals are each < ¢/3, and we can choose « so large that the second
integral is < €/3. Hence the limit exists and is 0.

The sinc function has a delta-function property:
Lemma 4.16 Let ¢ > 0, and F(z) a function on [0, c]. Suppose

o F(x) is piecewise continuous on [0, ]
o F'(z) is piecewise continuous on [0, c|
o F'(+0) ewists.

Then

. % sin La
lim
L—oo 0 x

F(x)dz = gF(+O).

Proof We write

C o c o c _
/ S ImF(m)dm = F(+40) / S Lxdac + / Flz) = F(+0) sin Lz dx.
0 0 0

€T x €T

Set G(z) = M for x € [0,0] and G(z) = 0 elsewhere. Since
F'(40) exists it follows that G € Ly. Hence, by the Riemann-Lebesgue
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Lemma, the second integral goes to 0 in the limit as L — co. Thus

¢sin Lz ¢sin Lz

lim F(z)dx = F(40) lim dx
L—oo Jy T L—oo Jj xT

= F(+0) lim sinu, T F(+0)

o L1~>oo 0 u - 2 '

For the last equality we have used our evaluation (2.1) for the integral
of the sinc function. |
We have the Fourier convergence theorem.

Theorem 4.17 Let f be a complez-valued function such that

1. f(t) is absolutely Riemann integrable on (—o0,00).

2. f(t) is piecewise continuous on (—oo,00), with only a finite number
of discontinuities in any bounded interval.
3. f'(t) is piecewise continuous on (—oo,00), with only a finite number

of discontinuities in any bounded interval.

4. f(t) = w at each point t.

Let
o= [ swea
be the Fourier transform of f. Then
F(t) = % /_ T et (4.12)

for every t € (—00,00).

Proof Fix t and for real L > 0 set

/LL F)eMdx = % /LL [/C: f(x)ei)\mdx:| SN

5 | 1@ [ / LL ew—wd% do= [ f@aue - )i

1 [ L e
Aue) =5 | e’“dA={ i, Fe=0

2r J_p, % otherwise.

fo(t)

where
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Here we have interchanged the order of integration, which we can since
the integral is absolutely convergent. Indeed

/ dxd)\</ / z)|dx dX\ < oo.

We have for any ¢ > 1,
fﬂﬂﬂﬂAmAﬂwU@+@+f@@Mxﬂﬂ

= /Oc{f(t+w)7;f(t_m)}sian dx — f(t)

sin Lz

—zx\z 1kt

dx.

+ [ U0+ s o)

™

Now choose € > 0. Since

[ w0+ ra-o)

sin Lz

dx‘ g%/ |f(t+ )+ f(t —2)| do

and f is absolutely integrable, by choosing ¢ sufficiently large we can
make

sin Lx €

d —.
:c’<2

™

/WU@+®+fU—@]

On the other hand, by applying Lemma 4.16 to the expression in curly
brackets we see that for this ¢ and sufficiently large L we can achieve

\/{ }Sl Lz dx— +O /{ }smLxdx w|

< €/2. Thus for any € > 0 we can assure |fr(t) — f(t)| < € by choosing
L sufficiently large. Hence limy,_, o f1.(t) = f(t). |
NOTE: Condition 4 is just for convenience; redefining f at the discrete
points where there is a jump discontinuity doesn’t change the value of
any of the integrals. The inverse Fourier transform converges to the
midpoint of a jump discontinuity, just as does the Fourier series.

Exercise 4.3 Let

(1) = 1 for—%<t<%
"1 0 otherwise ’

the box function on the real line. We will often have the occasion to
express the Fourier transform of f(at +b) in terms of the Fourier trans-
form f()\) of f(t), where a, b are real parameters. This exercise will give
you practice in correct application of the transform.



144 The Fourier transform

1. Sketch the graphs of II(¢), II(t — 3) and II(2t — 3) = II(2(¢t — 3/2)).

2. Sketch the graphs of II(¢), II(2t) and II(2(¢t — 3)). Note: In the first
part a right 3-translate is followed by a 2-dilate; but in the second
part a 2-dilate is followed by a right 3-translate. The results are not
the same.

3. Find the Fourier transforms of g;(t) = II(2¢t — 3) and g2(t) = II(2(t —
3)) from parts 1 and 2.

4. Set g(t) = II(2t) and check your answers to part 3 by applying the
translation rule to

3 3

q1(t) =g(t - 5)’ 92(t) = g(t = 3), noting ga(t) = g1(t — 5)-

Exercise 4.4 Assuming that the improper integral [~ (sinz/z)dz = I
exists, establish its value (2.1) by first using the Riemann-Lebesgue
lemma for Fourier series to show that

(k+1/2)7 ™

[= lim T Je = lim | Dy(u)du
k—oo Jo x k—oo Jo

where Dy (u) is the Dirichlet kernel function. Then use Lemma 3.11.

Exercise 4.5 Define the right-hand derivative ff,(t) and the left-hand
deriative f1(t) of f by

w L0 ) = f=0)

u—>f+ u—t u—t— u—t

fR():

respectively, as in Exercise 3.4. Show that in the proof of Theorem 4.17

)

we can drop the requirements 3 and 4, and the right-hand side of (4.12)
will converge to w at any point ¢ such that both ff(¢) and
f1.(t) exist.

Exercise 4.6 Let a > 0. Use the Fourier transforms of sinc(z) and
sian(:c), together with the basic tools of Fourier transform theory, such
as Parseval’s equation, substitution, ... to show the following. (Use only

rules from Fourier transform theory. You shouldn’t do any detailed com-
putation such as integration by parts.)

° f (smam) dac— 47r
o [ () = 2

Exercise 4.7 Show that the n-translates of sinc are orthonormal:

/Oo sinc(z — n) - sinc(z — m) d = {

— 00

1 forn=m

=0,£1,...
0 otherwise, m=0%1,
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Exercise 4.8 Let
1 —2<t< -1
flay=¢ 1 1<t<2
0  otherwise.

e Compute the Fourier transform f (M) and sketch the graphs of f and
I

e Compute and sketch the graph of the function with Fourier transform
F(=A).

e Compute and sketch the graph of the function with Fourier transform
')

e Compute and sketch the graph of the function with Fourier transform
[ f(A).

e Compute and sketch the graph of the function with Fourier transform
F3)-

Exercise 4.9 Deduce what you can about the Fourier transform f(\)

if you know that f(t) satisfies the dilation equation

fQ@) = f(2t) + f(2t = 1).

Exercise 4.10 Just as Fourier series have a complex version and a real
version, so does the Fourier transform. Under the same assumptions as
Theorem 4.17 set

C(a) = 31f(@) + F(-a)), 8(0) = 2-[-f(@) + f-a)l, a 20,

and derive the expansion

ft) = 1 /000 (C’(a) cos at + S(a) sin at) dov, (4.13)

Cla) = /_ O; F(s)cosas ds, S(a) = /_ O; F(s)sinas ds.

Show that the transform can be written in a more compact form as

fit)y= ;lr/ooo da/_o; f(s)cosa(s —t) ds.

Exercise 4.11 There are also Fourier integral analogs of the Fourier
cosine series and the Fourier sine series. Let f(¢) be defined for all ¢t > 0
and extend it to an even function on the real line, defined by

[ f@)  ift>o0,
F(t) = { f(=t) ift<o.
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By applying the results of Exercise 4.10 show that, formally,

ft) = 2 /OOO cos at do /000 f(s)cosas ds, t>0. (4.14)

™

Find conditions on f(¢) such that this pointwise expansion is rigorously
correct.

Exercise 4.12 Let f(¢) be defined for all ¢ > 0 and extend it to an odd
function on the real line, defined by

f(@) if ¢t >0,
G(t) =
®) { —f(=t) ift<o.
By applying the results of Exercise 4.10 show that, formally,

2 (o) o0
— 2/ sinatd in s ds, 0. 415
f(@) /0 sin ot a/o f(s)sinas ds, t> (4.15)

™

Find conditions on f(t) such that this pointwise expansion is rigorously
correct.

Exercise 4.13 Find the Fourier Cosine and Sine transforms of the fol-
lowing functions:

{4 150
sy { e Ll

4.5 Relations between Fourier series and
integrals: sampling

For the purposes of Fourier analysis we have been considering signals
f(t) as arbitrary Lo(R) functions. In the practice of signal processing,
however, one can treat only a finite amount of data. Typically the sig-
nal is digitally sampled at regular or irregular discrete time intervals.
Then the processed sample alone is used to reconstruct the signal. If the
sample isn’t altered, then the signal should be recovered exactly. How is
this possible? How can one reconstruct a function f(t) exactly from dis-
crete samples? Of course, this is not possible for arbitrary functions f(¢).
The task isn’t hopeless, however, because the signals employed in signal
processing, such as voice or images, are not arbitrary. The human voice
for example is easily distinguished from static noise or random noise.
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One distinguishing characteristic is that the frequencies of sound in the
human voice are mostly in a narrow frequency band. In fact, any signal
that we can acquire and process with real hardware must be restricted
to some finite frequency band. In this section we will explore Shannon—
Whittaker—Kotelnikov sampling, one way that the special class of signals
restricted in frequency can be sampled and then reproduced exactly. This
method is of immense practical importance as it is employed routinely
in telephone, radio and TV transmissions, radar, etc. (In later chapters
we will study other special structural properties of signal classes, such as
sparsity, that can be used to facilitate their processing and efficient re-
construction.) We say that a function f € Ly (R) is frequency bandlimited
if there exists a constant B > 0 such that f(\) = 0 for |A| > B.

Theorem 4.18 (Sampling theorem) Suppose f is a function such that

1. f satisfies the hypotheses of the Fourier convergence theorem 4.17.

2. f is continuous and has a piecewise continuous first derivative on its
domain.

3. There is a B > 0 such that f(\) =0 for |\| > B.

Then
=  jm. . ,Bt .
ft) =Zf(§) sine(— — j), (4.16)
where the series converges uniformly on (—oo,00).

(NOTE: The theorem states that for a frequency bandlimited function,
to determine the value of the function at all points, it is sufficient to
sample the function at the Nyquist rate or sampling rate, i.e., at intervals
of w/B. The method of proof is obvious: compute the Fourier series
expansion of f(\) on the interval [-B, B].)

Proof We have

. in 1 (B . inka
fn) = cre B, c:—/ F(N)e "F d,
N= > o Y 73()

where the convergence is uniform on [—B, B]. This expansion holds only
on the interval: f(\) vanishes outside the interval.
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Taking the inverse Fourier transform we have

oo B
)= 5r | _deNar= g [ fgeay

i(mk4+tB)A
/ E ce” B d\

B k=—o0
1 > B ekiemya i B Sin(Bt + kﬂ')
= — B dA = —_— .
2 kz_:oo - /43 ‘ k;m o m(Bt + k)

Now

o= [T = [ fone =TT

Hence, setting k = —j,

B jm . sin(Bt — jm)
HOEEY f(i)Bti—ﬁr'

j=—o0

O

Exercise 4.14 Use the fact that f(t) = sinc(t + a) is frequency ban-
dlimited with B = 7 to show that

o0

sinc(t +a) = Z sinc(j + a)sinc(t — 5)

j=—00

for all a,t. Derive the identity

(o9}

1= Z sinc?(t — j).

j=—c0

Exercise 4.15 Suppose f(t) satisfies the conditions of Theorem 4.18.
Derive the Parseval formula

[ _wora=g [ 1fora=g 3 g

Exercise 4.16 Let

(52 for t#£0
1) = { 1 for t = 0.

Then from Equation (2.5) we have

i) (=Bl for a <2
T = { 0 for |A] > 2
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1. Choose B =1 and use the sampling theorem to write f(t) as a series.

2. Graph the sum of the first 20 terms in the series and compare with
the graph of f(t).

3. Repeat the last two items for B =2 and B = 3.

There is a trade-off in the choice of B. Choosing it as small as possible
reduces the sampling rate, hence the amount of data to be processed or
stored. However, if we increase the sampling rate, i.e. oversample, the
series converges more rapidly. Moreover, sampling at the smallest pos-
sible rate leads to numerical instabilities in the reconstruction of the
signal. This difficulty is related to the fact that the reconstruction is
an expansion in sinc (Bt/m — j) = sin(Bt — jw)/(Bt — jm). The sinc
function is frequency bandlimited, but its Fourier transform is discon-
tinuous, see (2.3), (4.7). This means that the sinc function decays slowly
in time, like 1/(Bt — jm). Summing over j yields the divergent, harmonic
series:> o0 = oo [sinc (Bt/m —j)|. Thus a small error € for each sample can
lead to arbitrarily large reconstruction error. Suppose we could replace
sinc (¢) in the expansion by a frequency bandlimited function g(t) such
that §(\) was infinitely differentiable. Since all derivatives §(™ ()\) have
compact support it follows from Section 4.2.1 that t"¢(¢) is square inte-
grable for all positive integers n. Thus g(t) decays faster than [¢t|™" as
|t| — oco. This fast decay would prevent the numerical instability.

Exercise 4.17 If the continuous-time band limited signal is z(t) =
cost, what is the period T that gives sampling exactly at the Nyquist
(minimal B) rate? What samples z(nT") do you get at this rate? What
samples do you get from x(t) = sint?

In order to employ such functions g(¢) in place of the sinc function
it will be necessary to oversample. Oversampling will provide us with
redundant information but also flexibility in the choice of expansion
function, and improved convergence properties. We will now take sam-
ples f(jm/aB) where a > 1. (A typical choice is a = 2.) Recall that the
support of f is contained in the interval [-B, B] C [—aB, aB]. We choose
g(t) such that (1) g(A) is arbitrarily differentiable, (2) its support is con-
tained in the interval [—aB, aB] and (3) §(\) =1 for A € [-B, B]. Note
that there are many possible functions g that could satisfy these require-
ments, see for example Exercise 4.18. Now we repeat the major steps of
the proof of the sampling theorem, but for the interval [—aB, aB]. Thus

oo

N ik _’Lﬂ'k)\
fN) = cpe ab cr = 2@3/ fix
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At this point we insert § by noting that f(A) = f(A)§(\), since G(A) = 1
on the support of f. Thus,

oo

Fo =3 agne st (4.17)

k=—o00

where from one of the properties listed in Section 4.2.1, §(A)e “5 ", is the
Fourier transform of ¢(t+ 7k /aB). Taking the inverse Fourier transform
of both sides (OK since the series on the right converges uniformly) we
obtain

oo .
jm :
= f g9t —mjfaB). (4.18)
j=—00
Since [g(t)t"] — 0 as |t| — oo for any positive integer n this series
converges very rapidly and is not subject to instabilities.

Exercise 4.18 Show that the function

exp(i2y) if —1<A<1
h(A) = 1=A
=

is infinitely differentiable with compact support. In particular compute
the derivatives -4~ h(%1) for all n.

Exercise 4.19 Construct a function g(A) which (1) is arbitrarily dif-
ferentiable, (2) has support contained in the interval [—4,4] and (3)
g(X\) =1 for A € [—1,1]. Hint: Consider the convolution 5-R[_2 2 *ha())
where R[_j 9 is the rectangular box function on the interval [—2,2],
ha(A) = h(A/2), h is defined in Exercise 4.18 and ¢ = [0 h(\)dA.

Remark: We should note that, theoretically, it isn’t possible to restrict
a finite length signal in the time domain f(¢) to a finite frequency inter-
val. Since the support of f is bounded, the Fourier transform integral
FO) = [ f(t)e~™dt converges for all complex \ and defines f()\) as
an analytic function for all points in the complex plane. A well-known
property of functions analytic in the entire complex plane is that if they
vanish along a segment of a curve, say an interval on the real axis, then
they must vanish everywhere, [92]. Thus a finite length time signal can-
not be frequency bounded unless it is identically 0. For practical trans-
mission of finite signals the frequency bandlimited condition must be
relaxed. One way to accomplish this is to replace the bandlimited condi-
tion in Theorem 4.18 by the weaker requirement that |f(\)| < M/(1 +
A2) for some positive constant M. Thus we require that |f(\)| decays
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rapidly for large |A|. Now we divide the Fourier transform up into non-
overlapping strips, each of which is bandlimited:

£ = fON) if B@2n—1) <A< B(@2n+1),
L0 otherwise.
We define
1 RSN .
n(t) = o= n(A)edA.
Fult) = 5= [ Fue
Then
and the last series converges absolutely and uniformly, since Y™ | f,.(¢)]
< f A)| dA < oo. Computing the Fourier series expansion for each
strlp, Just as in the proof of Theorem 4.18, we find

Bt
n 2thann J 51nc ? _])

where this series also converges absolutely and uniformly, due to our
assumptions on f. Now, |f(¢t) — Z;)o:—oo f(25) sinc(BL — j)| =

Z Z f b1nc—t—j)|

j=—0o0 n=—o00
Z Z f ) sinc ——] Z fn(t) Z e 2Bin g (1)
TL——OOJ_—OO n=—oo n=—oo
SIS (e n o F(A)|dA.
30 ey (t)lé2§)|f (t)|§2/IA>Bf( )

Up to this point we have not chosen B. From the last inequality we
see that for any given ¢ > 0, if we choose B large enough such that
fl>\|>B |F(A)]dX\ < €/2, then we can assure that

Zf 51nc—tf])|<e

j=—00

for all ¢. This computation is valid, assuming that the interchange in
order of summation between n and j is valid. From advanced calculus,
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the interchange is justified if the iterated summation converges absolutely:
Bt
S S 1) e - )l < o
n=—oo ]_—OO

To see this we use the Cauchy—Schwarz inequality, and results of Exer-
cises 4.14 and 4.15 to obtain

oo

)DRD DRIACATIRNEANPIE UMD SRTACLT

n=—00 j=—00 n=—o0 \ j=—o0

> \/ / (V) [2dN.

Now

0o 2BM?/[1+ B?(2n — 1)?]*> forn >0,
/ (V2N < 4 2BM2/[1+ B2(2n + 1)22 for n <0,
- 2BM? for n =0.

Thus the iterated sum converges. We conclude that if the signal f(t) is
nearly frequency band limited, in the sense given above, then for any
€ > 0 we can find B such that the expansion (4.16) holds for f and all
t, with error < e.

4.6 Fourier series and Fourier integrals:
periodization

Another way to compare the Fourier transform with Fourier series is to
periodize a function. The periodization of a function f(t) on the real line
is the function

o0
PlfIt)= Y f(t+2mm). (4.19)
m=—0o0

It is easy to see that P[f] is 2m-periodic: P[f](t) = P[f](t + 27), assum-
ing that the series converges. However, this series will not converge in
general, so we need to restrict ourselves to functions that decay suffi-
ciently rapidly at infinity. We could consider functions with compact
support, say infinitely differentiable. Another useful but larger space of
functions is the Schwartz class. We say that f € La(R) belongs to the
Schwartz class if f is infinitely differentiable everywhere, and there exist
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constants C,, , (depending on f) such that |t 4. a2 fl < Chq on R for
each n,q = 0,1,2,... Then the projection operator P maps an f in
the Schwartz class to a continuous function in Ls[0, 27| with period 2.
(However, periodization can be applied to a much larger class of func-
tions, e.g. functions on Lo(R) that decay as ¢/t? as [t| — co.) Assume
that f is chosen appropriately so that its periodization is a continuous
function. Thus we can expand P[f](t) in a Fourier series to obtain

o0
§ Cnemt

n=—oo
where
1 27

Cp =
o

P e = 5o [ pe = o fn)

and f()) is the Fourier transform of f(t). Then,

Z f(t+2mn) = Z f(n)e™, (4.20)

n=—oo n=—oo

and we see that P[f](t) tells us the value of f at the integer points
A = n, but not in general at the non-integer points. (For ¢ = 0, Equation
(4.20) is known as the Poisson summation formula. If we think of f
as a signal, we see that periodization (4.19) of f results in a loss of
information. However, if f vanishes outside of [0, 27) then P[f](t) = f(¢)
for 0 <t < 27 and

t) = Zf(n)emt, 0<t<2rm

without error.)

Exercise 4.20 Let f(t) = for a > 0.

—a _
t2+a2

e Show that f(t) = we~%A. Hint: It is easier to work backwards.
e Use the Poisson summation formula to derive the identity
i 1 mwl4e2me
n2+a2 al-—e 2ma’

n=—oo

What happens as a — 0+7? Can you obtain the value of
Son ) 5 from this?

n=1 r
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4.7 The Fourier integral and the uncertainty
principle

The uncertainty principle gives a limit to the degree that a function f(¢)
can be simultaneously localized in time as well as in frequency. To be
precise, we introduce some basic ideas from probability theory.

A continuous probability distribution for the random variable ¢ on the
real line R is a continuous function p(t) on R such that 0 < p(t) <1 and
J75 p(t) dt = 1. We also require that [°°_p(t)p(t) dt converges for any

polynomial p(t). Here f . ) dt is mterpreted as the probability that a
sample t taken from R falls in the interval t; <t <t,. The expectation
(or mean) p of the distribution is p = E,(t) = [ tp(t) dt and the
standard deviation o > 0 is defined by

o= [ = wPolt) de = B, (- ).

— 00
Here o is a measure of the concentration of the distribution about its

mean. The most famous continuous distribution is the normal (or Gaus-
sian) distribution function

_ b w2t
plt) = ——=e (1.21)
where p is a real parameter and o > 0. This is just the bell curve,
centered about ¢ = p. In this case E, (t) = pand 02 = E, ((t—u)?). The
usual notation for the normal distribution with mean p and standard
deviation o is N(u,0).
Every nonzero continuous f € Ly(R) defines a probability distribution

function p(t) = |‘f‘§fl)‘|2 ,ie., p(t) > 0and [7_p(t)dt = 1.

Definition 4.19 The mean of the distribution defined by f is

.

The dispersion of f about g € R is

Dy f = Ep((t — t0)*) = /jo (t —to)? |Ifg"|)|2

D, f = o? is called the variance of f.

dt.

The dispersion of f about ty is a measure of the extent to which the
graph of f is concentrated at tg. If f=§(x—a), the “Dirac delta function,”
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the dispersion is zero. The constant f(f) = 1 has infinite dispersion.
(However there are no such Lo functions.) Similarly we can define the
dispersion of the Fourier transform of f about some point )y € R:

£
FOF

I1£1]

It makes no difference which definition of the Fourier transform that

we use, f or Ff, because the normalization gives the same probability
measure.

DAOfZ/OO (A= Xo)?

Example 4.20 Let fs(t) = (%)1/46*“2 for s > 0, the Gaussian distri-
bution. From the fact that [~ et dt = /7 we see that ||f,]| = 1. The

Fourier transform of f, is fy(\) = (55

7)1/46%2. By plotting some graphs
one can see informally that as s increases the graph of f; concentrates
more and more about ¢ = 0, i.e., the dispersion D f decreases. However,
the dispersion of fs increases as s increases. We can’t make both val-
ues, simultaneously, as small as we would like. Indeed, a straightforward

computation gives
1 .
DOfs:Z; Dy fs = s,
S

so the product of the variances of f; and fs is always 1/4, no matter
how we choose s.

We now introduce Heisenberg’s inequality and the Uncertainty theo-
rem.

Theorem 4.21 If f(t) # 0 and tf(t) belong to La(R) then for any
to, Ao € R, we have (Dy, f)(Da, f) > 1/4.

Sketch of proof We will give the proof under the added assumptions
that f/(t) exists everywhere and also belongs to Lo(R). (In particular
this implies that f(t) — 0 as t — +00.) The main ideas occur there.

Let g(t) = f(t +tg)e !, Then from the rules for Fourier transforms
it is straightforward to show that

Hgll =1I£1l - Mlgll = 1If1l, Dog = Dy f, Dog=Dxf,  (422)

so to verify the theorem it is enough to consider the case to = 0, A\g = 0.
We make use of the canonical commutation relation of quantum me-
chanics, the fact that the operations of multiplying a function f(t) by ¢,
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(Tf(t) = tf(t)) and of differentiating a function (Df(t) = f'(¢)) don’t
commute: DT —TD = I. Thus
d d
G001t | 570 = 10,
Taking the inner product of the left-hand side of this identity with f we
obtain
i[tf(t)] f@)) - t[if(t)] @) =0 =117
dt ’ dt” 77 B '
Integrating by parts in the first integral (inner product), we can rewrite
the identity as

- (eronigren) - (g rLeror) = 117

The Schwarz inequality and the triangle inequality now yield

2(ef@)I - II%f(t)H > |IfII*. (4.23)

From the list of properties of the Fourier transform in Section 4.2.1
and the Plancherel formula, we see that || f(t)|| = \/%H)\f()\)ﬂ and

£l = ﬁ”f” Then, squaring, we have

A 1
(Dof)(Dof) = T

O
NOTE: We see that the Schwarz inequality becomes an equality if and
only if 2stf(¢) + 2 f(t) = 0 for some constant s. Solving this differential

equation we find f(t) = coe=*t"

where ¢ is the integration constant,
and we must have s > 0 in order for f to be square integrable. Thus the
Heisenberg inequality becomes an equality only for Gaussian distribu-

tions.
Exercise 4.21 Verify Equations (4.22).
Exercise 4.22 Let
0 if t <0,
f(t)_{ V2e t if t > 0.

Compute (Dy, f)(Dy, f) for any tg, Ay € R and compare with Theorem
4.21.
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These considerations suggest that for proper understanding of signal
analysis we should be looking in the two-dimensional time—frequency
space (phase space), rather than the time domain or the frequency
domains alone. In subsequent chapters we will study tools such as win-
dowed Fourier transforms and wavelet transforms that probe the full
phase space. The Heisenberg inequality also suggests that probabilistic
methods have an important role to play in signal analysis, and we shall
make this clearer in later sections.

We now look at probabilistic tools.

4.8 Digging deeper

The notion of a probability distribution can easily be extended to n
dimensions. A continuous probability distribution (multivariate distri-
bution) for the vector random variables ¢t = (t1,%2,...,t,) € R" is a
continuous function p(t) = p(t1,...,t,) on R™ such that 0 < p(t) <1
and [, p(t) dt;---dt, = 1. We also require that [~ p(t)p(t) dt con-
verges for any polynomial p(ty,...,t,). If S is an open subset of R™ and
xs(t) is the characteristic function of S, i.e.,

1 iftes
XS(“_{ 0 iftgs,

then [ g p(t) dty ---dt, is interpreted as the probability that a sample ¢
taken from R” lies in the set S. The expectation (or mean) p; of random
variable t; is

ILLi:Ep(ti) E/ tip(t) dtl"' dtn, 1= 1,2,--- ,n

and the standard deviation o; > 0 is defined by

of = / (ti = pa)p(t) dty - dtn = E, ((t: — i)*) -

The covariance matrix of the distribution is the n x n symmetric
matrix

Note that o? = C(i,i). In general, the expectation of any function
f(t1,... t,) of the random variables is defined as E (f(t1,...,t,)).

Exercise 4.23 Show that the eigenvalues of a covariance matrix are
nonnegative.
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One of the most important multivariate distributions is the multivari-
ate normal distribution

1 1
t)= ————exp | —=(t — )OO (t — p)*"| . 4.24
p(t) @ dei(0) 5= wWC(t—p) (4.24)
Here p is the column vector with components p1,--- , u, where p; =

E(t;) and C is an n X n nonsingular real symmetric matrix.

Exercise 4.24 Show that C' is in fact the covariance matrix of the
distribution (4.24). This takes some work and involves making an or-
thogonal change of coordinates where the new coordinate vectors are
the orthonormal eigenvectors of C.

Important special types of multivariate distributions are those in which
the random variables are independently distributed, i.e., there are one-
variable probability distributions pi(t1),..., pn(tn) such that p(t) =
I, pi(t1). If, further, pi(7) = -+ = pu(7) for all 7 we say that the
random variables are independently and identically distributed (iid).

Exercise 4.25 If the random variables are independently distributed,
show that

C(ti,tj) = U?(gl‘j.

Example 4.22 If C' is a diagonal matrix in the multivariate normal dis-
tribution (4.24) then the random variables ti,...,t, are independently
distributed . If C' = 021 where I is the n x n identity matrix and pu; = u
for all ¢ then the distribution is iid, where each random variable is dis-
tributed according to the normal distribution N (u, 02), i.e., the Gaussian
distribution (4.21) with mean p and variance 2.

An obvious way to construct an iid multivariate distribution is to
take a random sample T7,..., T, of values of a single random variable
t with probability distribution p(¢). Then the multivariate distribution
function for the vector random variable T' = (T4,...T;,) is the function
p(T) =TI, p(T;). It follows that for any integers kq, ..., k, we have

B(Tf - Th) = I B(T)).

Note that if ¢ has mean p and standard deviation o2 then E(T}) = p,
E((T; — p)?) = 0® and E(T7) = 0 + 1i°.

Exercise 4.26 Show that E(T;1}) = p* + 026;;.
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Now we define the sample mean of the random sample as
1 n
T=- z; T;.
1=

The sample mean is itself a random variable with expectation

E(T) = E (iZT> SIS E@) =Y e=n (42)

and variance

E((T=pP) = = Y0 BOT) - 2 S B+ B (4.20)

ij=1

1 o2

2

Thus the sample mean has the same mean as a random variable as
does ¢, but its variance is less than the variance of ¢ by the factor 1/n.
This suggests that the distribution of the sample mean is increasingly
“peaked” around the mean as n grows. Thus if the original mean is
unknown, we can obtain better and better estimates of it by taking
many samples. This idea lies behind the Law of Large Numbers that we
will prove later.

A possible objection to the argument presented in the previous para-
graph is that we already need to know the mean of the distribution to
compute the variance of the sample mean. This leads us to the definition
of the sample variance:

n—1

[ Zn:(Ti—T)Q, (4.27)

where T is the sample mean. Here S is the sample standard devia-
tion. (The sample mean and sample standard deviation are typically
reported as outcomes for an exam in a high enrollment undergraduate
math course.) We will explain the factor n — 1, rather than n.

Theorem 4.23 The expectation of the sample variance S? is E(S?) =

o2.

Proof E(S?%) =

1
n—1

BT = T)?) = —— S B(I?) — 2B(T' Y. T,) + nE(T?)

- n—1
3
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1 s g 2 1
= | +o )_EZE‘(ETj>+gZE(TiTj)
1,7 2,3
1 2 2 2
:n_l[(n—2n+n)u +(n—-24+1)0% =0". O

If we had used n as the denominator of the sample variance then the
expectation would not have been o2.

We continue to explore the extent to which the probability distribution
function of a random variable peaks around its mean. For this we make
use of a form of the Markov inequality, a simple but powerful result that

applies to a wide variety of probability distributions.

Theorem 4.24 Let x be a nonnegative random variable with continuous
probability distribution function p(x) (so that p(z) = 0 for x < 0) and
let d be a positive constant. Then

Pr(z > d) < =~ E(). (4.28)

Proof Here the symbol Pr(z > d) should be interpreted as the probabil-
ity that a random selection of the variable x has a value > d. The claim
is that this probability is < 1 F(z). Now

E(z) = /Ooo xp(z) doe = /Od xp(z) dr + /doo xp(z) dx

d 00 oo
2/0 xp(x) dx—i—d/d p(x) ded/d p(z) de =d Pr(X > d).

O
We now have Chebyshev’s inequality.

Corollary 4.25 Let t be a random variable with expected value p and
finite variance o%. Then for any real number a > 0,

1
Pr(|t — pl > ao) < 2

Proof We apply the Markov inequality to the random variable x = (¢ —
w)? with d = (ca)?. Thus

1

(o)

2E<(t_/‘)2) = &'

This is equivalent to the statement of the Chebyshev inequality. O

Pr((t—p)? > (0a)?) <
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Example 4.26 Setting o = 1//2 we see that at least half of the sample
values will lie in the interval (u — o /v/2, u + 0 /V/2).

As a corollary, we have the Law of Large Numbers.

Corollary 4.27 Let p(t) be a probability distribution with mean p and
standard deviation o'. Take a sequence of independent random sam-
ples from this population: T, ..., Ty, ... and let T = %Z?:lTi be
the sample mean of the first n samples. Then for any € > 0 we have
limy, 00 Pr(|T — | > €) = 0.

Proof From Equations (4.25) and (4.26) we have
B(T™) = p, B ((T™ - n)?) = o /n,

Applying the Chebyshev inequality to the random variable T(™ with
o =0’ /\/n, a = /ne/o’ we obtain

2

M — ‘> <.
H _6)_7162

Pr(

Thus the probability that the sample mean differs by more than e from
the distribution mean gets smaller as n grows and approaches 0. In
particular lim,, o Pr(|T™ — u| > ¢) = 0. o

This form of the Law of Large Numbers tells us that for any fixed
€ > 0 and sufficiently large sample size, we can show that the sample
average will differ by less than e from the mean with high probability, but
not with certainty. It shows us that the sample distribution is more and
more sharply peaked around the mean as the sample size grows. With
modern computers that can easily generate large random samples and
compute sample means, this insight forms the basis for many practical
applications, as we shall see.

4.9 Additional exercises

Exercise 4.27 Let f(z) = exp(—sxz?) for fixed s > 0 and all x. Ver-
ify that f(\) = \/7/sexp(—A?/4s). Hint: By differentiating under the
integral sign and integration by parts, establish that

df()

Tdh —%f@), s0 f(A) = Cexp(—)?/4s)
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for some constant C'. To compute C, note that

oo 2 ) ) 27 oo
[/ e_sxzdx} = / / e @) dy dy = / d9/ e dr.
—00 —o0 J —o0 0 0

Exercise 4.28 Let g : R — R. Find a function H such that for all z,

1 x
— t)dt = (H % g)(x).
= st =i+ g)(@)
(H is called the Heaviside function.)

Exercise 4.29 Let f,g: R — R. Let f/ exist. Assuming the convergence
of the relevant integrals below, show that

(fxg) (x) = f'(z) * g().
Exercise 4.30 For a € R, let
fa(t> = {

Compute f, * fp for a,b € R. Deduce that

z fo(x)
Vo

0, t<a
1, t>a.

)

(fa *f—a)(x) =

Does f, * (1 — f3) exist? For a € R, let

0, t<0
9a(t) = { exp(—at), t>0.

Compute g, * gp.

Exercise 4.31 Fourier transforms are useful in “deconvolution” or solv-
ing “convolution integral equations.” Suppose that we are given func-
tions g, h and are given that

f*xg=h.
Our task is to find f in terms of g, h.

(i) Show that
FLf1 = FIhl/Flg]
and hence, if we can find a function k& such that
FIhl/Flg) = Fk]
then f = k.
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(ii) As an example, suppose that
f xexp(—t?/2) = (1/2)texp(—t?/4).
Find f.

Exercise 4.32 (i) The Laplace transform of a function f : [0,00) = R
is defined as

Clf)(p) = / " F(t) exp(—pt)dt

whenever the right-hand side makes sense. Show formally, that if we

set
o= {1 22!

then
LIf1(p) = V2r Flg)(~ip).
(ii) Let h: R — R and define:

_f h(x), >0
h () '_{ 0, 2<0
and
[ h(-z), >0
h-(z) = { 0, z<0.
Show that h(x) = hy(x)+h_(x) and express F[h] in terms of L]h]

and L[h_].

For additional background information about Fourier series and the
Fourier transform see [55, 90, 96].
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Compressive sampling

5.1 Introduction

Although it is convenient for conceptual and theoretical purposes to
think of signals as general functions of time, in practice they are usually
acquired, processed, stored and transmitted as discrete and finite time
samples. We need to study this sampling process carefully to determine
to what extent a sampling or discretization allows us to reconstruct
the original information in the signal. Furthermore, real signals such as
speech or images are not arbitrary functions. Depending on the type of
signal, they have special structure. No one would confuse the output of
a random number generator with human speech. It is also important to
understand the extent to which we can compress the basic information
in the signal to minimize storage space and maximize transmission time.

Shannon sampling is one approach to these issues. In that approach
we model real signals as functions f(¢) in La(R) that are bandlimited.
Thus if the frequency support of f (w) is contained in the interval [—, Q]
and we sample the signal at discrete time intervals with equal spacing
less than 1/27Q), i.e., faster than the Nyquist rate, we can reconstruct
the original signal exactly from the discrete samples. This method will
work provided hardware exists to sample the signal at the required rate.
Increasingly this is a problem because modern technologies can generate
signals of higher bandwidth than existing hardware can sample.

There are other models for signals that exploit different properties
of real signals and can be used as alternatives to Shannon sampling.
In this chapter we introduce an alternative model that is based on the
sparsity of many real signals. Intuitively we think of a signal as sparse if
its expression with respect to some chosen basis has coefficients that are
mostly zero (or very small). The content of the signal is in the location
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and values of the spikes, the nonzero terms. For example the return from
a radar signal at an airport is typically null, except for a few spikes lo-
cating the positions and velocities of nearby aircraft. A time trace of
the sound from a musical instrument might not be sparse, whereas the
Fourier transform of the same signal would be sparse. Compressive sam-
pling is an approach to the modeling, processing and storage of sparse
signals.

We start with a simple model of a signal as an n-tuple z € R™ or C".
Think of n as large. We are especially interested in the case where x is k-
sparse. That is, at most k of the components x1, ..., z, of x are nonzero.
We take k to be small with respect to n. In order to obtain information
about the signal z we sample it. Here, a sample is defined by a linear
functional f,.. That is, the sample f,(z) =7 -z where r = (rq,...,7,) is
a given sample vector and r - x is the dot product of r and z. Once r is
chosen, the dot product is easy to implement in hardware. In the case
where r; = 6;; for fixed j and ¢ = 1,...,n the sample would yield the
value of the component x;. Now suppose we take m different samples y,
of z, i.e., we have m distinct sample vectors &, ¢ = 1,...,m. We can
describe the sampling process by the equation y = ®x where the m x n
sampling matrix ® is defined by

()

L . n
@)= (") =] : |=(Vd™ (5.1)
p(m)

and y is an m-tuple. The n-vectors r¥) are the row vectors of ® whereas
the m-vectors ¢U) are the column vectors of ®. Note that rj@) = cﬁj ),
For compressive sampling m is less than n, so that the system is under-
determined. The problem is to design the sampling matrix ® so that we
can determine the signal x uniquely from m samples. Obviously, this is
impossible for arbitrary signals x. It is possible if we know in advance
that x has some special form. For compressive sampling at its simplest,
the only requirement on the signal x is that it is k-sparse, i.e., that at
most k < n of the components x; are nonzero. The only assumption is
k-sparsity, not the possible locations of the nonzero components.

A simple example, the bit counter, will illustrate the utility of com-
pressive sampling. Suppose we have a sequence of long n-component
signals (") that are 1-sparse. Thus, each signal consists of a single spike
at some location j(h) with all other components 0. To determine the sig-
nal uniquely we need only find the location and the value of the spike.
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How can we do this from a minimum number of samples? This problem
has an elegant solution, particularly simple in the case n = 2¢ for ¢ a
positive integer. For each 1-sparse signal x we number the components
zj from j =0to j = 2¢ — 1. Similarly we will number the columns of
®, starting from 0. Recall that each j can be written uniquely in binary
numbers as [j¢_1,7¢_2- -, j1,J0] where j = jo2° + j1 21 + .-+ j,_2071
where each js = 0,1. We design the m x n sampling matrix ® where
m = {4+ 1 by first filling the top (0th) row with ones: ®;; = 1. For
the remaining m — 1 terms in the Oth column of ® we enter the binary
number for 0, for the remaining m — 1 terms in the 1st column we en-
ter the binary number for 1, ..., and for the remaining m — 1 terms
in the (n — 1)st column we enter the binary number of n — 1. Thus
the sampling matrix is given by ®;; = jo—; for i = 1,--- ,£. Comput-
ing y = ®x we have yo = z;(,) the magnitude of the spike, whereas if
Yo # 0, [Ym/Yo, - ,Y1/yo] is the location of the spike, written in binary.
For example, suppose £ = 3, m = 4, n = 8 and the signal = has the
spike zg = 6.1. Then y = &z becomes

0
0
6.1 11111111 0
0 01 010101 0
61 ] | 00110011 0o |’ (5-2)
6.1 00001111 0
6.1
0

and from y we see that the value of the spike is yy = 6.1 and the location
is [1,1,0] = 6. We see from this construction that for 1-sparse signals of
large length n we can identify the signal uniquely with only logyn + 1
samples; it isn’t necessary to sample all n components individually. For
storage or transmission of the information, the compression is impressive.
Rather than store n numbers we need only store m ~ log, n numbers.

Exercise 5.1 Why is the row of 1’s needed in the sample matrix for
example (5.2)7.

Exercise 5.2 Using the method of expression (5.2) design a sample
matrix to detect a 1-sparse signal of length n = 16. Apply your matrix
to a signal with a spike zg = —2.

In this chapter we will study the problem, for given k,n with k < n,
of how to design m x n sampling matrices (or encoders) to determine
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k-sparse signals x uniquely such that the number of samples m is as small
as possible. Later we shall treat the more important case where noise
and measuring errors are allowed and we want to find a k-sparse approx-
imation Z of x with approximation error and m as small as possible.

This chapter is the most technical of the book and many readers
may decide to skim the results and then proceed to the last section
where compressive sampling is implemented. However, the basic ideas
are relatively simple and we will outline these before entering into details.
A fundamental observation is that if y = ®z(?) so that y is the sample
produced by the signal z(°) then y is also produced by all signals = =
z(® + u where u is a solution of the homogeneous equation du = O,
and only by such signals. Now if (1), 2(2) are k-sparse signals with the
same sample ®z() = &z then ®(z(® — (M) = O, so du = O has
a solution © = z(®) — z(1) that is at most 2k-sparse. If we can design a
sampling matrix ® such that its homogeneous equation has no nonzero
solutions u that are 2k-sparse, then for a given sample y there is at most
one k-sparse signal z(®) such that y = ®z. How do we recover (9?7 A
solution advanced here is to design the sample matrix such that among
all signals = with sample y the k-sparse solution z(*) has minimal £,
norm (but not in general minimal /5, least squares norm). For such a
matrix, if the homogeneous equation has no 2k-sparse solutions then
we can recover a k-sparse signal 2(?) from its sample y by solving the
minimization problem z(®) = Argming,_,||z|[1. For real signals and
sample matrices this is a straightforward linear programming problem
that can be solved in polynomial time by standard algorithms, freely
available even for spreadsheets. This works, basically, because the ¢,
minimum always occurs for a vector with a maximal number of zeros.

In summary, we need to address two problems. First, for given k, m,n
how do we characterize sample matrices whose homogeneous equation
has no 2k-sparse solutions? For such sample matrices we can, in prin-
ciple, identify a k-sparse signal, but determining the signal may be im-
practical. Our second problem is in determining those matrices for which
it is easy to recover the k-sparse signal in practice. Here we shall employ
/1 minimization.

Given k < n how do we construct an m X n sample matrix ® with
m as small as possible? The surprising answer is that the bit counter
example is somewhat misleading. Matrices with homogeneous equations
admitting 2k-sparse solutions are rather special. An arbitrarily chosen
matrix is less likely to have this failing. We can use a random number
generator, or coin flipping, to choose the matrix elements of ®. Using
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random matrix theory we can show that the smallest m that works is
about m = Cklogy(n/k) ~ Cklogy(n) where C is a constant, close to
1 in practice (though still much larger in theory). We can construct the
matrices via random number generators and guarantee that they will
“probably” work, e.g., guarantee no more than one failure in 10° sample
matrices. An implementation of the entire process is given in the last
section.

5.2 Algebraic theory of compressive sampling

The sampling problem is closely associated with the structure of the null
space N(®) of the m x n sampling matrix/encoding matrix. Clearly, the
rank of ® is < m, and m < n since our system is underdetermined.
There will be many signals x that will yield the same sample y. Recall
that for ® a complex m X n matrix and complex signals = we have
N(®) ={h € C*: ®h = O} and dim N(®) > n — m. The hyperplane
F(y) of signals giving the sample y takes the form

Fly)={zeC": dz =y} =20 + N(®)

for any z(®) € F(y). Note that every signal z lies on one and only one
of these hyperplanes. Once we have sampled or encoded the signal we
will need to try to reconstruct the signal from the sample. We define
a decoder as a mapping A : C™ — C", which could be nonlinear.
Given a signal x and a decoder A we think of £ = A(®(x)) = A(y)
as our approximation to x, based on the sample. Ideally we would like
an encoding-decoding pair ®, A such that £ = z. However, this is not
possible for an underdetermined system, unless we restrict the set of
signals. Clearly, ensuring that at most one allowable signal = gives a
particular sample y (so that we can recover z from y via a suitable
decoder) is equivalent to requiring that each hyperplane F'(y) contains
at most one allowable signal. Initially we restrict to signals that are
sparse with respect to the standard basis el) for C", without any other
requirements. More precisely, given a positive integer £ < n we will
restrict x to the subset X of k-sparse signals. Here,

Yr={ax € C": #supp (x) <k}, where supp (x) = {i: x; # 0} (5.3)

and #supp is the cardinality of the support of x. In other words, >
is the subset of C™ consisting of all signals with at most k& nonzero
components. Note that > is not a subspace of C™ because the sum of
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two k-sparse signals may not be k-sparse. Indeed, if (1), 2(2) € ¥, the
best that we can guarantee is that () + z(2) € ¥5,. Though we have
expressed our problem in terms of complex matrices, complex signals
and complex null spaces, we could give virtually identical definitions for
real matrices, real signals and real null spaces, and the algebraic theory
to follow will be virtually the same for both.

Exercise 5.3 Show that even though X is not a vector space, it can
be expressed as the set-theoretical union of subspaces X1, = {z :
supp (x) C Ty} where T} runs over all k-element subsets of the inte-
gers {1,2,...,n}, ie.,

Y = UTkXTk-

If we choose ¥j; for some fixed & < n as our set of allowable signals,
in order to recover each k-sparse signal z from its sample y, we need to
find the possible m x n sample matrices ® such that y = &z uniquely
determines x for all x € ¥j. The basic idea behind the algebraic theory
of compressive sampling is very simple. If (V) 23 are two k-sparse
signals with the same sample y then the signal z(!) — z(?) is an at most
2k-sparse signal in the null space N(®). Thus to guarantee that each
sample corresponds to at most one k-sparse signal, we need only require
that the null space of ® contains no 2k-sparse signals.

To characterize the sampling matrices we first recall the representation
(5.1) of ® in terms of its column vectors and introduce notation to
describe submatrices of ®. Let T be a set of #(T') = ¢ column indices
1<i1 <ig<---<ip <n. Then & = (c(il),...7c(”)) is the m x #(T")
submatrix of ® formed from the columns indexed by 7. Thus, @%@
is the #(T) x #(T) matrix with (s,t) matrix element given by the dot
product clis) - ¢l 1 < 5.t < #(T).

Theorem 5.1 Let ® be a m X n matrix and k a positive integer < n.
The following are equivalent

(1) For ally € C™, each F(y) contains at most one element of y.

(2) Yo N N(®) = {O6}.

(3) For any set of column indices T with #(T') = 2k, the matriz O has
rank 2k.

(4) For any set of column indices T with #(T) = 2k, the 2k x 2k matrix
®5. @7 has all eigenvalues \j > 0 and is invertible. (Here ®* is the
n x m adjoint matriz: ®f; = ®;;.)
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(2). Suppose z € X9, and ®x = O. Since = has at most 2k
nonzero components, we can always find vectors (1), 2(?) each
with at most k nonzero components, and such that z = z(1) —
®) . Now set y = @z Since ®z = ®zV) — &2(2) = © we have
that both (1), 23 ¢ F( ). By (1), 2 =23 so z = 0.
(3). Let T be a set of indices 1<y <ig<---<igr <n with
#(T) =2k and let © € R™ such that supp(z) CT, so x € Eo. If
521 z;,c() = dxr =0 then 2 € N(®), so z =0 by (2). Thus the
2k column vectors indexed by T must be linearly independent.

(3) = (4). Let T and z be chosen as in the preceding proof and consider

the quadratic form < z, ®*®x >=

2k

2k
Z T, (C(is) C(“) sz (is)y . (Z g)itc(it))
t=1

s,t=1
= Zwitc(“)\lg-
t=1

By (3), the 2k column vectors c) are linearly independent, so
the quadratic form < z,®*®z > is > 0 for all nonzero x with
supp(xz) C T. Note that the matrix ®4.® is self-adjoint. It is a
well-known fact from linear algebra that any N x N self-adjoint
matrix A has N real eigenvalues and that these eigenvalues are
all positive if and only if the hermitian form ij:l yiAijy; >0
for all complex nonzero vectors y. Furthermore a self-adjoint
matrix with all positive eigenvalues is invertible. This estab-
lishes (4).

(1). Suppose (M, z(?) € F(y) N &) for some y€C™. Setting
=21 — 22 we see that ®z=dzM) — dz() =y —y=0 and
2 € Ygg. Let T be the index set {i;} for the support of 2. Then
the fact that z is in the null space of ® can be expressed in terms
of the column vectors of ® as Zfil x;,c) = &z = O. Thus

2k

< 1‘7(1)*(1)56 >— Z 1;1-5 C(’Lf) — ||let (i¢) H2

s,t=1

By (4), the eigenvalues of ®%.®1 are all positive so the only way
for this last sum to vanish is if z = ©. This implies (V) = z(2).

O
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Example 5.2 Consider the 2k x n Vandermonde matrix

al a2 DR an
2 2 2
@ — a/l a2 DR an
2k—1 2k—1 2k—1
al a2 e an

where a; < ag < --- < a,. It is an exercise in linear algebra to show that
the determinant of a square Vandermonde matrix is equal to 11, ;(a; —
a;) # 0, i.e., asquare Vandermonde matrix is invertible. Thus any 2k x2k
submatrix of ® has rank 2k and ® satisfies the conditions of Theorem
5.1 with m = 2k.

Exercise 5.4 Verify that the matrix ®.® is self-adjoint.

If the m x n sample matrix ¢ satisfies the requirements of the theorem
for some k with 2k < m < n, then we can show the existence of a en-
coder/decoder system that reproduces any k-sparse signal x. Necessary
and sufficient conditions for unique reproduction are that every subset of
2k column vectors must be linearly independent. If this is true we have
m > 2k. Now let T' be any 2k-index set that contains the support of x.
Then the encoder gives the sample y = &z = Ora, so Dhy = (O5Pp)z.
Since the 2k x 2k matrix ®7.$r is invertible, we can recover x from y
via the decoding operation

z = Aly) = (2707) "' Pry.

However, this construction requires us to find some 7' containing the
support of x, a highly nontrivial problem for large n! Thus this appears
not to be a very efficient means of implementing compressive sensing.
Next we shall pursue a more practical way of finding a k-sparse solution
by using the ¢; norm to find z from the minimization problem:

x=Ay) = ArgminzeF(y)HzHl,

where by Argmin we mean the vector z that achieves the minimum value
of | |Z| ‘1 .
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5.3 Analytic theory of compressive sampling

The algebraic solution to the compressed sampling problem presented
in the preceding section, by itself, seems of only modest practical im-
portance. Firstly, there is a significant numerical problem of actually
computing x for large values of n. Also, the solution assumes that the
signals are precisely k-sparse, that the inverse of the matrix (®4®7)~!
can be computed with no error, and we have to find T"! Real signals typ-
ically have a few spikes with all other components small but not zero.
The numerical computation of the matrix inverse may be unstable for
large n and k. (This is the case with the Vandermonde matrix.) The sig-
nals may be partially corrupted by noise. We need to develop analytic
estimates that enable us to determine how well the encoding/decoding
procedure approximates the initial signal. We also need to be concerned
with the design of the decoder, so that it can compute the approximation
efficiently.

5.3.1 Recovering a sparse solution of y = ¢z
via /1 minimization

Theorem 5.1 gave necessary and sufficient conditions that there was at
most one signal & € ¥ N F(y) that produced a given sample y. (Recall
that if z = Z is one solution of the equation y = ®x then all solutions
are of the form =z € F(y) = {+h : h € N(®)} where N(®) is the
null space of the m x n sampling matrix ®.) However, the theorem did
not lead directly to an efficient method for explicit computation of the
k-sparse solution from the sample y. Here we will study the feasibility
of finding & by solving the ¢/; minimization problem

& = Argmin, e p(, |21 (5.4)

Already, we have seen examples of the special ability of the #; norm to
produce solutions x of y = ®x with maximal sparsity. Now we will find
necessary and sufficient conditions that this ¢; minimization will lead to
a unique k-sparse solution.

Suppose that the equation y = ®x has a k-sparse solution & and that
this solution also satisfies (5.4), i.e., it has minimal ¢; norm. This means
that

12+ Ally = [[2][x
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forallh € N(®). If T'C {1,2,...,n} is the index set for the support of &
and T is the set of remaining indices, then #(T') = k, #(T°¢) = n—k and
the minimization condition can be written in terms of absolute values as

Z |Zi + hil + Z |hi| > Z|5Aﬂz‘|-
€T ieTe €T
Let S C {1,2,...,n} and z an n-tuple,. We define zg as the n-tuple
such that (zg); = z; for i € S and (zg); = 0 for ¢ € S° Thus zg
agrees with z for all indices 7 € S, but the remaining elements are zero.
Similarly we define zg. as the n-tuple such that (zgc); = z; for i € S¢,
and (zge); =0 for i € S. Note that z = zg + zge.

Definition 5.3 The m X n complex matrix ® satisfies the null space
property of order k provided for every index set S with #(S) = k we
have

lhslls < |lhse

., YheN(®), h0. (5.5)

Theorem 5.4 FEvery k-sparse vector T is the unique solution of the
41 minimization problem (5.4) if and only if ® satisfies the null space
property of order k.

Proof First, suppose every k-sparse & is the unique solution of the ¢
minimization problem (5.4), with y = ®&. Now let h € N(®) with
h # © and let S be any index set such that #(S) = k. Then hg is k-
sparse, hence the unique ¢; minimizer for the problem ®x = ®hg. Now
®(h) = ®(hs + hge) =0, s0 D(—hge) = P(hg) # ©. By uniqueness, we
must have ||hge||1 > ||hsg||1 which is the null space property.

Conversely, assume @ satisfies the null space property of order s and
S is the index set of &, i.e., the set of indices i for which #; # 0. Then
any solution z of ®x = ®& = y with x # & can be written as z =& — h
with h € N(®). Then

2]l = [[(@E—zs)+as|ls < [[(Z—zs)[1+]lzs|h = [[(Zs—zs)[1+]zs]l

hslls + llzslls < llhsells + llzslls = || = zse|ls + [[zs][r = [[=]]1-
Hence ||Z||1 < ||z]]1- O

Exercise 5.5 In the proof of Theorem 5.4 show in detail why ®(—hge) =
®(hg) # O.

Exercise 5.6 In the proof of Theorem 5.4 show why the ¢; norm rather
than some other ¢, norm is essential.
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Exercise 5.7 Show that if ® satisfies the null space property of order
k then it also satisfies the null space property for orders 1,2,...,k — 1.

A case of special importance for the above definition and theorem
occurs for real m X n matrices and real signal vectors x. Then we have

Definition 5.5 The m x n real matrix ® acting on real vectors satisfies
the null space property of order k provided for every index set S with
#(S) = k we have

[lhs|li < |lhsell1, V heN(®), h+#0. (5.6)

Theorem 5.6 Fvery k-sparse vector & is the unique solution of the
0y minimization problem (5.4) if and only if ® satisfies the null space
property of order k.

The proof of the real version of the theorem is identical to the proof
of the complex version. The only difference is that the vectors x, h in
the second case are restricted to be real. It is not immediately obvious
for a real matrix ® that the two definitions and results agree.

Conditions (5.5), (5.6) while difficult to verify in practice, point to
an important property that the null space must possess for construction
by ¢; minimization. In order that the sample matrix be able to recon-
struct sparse signals supported on small index sets 7', the null space
must counterbalance by being distributed through all indices. This is of-
ten referred to as an uncertainty principle for compressive sampling. It
suggests that the components of the sampling matrix, rather than being
highly structured to fit a particular type of signal, should be chosen at
random. We shall see that this insight is correct.

If we can show that the conditions of Theorem 5.4 or 5.6 are satisfied
then we can recover uniquely the k-sparse signal & from the sample y by
solving the minimization problem

& = Argminge g, |7]]1. (5.7)

Although, unlike ¢5 (least squares) minimization, this problem has no
analytic solution, it can be solved by numerically efficient optimization
algorithms. The complex case is equivalent to a convex second-order
cone program (CSOCP), [16]. The real case is particularly easy to solve
because it can be recast as a linear programming problem, and such
routines are widely available.

This text is not meant to cover linear programming, but it is worth
pointing out that the real £; minimization problem for real ® and z is
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equivalent to a linear programming problem. To see this we first express
the m x n real sampling matrix in terms of its row vectors r(*¥):

)

o= : , P eRr, i=1,....m
r(m)

Then we can express the ¢; minimization problem (5.7) as the linear
programming problem

n
minZuj, such that y, = r* . 2, —u; <z < uy. (5.8)
j=1

Similarly the (possibly overdetermined) ¢; problem

mitt, ey lly — ®fly = min > [y — @ -2 (5.9)
i+1

can be expressed as the linear programming problem

minZuk, such that — ug <y — r* - 2 < . (5.10)
k=1

(Note that if the x; are complex numbers then this approach fails.) In
general, a linear programming problem (LP) is a maximization or mini-
mization problem that can be expressed entirely through linear equations
and linear inequalities [16]. Such problems can be solved, for example,
by the simplex method.

In the case where x and ® are complex we write
T = sc;—Hx;., ye = yp+iyh, %) = rﬁk)—&—irl(k), 1<j<n1<k<m,

where %, %, yp., yj.» . rl(k) are real. Then the ¢; minimization problem

(5.7) can be expressed as

min Z u;, such that (5.11)

j=1

uj = ,/(x;)2 + (a;;ﬂ)27 Yy = rff“) ca” — @ gyt = rﬁk) -t +r§k) ~axl.

This has the form of a convex second-order cone program (CSOCP),
[16].
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5.3.2 A theoretical structure for deterministic
compressive sampling

Instead of restricting to signals x € C™ that are strictly k-sparse we
will consider the larger class of compressible signals, those that can be
approximated by elements of ;. As a measure of the approximation of
x by k-sparse signals we adopt

op(x) = zlensz [lz — 2|]1. (5.12)

Exercise 5.8 We order the components of x € C™ in terms of the
magnitude of the absolute value, so that
|xi1| > |xi2| > 2 |l‘zn|
Show that oy (x) = "_, | x|, i.e., ox(x) is the sum of the absolute
values of the n — k smallest components of x. Show that
Argmin inf ||z — z||; = 2"
2€X

where ¥ has index set T = {iy,is,...,ir}. Thus, z¥ is the closest k-
sparse approximation of z with respect to the ¢; norm.

Exercise 5.9 If
r=(3,-2,6,0,3,—1,2,-5) € C8,
find ¥ and oy () for k =1,2,...,7.

Clearly, ox(z) = 0 < =z € Xi. We could consider x as a good
candidate for compression provided o (z) < e for some suitably small
€. If x is compressible but not exactly k-sparse we cannot expect to
reproduce it exactly, but we can try to approximate it by a k-sparse
signal.

To make clearer the relation between o and the null space of ® it
will prove useful to quantify the degree to which the null space property
is satisfied.

Definition 5.7 Given a sampling matrix ®, we say that ® satisfies the
null space property (NSP) of order & with constant p € (0,1) provided

hr|ly < pllhrely
for all index sets T' with #7T < k and all h € N(®).

This definition applies either to the complex case or to the real case
where both ® and N(®) are required to be real.



5.8 Analytic theory of compressive sampling 177

Exercise 5.10 Show that if ® satisfies the null space property of order
k, Definition 5.3, then there exists a p € (0, 1) such that ® satisfies the
null space property of order k with constant p.

Now we come to the essence of our problem. Suppose z € C" is a
signal that we consider is “nearly” k-sparse and let y = ®x € C™ be its
corresponding sample. We define a decoder

A(y) = Argminz,‘i’z:yH’ZHl =1

We want our decoder to capture the closest k-sparse approximation z* to
x and ignore the smallest n —k components.. Thus we want to guarantee
that the decoder will yield a unique m-sparse solution & that is as close
as possible to z. In particular, if x € ¥, we want = z. Recall from
Exercise 5.8 that op(x) = ||z — 2¥||;.

Theorem 5.8 Suppose ® has the null space property of order k with
constant p. Let x € C™ with y = ®x and let & = A(y). Then

. 14
&~ all <272

|z — || (5.13)

If x is k-sparse then & = x.

Proof Since y = ®Z, there is a unique h € N(®) such that & = x + h.
Since Z is a ¢; minimum solution we must have

12l = [lz + Al < [l2(]2 (5.14)

Now let Tj) be the set of indices corresponding to the k largest compo-
nents of z in absolute value. (Thus Tj is the index set of z*.) Recall
from the triangle inequality |a| = |(a +b) + (=b)| < |a +b| + | — b, so
la+b| > |a| —|b] and, by symmetry, |a+b| > |b| —|a|. Also, for any index
set T and n-tuple z, let zp be the vector with components (zr); = z;
for ¢ € T and all other components zero. Then

le+hll = > (zthal)+ D (withil) = Y (zal=lhal)+ D (il =)
i€Ty ieTg i€Ty €T

(5.15)
= ([lzllr = [lzzgllh = lhzy 1) + (lhzslls = [|zTg|l1)

= ([lzlls + [hzellh) — Cllzzgll + Az, [|1)-

Comparing the inequalities (5.14) and (5.15) and noting that ||z7¢||; =
||z — 2¥]|1, we obtain

2|z — 2¥|ly > [|hrell — lhn |l > (1= p)||hre |1 (5.16)
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Since p < 1 we obtain

k
[[hrgllr < 1*13”1;_:6 1.
Since & = x + h, it follows that
A 14+p
l&=2lly = [[Alls = llhz L +hzs I < (p+D)llhzgll < 25 _pHi’?—%‘kHl-
O

The proof of the theorem shows that the k-sparse solution & of the
minimization problem is unique, and allows us to get a bound on the
error of reconstruction of the nearly k-sparse signal x by Z. It is still
possible that there is more than one k-sparse signal with sample y even
though any other solution doesn’t satisfy the ¢; minimum property. In
the next section we shall see how that possibility can be eliminated.

5.3.3 Restricted Isometry Property

Theorem 5.8 is an important theoretical result but it will not be of
much practical use unless we find methods for determining p and for
designing encoder/decoder pairs with p < 1 for k small with respect
to n. The null space property doesn’t have direct intuitive meaning for
us. A more intuitive concept is the Uniform Uncertainty Principle or
Restricted Isometry Property (RIP). Let @ be our usual m x n sampling
matrix. For each k we define the restricted isometry constant J; as the
smallest nonnegative number such that

(1 =)l < (|23 < (1 + dx)l[[[3 (5.17)

for all k-sparse signals z, i.e., x € Y. (Note that here we are using
the ¢5 norm.) Expression (5.17) captures in an efficient and easily un-
derstandable manner how well the k-sparse signal x is captured by the
sample y = ®x € R™. Indeed if d; > 1 so that the left-hand term is
< 0 then we could have a nonzero signal that produces a zero sample,
so that we would have no capability of recapturing it. If the constant on
the right-hand side of (5.17) is large then a small change in the sample
y = ®x could correspond to a large change in z. This would introduce
numerical instabilities in our computation of x from y. Thus a desirable
property for an encoder is 6 < 1.

Definition 5.9 ® has the Restricted Isometry Property (RIP) for k if
it has a restricted isometry constant such that 0 < §; < 1.
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Another way to understand RIP is in terms of eigenvalues. If x is
k-sparse with index set T then

Oz||2 =< Opa, Ppx >=< 5Dz, > .
2 T

As pointed out in the proof of Theorem 5.1, ®*® is self-adjoint and
nonnegative, Thus all eigenvalues A;(T") of this square matrix are real
and nonnegative, and Ay (T)||2||3 < < L Prz, 2 > < Apax(T)|]2]|3.
It follows that

1-— (sk = Amin < )\max =1+ 5k, (518)

where the maximum and minimum are taken over all index sets T" with
< k indices.

Exercise 5.11 Give the details of the derivation of inequalities (5.18).

If we have two signals x, 2’ € Xy, then  — 2’ may not be k-sparse, but
it is 2k-sparse. Thus (z — 2’) € Xgj, and

(1= &)l — 2'[[3 < [[@(x — 2|3 < 1+ d20)[lw — 2'][3. (5.19)

If © # 2’ then, to distinguish the signals, we must have do, < 1, i.e.,
® must satisfy RIP for 2k. Moreover, for z very close to 2’ in norm we
want the samples y = ®x and 3y’ = ®2’ to be very close in norm, and
this would be implied by ||®(x — 2)||3 < (1 + daz,) ||z — 2'||3.

It is worth pointing out here that the basic idea behind RIP is perva-
sive in signal processing theory. For signals in Hilbert spaces the concept
is a frame which is discussed in Section 8.2. These concepts are not iden-
tical because frames refer to vector spaces and Y is not a vector space.

Now we will show that the null space property can be implied by the
more intuitive RIP. Since RIP is expressed in terms of ¢ whereas the
null space property is expressed in terms of /1, we need the result from
Section 1.3 that the norms of a k-sparse signal z satisfy the relation
l|z|]2 < ||z|l1 < VE||z||2. Now suppose ® satisfies RIP for some fixed
2k. This will imply that for each sample y € C™ there will be at most
one k-sparse solution = to y = ®x. In particular N(®) will contain no
k-sparse vectors.

Now let us examine what RIP implies about the null space property.
We want to guarantee that for all k-index sets T the inequality ||hr||1 <
pl|hTe<||1 holds for a constant p < 1 and all h € N(®). We start by taking
any h € N(®). Our approach will be to take the worst case possible for
h: T = Tj is the index set of the k largest components of h, in absolute
value. We want to guarantee that ||hr,||1 < pl||hze||1. Note that RIP
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applies only to k-sparse signals and, in general, the h is not k-sparse. In
order to apply RIP we will decompose hre as a sum of signals hr,, each
of which is at most k-sparse. Noting that h is an n-tuple, we use the
Euclidean algorithm to write n = ak + r where a is a positive integer
and the integer r is the remainder, 0 < r < k. We divide the indices of h
into a+ 1 disjoint sets. The first set Tjy contains the %k indices 4 for which
|h;| is maximal, the set T; contains the indices of the next k maximal
components, and so forth. The last index set T, contains the indices i
of the remaining r components, for which |h;| is the smallest. Now let
hr, be the n-tuple such that the component (hr,); = h; for i € T, and
(hTZC)i =0forie TEC.

Exercise 5.12 Show that (1) hy, € X, (2) hy, - by, = 0 for £ # ¢/
and (3)

h=>Y hy,. (5.20)
{=0

The following material is quite technical, but it leads to the easily
understood result: Theorem 5.12 with an upper bound for the constant
p in the null space property as a function of the index do in RIP. Let
hr,ur, be the n-tuple such that (hq,ur )i = hs for ¢ € Ty UTy with all
other components zero. Thus hr,ur, € Xar. We can apply RIP to each
k-sparse signal hy, and from (5.20) we have

q’(h) = (I)(hTUUTl) + Za:(l)(hTz) = 0. (521)

(=2

Thus,

|®hr,ur, |13 =< ®hryur,, — Y Phy, >= =Y < Ohy,, Ohy, >
j=2 j=2

—> " < ®hg,, Ohy, >
j=2
SO
| @hryury |3 <Y (| < @hyy, @hy, > |+ | < Phyy, Phy, > [) . (5.22)
j=2

To obtain an upper bound for the right-hand side we need the following
result.
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Lemma 5.10 Suppose z,x' € Xy with k-index sets S, S’ respectively
and such that S and S’ don’t intersect. Let < -,- > be the ly inner
product on R™. Then | < &z, Dz’ > | < 25a5]|z||2||2||2-

Proof Let

K= max | < $z, P2 > |

[1z]l2=l2"[|]2=1

where the maximum is taken for all k-sparse unit vectors z with index set
S and k-sparse unit vectors z’ with index set S’. Then, by renormalizing,
it follows that | < ®x, 2z’ > | < k||z||2 ||2||2- Since z+ 2" and z — 2’ are
2k-sparse and ||z£2'||2 = ||z||3+]|2'||2 = 2, we have the RIP inequalities

2(1 = 821) < [|P(2 + 2")I[3 < 2(1 + b20),

2(1 = 82) < [|P(2 = 2)I[3 < 2(1 + b20).
From the parallelogram law for /5, see Exercise 1.23, we have
< 0z, @7 >= i(\l‘b(z +2)|I3 — l12(z = 2)I13),
so the RIP inequalities imply | < @z, P2’ > | < dog. Thus k < dgg. O
Exercise 5.13 Verify the details of the proof of Lemma 5.10.

Applying Lemma 5.10 to the right-hand side of (5.22) we find

a

|1 ®hr,um, |3 < ok (|lhmy 12 + [y [2) | D IRz [l | - (5.23)

=2

On the right we use the inequality ||hz,||2 + ||hz, |2 < V2||hr,um | |2, see
Exercise 1.22, and on the left-hand side we use RIP for 2k to obtain

a
(1= 621)[|hroum |5 < [|®hayur |5 < V262l hryur |2 | D bz ll2 |

=2

SO

V2821,
h < h . .24
| TOUT1H2_1_62I€22:;|| 7|2 (5.24)

Now for some tricky parts and the reason that we have chosen the T}
by putting the indices of & in decreasing order of magnitude.
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Lemma 5.11

AT, [|2 < £=2,...,a.

1
ﬁl'hTqul’

Proof For any j € Ty, i € Ty_1, we have |h;| < |h;|, so |hj| is also
bounded by the average of the |h;| as i ranges over Ty_1:

1
bl <5 D2 Inil

i€Tp 1
Thus
2
2ier,_, |hil
or = 3 il < (2250
JETe
Taking the square root, we have ||hr, || < ||h1,_, |[1/VE. O

From the lemma we have

ZHthHz 1/22||’”LT||1 1/QZHhTeHl— )2 gl

which gives an upper bound for the right-hand side of (5.24). From
\|hr |1 /VE < ||hr,||2 we get a lower bound for the left-hand side of
(5.24): ||hgy||1/VE < ||h1yl|2 < ||hryur, ||2. Putting this all together we
find

\f(s
[lhy [l < T2

gl = plihzg] - (5.25)
To guarantee the null space property we must have p < 1.

Theorem 5.12 A sufficient condition for the null space property to hold
and for each class F(y) to contain at most one k-sparse signal is that
RIP holds for 2k-sparse signals with

V20,

1 —dox

p= <1

It follows that if dor < 1/(1 + v/2) & 0.4142 then the null space
property is satisfied.

Exercise 5.14 If 09, = 1/4 for some k and the sample matrix @, verify
from Theorem 5.13 that the estimate ||Z — z||; < 5.5673||z — 2*||; holds
for the approximation of a signal x by a k-sparse signal .



5.4 Probabilistic theory of compressive sampling 183

Exercise 5.15 Show that even though RIP implies the null space prop-
erty, the converse is false. Hint: Given an m x n sample matrix ® let
= = A® be a new sample matrix, where A is an invertible m x m ma-
trix. If ® satisfies the null space property, then so does =. However, if ®
satisfies RIP we can choose A so that E violates RIP.

Many different bounds for p can be derived from RIP using modifica-
tions of the preceding argument, but the result of Theorem 5.12, due to
Candés and Tao, is sufficient for our purposes. The point is that for a
given m X n sample matrix ¢ we would like to be able to guarantee the
null space property for k as large as possible, and for a given k& we would
like to design appropriate sample matrices with m as small as possible.

There are also important results on o minimization with ¢; recovery.
In particular, suppose one wishes to recover the signal x from the sample
y if y = ®x + z where z is either deterministic or a noise term, and such
that ||z||2 < e. It follows from results in [27] that if do < /2 — 1 then

Hx_kal
VEk

In practice the constants are small (on the order of 10). The proof of this
result is technical, but similar to that of Theorem 5.8. See also [63, 97].

||i‘—l’HQS01 + Cae.

For more results concerning the deterministic theory of compressive
sampling see [6, 21, 60, 83].

5.4 Probabilistic theory of compressive sampling

For practical computation of sampling matrices ® for compressive sens-
ing we employ a probabilistic approach. Rather than designing a sam-
pling matrix especially adapted for a given type of signal, we chose a
general purpose sampling matrix at random. To motivate this approach
we recall that all eigenvalues A;(T") of the self-adjoint matrix ®4.®p are
strictly positive and

1_6k:)\min§>\max:1+§k

where the maximum and minimum are taken over all index sets T' with
#(T) = k. Thus RIP is satisfied provided \;(T) &~ 1. This means that
®%.®1 must be close to the k x k identity matrix for every k-index set 7T'.
Thus the column vectors ¢V of the sampling matrix ® = (¢, ..., ™)
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should satisfy ¢1) . cU2) = 0 for j; # jo and cU) - ¢l9) =~ 1 to obtain
RIP. We want each column vector to be approximately an ¢5 unit vector
but distinct columns should be nearly orthogonal, i.e., uncorrelated. One
way to try to achieve this is to choose the elements of ® as independent
samples from a probability space with mean 0 and standard deviation 1.

Now suppose we choose each of the mn matrix elements of & = (®;;) =
(tij), 1 < i <m, 1 < j < n, independently from the population with
normal distribution N(0,1/y/m). Then t = (¢;;) is a matrix random
variable on R™" with probability density function

m mn m m n
A()) = (=)™ exp (~F T T ). (5.26)

Given any function f(t) € Li(R™", A) we define its expectation by
f6) =E(f(t) = ; J)A)IL; dtj.

Note that E is linear, i.e.,
E(afi(t) + Bf2(t)) = aE(f1(t)) + BE(f2(t))
for real parameters «, 5. Further we have the properties
E(1) =1, E(tijitiyj,) = 0iris0jyjs/mM- (5.27)

The second identity is a consequence of the property that two distinct
matrix elements of ® are uncorrelated.

Now let x be an n-tuple and choose the matrix elements of ® inde-
pendently from the normal distribution N(0,1/+/m) as just described.
Then

Ea(||®2|[7y) = Ea(< ®F®rz,x >) = X2 00 o x5, Ea(tijy tij,)
= [a|7;-

Thus, if ® lies sufficiently close to its mean value then it will satisfy RIP.
In this chapter we will show that for n sufficiently large with respect to
m, the probability that the random matrix ® lies very close to the mean
and satisfies RIP is near certainty. Such random matrices are relatively
easy to construct. Even standard spreadsheets will do the job.

Another simple means of constructing random matrices that might
satisfy RIP is through use of the distribution p;(¢) on R:

pr(t) = { VB —JEsi<\/2 (5.28)

0, otherwise.
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Here,

- 1
E,(1)=1, t=E,(t)=0, o*=E,(t*) = —.

We choose ®,; = t;; where t = (¢;;) is a matrix random variable on R™"
with density function

mymn/2 i _ /B <y 3 »
&m:{&ﬂ it —fE<ay <R forallig o

otherwise.

Given any function f(t) of the mn components of t we define its expec-
tation by
ft) = Ep, (f(t) = f(#)A1(6)IL; dt.

Rmn

Again we find E,, (]|®z||3) = 1 so these random matrices appear to be
good candidates to satisfy RIP for large n. A related construction is
where each column vector cU) of the sample matrix & = (®;;) is chosen
randomly as a vector on the unit m-sphere S,,: i, &7, = ||c9)
Each unit column vector is chosen independently of the others. Here the
probability density is just the area measure on the n-sphere. In this case

2
Z;ﬂ —_— 1.

197 = SF 13| || + 281<jcicn zjze <P el >pp (5.30)

= Hac||§g + 281 <jct<n T2 < c(j)m“) >

Since the unit vectors ¢) and ¢) are chosen randomly on the unit
sphere and independently if j # £, the inner product < ¢(), ¢ >
will be a random variable with mean 0. Thus E(||®z|[7,.) = [|z[|7,, and
this is another good candidate to satisfy RIP.

A fourth method of construction is in terms of the discrete probability
measure (Bernoulli distribution)

i, t=+=1
= 22 31
p(t) { 0 otherwise. (5-31)

We define the expectation of any polynomial p(t) in ¢ by

P(t) = By (p(1) = 5Zimsapt).

Here, ¢ = 0 and 02 = E,,(t*) = 1. In this case we choose ®;; = t;;//m
where each ¢;; is obtained by a “coin flip.” Given any polynomial function
p(t) of the mn components of t = t;; we define its expectation by

P(t) = B(p(t)) = S, —ap(6) (532
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Again E is linear and we have the properties
E(l) =1, E(tiljltinQ) = 5i1¢26j1j2' (533)

Further, E,, (||®z||3) = 1 so these random matrices are again good can-
didates to satisfy RIP for large n.

5.4.1 Covering numbers

In the preceding section we have exhibited four families of random ma-

trices such that for any real n-tuple = the random variable ||®z fén has

expected value E(||®z| @n) = Hx||§3 In order to prove RIP for matrices
® so chosen we need to show that this random variable is concentrated
about its expected value. For this we will make use of the concentration
of measure inequality

Pr (| 1®alfy — 2ly| = ellelify)) <2070, 0<e<1 (5.34)

The left-hand side of the inequality is the probability that | H<I>x||,?£n -
||z[1Z; | > €ll2|[?;, where the probability is taken over all m x n matrices
® in one of the families. Here ¢o(e) > 0 depends only on e. Relations
(5.34) quantify the degree to which each of the probability distributions
is concentrated about its expected value. We will derive (5.34) for three
of the families and give explicit expressions for co(€). Here we assume
these results and proceed with the verification of RIP.

Our proof makes use of an estimate for the number of closed balls of

radius 1 that are needed to completely cover the unit ball B; centered
at the origin in N-dimensional Euclidean space. (The ball of radius r
centered at the origin is B, = {z € £} : ||z]| < r}.) This geometrical
result is particularly interesting because it has applications to many
practical problems concerning high-dimensional spaces, such as point
clouds and learning theory, as well as compressive sampling.

Let S be a closed bounded subset of N dimensional Euclidean space.
We define the covering number N(S,7) as the smallest number n of
closed balls Dy(n),...,Dn(n) of radius n that are needed to cover S:
S C U D;(n). There is no explicit formula for this number, even for
the unit ball S = B;. However, it is relatively easy to derive an upper
bound for A (B;,n) and that is our aim.

We say that m points (1), ..., 2(™) in S are n-distinguishable if ||2(*) —
x| > n for i # j. We define M(S,n) as the maximal number of 7-
distinguishable points in .S. Since S is closed and bounded this maximum
exists, although the points z(*) are not unique.
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Lemma 5.13
M(S,2n) < N(S,n) < M(S,n).

Proof For the right-hand inequality, note that if m = M(S,n) then
there exist m points (1), ... 2™ that are 7-distinguishable in S. By
the maximality of m it follows that any = € S satisfies ||z — (|| < 7
for some i. Hence S C UL, D;(n) and N (S,n) < m.

To prove the left hand inequality we use the pigeonhole principle Let
M = M(S,2n). Then there exist M points 2, ..., 2 in S that are
2n-distinguishable. If N'(S,n) < M then S is covered by fewer than M
balls of radius 7. If so, at least two of the M distinct points z(®),z(7)
must lie in the same ball Dy, (n) with center h. By the triangle inequality

o = 2| < Jla? = hl| + [Ih — 2P| < 5+ = 2n.

However, this is impossible since z(*) and z() are 25-distinguishable.
Hence M < N(S,n). O

Theorem 5.14 For the unit ball By in N -dimensional Fuclidean space
and any 0 < n <1, we have

(1/2n)N < N(By,n) < 3/m)N.

Proof If m = M(Biy,n) there must exist m n-distinguishable points
M, ... 2™ in B;. By the maximality of m it follows that any point
x € By satisfies ||z — 2()|| < for some i. Hence, if D;(n) is the ball of
radius 7 centered at (), we have By C UL, D; (n) and Zf:ll V(Dy) >
V(Bi) where V(D) is the volume of the ball D. Since V(D;) = nNV(B;)
we find mn® > 1. This implies (1/7) < M(By,n).

On the other hand, we can construct balls D;(n/2) about each ().
If 2 € D;(n/2) then, since x = (x — 1)) + () we have

j i 3
o]l < [lo = 2P| + |29 < L + 1< .

Thus each ball Dj(n/2) is contained in the ball Bs/,. Further, since
the m points (¥ are n-distinguishable, no two of these balls overlap.
Thus, Ef:ll V(Dj) < V(Bsjz) where V(D) is the volume of the ball
D. Since V(D;) = (n/2)NV(B1) and V(B3)) = (3/2)NV(B1) we have
m(n/2)N < (3/2)N. This implies M(By,7n) < (3/7)". The theorem is
now an immediate consequence of Lemma 5.13. O

Lemma 5.15 Let ® be an m x n matriz whose matriz elements ®;;
are drawn randomly and independently from a probability distribution
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that satisfies the concentration of measure inequality (5.34). Let T be an
index set with #(T) = k < m, and X be the set of all n-tuples x with
index set T. Then for any 0 < § <1 and all x € Xp we have

(1= )zlley < [Pxlley < (1= 0)||2]ley (5.35)

5 =

with probability at least 1 — 2(12/8)ke=c0(8/2)m,

Remark Although this result appears to be RIP, it is not. First of all,
the lemma applies only to k-sparse signals x with a specific index set
T, not to all k-sparse signals. Secondly the inequalities (5.35) do not
hold in general, but only with a guaranteed probability. The lemma
says that the probability of failure of (5.35) to hold is bounded above
by 2(12/8)ke=c0(8/2)m This will be a practical method for constructing
sample matrices only if we can show that this bound is so close to 0 that
failure virtually never occurs.

The proof of the lemma and results to follow depend on a simple but
basic result from probability theory, the union bound. We sketch the
derivation. Suppose p(A(1)) is the probability that inequalities (5.35)
fail to hold for 2 = () and p(A®) is the probability of failure for
=23, Then

p(AM) = p(AN 0 A®) 4 p(AM N AD),

i.e., the probability of failure for (1) is the probability of simultaneous
failure for (1) and success for z(® plus the probability of simultane-
ous failure for both z(!) and z(®. Here, 0 < p(C) < 1 for all these
probabilities. Similarly we have the decomposition

p(A®) = p(AD N AR 4 p(AD 1 AP,

The probability that there is failure for at least one of 1), 2(?) is denoted
p(AM U A®) and it has the decomposition

p(AD U A®Y) = p(AD N1 AP 4 p(AD A A®) 4 p(AD) 0 AP,

i.e., the probability of simultaneous failure for () and success for z(?,
plus the probability of simultaneous success for z(!)
plus the probability of simultaneous failure for both z(*) and z(?). Com-
paring these identities and using the fact that p(A1) N A®) > 0 we
obtain the inequality

PADUAD) < (A1) + p(AD).

and failure for z(?,

By a simple induction argument we can establish
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Lemma 5.16 (union bound ) p(A) U A®) ...y AM) < Z?Zl p(AD).

Thus the probability that at least one of h events occurs is bounded
above by the sum of the probabilities of occurrence of each of the events
separately.

Proof of Lemma 5.15 We can assume [|z||;; = 1 since this can be
achieved for any nonzero z by multiplying (5.35) by 1/||z||¢;. Now con-
sider a finite set Qp of n-tuples ¢V, ..., ¢, such that Qr is contained
in the unit ball in Xr, ie., ¢ € Xr and [[¢™|[;z < 1. We choose
these vectors such that the unit ball in X7 is covered by the closed balls
Dy, ..., Dy where D; is centered at ¢ and has radius 0/4. Thus, if
r € X7 with [|z|[;z <1 then there is some point qY) € Qp such that

[l — gDy < 6/4.
From Theorem 5.14, N'(By,6/4) < (12/68)*, so we can require #(Q7) <
(12/8)*.

The concentration of measure inequality (5.34) can be written in the
form

(1—=elz

5 < llRalfy < (14 e)le

By 0<e<l, (5.36)

with probability of failure bounded above by 2e~"¢() Now we set
e = /2 and use the union bound for #(Qr) events to obtain

(1= 0/2) o3, < 10allZy < (1+0/2)lJal;, for all g € Qr
with probability of failure bounded above by 2(12/8)*e=<(5/2) We can
take square roots on each side of the inequality and use the facts that

1-6/2<y/1-4§/2and /1+6/2<1+§/2for 0 <d/2 <1 to obtain

(1= 6/2)l|2lley <|P[ley < (1+6/2)[[]ley, for all ¢ € Qr

with the same probability of failure as before.

We have verified (5.35) for z € Q. We extend the result to any z in
the unit sphere of X7 by using the fact that ||z — g[|sz < 0/4 for some
q € Qr. First we prove the right-hand inequality. Let A be the smallest
number such that

[|[Pley < (14 A)ffaley (5.37)
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for all x in the unit sphere of Xp. (Since this sphere is closed and
bounded, A must exist and be finite.) Choosing any such z in the unit
sphere, and approximating it by ¢ as above, we find

19z]leg <[I®qlley +[[P(z = q)llep < (146/2)[lglley + (1 + A)l[z = glley

<146/2+ (1+ A)d/4.
Since A is the smallest number such that (5.37) holds we have 1 + A <
146/24+(1+A)d/40r A< (35/4)/(1—46/4) < 4. (This last inequality

follows from a simple calculus argument and verifies the right-hand side
of (5.35).) The left-hand side of (5.35) follows from

10|y > [|Pglley — [|2(z = @)l = (1-6/2) = (1+0)5/4>1—0.
O

Theorem 5.17 Let ® be an m xn matriz whose matriz elements ®;; are
drawn randomly and independently from a probability distribution that
satisfies the concentration of measure inequality (5.34). Let 0 < 6 < 1.
Then there exist constants c1,co > 0, depending only on §, such that for
all k-sparse signals © with 1 <k <m and k < cym/In(n/k) we have

(L= 0)llzlley < [Pzl < (1= 6)|[z[lep (5.38)
with probability of failure bounded above by e™2,
Proof From Lemma 5.15 we have established (5.38) for all k-sparse sig-

nals € X7, with failure probability bounded by 2(12/8)*e="c0(3/2),
We employ the union bound to establish the result for all k-sparse sig-

( i ) = nl!c)!k! <(F (5:39)

possible index sets T', where the last inequality follows from Stirling’s
formula, see Exercise 5.16. Therefore, (5.38) will fail to hold for all k-
sparse signals with probability bounded by

nals. There are

1 .
2(%)k(§)ke—mco(%) = exp (—mco(g) + k[ln(%) + ln(%)] +1In 2) .
To finish the proof we need to find a constant co such that
) k n In2
< co(=) — —[In(= - —. .
O<02_co(2) m[ln(k)—|—1+1n(12/5)] - (5.40)

If we limit & to values such that k < ¢ym/In(n/k) for some positive con-

stant ¢; then (5.40) will hold if 0 < ¢g < Co(%)—cl(l-F%%m). (Here
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we have used the bound In2 < k.) By choosing the positive constant ¢;
sufficiently small we can guarantee that ¢y > 0. O

Exercise 5.16 Verify the inequality (5.39) via the following elementary
argument.

1. Using upper and lower Darboux sums for fln Inz dz, establish the
inequality

n—1 n n
Zlnjg/ lnxdmﬁZlnj.
j=1 ! j=2

2. Show that

3. Verify that

For more properties of covering numbers see [61, 79]. For relations to
learning theory see [47].

5.4.2 Digging deeper: concentration of measure
inequalities

The normal distribution

We proceed with the derivation of the concentration of measure inequal-
ity (5.34) for sample matrices chosen by means of the normal distribution
N(0,1/y/m). Then ® =t = (t;;) is a matrix random variable on R""
with distribution function

m mn m m n
A(t) = (52)"™ 2 exp (~5 B, T 8) (5.41)

We chose an n-tuple z with |[z|[;z = 1 as signal and determine the
probability distribution function for the random variable ||<I>m|@w =

o " t;sx;)2. First we determine the cumulative probability func-
Ezfl j=1"ijtj Yy
tion for ||®x|[¢p, i.e., P(T) =
m mn m m n
Pr (|| @allep < 7) = (5) /2/ exp (—Ezizlzjzlt;) dt
@] <7
(5.42)

where 7 > 0. This multiple integral appears difficult to evaluate because
of the dependence on the vector . However, there is rotational symmetry
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here so that P(7) is the same for all unit vectors x. To see this, note
that we can use the Gram—Schmidt process to construct an orthonormal
basis {OMW, 02 ... 0™} for £3 such that OY) = x. Then the n x n
matrix O whose jth row is OU) will be orthogonal, i.e.,

oM
0®

0= ) = (0;5), 00" =1
O(.n)

where [ is the n x n identity matrix. Using well-known properties of the
determinant det(A) of the matrix A we have

1 = det(I) = det(O0™) = det(0)det(O") = (det(0))?,

so det(O) = £1. Now we make the orthogonal change of variables,
Tyj =Y taOj, i=1,...,m, j=1,...,n,
k=1

so that, in particular, ||<I>w|\?§n = Y™ T2. Since O is orthogonal this
coordinate transformation preserves the sum of squares

S SE TS =S, 50t (5.43)
Exercise 5.17 Verify the identity (5.43).

Furthermore, the Jacobian of the coordinate transformation has de-
terminant [det(O)]™, so its absolute value is 1. Thus via the standard
rules for change of variables in multiple integrals we have

P(r) = (%)m"/z’/ e (7%21,:12;;@5) dT.
YL TAST
Here the region of integration is —oo < Tj; < oo for j # 1, so we can
carry out m(n — 1) integrations immediately. For the remaining integra-
tions we introduce spherical coordinates T}; = rw; where Y " w? =1,
i.e. r is a radial coordinate and (wy, . ..,wy,) ranges over the unit sphere
in m-space. Then dT = r™~! dr dS), where df) is the area measure on

the sphere, and X7 T2 = r2. Thus

VT ) mt/2
P(r) = c/ e~ 2pm=l g = c’/ e PRM/2=1) 4R
0 0

where ¢’ is a positive constant. The easiest way to compute ¢’ is to note
that P(4+o00) = 1, so ¢ = 1/T'(m/2) by the definition of the Gamma
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function. Now P(7) = [ p(@) da where p(7) is the probability distri-
bution function for |\<I>ac||§g7 SO

(7”/2)”1/2 /2—1_—m7/2
=-——"—7" mrle, 5.44
This is a famous distribution in probability theory, the Chi-square (or
Gamma) distribution [5, 78].

Exercise 5.18 Show that E(||®z|[¢) = [, 7p(7) dT = 1 by evaluating
the integral explicitly.

Now we are ready to verify the concentration of measure inequalities
for the probability distribution p(7) of the random variable X = ||®x| @n
with E(X) = 1. For any € > 0 us first consider

Pr(X — E(X) > ¢) = /E O:XH p(r) dr.

We will use the idea that leads to the famous Chernoff inequality [70].
Let v > 0 and note that

Pr(X — E(X) > €) = Pr(X > E(X) 4 €) = Pr(e®¥ > (F(X)+9)

= Pr(etX—E(X)=9) 5 1),

This is because the exponential function is 1-1 and order preserving.
Thus, applying the Markov inequality (Theorem 4.24) to the random
variable Y = e*(X=F(X)=¢) with d = 1 and E(X) = 1 we have

Pr(X — E(X) > ¢) < B(e"X P9y =

/ eTTI=Dp(7) dr = e7u1F) B(en X)),
0
for u > 0. Using the explicit formula (5.44) for p(7) and assuming 0 <
u < m/2 we find

(m/2)"/2

= G =g

(5.45)
Thus
(m/2)m/26—u(1+e)

Pr(X —1>¢) < CELE
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for all 0 < u < m/2. This gives us a range of inequalities. The strongest
is obtained by minimizing the right-hand side in u. A first year calculus
computation shows that the minimum occurs for v = me/2(1 +¢€). Thus

Pr(X —1>€) < [e (14 €)]™/2 < e™(/4=/6) (5.46)

Exercise 5.19 Verify the right-hand inequality in (5.46) by showing
that the maximum value of the function f(e) = (1 + €) exp(—e + €2/2 —
€3/3) on the interval 0 < € is 1.

For the other inequality we reason in a similar manner.
Pr(X — B(X) < —¢) = Pr(eEX)=X=9) 5 1) < cull=9) g(e—uX),
for u > 0, so from (5.45),

(m/2)"/2

Pr(X — B(X) < —¢) < ev1—9 V2
( () <= < et o

For 0 < € < 1 the minimum of the right-hand side occurs at u =
me/2(1 — €) and equals [(1 — €)e€]™/2, smaller than the right-hand side
of (5.46). Indeed

Pr(X — 1< —¢) < [(1—€)ef]™/?2 < emm(e/4=<"/6) (5.47)

We conclude from (5.46), (5.47) and the union bound that the concen-
tration of measure inequality (5.34) holds with ¢y = €2/4 — €3 /6.

Exercise 5.20 Verify the right-hand inequality in (5.47) by showing
that g(e) = (1 — e)e€+52/2_63/3 <lforO0<e<l.

The Bernoulli distribution

For the coin flip (Bernoulli) distribution we choose the sample matrix
via ®;; = tij/\/ﬁ where the mn random variables ¢;; take the values £1
independently and with equal probability 1/2. The expectation is now
given by the sum (5.32) and has properties (5.33). If  is an n-tuple with
||z|[¢z = 1 then

||

= D1Qi(@), Qi) = Tjoy 7,y (5.48)

Note that each of the random variables Q;(z) has mean 0, i.e., E(Q;(x)) =
0 and variance E((Q?(z)) = 1/m. One consequence of this and (5.48) is
E(||®z||?) = E(1) = 1. Since for any € > 0 we have

Pr(|| @l — E(||@a]?) > ¢) = Pr(E, Q) — 1 > ¢)
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the concentration of measure inequalities for the Bernoulli distribution
reduce to properties of sums of independent, identically distributed, ran-
dom variables.

Just as with the normal distribution, we make use of the Markov
inequality and introduce a parameter v > 0 that we can adjust to get
an optimal inequality. Now Pr(X7,Q%(z) — 1> ¢€) =

Pr(euEQf(:v) > eu(1+e)) _ PI‘(H;’;leuQ?(I) > eu(1+e))

= Pr(e*“(HE)H?lle“Qi(w) >1)< e*“(l“)HﬁlE(e“Q?(w)),

where the last step is the Markov inequality. Finally we have

Pr(S,Q3(x) — 1 > €) < e "I [B(en @), (5.49)
since the Q;(x) are identically distributed. Similarly we have
Pr(S7,Q%(z) — 1 < —¢) < (- [E(euQi@))]m (5.50)
Returning to inequality (5.49) note that
w02 (a e Ule(I)% > uk
B9t = p(3 T S ST BQi@®), ()
k=0 k=0

where the interchange in order of summation and integration can be
justified by the monotone convergence theorem of Lebesgue integration
theory [92]. Thus, to bound (5.49) it is sufficient to bound E(Q(x)?*)
for all k. However, in distinction to the case of the normal distribution,
the bounds for E(¢"@(®)) and E(Q;(x)2*) depend on z. Thus to obtain
a concentration of measure inequality valid uniformly for all signals we
need to find the “worst case,” i.e., to determine the vector £ = w on the
unit n-sphere such that F (e“Qf(w)) is maximal. We will show that this
worst case is achieved for w = (1,1,...,1)/v/n, [1].

We focus our attention on two components of the unit vector x. By
relabeling we can assume they are the first two components r1 = a, x5 =
b, so that Ql(l‘) = (at11 + btio + U)/m where U = E;-lzga:jtlj. Let
& =(c,c,x3,...,2,) where ¢ = \/(a? + b?)/2. Note that ||

Z is also a unit vector.

= 1, i.e.,
Lemma 5.18 For k = 1,2,... we have E(Qi(z)**) < E(Qi(2)%*).
Thus E(e@(@)) < B(eu@i (@),

Proof We fix U and average Q1 ()% — Q1 (z)?* over the four possibilities
t11 = +1,t15 = £1. This average is Si/4m* where

S = (U +2c)%F 42U + (U - 20)* — (U +a+b)* — (U +a - b)*
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—(U —a+b)* — (U —a—0b)*.

We will show that S, > 0. To see this we use the binomial theorem to
expand each term of Sj, except 2U%* and regroup to obtain

Sy, =2U% + 22k, ( Qf ) U?k=ip,,

D; = (2¢)" + (—2¢)" — (a+b)" — (a — b)" — (—a +b)" — (—a — b)".

If i is odd it is clear that D; = 0. If i = 25 is even then since 2¢? = a? +b?
and 2(a? +b?) = (a + b)? + (a — b)? we have

Dyj = 2(2a% +20*) —2(a +b)¥ —2(a —b)¥ =2[(X +Y)? — XI — Y],

where X = (a+b)%,Y = (a—b)2. It is an immediate consequence of the
binomial theorem that (X +Y)/ > X7+ Y7 for X, Y > 0. Thus Dy; >0
and
Sk =2U% + ¥ < 2k >U2<’H'>D >0
k =0 2]. 25 = V.

To compute the expectations E(Q;(x)**), B(Q1(£)%*) we can first av-
erage over ti1,t12 as above and then average over U. This process will
preserve the inequality Sy > 0 so we have E(Q:(z)%*) < E(Q(2)%*). O

If z is any unit vector with two components that are not equal, say
r1 = a,T2 = b with a # b then we can use Lemma 5.18 to obtain a new
unit vector # = (c,c, 3, ..., o,) such that E(e"Qi@) < E(eu@i(@),
Proceeding in this way it will take at most n — 1 steps to construct
the unit vector w = (C,...,C) where C = 1/\/n and E(e*@Qi(®) <
E(e*@i(®)) If all components of z are equal then z = fw and Q2 (+w) =
Q?(w). Thus the “worst case” is achieved for z = w.

For the worst case we have Q1(w) = Q = (11 + -+ + 7,)//n where
the 7; are independent random variables each taking the values £1/y/m
with probability 1/2. Substituting this expression for @1 in (5.51) and
using the multinomial expansion we can obtain an expression of the form

E(e"Y) = gy Ky o o a1 0 B k)

where the k; range over the nonnegative integers and Ky, ... x, > 0.
Moreover E(rf*---7Fr) = 0 if any of the k; are odd. Thus the only
nonzero terms are of the form

E(Tl%1 .- -73‘") =11, ’nE(ngj

5 ) = W E(T%5)

where the ¢; range over the nonnegative integers and 7 is a single random
variable taking the values +1/y/m, each with probability 1/2. This is
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because the 7; are independently distributed. (Note that 7 has mean 0
and standard deviation 1/4/m.) We conclude that the value of E(e“Q2)
is uniquely determined by a power series in the values E(72%) for k =
1,2,..., such that all terms are nonnegative:

E(equ) =20, Ko, . 20, u T B (720 L B(72). (5.52)

We will not attempt to evaluate this sum! What we need is an up-
per bound and we can get it by comparing this computation with cor-
responding computations for the normal distribution. There we had
X = ||0z]|fp = D2,QF(x) with Qi(x) = XJ_ z;t;;, where the t;;
are independently distributed normal random variables with distribu-
tion N(0,1/4/m). In that case we found, using spherical symmetry, that
E(e"Qi(®)) was independent of the unit vector . Thus we could choose
x = w without changing the result, and we could write Q; = Q =
(t1 + -+ + t,)/v/n where the ¢; are independently distributed normal
random variables each with distribution N(0,1/+/m). Then the expan-
sion for E(e“Q2) would take exactly the form (5.52), with the same
coefficients Koy, ... 2, and with F(72¢/m*) replaced by E(t2). A straight-
forward computation for the normal distribution yields

e (2R 1
E({™) = B(2m)F 2 g (5.53)
whereas, since 72 = 1 we have E(72¥/m*) = 1/mF. Thus E(7%% /mF) <
E(t?%), so [E(e"Qi@)]™ from (5.49) is bounded by the corresponding
expression (5.45) for the normal distribution

(m/2)m/2
(m/2 —u)m/2’

A similar argument gives E(Q?*(x)) < (2k)!/Kk!(2m)*.
Using the techniques for the Chernoff inequality we achieve the same

[B(e" @)™ < (5.54)

estimate as (5.46) for the normal distribution,
Pr(||@z]2p — 1> €) < [e™(1+ )™/ < e™(/1=/0 (5,55

Rather than follow the exact same method for Pr(||<I>x\|§72n -1 < —¢),
(5.50), we recast this inequality in the form

Pr(||@z]2p — 1 < —¢) < eI [B(e @)™ (5.56)
< 0-9[B(1 ~ uQi(w) + 2 Qi @) /)]

u2
= e“(l_e)[l - uE(Q%(fﬁ)) + EE(Q%(:U))]M,
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taking advantage of the fact that we are dealing with a convergent alter-
nating series. Now always E(Q?(x)) = 1/m and E(Q?*(x)) < (2k)!/
k!(2m)*, so a bound for the right-hand side of (5.56) is
2 u(l—e u 3U m

Pr(|[@z||7, —1 < —€) < €071 —— 4o Sl 0<u<m/2 (557)
Just as in the derivation of (5.46) we make the substitution u = me/2(1+
€), not optimal in this case but good enough. The result, after some
manipulation, is

Pr(|[@z]2p — 1 < —¢) < e m(E/A/0), (5.58)

It follows directly from (5.55), (5.58) and the union bound that the
concentration of measure inequality (5.34) holds with ¢y = €2/4 — €3 /6,
the same as for the normal distribution case.

The uniform distribution
A modification of the method applied to the Bernoulli distribution will
also work for the uniform distribution p;(¢) on R:

pl(t)—{ \ Boi o<y (5.59)

otherwise.

Here, the sample matrices are defined by ®;; = t;; where t = (¢;;) is a
matrix random variable on R™" with density function

m mn/2 :
A(t) = { (1) sty < forall (5.60)

0, otherwise.

A function f(t) has expectation

F6) = En(f®) = [ 7010 de.
Here Q;(z) = ¥7_;x;t;; and we take x to be a unit vector. Much of the
derivation is word for word the same as in the Bernoulli case. Just as
in that case the bounds for E(e*Q7(®) and E(Q:(x)%*) depend on z.
To obtain a concentration of measure inequality valid uniformly for all
signals we need to find a “worst case” vector = w on the unit n-sphere
such that E(e*Q7(®) is maximal.

We focus our attention on two components of the unit vector x. By
relabeling we can assume they are the first two components r1 = a, z3 =
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b, so that Q1(z) = (at11 + bt1a + U) where U = Y7 _gxitiy. Let & =
(c,c,w3,...,1,) where ¢ = \/(a? + b?)/2. Note that ||Z|[;p = 1, ie., & is
also a unit vector.

Lemma 5.19 Suppose ab < 0. Then fork = 1,2, ... we have E(Q1(x)*) <
E(Q1(2)%), and E(e*Q7®) < E(euQ1@) if u > 0.

Proof We fix U and average Q1(2))**—Q1 (z)?* over the range —/3/m <
t11,t12 < 4/3/m, ie., we integrate over this square with respect to the
measure 12dt;1dt1o/m. This average is 4S5, K2%/(2k + 1)(2k + 2) where

K =+/3/m, V=U/K and

1
S = [V +20)242 — V22 4 (V — 20)2+7]

1
—@[(V+a+b)2k+2—(V+a—b)2k+2—(V—a+b)2k+2+(V—a—b)2k+2}.

We will show that S, > 0. To see this we use the binomial theorem to
expand each term of Sj, except 2V ¥ and regroup to obtain

) 2k + 2 .
Sk = £k < j ) V2D,

D; = c%[(QC)i +(=2¢)"] - ﬁ[(wb)i —(a=b)" = (=a+b)"+(-a—0)"].

If i is odd it is clear that D; = 0. If i = 25 is even then since 2¢? = a® +b?
and 2(a? + b?) = (a + b)? + (a — b)? we have

Dy = 4(2a2+2b2)j—1—%[2(a+b)2j—2(a—b)2j] =2[(X+Y) - X7-Y7],

where X = (a+b)%,Y = (a—b)% If ab < 0 then — % > 0 and (a+b)? >
(a —b)?%, so Dy; > 0 and

2%k + 2 :
Sk=3F_, ( ’2}’ ) V2EH=) Dy > 0.

To compute the expectations E(Q;(x)*), B(Q1(£)%*) we can first av-
erage over ti1,t12 as above and then average over U. This process will
preserve the inequality Sy > 0 so we have E(Q:(z)%*) < E(Q(2)%*). O

Since ||®z||? = ||®(—x)||? we can always assume that the unit vector
x has at least one component x, > 0. The lemma shows that the “worst
case” must occur for all ; > 0. Now, assume the first two components
are 1 = a > 0,29 = b > 0, so Q1(z) = (at1y + bt1o + U) where
U = X% _sz;t1;. Then we can write a = rcosf, b= rsinf where r > 0
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and 0 < 6 < m/2. We investigate the dependence of E(Q%*(x4)) on 6 for
fixed r. Here xy is a unit vector for all 6.

Lemma 5.20 Let f1.(0) = E(Q?*(x4)). Then

>0 forO<f<m/4
f1(0) & =0 for0=m/4
<0 form/4<6<m/2

It follows from this result and the mean value theorem of calculus that
the “worst case” is again w = (1,1,...,1)/y/n.

Proof We fix U and average Q1 (wg)?* over the range —/3/m < t11,t12 <
\/3/m, with respect to the measure 12dti1dtia/m. This
average is 4S5, (1K )% /(2k + 1)(2k + 2)2 where K = /3/m, V = U/rK
and

1

Sk = m[(v + cos @ + sin 9)2k+2 _ (V 4 cosf — sin 9)2k+2

—(V = cos @ +sin 0)%*2 + (V — cos § — sin §)2++2].

We use the binomial theorem to expand each term of Sy and regroup to
obtain

1= 'L (2]

]. . 7 . 7
D; = m[(cos 0+ sinf)* — (cosf — sin 9)

— (—cosf +sinh) + (—cos —sinh)].

If ¢ is odd it is clear that D; = 0. If i = 25 is even we have Dy = 0 and

D2j(9) = m[(cose + sin 9)2j - (COS9 — Sin9)2j], j > 1,
where
2k +2 .
Sk="3F_, < % )V2<k+1 9 Daj (). (5.61)

We investigate the dependence of Dy; on 6 by differentiating:
d . . . 2jcosfsinf
— Dy (0) = (cos? § — sin” 0) [(COSG + sin 0)% ((cos@—f—smO)Q - )

de
. . 2jcosfsinf
— 2j ST =
+ (cos @ — sin 0) ((cos@ —n0)? + 1)]

(cos? @ — sin? 0)2@;3 {43‘ <232; 2) _9 <2€2j_ . ﬂ cos2tH1 ggin2i—20-1 g,
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Now

25 —2 27 B . -
4]( Y, ) 2(2€+1>>07 £=0,1,....5—-1,j=1,2,...,
(5.62)

SO

d >0 for0<6@<m/4
@DQJ(G) =0 forf = 7T/4
<0 form/d<0<m/2

Now we average 4S5, (rK)?* /(2k+1)(2k+2)? over U to get E(Q1(z9)%)
From (5.61) we obtain the same result for f},(#) as we got uniformly for
each term Dj;(0)). a

Exercise 5.21 Using Lemmas 5.19, 5.20 and the mean value theorem,
show that for the uniform probability distribution p; the “worst case”

isw=(1,...,1)//n.

Now that we know that w = (1,...,1)//n is the “worst case” we can
parallel the treatment for the Bernoulli distribution virtually word for
word to obtain the concentration of measure inequality for the constant
probability distribution p;. To show that the “worst case” is dominated
by the normal distribution we have to verify

2%)! m [V 3k
Exo, 4 ()= k!((zn)L)k > B, () = \/;/_\/TtQk U= G
" (5.63)
for all k =1,2,..., and this is straightforward.
Thus the concentration of measure inequality (5.34) again holds with
co = €2/4 — €3/6, the same as for the normal distribution and Bernoulli
cases.

5.5 Discussion and practical implementation

Theorem 5.17 provides important justification for the method of com-
pressive sampling and qualitative information about the relationship
between &,n,m and k for successful sampling. To understand this re-
lationship let us choose §,n,k with 0 < § < 1 and n >> k. We see from
the proof of Theorem 5.17 that we cannot guarantee that the method
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will work at all unless expression (5.40) is nonnegative. Then, grad-
ually increasing m, there will be a threshold m ~ Ckln(n/k) where
C~ 1 =1¢(6/2)/[1+ (2 +1n(12/8))/ In(n/k)] such that the probability of
failure is finite for all larger m. The probability of failure drops expo-
nentially in m as m increases past the threshold. If the threshold value
of m is < n then the method will work. Otherwise we have no guarantee
of success. In summary, our analysis says that there is a constant C' such
that the probability of failure is finite for

m > Ck ln(%). (5.64)
Here, C' depends ounly on the ratio n/k, so is unchanged under a scal-
ing (k,n) — (pk,pn) for p a positive integer. However the probabil-
ity of failure decreases under scaling: exp(—mca) — exp(—pmeca) =
[exp(—mc2)]P.

Our analysis, leading to (5.64), says that we can achieve logarithmic
compression for signals with very large n (for fixed k) and this predic-
tion holds up well in practice. However, Theorem 5.17 is not practical
in determining the smallest values of C' that will work and the resulting
probability of failure. The estimates are overly conservative. Compres-
sive sensing works well over a much wider range of values of k, n, m than
is guaranteed by the theorem. For example, let us choose § ~ 0.4142 in
accordance with the deterministic theory and co(€) = €2/4 — €2/6 as we
have computed for each of our methods of sample matrix generation. If
n = 100000,k = 6,m = 11000 then the estimate (5.64) guarantees that
the method will work with a probability of failure less than 8 x 1078, If m
is decreased to 10000, the method still works but the probability of fail-
ure is only guaranteed to be less than 8 x 10~%. If m is further decreased
to 9000, then (5.64) becomes negative, and there is no guarantee that
the method will work. Furthermore, we have set § = da, = 1/(1 + v/2),
and in accordance with the deterministic theory, this only guarantees
success for k£ = 3 in this case. Thus, according to our theory we can only
guarantee success in identifying an arbitrary 3-sparse signal of length
100000 if we take about 11 000 samples, a nontrivial but not impressive
result! In fact, the method performs impressively, as a little experimen-
tation shows. In practice, the constant C' is less than 3. Moreover, with
a little more work we could sharpen our bounds and get more precise
estimates for C'. The important thing, however, was to establish that
the method works, and ways of analyzing its viability, not to compute
optimal values of C.
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What follows is a MATLAB computer experiment that generates
sparse signals and sample matrices randomly, samples the signals, re-
constructs the signals from the samples, via £; minimization and linear
programming, graphs the results and checks for errors. The optimization
package used is CVX, designed by Michael Grant and Stephen Boyd,
with input from Yinyu Ye, which is available, free for downloading via
the Internet. Compression ratios of about 10 to 1 are achievable. The
first example shows perfect reconstruction for a 10-sparse signal in a 1024
length real signal vector with 110 samples. However, the parameters can
easily be varied. Another issue to keep in mind is that actual signals are
seldom random. They have some structure and compressive sampling
may work much better for these cases. For example, if the sparse data is
clumped, rather than being randomly scattered, phenomenal compres-
sion ratios of 100 to 1 can sometimes be achieved.

% Step 1: Define relative parameters

n=1024 % n is total length of signal vector
k=10 % k is number of sparse signals

m=110 % m*n is size of sample matrix

good=0; % Used to check reconstructed signal
successful=0; % Used to show if method is successful
t=(0:1:(n-1)); % This parameter is for graphing

% Step 2: Create sparse signal

support=randsample(n,k); JDetermines positions of non-zero
%signals by selecting k distinct integers from 1 to n

x0=zeros(n,1); % Creates n*1 vector of zeros

x0(support)=randn(k,1); %Fills in selected positions with

Jnumber from normal distribution
% Step 3: Create sample matrix using uniform distribution
A=unifrnd(-1,1,m,n)/sqrt(2+m/3); %Creates m*n matrix A

% Step4: Compress & reconstruct signal
b=A*x0; % Multiplies signal by sample matrix
% b is compressed signal of length m

cvx_begin % "cvx" is program used for reconstruction
variable x(n) % This solves for x by minimizing L1 norm
minimize(norm(x,1)) % ’A’&’b’ and x is reconstructed signal
subject to
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Axx==Db;
cvx_end

% Step 5: Check difference between original/recovered signals
z=x-%x0; % Calculates difference. when
for i=1:n %difference is < 107(-8), then it’s good
if (abs(z(i,1))<(107-8))
good=good+1;

else
end
end
if good==n % If all points on reconstructed signal
successful=successful+l Yare good then "successful=1"
else % Otherwise, " successful=0 "
successful=successful
end

% Last Step: Graph signals and compare them
plot(t,x0,’r:p’) % Original signal represented in red

hold on

plot(t,x,’b’) % Reconstructed signal represented in blue
hold off

The second example illustrates modifications needed in the MATLAB
program for #; minimization of a complex signal, where again we have
used a real sample matrix. CVX switches automatically to CSOCP to
perform the minimization.

n=1024;

k=10;

m=110;

good=0;

0K=0;

successful=0;

success=0;

t=(0:1: (n-1));
support=randsample(n,k) ;

x0=zeros(n,1);
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x0 (support)=randn(k,1);
yO=zeros(n,1);

yO (support)=randn(k,1);
z0=complex (x0,y0) ;

A=randn(m,n)/sqrt(m);

b=A*z0;
br=real(b);

cvx_begin

variable x(n) complex;
minimize (norm(x,1))
subject to

A*xx==Db;

cvx_end

z=x-z0;
for i=1:n
if (abs(z(i,1))<(10°-8))
good=good+1;
else
end
end
if good==n
successful=successful+1l
else
successful=successful
end

subplot(1,2,1)
plot(t,x0,’r:p’),axis([0,1024,-2.5,2.5])
hold on

plot(t,real(x),’b’)

205

title (’Real part of signal (red pentagram) vs real part of

reconst. (blue line)’)
hold off
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subplot(1,2,2)

plot(t,y0,’m:p’),axis([0,1024,-2.5,2.5])

hold on

plot(t,imag(x),’g’)

title (’Imag. part of signal (magenta) vs. imag. part of
reconst. (green)’)

hold off

Exercise 5.22 Demonstrate the roughly logarithmic dependence of re-
quired sample size on n for fixed k by verifying that if n = 109,k =
6, m = 22000 then the estimate (5.64) guarantees that the method will
work with a probability of failure less than 6 x 10~22. Thus squaring n
requires only that m be doubled for success.

5.6 Additional exercises

Exercise 5.23 Work out explicitly the action of the Vandermonde
coder/decoder Example 5.2 for (a) £k =1, and (b) k = 2.

Exercise 5.24 (a) Show that the minimization problems (5.7) and (5.8)
are equivalent. (b) Show that the minimization problems (5.9) and
(5.10) are equivalent.

Exercise 5.25 Show that the ¢,, minimization problems analogous to
(5.7) and (5.9) can be expressed as problems in linear programming.

Exercise 5.26 Let ® be a sample matrix with identical columns ® =
(¢,c,...,c) where ||c|]|2 = 1. Show that 6; = 0, so this matrix does not
satisfy RIP.

Exercise 5.27 Use the eigenvalue property (5.18) to show that for any
sample matrix ® it is not possible for §, = 0 if k£ > 2.

Exercise 5.28 Use the m x n sample matrix & with constant elements
®;; = 1/y/m and k-sparse signals « such that z; = 1 for x € T to show
that this sample matrix is not RIP for & > 2.

Exercise 5.29 Derive (5.53).
Exercise 5.30 Verify the right-hand inequality in (5.58).
Exercise 5.31 Verify the inequality (5.62).

Exercise 5.32 Verify the inequality (5.63).
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To probe deeper into the theory and application of compressive sensing
see [14, 26, 27, 28, 29, 30, 38, 62, 82, 83]. For an application of compres-
sive sensing to radar see [67, 68]. For more advanced topics in compres-
sive sensing, sparsity, wavelets, curvelets, edgelets, ridgelets, shearlets,
sparse approximation, approximation using sparsity, sparse representa-
tions via dictionaries, robust principal component analysis, recovery of
functions in high dimensions, learning, linear approximation and nonlin-
ear approximation, the curse of dimensionality, see [6, 7, 9, 12, 14, 18,
20, 21, 22, 23, 24, 25, 28, 29, 30, 35, 36, 37, 38, 39, 40, 41, 42, 43, 47, 52,
54, 58, 59, 60, 61] and the references cited therein.
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Discrete transforms

In this chapter, we study discrete linear transforms such as Z transforms,
the Discrete Fourier transform and the Discrete Cosine transform.

6.1 Z transforms

Thus far, we have studied transforms of functions. Now we transform
sequences. Let {xx}, or just z := {ax} = {zo,...} denote a sequence
of complex numbers.

Definition 6.1 The Z transform of z is the function
X[z] := kaz_k,
0

where z is a complex variable.

If 2 has a finite number of components, X|[z] is a polynomial in 271,

otherwise we have a formal power series.
Example 6.2 Let a € C and z = {ak}go. Find X|z].

Solution:
oo

X[Z]ZZak/zk:Z(a/z)k: z

)
zZ—aQ
0

where for pointwise convergence we require |a/z| < 1. The next theorem
deals with properties of Z transforms considered as formal power series.

Theorem 6.3 (i) Linearity: For a,b € R and w =z + vy,
Wlz] = aX|[z] + bY[z].
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(ii) Uniqueness:

(iii) Derivative property:
(d/dz)X[z] = ;X[z], T ={—kxy}.

Proof (i) and (iii) are formally self evident. (ii) follows formally from

uniqueness of power series.

Exercise 6.1 Use the theorems above to show the following:

(i) If x = {ka*} then X[z] = E=ER
a -3

(ii) If z = {ka*~*} then X[z] E=E

Shift properties of Z transforms are important and are contained in
the next theorem.

Theorem 6.4 (i) Delayed shift property: Fiz | > 0. Suppose we
replace x by

2D =40,0,...,0, 20, 21, 5.},

adding | zeros on the left. If we then set x; :== 0, j < 0, we can write

this as
20 = {x_l,x_g_ﬂ, ... XT_1,T0,T1, } = {J:k_l}go .
Then,
_ 1
Xfwdzgxm

(ii) Forward shift property: Fiz | > 0. Suppose we replace x by
z® = {1, 2141...}. Thus we shift forward the sequence and drop the
first | terms. Then we have

X(l)[ ] = ZxJzJ

Exercise 6.2 Verify Theorem 6.4.

Exercise 6.3 Let z;, = a*, k > 0,a € R. Recalling that

O
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show that
x(=2) [2] = 1
z2(z —a)
and that
3 3
X(B)[Z] — i (a’/z) )
1—a/z

The following theorem gives Multiplication properties of the
7Z transform.

Theorem 6.5 (i) Multiplication by a*. Fiza € C, and lety = {akxk}go,

ie., yp = a*xy. Then

(ii) Multiplication by k™. Fizn > 1 and replace x by y where yy, = k"™ xy.
Then

Y[z] = (—2d/d2)" X z].
Proof

(i)

> akx > T z
VEI= 2 = 2 M)
k=0 k=0

(ii) By induction, we have
(—zd/dz)"(z7F) = k"27F, n>1.

Thus, formally,
(—2d/dz)"X[2] = > apk"z7F = Y[2].
k=0

O
In analogy to continuous convolution *, we may now introduce con-
volution of sequences:

Definition 6.6 Let 2 = {z1}, and y = {yx}, be sequences. We define
the convolution or Cauchy product of x and y by
k oo
rxy=w={zL*y}y = ijykfj )
=0 o

ie. wp = Z?:o ZYk—j, & finite sum for each k£ > 0.



6.2 Inverse Z transforms 211

This definition is motivated by the theorem below which should be
interpreted as the formal manipulation of power series.

Theorem 6.7 We have Wz] = X[2]Y [z], or the Z transform of a con-
volution of x and y is the product of the Z transforms of x and y.

Proof

X[2]Y[z] = Z:rjzfj (Zykzk) = Z xRz Uk
3=0 k=0

j,k=0

M

0 l
—1 _ § -1 §
z E TjTE = z TiYi—j
0 §,k>0, j+k=l 1=0 i=0
k
—k -
z E zjyk—; = Wlz].

0 3=0

M

b
Il

0O

Note that if , y have only a finite number of nonzero components then

the Z transforms in the theorem are polynomials in 2! and converge
pointwise for all z # 0.

Example 6.8 Use the above theorem to show that

k .
3 (=1)’
2y M

Solution Let x; = (—1)7/j! and y; = 1/j!. Thus X[2] = 3272 (;BJ =
exp(—1/z). Similarly, Y[z] = exp(1/z). Thus by the theorem, X [z]Y[z] =
Wz] = 1. However, 1 is the Z transform of the vector u = (1,0,...).
By uniqueness of Z transforms, w = u so Z?:o Tiyk—; = 0,k > 1 or

k —1)7
Ea‘:t)ﬁ:o’kzl'

6.2 Inverse Z transforms
As in the previous section, we work with formal power series.

Definition 6.9 Given the formal power series, X (2) = > po a2 *
where x = {x}, we define, formally, the inverse Z transform of X (z),
XEU by XEU(X[2]) = 2.
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Lemma 6.10 Let a,b € C and X[z], Y[z] be formal power series. Then
for W[z] = aX|[z] + bY 2] we have

WENW[z)) = oXU(X) + 0¥ (YY) = az + by.

Example 6.11 Find (1) X[= for X[2] = z/(z — a) and (2) Y~ for
V(2] = z/(z — a)(z — b) with a # b. (1) is easily seen to be z = {a*}*
from uniqueness of the Z transform and the fact that Z [{ak}go] =
z/(z — a). To deal with (2) we use partial fractions and (i) to deduce

that
1 z z
yleu (%2 ) _yl-u _
((z—a)(z—b) b—al\(z—a) (z-0)
e — ak e

B { b—a }0 .
Example 6.12 Find (i) X[~ (ﬁ) (ii) yI-U (m) (i)
z=1 (ﬁ) and (iv) Wi ((zfia)z) a,a € R.

Solution (i) We write

< () - ()
(z—za z +ia) 0
_ {ak 1bm(kﬂ'>} { 0, k even

2 )f, (—1)E=D/2 k odd.

To see (ii), we write,

Y[il] 1 _ Y[il] _ V4 V4 B z )
234422+ 5242 z+1(z+1)2 z+2

Now,

1) (555) =

and

(d/dz) ];)a z~ z—a)2

Thus, the inverse Z transform of z/(z — a)? is {kakil};ozo. It then fol-
lows easily that (ii) is

yl-1l : 1k + 1) :
(z3+422+5z+2 { + }0




6.3 Difference equations 213

Next, we write using (ii) and dividing by z,

1 (- 1)ai?
(z —a)? Z 2 '
Thus
| N B PR A I
27 () = 000,

except that for j = 0, we must set (5 — 1)a’=2 = 0. To see (iv), we
multiply by z and observe that
22 S+
o= e

G-a? &

and so W1 <(Zfi)z) ={(+ 1)aj};i0'

6.3 Difference equations

In this section we we show how to use Z transforms to solve difference
equations which often arise in step signal analysis.

Example 6.13 Solve the difference equations:

(i)

Yet1 —cyr =0, k > 0.
(i)
Yk+2 +Yk+1 — 2y =1, k>0
subject to yo = 0 and y; = 1.
(iii)
Yk+2 + 2y =1

subject to yo = 1 and y; = 1. Here, c is real and nonzero.

Solution First we look at (i): Set y = {yx}32,. Taking Z transforms
and using the forward shifts, we have

z(Y[z] —yo) —cY[2] =0

SO
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Thus,

y =y (yo(

)> =y {c"}, -

So yr = yoc®, k > 0. To see (ii), we take Z transforms and use shift
properties to deduce that

zZ—C

z
22 (Y]~ o — 2) + 2(Y[s] — o) = 2Y [ = .
Thus, we have
Y[z] z 2 1 2

s G122 9-1) 3G-1° 9:+2
from which we can now deduce that
yr = 2/9+1/3k —2/9(=2)%, k > 0.

Finally for (iii), taking Z transforms and using shifts, we have

z
z—1

Y[2](22+2) - 22— 2=

Y[z] 22
2 (2+V2i)(z — V2i)(z— 1)

_2+\/§i< 1 )+2—\/§i(zz >+ 2

6 z+V/2i 6 V2i)  3(z—1)
from which we deduce that
13 [~k 1] k even
YR 173 [28/2(—1)BHD/241 1] | kodd.

6.4 Discrete Fourier transform and relations to
Fourier series

Suppose that f is a square integrable function on the interval [0, 2],
periodic with period 27, and that the Fourier series expansion converges
pointwise to f everywhere:

&) =>"fm)em, 0<t<om (6.1)



6.4 Discrete Fourier transform and Fourier series 215

What is the effect of sampling the signal at a finite number of equally
spaced points? For an integer N > 1 we sample the signal at points
2rm/N, m=0,1,...,N — 1

2 o .
f <711;;n> = Zf(n)em"m/N, 0<m<N.

From the Euclidean algorithm we have n = a + bN where 0 < a < N
and a, b are integers. Thus

TEOEY

a=0

ermima/N 0 <m < N.  (6.2)

Zf(a—l—bN)
b

Note that the quantity in brackets is the projection of f at integer points
to a periodic function of period N. Furthermore, the expansion (6.2) is
essentially the finite Fourier expansion, as we shall see. However, simply

sampling the signal at the points 2mm /N tells us only >, f(a+bN), not
(in general) f(a). This is known as aliasing error. If f is sufficiently
smooth and N sufficiently large that all of the Fourier coefficients f (n)
for n > N can be neglected, then this gives a good approximation of the
Fourier series.

To further motivate the discrete Fourier transform (DFT) it is helpful
to consider the periodic function f(t) above as a function on the unit
circle: f(t) = g(e'). Thus t corresponds to the point (x,y) = (cost,sint)
on the unit circle, and the points with coordinates ¢ and t + 27n are
identified, for any integer n. In the complex plane the points on the unit
circle would just be €. Given an integer N > 0, let us sample f at N
points e%", n=20,1,...,N — 1, evenly spaced around the unit circle.
We denote the value of f at the nth point by f[n], and the full set of
values by the column vector

f=(f10], f1; - - fIN = 1)). (6.3)

We can extend the definition of f[n] for all integers n by the periodicity
requirement f[n] = f[n + kN] for all integers k, i.e., f[n] = f[m] if
n =m mod N. (This is precisely what we should do if we consider these
values to be samples of a function on the unit circle.)

We will consider the vectors (6.3) as belonging to an N-dimensional
inner product space Py and expand f in terms of a specially chosen
ON basis. To get basis functions for Py we sample the Fourier basis
ikt

functions e(®)(t) = ¢?** around the unit circle:

e(k) [n] _ e%nk — ok
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or as a column vector

e® = (e®0],e®[1],...e®[N = 1]) = (1,w ™", w2k, . w =Dk,

27mi

where w is the primitive Nth root of unity w =e~"~ .

Lemma 6.14
iy k 0 Z;k—l,Q,,N—l,mOdN
E n

N

Proof Since w” =1 and w # 1 we have

-V =0=(1-w)(l+w+w + -+
Thus

N-1
Zw":1+w+w2+~~+wN71:O.
n=0

Since w is also an Nth root of unlty and wF #£1for k=1,...,N —1,

the same argument shows that Z 0 Lwhkn = 0. However, if k=0 the sum

is N. O
We define an inner product on Py by

v = X Sl dlal o] € Py

Lemma 6.15 The functions e®), k=0,1,..., N —1 form an ON basis
for Py.

Proof (1), ey

P 1 if j = k mod N.

N-1 N—-1
1 _— 1 » 0 if j # kmod N
72:() Fp] = = (k=j)n _ J
Nnioe][n]e [n]—N E w'¥ —{
O
Thus (e, e®))y = §;; where the result is understood mod N. Now

we can expand f ~ {f[n]} in terms of this ON basis:

1 N-1
=~ Z Flkle®),
k=0

or in terms of components,

N—

1 = 1
_ 27Tikn/N _ = Flk 7nk. )
¥ k}; N2 [k (6.5)

—
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The Fourier coefficients F[k] of f are computed in the standard way:
FIk]/N = (f,e®)y or

N-1 N-1
FlK] = fl)e®[-n] =) flnJu"". (6.6)
n=0 n=0

The Parseval (Plancherel) equality reads
N-1 N—1
Y flnjgln) = FIKIG[K]
n=0 k=0

for f,g € Pn.
The column vector
F= (F[O]aF[l]’F[z]vvF[N_l])

is the discrete Fourier transform (DFT) of f={f[n]}. It is illuminating to
express the discrete Fourier transform and its inverse in matrix notation.
The DFT is given by the matrix equation F =Fx f or

F[0] 1 1 1 e 1 f10]
F[1] 1w w? wiV-1 ]
F[2] 2|1 w? wt oo WD fl2]
F[N.— 1] 1 wJ\}—l w2(N—1) w(N—l.)(N—l) f[N— 1]
(6.7)

Here Fp is an N x N matrix. The inverse relation is the matrix equation
f=F X,lF or

f12] _1l @2 ot S2(N-1) P[]
. N . ) ) . ,
f[N.— 1] 1 @J\}—l @2(1;7—1) cD(N—ll)(z\/—n F[N— 1]
(6.8)
where w = e 2m/N G = w1 = ¢2mi/N

NOTE: At this point we can drop any connection with the sampling
of values of a function on the unit circle. The DFT provides us with a
method of analyzing any N-tuple of values f in terms of Fourier com-
ponents. However, the association with functions on the unit circle is a
good guide to our intuition concerning when the DFT is an appropriate
tool.
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Examples 6.16

1.
1 ifn=0
0 otherwise.

flnl = ot = {

Here, F[k] = 1.
2. fln] =1 for all n. Then F[k] = NJ[k].
3. fln]=r"forn=0,1,--- ,N —1 and r € C. Here

N if r = e2mik/N
F[k] = rN_1
(

Tre = /N1y otherwise.
4. Upsampling. Given f € Py where N’ = N/2 we define g € Py by

f f1B] ifn=0,+2,44,...
gln] = { 0 otherwise.

Then G[k] = F[k] where F[k] is periodic with period N/2.
5. Downsampling. Given f € Poy we define g € Py by g[n]
= f[2n],n=0,1,--- ,N. Then G[k] = %(F[kj] + Flk + NJ).

6.4.1 More properties of the DFT

Note that if f[n] is defined for all integers n by the periodicity property,
fIn+3N] = f[n] for all integers j, the transform F'[k] has the same prop-
erty. Indeed F[k] = ij;ol flnJw*™, so F[k+jN] = Zg;ol fn]wkE+iNm —
F[k], since w™ = 1.

Here are some other properties of the DF'T. Most are just observations
about what we have already shown. A few take some proof.

Lemma 6.17

o Symmetry: Fir = FN-

o Unitarity: .7:1?,1 =5xFnN-

Set Gy = ﬁ}"]\/. Then Gy is unitary. That is g;,l = ?Ntr. Thus
the row vectors of Gy are mutually orthogonal and of length 1.

o Let S : Py — P be the shift operator on Py. That is Sf[n] = f[n—1]
for any integer n. Then SF[k] = w*F[k] for any integer k. Further,
S=fln] = fln+1] and S~ F[k] = w FF[k].

e Let M : Py — Py be an operator on Py such that M f[n] = w™" f[n]
for any integer n. Then MF[k] = F[k + 1] for any integer k.

o If f ={f[n]} is a real vector then FIN — k] = F[k].
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e For f,g € Py define the convolution f x g € Py by
N—1
frgln) =" flmlgln —m].
m=0

Then f xg[n] = g = f[n] and f * g[n + jN] = f * g[n].
e Let hin| = f x g[n]. Then H[k] = F[k]|G[k].

Here are some simple examples of basic transformations applied to
the 4-vector (f[0], f[1], f[2], f[3]) with DFT (F[0], F[1], F'[2], F[3]) and
w = e~ ""/2: We deal with Left shift, Right shift, Upsampling and Down-
sampling.

Operation Data vector DFT

Left shift (f11], f121, f13], f1O) (F[0],w ' F[1],w™?
F[2],w™*F(3])

Right shift (f13], f10], f11], f12) F[0], w' F[1], w?F2],
w’F(3])

Upsampling (f[0],0, £1],0, f[2],0, f[3],0)  (£'0], F'[1], F'[2], F'[3],
F[0], F[1], F[2], F[3]

Downsampling  (f[0], f]2]) 1(F[0] + F[2], F[1]
+F[3))

(6.9)

6.4.2 The discrete cosine transform

One feature that the discrete Fourier transform shares with the complex
Fourier transform and the complex Fourier integral transform is that,
even if the original signal or data is real, the transformed signal will be
complex. It is often useful, however, to have a transform that takes real
data to real data. Then, for example, one can plot both the input signal
and the transformed signal graphically in two dimensions. The Fourier
cosine series has this property, see expression (3.6). If the input signal
is a real function the coefficients in the Fourier cosine series are real.
Recall that this series was constructed for a function f(t) on the interval
[0, 7] by extending it to the interval [—m, 7] through the requirement
f(t) = f(—t). A similar construction works for the DFT, with some
complications. One starts with the N-tuple f = {f[n]} and constructs
from it the 2N-tuple

Rf:(f[N—].],f[N—2],,f[O],f[O],,f[N—2],f[N—1]) (610)

by requiring symmetry with respect to reflection in the midpoint of the
vector. Then one uses the DFT for 2/ N-tuples on the extended vector and
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restricts the results to N-tuples again. The result is called the discrete
cosine transform (DCT). We will work out the details in a series of
exercises.

Exercise 6.4 Consider the space of 2N-tuples f'=(f'[0],...,f
[2N —1]). Let p=e2"/2N define the appropriate inner product
(flalgl)mv for this space and verify that the vectors e(®' = (e®'[0], ...,
e 2N —1]), £=0....,2N — 1, form an ON basis for the space, where
e(@,[n] =pu~tn.

Exercise 6.5 1. Show that a 2N-tuple f’ satisfies the relation f'[n] =
f'[2N — n — 1] for all integers n if and only if f' = Rf, (6.10), for
some N-tuple f.

2. Show that f’ = Rf for f an N-tuple if and only if f’ is a linear
combination of 2N-tuples E®), k' =0,1,..., N — 1 where

1

E® ] = 2 (u=2e® In] + p*/2eH [n]) = cos| T (n + 1/2)k),

and n=0,1,...,2N — 1. Recall that e(’k)/[n] = e(zN*k)/[n].

Exercise 6.6 Verify the orthogonality relations

L ifh=k#0
<E® E® s, 01 ifh=k=0, 0<hk<N-1. (6.11)
0 ifh#k

Exercise 6.7 Using the results of the preceding exercises and the fact
that f[n] = f[N +n] for 0 < n < N — 1, establish the discrete cosine
transform and its inverse:

N-1
Flk] = wlk] Y flnlcos| - (n+1/2)K], k=0,...,N~1, (612)
n=0

=

-1

fmp:E:qmﬂmmq%m+1mmL n=0,...,N—1,
k=0
where w[0] = 1/v/N and w[k] = \/2/N for 1 <k < N —1.

Note that the N-tuple f is real if and only if its cosine transform F
is real. The DCT is implemented in MATLAB.

6.4.3 An application of the DFT to finding the
roots of polynomials

It is somewhat of a surprise that there is a simple application of the
DFT to find the Cardan formulas for the roots rq, rq, 7o of a third-order
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polynomial:
Py(x) = 2% +ax® +bxr +c= (v —ro)(x —r1)(z —732). (6.13)
Let w be a primitive cube root of unity and define the 3-vector
(F[0), F[1], F[2]) = (ro, 71,72)-
Then
Flk] = re = £I0] + fUe® + f20?, k=0,1,2 (6.14)

fln] =2z, = % (F[0] + F[Llw™™ + F[2w™?"), n=0,1,2.

Substituting relations (6.14) for the ry into (6.13), we can expand the
resulting expression in terms of the transforms z,, and powers of w (re-
membering that w? = 1):

Py(x) = A(x, 2,) + B(x, 2,)w + C(x, 2, ).

This expression would appear to involve powers of w in a nontrival
manner, but in fact they cancel out. To see this, note that if we make
the replacement w — w? in (6.14), then ro — 7o, 71 — 19, T2 — 71.
Thus the effect of this replacement is merely to permute the roots 1, ro
of the expression Ps(x) = (x — ro)(x — r1)(x — r2), hence to leave Ps(x)
invariant. This means that B = C, and P3(z) = A+ B(w+w?). However,

1+w+w?=0s0 P3(x) = A— B. Working out the details we find
Py(x) = 2 — 3202 +3(22 — 2122)2 + (3202120 — 25 — 2} — 25)

=23 + ax? + bz + c.

Comparing coeflicients of powers of = we obtain the identities

a a>=3b 5 4  —2a%+9ab—27c
20 = 735> 2122 = 9 ) 21 + Z9 = 27 )

or

a2 —3b\* —2a3 + 9ab — 27¢
zfzgz( 9 ), zf—l—z;’: 97 .

It is simple algebra to solve these two equations for the unknowns 2%, 23:

—2a3 + 9ab — 27¢ —2a3 + 9ab — 27¢

D2 —2a® + 9ab — 27c 2_ a*—3b\°
B 54 9 '

_D’

where
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Taking cube roots, we can obtain z1, zo and plug the solutions for zg, z1, 22
back into (6.14) to arrive at the Cardan formulas for 7o, 71,72, [98].

This method also works for finding the roots of second-order polyno-
mials (where it is trivial) and fourth-order polynomials (where it is much
more complicated). Of course it, and all such explicit methods, must fail
for fifth- and higher-order polynomials.

6.5 Fast Fourier transform (FFT)

We have shown that the DFT for the column N-vector {f[n]} is deter-
mined by the equation F' = Fy f, or in detail,

N-1
k] = Z Fln]e®[— Z fln w = e—2mi/N_
n=0

From this equation we see that each computation of the N-vector F
requires N2 multiplications of complex numbers. However, due to the
special structure of the matrix Fny we can greatly reduce the number
of multiplications and speed up the calculation. (We will ignore the
number of additions, since they can be done much faster and with much
less computer memory.) The procedure for doing this is the fast Fourier
transform (FFT). It reduces the number of multiplications to about
Nlog, N.

The algorithm requires N = 2™ for some integer M, so F = Fou f.
We split f into its even and odd components:

N/2—1 N/2—1

Z f[Qn]kan +wk Z f[2n+1]w2kn.

Note that each of the sums has period N/2 = 2M~1 in k, so

N/2-1 N/2-1

Flk+ N/2] = Z f2njw®™ — Wk N flon + 1w
n=0

Thus by computing the sums for £ =0,1..., N/2 — 1, hence computing
F[k] we get the F[k + N/2] virtually for free. Note that the first sum is
the DFT of the downsampled f and the second sum is the DFT of the
data vector obtained from f by first left shifting and then downsampling.
Let’s rewrite this result in matrix notation. We split the N = 2M
component vector f into its even and odd parts, the 2 ~1-vectors

fez(f[O],f[Z],,f[N—2D, f():(f[l]’f[g]""’f[N_l})v



6.6 Approximation to the Fourier transform 223
and divide the N-vector F' into halves, the N/2-vectors

F_ = (F[0], F[1],...,F[N/2 —1]),

F, = (F0+ N/2),F[1+ N/2],...,F[N — 1)).

We also introduce the N/2 x N/2 diagonal matrix Dy, with matrix
elements (Dyy2) 1 = wk8;k, and the N/2 x N/2 zero matrix (Ony2)jk =
0 and identity matrix (In/2)jx = ;1. The above two equations become

F_=Fnsafe + DnjaFny2fos Fy =Fnsafe — DnjaFny2fo

( F_ > _ ( Inse Dy ) < Fnsz Ony2 > < Jfe ) (6.15)
Fy Inj =Dy Onj2 Fny2 Jo

Note that this factorization of the transform matrix has reduced the
number of multiplications for the DFT from 22M to 22M—142M e cut
them about in half, for large M. We can apply the same factorization
technique to Fx/2, Fny/4, and so on, iterating M times. Each iteration
involves 2™ multiplications, so the total number of FFT multiplications
is about M2M. Thus an N = 2'© = 1024 point DFT which originally
involved N2 = 220 = 1048576 complex multiplications, can be com-
puted via the FFT with 10 x 2!9 = 10 240 multiplications. In addition to
the very impressive speed-up in the computation, there is an improve-
ment in accuracy. Fewer multiplications leads to a smaller roundoff error.
The FFT is implemented in MATLAB.

or

For more properties and applications of the FFT see [88].

6.6 Approximation to the Fourier transform

One of the most important applications of the FFT is to the approxima-
tion of Fourier transforms. We will indicate how to set up the calculation
of the FFT to calculate the Fourier transform of a continuous function
f(t) with support on the interval a < ¢ < 8 of the real line. We first map
this interval on the line onto the unit circle 0 < ¢ < 27, mod 27 via the
B-2a Since normally

2
f(B) # f(a) when we transfer f as a function on the unit circle there

affine transformation ¢t = a¢+0b. Clearly b = a,a =

will usually be a jump discontinuity at (.
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We want to approximate

/ f(t)e™ "t = / f(t)e™ " dt

_ — X _ia —iZ o = V)
=
= P emnag Ty

where g(¢) = f(52¢ + ).

For an N-vector DFT we will choose our sample points at ¢ = 27n/N,
n=0,1,...,N — 1. Thus

9= (Lol gN=1),  glnl = F(E=Zn+a)
Now the Fourier coefficients
- N-1
k] = glnlex[-n] = > glnjw*”,  w=e>"/N
n=0 n=0

are approximations of the coefficients §(k). Indeed §(k) ~ G[k]/N. Thus

21k ,6 — a —2mka
= o)~ 1N © GIH]

Note that this approach is closely related to the ideas behind the Shan-
non sampling theorem, except here it is the signal f(t) that is assumed to
have compact support. Thus f(¢) can be expanded in a Fourier series on
the interval [, 8] and the DFT allows us to approximate the Fourier se-
ries coefficients from a sampling of f(¢). (This approximation is more or
less accurate, depending on the aliasing error.) Then we notice that the
Fourier series coefficients are proportional to an evaluation of the Fourier
transform f()\) at the discrete points \ = g’%’; for k=0,...,N — 1.

f(

6.7 Additional exercises

Exercise 6.8 Find the Z transforms of the following sequences:

(iii) {8(=7i)kF +4(1/4) }0.

i)

(11){ 7 }0'
i)

(iv) {5k}, .
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v) {k23%}°.
(vi) {2/k!}°

(vil) {z;},” where

. (_1)(3‘—1)/2, jodd
7 0, j even.

(viil) {cos(kf)};", 0 € R.

Exercise 6.9 Let x = {z;}3°, y, z be sequences. Show that
(i) zxy=yx*a.

(ii) (ax+by)*xz=a(x*z)+bly*z),a,beR.

Exercise 6.10 Let z(t) be the signal defined on the integers ¢ and such

that
1 ift=0,1
t) = ’
z(t) { 0 otherwise.

1. Compute the convolution zo(t) = x * z(t).

2. Compute the convolution z3(t) = x * (z *x x)(t) = x * x2(t).

3. Evaluate the convolution x,(t) = x * x,_1(¢t) for n = 2,3, .... Hint:
Use Pascal’s triangle relation for binomial coefficients.

Exercise 6.11 Find the inverse Z transforms of the the following:

(i) =

(i) 557
(iil) 5255
(iv) ﬁ
(v) 55
(vi) Z(%z)
(vii) 322442;—5/2—2’2.

Exercise 6.12 Prove that if
oo
= Z xkz_k
k=0

is a power series in 1/z and ¢ is a positive integer, then the inverse Z
transform of z~*X|[z] is the sequence {zx_¢} -
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Exercise 6.13 Using partial fractions, find the inverse Z transforms of
the following functions:

(1) (z—l)z(z—2) '

(i) =1

(iii) (zﬁ)ﬁ
(iv) m
V) erte=
vi)

Exercise 6.14 Solve the following difference equations, using 7 trans-
form methods:

(1) 8Yk+2 = 6yr+1 +yx =9, yo =1, y1 = 3/2.
(i) yrre —2yk+1 +yr =0, Yo, y1 = 1.
(i) Yrt2 — Sypr1 — 6y = (1/2)", 50 =0, 1 = 0.
(iv) 2ypt2 — Byry1 — 2y =6k + 1, y0 = 1, y1 = 2.
(V) Yrt2 —4dyr =3k =5, 40 =0, y1 = 0.
Exercise 6.15 (i) Let a,b, c,d, e be real numbers. Consider the differ-
ence equation:

aYk+3 + bYrto + cyp+1 + dyr = e.
(ii) Let Y'[z] be as usual. Show that
Y[2](az® + b2 4+ cz + d) = 23 (ayo) + 22 (ay1 + byo)

ez
-1

+ z(ayz + byr + cyo) + .

Deduce that when yo = y; = 0,
z(ay2) + %5

Yie] = az3 +bz2 +cz+d

(i) Use (i)—(ii) to solve the difference equation

Yets + MWrro + 26yr1 + 24y, = 60
subject to yo = y1 = 0, y2 = 60.

Exercise 6.16 Let N = 6 and f[n] = n, n = 0,...,5. Compute the
DFT Fn] explicitly and verify the recovery of f from its transform.

Exercise 6.17 (i) Let N = 4 and f[n] = a,, n = 0,...,3. Compute
the DFT F[n] explicitly and verify the recovery of f from its trans-
form.
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(ii) Let N =4 and f[n] = an, n = 0,...,3. Compute the DCT F[n]
explicitly and verify the recovery of f from its transform.

Exercise 6.18 This problem investigates the use of the FFT in denois-
ing. Let

f = exp(—t>/10) (sin(t) 4+ 2cos(5t) + 5t°) 0 <t < 2.

Discretize f by setting fr = f(2kn/256),k = 1,...,256. Suppose the
signal has been corrupted by noise, modeled by the addition of the vector

x=2*rand(1,2°8)-0.5

in MATLAB, i.e., by random addition of a number between —2 and 2 at
each value of k, so that the corrupted signal is g = f+x. Use MATLAB’s
fft command to compute g for 0 < k < 255. (Note that g,—r = Gk.
Thus the low-frequency coefficients are go, ..., Gm and gosg_m, - - - » G256
for some small integer m). Filter out the high-frequency terms by setting
gr = 0 for m < k < 255 — m with m = 10. Then apply the inverse
FFT to these filtered g to compute the filtered gi. Plot the results and
compare with the original unfiltered signal. Experiment with several
different values of m.

The following sample MATLAB program is an implementation of the
denoising procedure in Exercise 6.18.

t=linspace(0,2*pi,278);

x=2*rand(1,278)-0.5

f=exp(-t."2/10) .*(sin(t)+2*cos (5*t)+5*xt.~2) ;

g=f+x;

m=10; % Filter parameter.

hatg=fft(g);

%If $hatg$ is FFT of $g$, can filter out high frequency
%components from $hatg$ with command such as

denoisehatg=[hatg(1l:m) zeros(1,27°8-2*m) hatg(2°8-m+1:27°8)];
subplot(2,2,1)

plot(t,f) % The signal.

subplot(2,2,2)

plot(t,x) % The noise.

subplot(2,2,3)

plot(t,g) % Signal plus noise.

subplot(2,2,4)

plot(t,ifft(denoisehatg)) % Denoised signal.
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Exercise 6.19 Consider the signal
f(t) = exp(—t*/10) (sin(t) + 2 cos(2t) + sin(5 * t) + cos(8t) + 2¢%)

0 < t < 2m. Discretize f by setting fi = f(2kn/256),k = 1,...,256,
as in Exercise 6.18. Thus the information in f is given by prescribing
256 ordered numbers, one for each value of k. The problem here is to
compress the information in the signal f by expressing it in terms of only
256¢ ordered numbers, where 0 < ¢ < 1 is the compression ratio. This
will involve throwing away some information about the original signal,
but we want to use the compressed data to reconstitute a facsimile of
f that retains as much information about f as possible. The strategy
is to compute the FFT f of f and compress the transformed signal by
zeroing out the fraction 1—c of the terms fj, with smallest absolute value.
Apply the inverse FFT to the compressed transformed signal to get a
compressed signal fci. Plot the results and compare with the original
uncompressed signal. Experiment with several different values of ¢. A
measure of the information lost from the original signal is L2error =
llf = fell2/lIf ]2, so one would like to have ¢ as small as possible while
at the same time keeping the L2 error as small as possible. Experiment
with ¢ and with other signals, and also use your inspection of the graphs
of the original and compressed signals to judge the effectiveness of the
compression.

The following sample MATLAB program is an implementation of the
compression procedure in Exercise 6.19.

% Input: time vector t, signal vector f, compression rate c,
%(between 0 and 1)

t=linspace(0,2*pi,278);

f=exp(-t."2/10) .*(sin(t)+2*cos (2*t)+sin(5*t)+cos (8*t)+2*t."2);
c=.5;

hatf=fft(f)

% Input vector f and ratio c: 0<= c <=1.

% Output is vector fc in which smallest

% 100c% of terms f_k, in absolute value, are set
% equal to zero.

N=length(f); Nc=floor (N*c);

ff=sort(abs(hatf));

cutoff=abs (ff (Nc+1));
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hatfc=(abs (hatf)>=cutoff) .*hatf;

fc=ifft (hatfc);
L2error=norm(f-fc,2)/norm(f) %Relative L2 information loss

subplot(1,2,1)

plot(t,f) %Graph of f

subplot(1,2,2)

plot(t, fc,’r’) % Graph of compression of f
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Linear filters

In this chapter we will introduce and develop those parts of linear filter
theory that are most closely related to the mathematics of wavelets, in
particular perfect reconstruction filter banks. The primary emphasis will
be on discrete filters. Mathematically, the setup is analogous to that of
Chapter 5 where we considered the equation ®x = y with x as a signal
and y the result of sampling x by the matrix ®. However, there are
important differences in order that ® be considered a filter.

7.1 Discrete linear filters

A discrete-time signal is a sequence of numbers (real or complex). The
signal takes the form of an oo-tuple z where

xtr — ('."'1;_171'071‘1’&]‘2’...).

Intuitively, we think of x(n)=x,, as the value of the signal at time nT
where T is the time interval between successive values. Here x could
be a digital sampling of a continuous analog signal or simply a discrete
data stream. In general, these signals are of infinite length, in distinction
to Chapter 5 where all signals were of fixed finite length and Chapter
6 where they could be semi-infinite. Usually, but not always, we will
require that the signals belong to /s, i.e., that they have finite energy:
> || < 0o. Recall that ¢5 is a Hilbert space with inner product

n=-—oo
(2®,2D) = 3 2 Dz®.

The impulses ), j = 0,+1,42, ..., defined by eg) =, form an ON
basis for the signal space: (e),e®)) = §,;, and z = 300 z,e™. In
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Y-1 -+ ho hoi h_a - - T_1

Yo = - ho h_1 - - xo

Y1 -+ hy h ho - - 1

Figure 7.1 Matrix filter action.

particular the impulse at time 0 is called the unit impulse § = €°. The
right shift or delay operator R : ¢3 — {3 is defined by Rx(n)= z(n—1).
Note that the action of this bounded operator is to delay the signal by
one unit. Similarly the inverse operator Lz(n)= z(n + 1) (advances)
shifts the signal to the left by one time unit. Note that L = R~!

A digital filter ® is a bounded linear operator ® : {5 — {5 that is
time invariant. The filter processes each input x and gives an output
bx = y € l5. Since P is linear, its action is completely determined by
the outputs ®el). Time invariance means that ®zF = % k=0, +1,...
whenever ®z = y. (Here, ¥ = x,,_1.) Thus, the effect of delaying the
input by k units of time is just to delay the output by k units. (Another
way to put this is PR = R®, the filter commutes with shifts.) We can
associate an infinite matrix with ®.

® =[], where ®;; = (‘Pe(j), e(i))_

Thus, ®el) =3 d,;el) and y; = Z;O:_Do ®;;2;. In terms of ma-
trices, time invariance means ®;; = (®eld) el)) = (PelUTh) (+h)) =
@ tk,ntk for all k& . Hence the matrix elements ®;; depend only on
the difference i — j: ®;; = h;—; and ® is completely determined by its
coefficients hy. The matrix filter action looks like Figure 7.1. Note that
the matrix has diagonal bands. Here hy appears down the main diago-
nal, h_; on the first superdiagonal, h_5 on the next superdiagonal, etc.
Similarly h; on the first subdiagonal, etc. A matrix ®;; whose matrix
elements depend only on i — j is called a Toeplitz matriz.

Another way that we can express the action of the filter is in terms of
the shift operator:

d = i heRY. (7.1)

{=—o00
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Thus Rfe() = el+0 and

@(Z zjeW)) = ijhge(jH) = ijhi_je(i) = Zyie(i).
J 4,5 i,j i

We have y; = Ej x;h;—;. If only a finite number of the coefficients h,,
are nonzero we say that we have a Finite Impulse Response (FIR) filter.
Otherwise we have an Infinite Impulse Response (IIR) filter. We can
uniquely define the action of an FIR filter on any sequence x, not just an
element of /5 because there are only a finite number of nonzero terms in
(7.1), so no convergence difficulties. For an IIR filter we have to be more
careful. Note that the response to the unit impulse is ®e(® = 3 i hjeld).

Finally, we say that a digital filter is causal if it doesn’t respond to
a signal until the signal is received, i.e., h; = 0 for j < 0. To sum
up, a causal FIR digital filter is completely determined by the impulse
response vector

h = (ho,h1,...,hn)

where N is the largest nonnegative integer such that hy # 0. We say
that the filter has N + 1 “taps.”

There are other ways to represent the filter action that will prove
useful. The next is in terms of the convolution of vectors. Recall that a
signal x belongs to the Banach space ¢; provided > - |z;| < oo

j=—00

Definition 7.1 Let x, y be in ¢;. The convolution x * y is given by the
expression

vry = Y wiyi,  J=0,£1,42,...

i=—00

This definition is identical to the definitions of convolution in Chapter 6,
except that here the sequences x,y are doubly infinite.

Lemma 7.2

1. xxyel
2. xxy=y*x

Sketch of proof

Dol <D0 el -l = D037l -l
= (Z ‘an(Z [Ym|) < oo.
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The interchange of order of summation is justified because the series are
absolutely convergent. O

Now we note that the action of the filter ® can be given by the
convolution

by = hxx.

For an FIR filter, this expression makes sense even if x isn’t in ¢, since
the sum is finite.

Examples 7.3 FIR filters are commonly used to analyze and report
data from Wall Street. Let x(n) be the Dow Jones Industrial Average
at the conclusion of trading on day n. The moving average y(l)(n) =
1 (z(n) + z(n — 1)) is the sequence giving the average closing on two
successive days. The moving difference is the filter y?(n) = % (z(n)—
x(n —1)). In particular 2y(?(n) is the statistic used to report on how
much the Dow changes from one day to the next. The 150 day mov-
ing average y®) (n) = Flo iigo x(n — k) is often used to smooth out
day-to-day fluctuations in the market and detect long-term trends. The
filter 4 (n) = z(n) —y® (n) is used to determine if the market is leading
or trailing its long-term trend, so it involves both long-term smoothing

and short-term fluctuations.

Exercise 7.1 Verify that each of these four examples yU)(n) defines
a time-independent, causal, FIR filter, compute the associated impulse
response vector hU) (k) and determine the number of taps.

7.2 Continuous filters

Our emphasis will be on discrete filters, but we will examine a few basic
definitions and concepts in the theory of continuous filters.

A continuous-time signal is a function z(¢) (real or complex-valued),
defined for all ¢ on the real line. Intuitively, we think of x(¢) as the signal
at time t, say a continuous analog signal. In general, these signals are of
arbitrary length. Usually, but not always, we will require that the signals
belong to L2(R), i.e., that they have finite energy: ffooo |z (t))?dt < oo.
Sometimes we will require that « € L (R).

The time-shift operator T, : Ly — Lo is defined by T, (¢) = z(t — a).
The action of this bounded operator is to delay the signal by the time



234 Linear filters

interval a. Similarly the inverse operator T_,z(t) = z(t 4+ a) advances
the signal by a time units.

A continuous filter ® is a bounded linear operator ® : Lo — Lo that
is time invariant. The filter processes each input z and gives an output
P2 = y. Time invariance means that ®(T,z)(t) = T,y(t), whenever
Px(t) = y(t). Thus, the effect of delaying the input by a units of time
is just to delay the output by a units. (Another way to put this is
PT, = T, P, the filter commutes with shifts.)

Suppose that ® takes the form

oo

Ba(t) = / B(s, ) (s)ds
— 00

where ®(s,t) is a continuous function in the (s,t) plane with bounded

support. Then the time invariance requirement

y(t —a) = /00 D(s,t)z(s —a)ds

—0o0

whenever

for all x € Ly(R) and all @ € R implies ®(s + a,t + a) = ®(s,t) for all
real s,t; hence there is a continuous function A on the real line such that
D(s,t) = h(t — s). It follows that ® is a convolution operator, i.e.,
®x(t)=hxz(t) =xxh(t) = / h(s)x(t — s)ds.

(Note: This characterization of a continuous filter as a convolution can
be proved under rather general circumstances. However, h may not be a
continuous function. Indeed for the identity operator ® = I, h(s) = (s),
the Dirac delta function.)

Finally, we say that a continuous filter is causal if it doesn’t respond to
a signal until the signal is received, i.e., ®x(t) = 0 for t < 0if z(¢) = 0 for
t < 0. This implies h(s) = 0 for s < 0. Thus a causal filter is completely
determined by the impulse response function h(s),s > 0 and we have

t

Pu(t) =h*xz(t) =x*xh(t) = /OO h(s)z(t — s)ds = / h(t — s)z(s)ds.

0 —o00

If x,h € L1(R) then y = ®x € L;(R) and, by the convolution theorem

(0 = h(NE(N).
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7.3 Discrete filters in the frequency domain

Let x € {5 be a discrete-time signal.

2" = (..., 1, 20,71, T2,...).

Definition 7.4 The discrete-time Fourier transform of x is

(oo}
X(w) = Z Tpe
n=—oo

Note the change in point of view. The input is the set of coefficients
{z,,} and the output is the 2m-periodic function X (w) € Lo[—7, 7). We
consider X (w) as the frequency-domain signal. We can recover the time-
domain signal from the frequency-domain signal by integrating:

1 ™

Tn = oo 77TX(w)ei”“’dw, n=0,+1,....

For discrete-time signals, (1), z(?), the Parseval identity is

oo

1 [ —
@0, = 3 x;l)fg):%/ XV ()X (w)dw.

n=—oo

If x belongs to ¢; then the Fourier transform X is a bounded continuous
function on [—m,7].

In addition to the mathematics notation X (w) for the frequency-
domain signal, we shall sometimes use the signal processing notation

X[e™] = Z Tpe” (7.2)

n—=—oo

and the Z transform notation

X[z] = Z Tpz " (7.3)

n—=—oo

Note that the Z transform is a function of the complex variable z; it
differs from the Z transform in Chapter 6 only in the fact that the signal
2 can now be doubly infinite. It reduces to the signal processing form
for z = €. The Fourier transform of the impulse response function h
of an FIR filter is a “polynomial” in z~1.

To determine what high frequency and low frequency mean in the

context of discrete-time signals, we try a thought experiment. We would
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expect a constant signal x,, = 1 to have zero frequency and it corre-
sponds to X (w) = d(w — 0) where d(w) is the Dirac delta function, so
w = 0 corresponds to low frequency. (See Section 11.2.1 for a discus-
sion of this “function.”) The highest possible degree of oscillation for a
discrete-time signal would be x,, = (—1)", i.e., the signal changes sign in
each successive time interval. This corresponds to the time-domain signal
X(w) = §(w — 7). Thus +m, and not 2, correspond to high frequency.

In analogy with the properties of convolution for the Fourier transform
on R we have

Lemma 7.5 Let z(Y), 22 be in ¢, with frequency-domain transforms
XM (w), XA (w), respectively. The frequency-domain transform of the
convolution ™ x () is X1 (w) X3 (w).

Proof
Z 33(1) * $(2) (n)efinw — Z Z xgllzml’g) efi(nfm)wefimw

= S e

n

= Z(Z xg)e—m‘“)xg)e_im“’ = X(l)(w)X(z)(w).

m n

The interchange of order of summation is justified because the series
converge absolutely. O

NOTE: If z € ¢5 (but not 1), and h has only a finite number of nonzero
terms, then the interchange in order of summation is still justified in the
above computation, and the transform of h  z is H(w)X (w).

Let ® be a digital filter: ®x = hxx = y. If h € {1 then we have that
the action of ® in the frequency domain is given by

H(w)X(w) =Y (w)
where H(w) is the frequency transform of h. If ® is a FIR filter then
H[z]X[z] =Y¢]

where H|z] is a polynomial in 2~!. Note further that if Oy = k x y is
another FIR filter then the Z transform of ¥®x is

K[z]H[z] X [z] (7.4)

where K|[z] is the Z transform of k.
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Y—1

101

= = 0 0
Yo = : ; % 0 Zo
Y1 0 5 % T

Figure 7.2 Moving average filter action.

One of the practical functions of a filter is to select a band of frequen-
cies to pass, and to reject other frequencies. In the pass band, |H (w)]
is maximal (or very close to its maximum value). We shall frequently
normalize the filter so that this maximum value is 1. In the stop band,
|H(w)| is 0, or very close to 0. Mathematically ideal filters can divide
the spectrum into pass band and stop band; for realizable, non-ideal,
filters there is a transition band where |H(w)| changes from near 1 to
near 0. A low pass filter is a filter whose pass band is a band of frequen-
cies around w = 0. (Indeed we shall additionally require H(0) = 1 and
H(m) = 0 for a low pass filter. Thus, if H is an FIR low pass filter we
have H(0) = Zf:;o hn, = 1.) A high pass filter is a filter whose pass band
is a range of frequencies around w = 7 (and we shall additionally require
|H(m)| =1 and H(0) = 0 for a high pass filter).

Examples 7.6 1. A simple low pass filter (moving average). Here,
®xr = y where y,, = %xn + %In—l- We have N = 1 and the filter
coefficients are h = (ho,h1)) = (3,3). The frequency response is
H(w) =3+ 1e7™ = |H(w)|e**™) where

Hw)|=cos3,  6(w)=—3.

Note that |[H(w)| is 1 for w = 0 and 0 for w = 7, so this is a low
pass filter. The Z transform is H[z] = % + %z‘l. The matrix form
of the action in the time domain is given in Figure 7.2. This is a
moving average filter action. For future use it will be convenient to
renormalize the moving average filter so that the filter coefficients
have norm 1. Thus we will often use the filter C = /2® with filter
coefficients ¢ = (%, \%)

2. A simple high pass filter (moving difference). ®x = y where y,, =
%xn - %a:n_l and N = 1. The filter coefficients are h = (hg, h1) =

1 1 —iw

(3,—1). The frequency response is H(w) = 1 — 17 = |H(w)|e**®)



238 Linear filters

Y1 -3 3 0 0
Yo = . . —% % 0 X0
Y1 0 7% % T
Figure 7.3 Moving difference filter action.
where
w T w
H(w)| =sin —, w)=—=——.
H@)l=sin%, o) =7
Note that |H(w)| is 1 for w = 7 and 0 for w = 0, so this is a high
pass filter. The Z transform is H[z] = 1 — 127!, The matrix form

of the action in the time domain is given in Figure 7.3. This is the
moving difference filter action. In the following we will often renor-
malize the moving difference filter so that the filter coefficients have
norm 1. Thus we have the filter D = /2® with filter coefficients

_ 1 1
d= (%7 _ﬁ)

7.4 Other operations on discrete signals

We have already examined the action of a digital filter ® in both the
time and frequency domains. We will now do the same for some other
useful operators. Let {z, : n =0,+£1,...} be a discrete-time signal in £y
with Z transform X[z] = > °7

e —oo Tnz~ " in the time domain.

e Delay. Rz, = z,_1. In the frequency domain R: X[2] — 271 X[z],

because
(oo} (oo} [ee]
E Rx,z " = E Tpo12 "= g Tz ™ = 27 X 2]
n—=—oo n=—oo m=—0oQ

e Advance. Lz,, = 2,,11. In the frequency domain L : X[z] — 2X|z].
e Downsampling. (| 2)x, = xa,, i.€.,

$2)zx=(...,2_9,20,22,...).

In terms of matrix notation, the action of downsampling in the time
domain is given by Figure 7.4. In terms of the Z transform, the
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T2
T_2 10 0 0 O T_
Xo = 0 0 1 0 0 o . (75)
T2 00 0 0 1 T

T2

Figure 7.4 Downsampling matrix action.

1 0 0 .
0 0 0 0 T_1
Zo = 0 1 0 To (76)
0 0 0 0 x1
T 0 0 1 .
Figure 7.5 Upsampling matrix action.
action is
1 1. _ 1 1.
n n n
1
= 5 (X[27] + X[~27))
Upsampling.

(1T2)z, =

Tz neven
0 mnodd’

ie, (12)x=(..,2-1,0,20,0,21,0,...). In terms of matrix notation,
the action of upsampling in the time domain is given by Figure 7.5.
In terms of the 7Z transform, the action is

Z(T A,z " = mez m — X[2?].

n

Upsampling, then downsampling. ({ 2)(1 2)z,, = xz,, the identity op-
erator. Note that the matrices (7.5), (7.6) give (| 2)(1 2) = I, the
infinite identity matrix. This shows that the upsampling matrix is
the right inverse of the downsampling matrix. Furthermore the up-
sampling matrix is just the transpose of the downsampling matrix:

(L2 = (12).



240 Linear filters

T, N even

0 nodd ’
(T 2)(\L 2).’E = ( . 'a$—2)707x0707x2707 < )

Note that the matrices (7.6), (7.5), give (1 2)({ 2) # I. This shows
that the upsampling matrix is not the left inverse of the downsampling
matrix. The action in the frequency domain is

e Downsampling, then upsampling. (1 2)({ 2)x,, = { ie.,

(12)(42): X[e] - 3 (X[2] + X[-]).

e Flip about N/2. The action in the time domain is Fy /o2, = 2N _n,
i.e., reflect x about N/2. If N is even then the point x5 is fixed. In
the frequency domain we have

Fuyo: X[zl = 2 VX[
e Alternate signs. Ax,, = (—1)"z,, or
Arx=(...,—x_1,20,—%1,%2,...).
Here
A X[z] = X[-2].

e Alternating flip about N/2. The action in the time domain is AIF /51,
= (—1)"zN_p. In the frequency domain

AlF y ot X[2] = (—2) NV X[-27"].

e Conjugate alternating flip about N/2. The action in the time domain
is CalF y/22, = (—1)"ZN_p. In the frequency domain

CalF v/ : X[2] = (—2) VX[-z71].

Note that this is not a linear operator.

7.5 Additional exercises

Exercise 7.2 Suppose the only nonzero components of the input vector
x and the impulse response vector h are g = 1, 21 = 2 and hg = 1/4,
hi1 =1/2, ho = 1/4. Compute the outputs y, = (x * h),. Verify in the
frequency domain that Y (w) = H(w)X (w).

Exercise 7.3 Iterate the averaging filter H of Exercise 7.2 four times
to get K = H* What is K(w) and what is the impulse response k,,?
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Exercise 7.4 Consider a filter with finite impulse response vector h.
The problem is to verify the convolution rule Y = HX in the special
case that hy = 1 and all other h,, = 0. Thus

h=(--,0,0,0,1,0,---).
It will be accomplished in the following steps:
1. Whatisy=hxx=hx(...,z_1,20,21,...)?

2. What is H(w)?
3. Verify that > y,e ™" agrees with H(w)X (w).

Exercise 7.5

e Write down the infinite matrix (] 3) that executes the downsampling:

e Write down the infinite matrix (1 3) that executes the upsampling:

if 3 divides n
otherwise '

(3 = { o

e Multiply the matrices (1 3)(J 3) and ({ 3)(1 3). Describe the output
for each of these product operations.

Exercise 7.6 Show that if x € ¢; then x € /5.

Exercise 7.7 Verify the property (7.4) for the Z transform of the com-
position of two FIR filters.

Exercise 7.8 For each of the operators R,L, (] 2), (1 2),A,F, AlF
determine which of the properties of time invariance, causality and finite
impulse response are satisfied.

Exercise 7.9 A direct approach to the convolution rule Y = HX. What
is the coefficient of z=™ in (Z hkz_k) (xgz_‘])? Show that your answer
agrees with > hpa, .

Exercise 7.10 Let H be a causal filter with six taps, i.e., only coeffi-
cients hg, h1,...,hs can be nonzero. We say that such a filter is anti-
symmetric if the reflection of h about its midpoint (5/2 in this case)
takes h to its negative: hy = —hs_. Can such an antisymmetric filter
ever be low pass? Either give an example or show that no example exists.
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Windowed Fourier and continuous wavelet
transforms. Frames

In this chapter we study two different procedures for the analysis of
time-dependent signals, locally in both frequency and time. These meth-
ods preceded the general discrete wavelet method and we shall see how
they led to discrete wavelets. The first procedure, the “windowed Fourier
transform” is associated with classical Fourier analysis while the second,
is associated with scaling concepts related to discrete wavelets. Both of
these procedures yield information about a time signal f(¢) that is over-
complete. To understand this it is useful to return to our basic paradigm
y = ®x where x is a signal, ® is a sample matrix and y is the sample
vector. Our problem is to recover the signal x from the samples y. In
this chapter x = f(t) and ® is an integral operator. However, for the
moment let us consider the finite-dimensional case where z is an n-tuple,
® is an m x n matrix and y is an m-tuple. If m = n and ® is invertible
then we can obtain a unique solution 2 = ®'y. In the case of compres-
sive sampling, however, m < n and the problem is underdetermined.
It is no longer possible to obtain z from y in general, without special
assumptions on z and ®. Now suppose m > n. The problem is now
overdetermined. In this case one can always find m-tuples y for which
there is no z such that y = ®x. However if the rectangular matrix &
has maximal rank n and if there exists a signal x with y = ®x then we
can recover z uniquely from y. Indeed m — n of the components of y are
redundant and we can recover z from just n components of y that are
associated to n linearly independent row vectors of ®. On the other hand
the redundancy of the information leads to m —n consistency checks on
the data, which could be of value for numerical computation.

We will see that the windowed Fourier transform and the continuous
wavelet transform are overcomplete, i.e., infinite-dimensional analogs of
overdetermined systems. Thus, some of the samples produced by these
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transforms can be discarded and the remaining samples may still suffice
to recompute x. We will see that we can often find a countable subset
of the continuous data produced by these transforms that will suffice to
reproduce the signal. This idea will lead us to windowed frames in the
case of the windowed Fourier transform and to discrete wavelets in the
case of the continuous wavelet transform.

8.1 The windowed Fourier transform

The windowed Fourier transform approach is designed to overcome the
disadvantage that the Fourier transform f(w) of a signal f(t) requires
knowledge of the signal for all times and does not reflect local properties
in time. If we think of the Fourier transform operator as an infinite-
dimensional analog of a sampling matrix, then each sample is the Fourier
transform function at some particular frequency. Each sample gives pre-
cise information about the signal in frequency, but no information about
its localization in time. We get around this by choosing a “window func-
tion” g € Lo(R) with ||g|] = 1 and defining the time-frequency transla-
tion of g by

glrvel () = e2mtr2 g (4 4 ). (8.1)
Note that |g(t)|> determines a probability distribution function in ¢,
whereas the Fourier transform |j(w)|? determines a probability distribu-

tion in w. Now suppose ¢ is centered about the point (¢p,wp) in phase
(time—frequency) space, i.e., suppose

/ tg(t) 2dt = to, /LMWWW:%

where g(w) = [ g(t)e>™“!dt = §(27w) is the Fourier transform of
g(t). (Note the change in normalization of the Fourier transform for this
chapter only, so that [ [g(w)[* dw = [_|g(t)* dt.) Then

/ tlgt 7l (1)Pdt = to -1, / w|g " (W) Pdw = wo+as (8.2)

— 00

SO g[”’“] is centered about (t9 — 21,wp + 2) in phase space. To analyze
an arbitrary function f(¢) in Ls(R) we compute the inner product

meg=mwwwz/wﬂmmwwm
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with the idea that F'(z1,xz2) is sampling the behavior of f in a neigh-
borhood of the point (to — 1,wp + x2) in phase space. Intuitively, we
think of an ideal window ¢(t) as a function that is nearly zero, except in
a small neighborhood of ¢ = t3, and whose Fourier transform is nearly
zero except in a small neighborhood of w = wy.

As 1,29 range over all real numbers the samples F(z1,x2) give us
enough information to reconstruct f(t). It is easy to show this directly
for functions f such that f(¢)g(t —s) € L2(R) for all s. Indeed let’s
relate the windowed Fourier transform to the usual Fourier transform of
f (rescaled for this chapter):

flw) = /_ O; fe 2™t f(t) = /_ Z flw)e?™tdw.  (8.3)
Thus since
Floves) = [ F5EF ze 2t
we have

f(t)m = / F(xl’ xQ)eQﬂitmz dx2.

Multiplying both sides of this equation by g(¢+ 1) and integrating over
1 we obtain

1 o9} (o9} .
flt)y= ToIE / / F(x1,22)g(t + 21)e2™ 2 dy dy. (8.4)

This shows us how to recover f(t) from the windowed Fourier transform,
if f and g decay sufficiently rapidly at co. A deeper but more difficult
result is the following theorem.

Theorem 8.1 The functions gi*1*2 are dense in Lo(R) as [x1, 2] runs
over R2.

We won’t give the technical proof of this result but note that it means
precisely that if f € Ly(R) and the inner product (f, gl*1:*2l) = 0 for all
x1,To then f =0, [85].

We see that a general f € Ly(R) is uniquely determined by the inner
products (f, gl*172]), —00 < x1, x5 < 0. Indeed, suppose (f1, gl#1:%2]) =
(fa, gt"1®2]) for fi, fa € Ly(R) and all x1, zo. Then with f = f; — fo we
have (f, gl*%2]) = 0, so f is orthogonal to the closed subspace generated
by the gl*#2]. This closed subspace is Ly (R) itself. Hence f = 0 and
J1=fa
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The power of this method is that with proper choice of the window
g each of the samples F'(z1,xz2) gives local information about f in a
neighborhood of ¢t = tg — x1,w = wp — 2 of phase space. Then the func-
tion f can be recovered from the samples. The method is very flexible,
since the window function can be chosen as we wish. However, there are
difficulties, the first of which is the impossibility of localizing g and g
simultaneously in phase space with arbitrary accuracy. Indeed from the
Heisenberg inequality, Theorem 4.21, we find

|- tllara [~ - wPlgiPe > g (59)

There will always be a trade-off: we can localize in time with arbitrary
precision, but at the expense of determining local frequency information,
and vice versa.

Another issue, as we shall see, is that the set of basis states gl*1:#2]
is overcomplete: the coefficients (f, g[zl’“]) are not independent of one
another, i.e., in general there is no f € Ly(R) such that (f,gl*v*2]) =
F(x1,29) for an arbitrary F € Ly(R?). The gl*12] are examples of
coherent states, continuous overcomplete Hilbert space bases which are
of interest in quantum optics, quantum field theory, group representa-
tion theory, etc. (The situation is analogous to the case of bandlimited
signals. As the Shannon sampling theorem shows, the representation of a
bandlimited signal f(¢) in the time domain is overcomplete. The discrete
samples f (%) for n running over the integers are enough to determine

f uniquely.)

Example 8.2 Consider the case g = 7=1/4e=t"/2 Here g is essentially
its own Fourier transform, so we see that g is centered about (tg,wq) =
(0,0) in phase space. Thus

g[ml,xz](t) _ 7T—1/4e2m‘tx26—(t+ac1)2/2

is centered about (—z1, 23). This example is known as the Gabor window.
It is optimal in the sense that the Heisenberg inequality becomes an
equality for this case.

Since coherent states are always overcomplete it isn’t necessary to
compute the inner products (f, gl***2l) = F(x1, ) for every point in
phase space. In the windowed Fourier approach one typically samples
F at the lattice points (x1,22) = (ma,nb) where a,b are fixed positive
numbers and m, n range over the integers. Here, a,b and ¢(¢) must be
chosen so that the map f — {F(ma,nb)} is 1-1; then f can be recovered
from the lattice point values F(ma,nb).
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8.1.1 Digging deeper: the lattice Hilbert space

There is a new Hilbert space that we shall find particularly useful in the
study of windowed Fourier transforms: the lattice Hilbert space. This is
the space V' of complex-valued functions (21, x2) in the plane R? that
satisfy the periodicity condition

—2mia T2

plar + 1,00 +22) =€ o(x1,2) (8.6)

for a;,as = 0,£1,... and are square integrable over the unit square:

1 .1
/ / lo(x1, 20)|?daydas < 0.
o Jo

The inner product is

1 1
(@1,92) = / / ©1(21, 22) Py (21, T2)d21d2s.
0 0

Note that each function ¢(x1,z2) is uniquely determined by its values
in the square {(z1,22) : 0 <z, 29 < 1}. It is periodic in 25 with period
1 and satisfies the “twist” property ¢(z1 + 1,22) = e~ 2™ @2p(z1, x5).

We can relate this space to Ly(R) via the periodizing operator (Weil-
Brezin—Zak transform)

(oo}

Pf(x1,22) = Z X2 f(n 4 1y (8.7)
which is well defined for any f € Lo(R) which belongs to the Schwartz
space. It is straightforward to verify that P f satisfies the periodicity
condition (8.6), hence P f belongs to V'. Now

<Pf('7 ')’ P.f/('7 )>
1

1 o0
— dx / dxo E e%i("*m)“f(n +x1)f (m+x1)
0

0

m,n=—o0

:/0 dz, Z f(n—i—xl)f'(n—i—xl):/_oo ft)f(t) dt
= (f,.f)

so P can be extended to an inner product preserving mapping of Lo (R)
into V.

It is clear from the transform that if ¢(x1,22) = P f(z1,22) then we
recover f(x1) by integrating with respect to xs : f(z1) = fol o(x1,y)dy.
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Thus we define the mapping P* of V' into Ly(R) by

1
P (t) = /0 ot y)dy, pE V. (8.8)

Since ¢ € V' we have

1
Prolt+a) = [ lt)e T Vdy = o)
0

for a an integer. (Here ¢, (t) is the nth Fourier coefficient of ¢(¢,y).)
The Parseval formula then yields

/0 ot y)Pdy = > [Pt +a)

a=—00
SO

(or0) = / / o(t,y) Pdtdy = / SO [Pt + o)t

a=—0o0

- / P o(t)Pdt = (P, P*p)

— 00

and P* is an inner product preserving mapping of V’ into Ly (R). More-
over, it is easy to verify that

(Pg, ) = (9,P"p)

for g € La(R), ¢ € V', i.e., P* is the adjoint of P. Since P*P =1 on
Ly(R) it follows that P is a unitary operator mapping L2 (R) onto V'
and P* = P~! is a unitary operator mapping V' onto Lo (R).

Exercise 8.1 Show directly that PP* =T on V.

8.1.2 Digging deeper: more on the Zak transform

The Weil-Brezin transform (earlier used in radar theory by Zak, so also
called the Zak transform) is very useful in studying the lattice sampling
problem for (f, gl#1#2]), at the points (21, z2) = (ma,nb) where a,b are
fixed positive numbers and m,n range over the integers. Restricting to
the case a = b =1 for the time being, we let f € Ly(R). Then

oo

fp(wl,aig) = Pf(xl,xg) = Z 62ﬂikx2f(.'171 + k) (89)

k=—o0
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satisfies
fe(ky + 21, ko + x2) = e 27122 fp (1) 25)

for integers ki, ko. (Here (8.9) is meaningful if f belongs to, say, the
Schwartz class. Otherwise P f = lim,,_, s Pf, where f = lim, ¢ f, and
the f,, are Schwartz class functions. The limit is taken with respect to
the Hilbert space norm.) If f = gl™"l(t) = e2™*"4(t 4+ m) we have

m,n]

s

2mi(ney —mzsa)
g

(961,532) =€ P(1’17332)-

[m,

Thus in the lattice Hilbert space, the functions gp "l differ from gp
simply by the multiplicative factor 2™ ("#1=m2) = (21, x5), and as
n, m range over the integers the E, ,,, form an ON basis for the lattice
Hilbert space:

1 1
/ / Enl,ml (xlny)Enz,mg (xlaxZ)dxldx2 = 6n1,n25m1,m2-
0 0

Definition 8.3 Let f(t) be a function defined on the real line and let
Z(t) be the characteristic function of the set on which f vanishes:

(1 if@)=0
(t>_{o it £(t) £ 0.

We say that f is nonzero almost everywhere (a.e.) if the Lo norm of
Zis 0, ie., ||Z|]| =0.

[1]

Thus f is nonzero a.e. provided the Lebesgue integral [~ [E(t)|?dt =
0, so = belongs to the equivalence class of the zero function. If the
support of = is contained in a countable set it will certainly have norm
zero; it is also possible that the support is a noncountable set (such as

the Cantor set). We will not go into these details here.

Theorem 8.4 For (a,b) = (1,1) and g € Ly(R) the transforms {g"™™ :
m,n=0+1,%2,...} span La(R) iff Pg(x1,22) = gp(z1,22) # 0 a.e.

Proof Let M be the closed linear subspace of Lo (R) spanned by {gl™™}.
Clearly M = Ly(R) iff the only solution of (f, g™™) = 0 for all integers
m and n is f = 0 a.e. Applying the Weyl-Brezin—Zak isomorphism P
we have

(f.g"™™) = < Pf, B, mPg > (8.10)

=< [Pf] [Pg]7En,m >=< ngl)vEn,m > .
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Since the functions E,, ,,, form an ON basis for the lattice Hilbert space it
follows that (f, g™"l) = 0 for all integers m, n iff fp (21, 22)gp (21, 22) =
0, a.e. If this product vanishes a.e. but gp # 0, a.e. then fp = 0 a.e.
so f=0and M = La(R). If gp = 0 on a set S of positive measure on
the unit square, and we choose f such that the characteristic function
xs = Pf = fp then fpgp = xsgp = 0 a.e., hence (f,g™"™) = 0 and

M # Ly(R). ‘
Example 8.5 In the case g(t) = —1/—/2 o1 finds that
o0
gP($17$2) = 7'(—1/4 Z 62”]“2—(961—&-]@)2/2.
k=—oo

This series defines a Jacobi Theta function. Using complex variable tech-
niques it can be shown that this function vanishes at the single point
(1/2,1/2) in the square 0 < x1 < 1, 0 < 9 < 1, [100]. Thus gp # 0
a.e. and the functions {gl"™} span L,(R). However, the expansion of
an Ly(R) function in terms of this set is not unique.

Corollary 8.6 For (a,b) = (1,1) and g € L(R) the transforms {gl™™ .
m,n =0,£1,...} form an ON basis for L2(R) iff |gp(z1,22)| =1, a.e.
Proof We have

(g[m,n]7g[m’,n’]) =< Epmgp, En' m gp > (8.11)
< |gp|* En'—nm/—m > (8.12)

6mm’ 6nn’

iff |gp|? =1, a.e. a

Example 8.7 Let g = ¢(t), the Haar scaling function, (9.1). It is easy
to see that |gp(z1,z2)| = 1. Thus {g™™} is an ON basis for Ly(R).

Theorem 8.8 For (a,b) = (1,1) and g € La(R), suppose there are
constants A, B such that

0<A< |gp(z1,x2)\2 <B<

almost everywhere in the square 0 < x1,29 < 1. Then {g[m’”]} is a basis
for La(R), i.e., each f € Lo(R) can be expanded uniquely in the form
f=>mn Umng™™. Indeed,

Amn = fP ﬂ = <fP En m>
" lgp|? gp’
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Proof By hypothesis |gp|~! is a bounded nonvanishing function on the
domain 0 < z7,29 < 1. Hence fp/gp is square integrable on this domain
and, from the periodicity properties of elements in the lattice Hilbert
space, & (21 +n, o +m) = g—i(xl, x2). It follows that

gp
fe
g: = § CLm,nEn,m

where apn = (fe/gp, Enm), 50 fp = Y amnEnmgp. This last ex-
pression implies f = 3 amngl™". Conversely, given f = 3 anngl™™
we can reverse the steps in the preceding argument to obtain a,,, =

(fe/g9p, Enm). =
Note that, in general, the basis {gl"™"™} will not be ON.

8.1.3 Digging deeper: windowed transforms

The expansion f = > amn gl is equivalent to the lattice Hilbert space

expansion fP = Z amnEn,mgP or
ngP = Z(amnEn,m)‘gP|2~ (813)

Now if gp is a bounded function then fpgp (71, 22) and |gp|? both belong
to the lattice Hilbert space and are periodic functions in x;, and x5 with
period 1. Hence,

fpap = bmnEnm (8.14)
lgp> = emnEnm (8.15)
with
bin = < fedPs Enm >=< fp,gpEnm >= (f,g™™), (8.16)
Cmn = < gpgP, En.m >= (g,9™™). (8.17)

This gives the Fourier series expansion for fpgp as the product of two
other Fourier series expansions. (We consider the functions f, g, hence
fp,gp as known.) If |gp|? never vanishes we can solve for the a,,, di-

Z amnEn,m - (Z bmnEn,m)(Z C;nnEn,m)a

are the Fourier coefficients of |gp|~2. However, if |gp|?

rectly:

/
where the ¢,

vanishes at some point then the best we can do is obtain the convolution
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equations b = a x ¢, i.e.,

bmn = E aucz,e,.

k+k'=m 4+0'=n

(We can approximate the coefficients ay, even in the cases where |gp|?
vanishes at some points. The basic idea is to truncate ) amnEn, m to a
finite number of nonzero terms and to sample equation (8.13), making
sure that |gp|(z1, 22) is nonzero at each sample point. The a,,,, can then
be computed by using the inverse finite Fourier transform.)

The problem of |gp| vanishing at a point is not confined to an isolated
example. Indeed it can be shown that if gp is an everywhere continuous
function in the lattice Hilbert space then it must vanish at one point at
least.

8.2 Bases and frames, windowed frames

8.2.1 Frames

To understand the nature of the complete sets {g™™} it is useful to
broaden our perspective and introduce the idea of a frame in an ar-
bitrary Hilbert space H. From this more general point of view we are
given a sequence { f()} of vectors of # and we want to find conditions on
{fYW} so that we can recover an arbitrary f € H from the sample inner
products (f, fU)) on H. (Note that this fits our paradigm y = ®x, where
now the signal is x = f. The jth component of the sample vector y is
y; = (f, @) and the action of ® on x is given by the inner products.)
Let ¢5 be the Hilbert space of countable sequences {{;} with inner
product < §,n >= >, &;7;. (A sequence {{;} belongs to {2 provided
>2; &€ < o0.) Now let T : H — £> be the linear mapping defined by

(Tf); = (f, f9).

We require that T is a bounded operator from H to ¢5, i.e., that there
is a finite B > 0 such that >, I(f, f9)))? < BJ|f||?. In order to recover
f from the samples (f, f¥)) we want T to be invertible with T~ :
Rt — H where R is the range TH of T in ¢5. Moreover, for numerical
stability in the computation of f from the samples we want T~! to be
bounded. (In other words we want to require that a “small” change in
the sample data (f, f)) leads to a “small” change in f.) This means
that there is a finite A > 0 such that }, I(f, f9N))? > Al|f||>. (Note
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that T71¢ = fif & = (f, f1)).) If these conditions are satisfied, i.e., if
there exist positive constants A, B such that

AMﬂV<§:Lff I < BlIfII? (8.18)

for all f € H, we say that the sequence {f()} is a frame for H and that
A and B are frame bounds. In general, a frame gives completeness (so
that we can recover f from the samples), but also redundancy. There
are more terms than the minimal needed to determine f. However, if the
set {f G )} is linearly independent, then it forms a basis, called a Riesz
basis, and there is no redundancy.

The adjoint T* of T is the linear mapping T* : f5 — H defined by

(T, f) =< & Tf >
for all £ € 45, f € H. A simple computation yields

T'¢ =) &fY). (8.19)
J
(Since T is bounded, so is T* and the right-hand side is well-defined for
all € € 45.)
Now the bounded self-adjoint operator S = T*T : H — H is given by

Sf=T"Tf=> (f, f9)f, (820)
J

and we can rewrite the defining inequality for the frame as
AllfII* < (T*TF, f) < Bl fI]”.

Since A > 0, if T*Tf = © then f = O, so S is 1-1, hence invertible. Fur-
thermore, the range SH of S is H. Indeed, if SH is a proper subspace of H
then we can find a nonzero vector g in (SH)* : (Sf,g) = 0 for all f € H.
However, (Sf,g) = (T*Tf,q) =< Tf,Tg >= ¥,(f, f)(f1), g). Set-
ting f = g we obtain

Z (g f(])

But then we have g = O, a contradiction. Thus SH = H and the inverse
operator S~! exists and has domain H.
Since SS™!f =S~!Sf = f for all f € H, we immediately obtain two
expansions for f from (8.20):
a) f= Z IRADIEED SR RV

J
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b) f =D (f.f)SHY
J

(The second equality in the first expression follows from the identity
(S=1f, fU)) = (f,S~1 f4)), which holds since S~! is self-adjoint.)

Recall, that for a positive operator S, i.e., an operator such that
(Sf, f) =0 for all f € H the inequalities

AllfIP < (Sf, f) < BIIfI]?
for A, B > 0 are equivalent to the inequalities
A[lfIl < ISFII < BIIfII-
This suggests that if the {f)} form a frame then so do the {S~!f()}.

Theorem 8.9 Suppose {f(j)} is a frame with frame bounds A, B and
let S = T*T. Then {S~1fU } is also a frame, called the dual frame of
{fDY, with frame bounds B~', A=,

Proof Setting f = S™1g we have B~Y||g|| < ||S7!g|| < A71]|g|]. Since
S—! is self-adjoint, this implies B~1||g||> < (S71g,9) < A71||g/|>. Then
we have S~™lg = Zj(Sflg, f(j))sflf(j) SO

(S7'g,9) =D (87 g, fI)(STf ZI 9,871 )
J
Hence {S™! ()} is a frame with frame bounds B~*, A=, ]
We say that {fU)} is a tight frame if A = B.

Corollary 8.10 If {fY} is a tight frame then every f € H can be
expanded in the form

f= Alz £ f9Nf

Proof Since {f\W} is a tight frame we have A||f||?> = (Sf, f) or ((S —
AE)f, f) = 0 where E is the identity operator Ef = f. Since S — AE
is a self-adjoint operator we have ||(S — AE)f|| = 0 for all f € H. Thus
S = AE. However, from (8.20), Sf = Ej(f,f(j))f(j). O

Consider the special case where H is finite dimensional, H = Vy,
an N-dimensional complex inner product space. Then all of these con-
structions can be understood in terms of matrices. Let {e(), ... e}
be an ON basis for Vy, so that each vector f € Vy can be expressed
uniquely in terms of this basis by the N-tuple ¢ where f = Zf\[:l pie®.
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Let {fM,..., fM)} be a frame for Vy. We can represent the frame by
the N x M matrix 2 where

N
FO =300, (8.21)
i=1

In terms of these bases the operator T is represented by the M x N
matrix Q% = Q* so that Tf = ¢ becomes Q*¢ = &. The operator T*
is represented by the M x N matrix Q. The condition that {f)} be a
frame is that there exist real numbers 0 < A < B such that

A(gtr(ﬁ S (EtrQQ*¢ S Bd;tr(b’

for all N-tuples ¢. The operator S is represented by the N x N posi-
tive symmetric matrix 2Q*. From the spectral theorem for self-adjoint
matrices we see that the frame condition says exactly that the ordered
eigenvalues \; of QQ* satisty

A<ANy <Anv1 <o <M LB

Since the eigenvalues of QQ* are all nonnegative, we see that the frame
requirement is that the smallest eigenvalue Ay is strictly positive. Thus
QQ* is an invertible matrix. If we have a frame then the frame vectors
will span the space but in general will not be linearly independent. There
will be N element spanning subsets of the frame that will form a basis,
but no unique way to determine these. Thus expansions of vectors in
terms of the frame will not necessarily be unique. The condition for a
tight frame in a finite-dimensional inner product space is that A = B,
ie.,

A:/\lz/\2:~~':/\N:B.

This means that QOQ* = Aly where Iy is the N x N identity matrix.
Thus we have ¢ = %QQ*(b for any M-tuple ¢, which is equivalent to the

vector expansion f = & ij\il(ﬂ F@) @),

Exercise 8.2 Using the results of Exercise 4.15, show that the Shannon-
Whittaker sampling procedure can be interpreted to define a tight frame.
What is the frame bound?

8.2.2 Riesz bases

In this section we will investigate the conditions that a frame must satisfy
in order for it to define a Riesz basis, i.e., in order that the set {f)}
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be linearly independent. Crucial to this question is the adjoint operator.
Recall that the adjoint T* of T is the linear mapping T* : lo — H
defined by

(T, f) =< &, Tf > (8.22)
for all £ € £y, f € H, so that

T =) &fY.
J

Since T is bounded, it is a straightforward exercise in functional analysis
to show that T* is also bounded and that if ||T||> = B then ||T||? =
IT*(]? = [|TT*|| = ||T*T|| = B.

Exercise 8.3 Using the definition (8.22) of T* show that if ||T|| < K
for some constant K then ||T*|| < K. Hint: Choose f = T*¢.

Furthermore, we know that T is invertible, as is T*T, and if || T71||? =
A=Y then |[(T*T)~!|| = A~L. However, this doesn’t necessarily imply
that T* is invertible (though it is invertible when restricted to the range
of T). T* will fail to be invertible if there is a nonzero £ € ¢ such that
T = Zj fjf(j) = 0. This can happen if and only if the set {f()}
is linearly dependent. If T* is invertible, then it follows easily that the
inverse is bounded and |[(T*)7!||?> = A~L.

The key to all of this is the operator TT* : /5 — H with the action

(TT*E)p = > &n(f™, f™), £ty

Then matrix elements of the infinite matrix corresponding to the
operator TT* are the inner products (TT*),,,, = (f(™), f(m)). This is a
self-adjoint matrix. If its eigenvalues are all positive and bounded away
from zero, with lower bound A > 0, then it follows that T* is invertible
and ||T*!]|2 = A=, In this case the f() form a Riesz basis with frame

bounds A, B.
We will return to this issue when we study biorthogonal wavelets.

8.2.3 Digging deeper: frames of W—H type

We can now relate frames to the lattice Hilbert space construction.
Theorem 8.11 For (a,b) = (1,1) and g € L2(R), we have

0< A<|gp(x1,22)]* < B < o0 (8.23)
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almost everywhere in the square 0 < 1, x5 < 1 iff {g™™} is a frame for
Lo (R) with frame bounds A, B. (By Theorem 8.8 this frame is actually
a Riesz basis for La(R).)

Proof If (8.23) holds then gp is a bounded function on the square. Hence
for any f € Ly(R), fpgp is a periodic function, in x1,xo on the square.
Thus

Z |<f,g[m,n]>‘2 = Z |(fP7En,mgP)|2
= > |(fegp, Enm)® =|Ifrgel (8.24)
m,m=—o0

11
:/ / | fel?|gp|*dz1das.
o Jo

(Here we have used the Plancherel theorem for the exponentials E, ,,.)
It follows from (8.23) that

oo

AfIP < Y0 (g™ < BIfIP, (8.25)

m,n=—o0

so {g™™} is a frame.
Conversely, if {gl™"} is a frame with frame bounds A, B, it follows
from (8.25) and the computation (8.24) that

1 1
Allfell? < / / \fo Plgp 2drrdes < Bl fol?
0 0

for an arbitrary fp in the lattice Hilbert space. (Here we have used the
fact that ||f|| = ||fe]|, since P is a unitary transformation.) Thus the
inequalities (8.23) hold almost everywhere. ad

Frames of the form {gl™®"} are called Weyl-Heisenberg (or W-H
frames). The Weyl-Brezin—Zak transform is not so useful for the study
of W-H frames with general frame parameters (a,b). (Note that it is
only the product ab that is of significance for the W-H frame parame-
ters. Indeed, the change of variable ¢/ = t/a in (8.1) converts the frame
parameters (a,b) to (a’,b") = (1,ab).) An easy consequence of the gen-
eral definition of frames is the following:

Theorem 8.12 Let g € Ly(R) and a,b, A, B > 0 such that

LO<A<Y |g(x+ma)?<B<oo, ae.,



8.2 Bases and frames, windowed frames 257
2. g has support contained in an interval I where I has length b= ".

Then the {gI™*™} are a W-H frame for Lo(R) with frame bounds
b 1A b 1B.

Proof For fixed m and arbitrary f € Ls(R) the function F,,(t) =
f(t)g(t +ma) has support in the interval I,,, = {t + ma : © € I} of
length b=1. Thus F),(t) can be expanded in a Fourier series with respect
to the basis exponentials E,;(t) = €2 on I,,,. Using the Plancherel

formula for this expansion we have

S UL G2 =N (Fo, En)[? (8.26)

m,n

:%ZKFWF bZ/ | lg( t—|—ma)\2dt
=3 [ 0P X late+ maae.

From property 1 we have then
A B
SUAR < 1A g < 271

so {glmeml} is a W-H frame. O

It can be shown that there are no W—H frames with frame parameters
(a,b) such that ab > 1. For some insight into this case we consider the
example (a,b) = (N,1), N > 1, N an integer. Let g € Ly(R). There are
two distinct possibilities:

1. There is a constant A > 0 such that A < |gp(z1,22)| almost every-
where.
2. There is no such A > 0.

mNn

Let M be the closed subspace of Ly(R) spanned by functions {g!
m,n=0+1,42,...} and suppose f € Ly(R). Then

<f7g[mN,n]> = (fPu En,mNgP) = (ngP7 En,mN)-

If possibility 1 holds, we set fp = g;lEno,l. Then fp belongs to the lat-
tice Hilbert space and 0 = (Ey .1, Enmn) = (fege, Enmn) = (f, glmN-nly
so f € M+t and {gI™N"]} is not a frame. Now suppose possibility 2
holds. Then according to the proof of Theorem 8.11, g cannot gen-
erate a frame {gl"™} with frame parameters (1,1) because there is
no A > 0 such that Al|f|[* <>, |(f, g™ 2. Since the {glmN:n1}
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corresponding to frame parameters (1, N) is a proper subset of { glmnl }
it follows that {g[™N"} cannot be a frame either.

For frame parameters (a,b) with 0 < ab < 1 it is not difficult to
construct W-H frames {gl™®"!} such that g € Ly(R) is a smooth func-
tion. Taking the case a = 1,b = 1/2, for example, let v be an infinitely
differentiable function on R such that

0 ifz<0
v(x)—{ | itr>1 (8.27)
and 0 < v(z) <1if 0 <z < 1. Set
0, <0
B v(z), 0<z<l1
9@ = T 2@o1), 1<z<2
0, 2 <z

Then g € Ly(R) is infinitely differentiable and with support contained
in the interval [0,2]. Moreover, ||g||> = 1 and Y, [g(z + m)|* = 1. It
follows immediately from Theorem 8.12 that {g[™"/?} is a W-H frame
with frame bounds A = B = 2.

Theorem 8.13 Let f, g € L2(R) such that | fe(x1,22)|, |gp(x1,z2)| are
each bounded almost everywhere. Then

UG = gt g).

m,n

Proof Since (f,g"™™) = (fp, En.mgp) = (fpgp, Enm) we have the
Fourier series expansion

fp(z1,2)gp(z1, 22) = Z<f, g[m7n]>En,m(xla T2). (8.28)

m,n

Since |fpl,|gp| are bounded, fpgp is square integrable with respect to
the measure drdzy on the square 0 < x1,x2 < 1. From the Plancherel
formula for double Fourier series, we obtain the identity

1 1
| [ 1o PlanPasie, = 31 g
o Jo o

Similarly, we can obtain expansions of the form (8.28) for fpfp and
gpgp. Applying the Plancherel formula to these two functions we find

1 1
/0 /0 Fol2lgp Pddes = 3G, fmmy (glmn g).

m,n
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8.2.4 Continuous wavelets

Recall that if g is the sampling function for the windowed Fourier trans-
form and g is centered about the point (¢, wp) in time—frequency (phase)
space, then gl*1#2] samples a signal f in a “window” centered about the
point (top — x1,wo + x2). As 21,29 are varied this window is translated
around the phase space, but its size and shape remain unchanged. The
continuous wavelet transform employs a new type of sampling behavior
that exploits a scaling of the time parameter. This changes the shape
of the window but, due to the Heisenberg inequality, the area of the
window is unchanged. Thus, for example, we will be able to modify the
window to obtain more and more precise localization of the signal in
the time domain, but at the expense of the degree of localization in the
frequency domain.

Let w € Ly(R) with [|w|| = 1 and define the affine translation of w by

w @ (t) = |a| V2w (t;b> (8.29)

where a > 0. Let f(t) € La2(R). The integral wavelet transform of f is
the function

Fulat) =lal 7 [ gtoyw (0= (fun). s30)
oo a
(Note that we can also write the transform as
Fula,t) =1a"? [ flau-+ by (w)du,

which is well-defined as @ — 0.) This transform is defined in the time-
scale plane. The parameter b is associated with time samples, but fre-
quency sampling has been replaced by the scaling parameter a.

In analogy with the windowed Fourier transform, one might expect
that the functions w(®?) (t) span Ly(R) as a, b range over all possible val-
ues. However, in general this is not the case. Indeed Lo(R) = HT & H™
where H™ consists of the functions f; such that the Fourier transform
Ff+(X) has support on the positive A-axis and the functions f_ in H~
have Fourier transform with support on the negative A-axis. If the sup-
port of w(\) is contained on the positive A-axis then the same will be true
of w(®¥)(X) for all @ > 0,b as one can easily check. Thus the functions
{w(®®)} will not necessarily span Ly(R), though for some choices of w
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we will still get a spanning set. However, if we choose two nonzero func-
tions wx € H* then the (orthogonal) functions {w(a RRTLCRIENIES 0}
will span Ly (R).

An alternative way to proceed, and the way that we shall follow first,
is to compute the samples for all (a,b) such that a # 0, i.e., also to
compute (8.30) for a < 0. Now, for example, if the Fourier transform of
w has support on the positive \-axis, we see that, for a < 0, w(“’b)()\)
has support on the negative A-axis. Then it isn’t difficult to show that,
indeed, the functions w(®®) (t) span Ly(R) as a, b range over all possible
values (including negative a.). However, to get a convenient inversion
formula, we will further require the condition (8.31) to follow (which is
just w(0) = 0).

We will soon see that in order to invert (8.30) and synthesize f from
the transform of a single mother wavelet w we shall need to impose the
condition

(o)
/ w(t)dt = 0. (8.31)
— 00
Further, we require that w(t) has exponential decay at oo, i.e., |w(t)| <
Ke ¥t for some k, K > 0 and all . Among other things this implies that
|t@(A)] is uniformly bounded in A. Then there is a Plancherel formula.

Theorem 8.14 Let f,g € Lo2(R) and C = [ |w(X\) \d;| Then

c /: FOF(t)dt = / / G, b)da db (8.32)

Proof Assume first that f and ¢ have their support contained in |A\| < A
for some finite A. Note that the right-hand side of (8.30), considered as
a function of b, is the convolution of f(¢) and |a|~*/?w(—t/a). Thus the
Fourier transform of Fy(a,-) is |a|*/2f(A\)w(aX). Similarly the Fourier
transform of G, (a,-) is |a|'/?g(\)@(a\). The standard Plancherel iden-
tity gives

| Fa@vGutani = o [ alf0ilaipa

— 00

Note that the integral on the right-hand side converges, because f, g are
bandlimited functions. Multiplying both sides by da/|a|?, integrating
with respect to a and switching the order of integration on the right
(justified because the functions are absolutely integrable) we obtain

/ / Gl ) 2 = —/ FNFDA
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Using the Parseval-Plancherel formula for Fourier transforms, we have
the stated result for bandlimited functions.

The rest of the proof is standard. We need to bound the bandlimited
restriction on f and g. Let f, g be arbitrary Lo functions and let

g [ F) SN
In ) = { 0  otherwise,

where N is a positive integer. Then fy — f (in the frequency domain Lo
norm) as N — +o00, with a similar statement for g . From the Parseval-
Plancherel identity we then have f,, — f,gn — ¢ (in the time domain
L norm). Since

C [ it = fuPar= [ [ 1Pane) - Fu(a P

it follows easily that {F,, n} is a Cauchy sequence in the Hilbert space of
square integrable functions in R? with measure da db/|a|?, and F,, y —
F, in the norm, as N — oo. Since the inner products are continuous

with respect to this limit, we get the general result. O
Exercise 8.4 Verify that the requirement f w(t)dt = 0 ensures that
C is finite, where C' = [ |a( 2% in the Plancherel formula for contin-

uous wavelets.

Exercise 8.5 Consider the Haar mother wavelet

1, o0<t<i
w(t)=4¢ -1, —3<t<0
0 otherwise.

Compute the explicit expression for the wavelet transform. Find the
explicit integral expression for C'. Can you determine its exact value?

The synthesis equation for continuous wavelets is as follows.

Theorem 8.15
t—b_db da
1/2—
c/ / wlab)la] 2w T (8.33)

Proof Consider the b-integral on the right-hand side of Equation (8.33).
By the Plancherel formula this can be recast as 5 [~ Fw(A)E(“") (A)dA
where the Fourier transform of Fy(a,-) is |a|'/2f(A)i(a)), and the
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Fourier transform of |a|~Y/?w(£>) is a|'/?e~"* b(aX). Thus the expres-
sion on the right-hand side of 8 (8.33) becomes

> da
)\ 2 Zt)‘d)\
27TC |a/ fOli(ax)|

da
1t)\ 2
=50 | fea / Sl

The a-integral is just C, so from the inverse Fourier transform, we
see that the expression equals f(t) (provided it meets conditions for
pointwise convergence of the inverse Fourier transform). O

Now let’s see how to modify these results for the case where we require
a > 0. We choose two nonzero functions w4 € H*, i.e., w, is a positive
frequency probe function and w_ is a negative frequency probe. To get
a convenient inversion formula, we require the condition (8.34) (which
is just w4 (0) = 0,w_(0) = 0):

T dt= [ w @t =o. (8.34)
[ = |

Further, we require that wy (¢f) have exponential decay at oo, i.e.,
lw ()] < Ke ¥t for some k, K > 0 and all . Among other things
this implies that |@w4 (\)| are uniformly bounded in A. Finally, we adjust
the relative normalization of w, and w_ so that

0 5 dX
¢= / =g (8.35)

Let f(t) € Ly(R). Now the integral wavelet transform of f is the pair of
functions

Fefa,0) = o [ " feyme (t;”)dt — (fe?). (3.36)

(Note that we can also write the transform pair as
Fi(a,b) = |a|1/2/ f(au + b)wy (u)du,
which is well-defined as @ — 0.) Then there is a Plancherel formula.

Theorem 8.16 Let f,g € Ly(R). Then C [~ f(t)g(t)dt =

/ / (Fe (@, 0)G 1 (0,5) + F_ (0,50 (a,1)) “5 dodb — (g31)
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Proof A straightforward modification of our previous proof. Assume first
that f and ¢ have their support contained in |[A| < A for some finite A.
Note that the right-hand sides of (8.36), considered as functions of b, are
the convolutions of f(t) and |a|~'/?@W.(—~t/a). Thus the Fourier trans-
form of F (a,-) is |a|*/2f(A)w (a)). Similarly the Fourier transforms of
Ga(a,-) are |a|/?g(A\)0+(a)). The standard Plancherel identity gives

/_ Fy (a,5)Cy (a, bydb = —— / lal F VGt (a)) d,

/ F_(a,b)G 7/ la| (NG |[i— (aX)|>dA.

Note that the integrals on the right-hand side converge, because f, g are
bandlimited functions. Multiplying both sides by da/|a|?, integrating
with respect to a (from 0 to +00) and switching the order of integration
on the right we obtain

// (Fy(a,5)G s (a,) + F_(a,5)G(a,b ))d“db

o | A [ oo

— 00

Using the Plancherel formula for Fourier transforms, we have the stated
result for bandlimited functions. The rest of the proof is standard. O

Note that the positive frequency data is orthogonal to the negative
frequency data.

Corollary 8.17
d db
/ / Fi(a.0)G-(a,b) =5~ 1@ . (8.38)

Proof A slight modification of the proof of the theorem. The standard
Plancherel identity gives

| e G @ = 5 [ lalf 00300 0@ =0

— 00

since Wy (A)w_(\) = 0. a
The modified synthesis equation for continuous wavelets is as follows.
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Theorem 8.18

f) = (5.39)
& [ (Fanm e ()

Proof Consider the b-integrals on the right hand side of equations (8.39).
By the Plancherel formula they become 5= [ Fy Ny o )()\)d)\ where

the Fourier transform of Fi(a,-) is |a|'/2f(\)ws(a)), and the Fourier
|7Y2we (=) is  a|Y/2e7"Mby(a)). Thus the
expressions on the right-hand side of (8.39) become

2 it
mc | [ oo

zt)\ 2
27TC/ Fn d)\/ L(aN)] ‘

Each a-integral is just C, so from the inverse Fourier transform, we
see that the expression equals f(t) (provided it meets conditions for
pointwise convergence of the inverse Fourier transform). ]

transform  of |a

Can we get a continuous transform for the case a > 0 that uses a single
wavelet? Yes, but not any wavelet will do. A convenient restriction is to
require that w(t) is a real-valued function with [|w|| = 1. In that case it
is easy to show that w(\) = w(—\), so [w(A\)| = [w(—N)|. Now let

1 > . 1 0 .
wi (t) :ﬁ/o BN, w,(t):%/ BV
—00

Note that
wt) =wi(t) +w-(t),  ||lwi]l = [[w-]|

and that wy are, respectively, positive and negative frequency wavelets.
We further require the zero area condition (which is just @(0) = w4 (0) =

0,d_(0) = 0):
/ " ()t = / "t =0, (8.40)

— 00 — 00

and that w(t) have exponential decay at co. Then

U L dA
C= / |/\\ /_oo [ (M) B (8.41)
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exists. Let f(t) € La(R). Here the integral wavelet transform of f is the
function

F(a,b) = |a|71/? /_O; ftyw (t_ab)dt = (f, w@?). (8.42)

Theorem 8.19 Let f,g € La(R), and w(t) a real-valued wavelet func-
tion with the properties listed above. Then

% [ O; FOF(t)dt = /0 h [ O; Fla,)Cla b)da db (8.43)

Proof This follows immediately from Theorem 8.16 and the fact that

/ / Gla b)dc;db

/Ooo /_oo (Fy(a,b) + F_(a,b)) (G4 (a,b) + G_(a,b))

da db
a2

/ / F+(le+(a b)+F (a b)é ( )) danba

due to the orthogonality relation (8.38). m
The synthesis equation for continuous real wavelets is as follows.

Theorem 8.20
—b.db da
1/2
// 2 F(a, by B (8.44)

a

Exercise 8.6 Show that the derivatives of the Gaussian distribution

d'l’L
TG, G =

w™(t) = K, exp(—t?/20%), n=1,2,...

1
V2o
(8.45)

each satisfy the conditions for reconstruction with a single wavelet in
the case a > 0, provided the constant K, is chosen so that ||w(™|| = 1.
In common use is the case n = 2, the Mexican hat wavelet. Graph this
wavelet to explain the name.

Exercise 8.7 Show that the continuous wavelets w(™) are insensitive
to signals t* of order k < n. Of course, polynomials are not square
integrable on the real line. However, it follows from this that w(") will
filter out most of the polynomial portion (of order < n) of a signal
restricted to a finite interval.
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Exercise 8.8 For students with access to the MATLAB wavelet tool-
box. The MATLAB function cwt computes F'(a, b), (called C, by MAT-
LAB) for a specified discrete set of values of a and for b ranging the
length of the signal vector. Consider the signal f(t) = e‘tg/lo(sint +
2 cos 2t + sin(5t + cos 8t + 2t2), 0 < t < 2. Discretize the signal into a
512 component vector and use the Mexican hat wavelet gau2 to compute
the continuous wavelet transform C,; for a taking integer values from
1 to 32. A simple code that works is

t=linspace(0,2%pi,278);
f=exp(-t."2/10) .*(sin(t)+2xcos (2*t)+sin(5*t)+cos (8*t)+2*t."2);
c=cwt(f,1:32,’gau2’)

For color graphical output an appropriate command is
cc=cwt(f,1:32,’gau2’,’plot’)

This produces four colored graphs whose colors represent the magnitudes
of the real and the imaginary parts of C,;, the absolute value of C 4
and the phase angle of C, 3, respectively, for the matrix of values (a, b).
Repeat the analysis for the Haar wavelet 'dbl’ or 'haar’ and for 'cgaud’.
Taking Exercise 8.7 into account, what is your interpretation of the
information about the signal obtained from these graphs?

The continuous wavelet transform is also used frequently for nonzero
wavelets w(t) that do not satisfy the condition [~ w(t) dt = 0, so that
the synthesis formulas derived above are no longer valid. The critical
requirement is that the affine translations {w(*® (t): 0 < a, —o0 < b <
oo}, (8.29), must span Ly(R). A sufficient condition for this is that for
any function g € La(R) the orthogonality condition [ g Y (t) dt =
0 for all @ > 0,b € R implies ||g|| = 0. Then even though there is
no simple inversion formula, the samples Fy,(a,b) uniquely characterize
any f € Lo(R). Some of these wavelets provide very useful information
about the phase space structure of functions f. Examples for w are the
Gaussian function G(t) = \/2170 exp(—t?/20?) and, more generally, the
complex Gaussians

dr .
(n) =K zth t
ww ( ) ndtne ( )

for w a fixed real number. The case wb(uo)(t) is the Morlet wavelet.

Exercise 8.9 Show that the affine translations w(®? (t) span Ly(R)
where w(t) = G(t), the Gaussian distribution.
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Exercise 8.10 Show that the set of affine translations of a complex
Gaussian w(" (t) span Lo(R). Hint: We already know that the affine
translations of the real Gaussian (8.45) span Ly (R).

The continuous wavelet transform is overcomplete, just as is the
windowed Fourier transform. To avoid redundancy (and for practical
computation where one cannot determine the wavelet transform for a
continuum of a, b values) we can restrict attention to discrete lattices in
time-scale space. The question is: which lattices will lead to bases for
the Hilbert space? Our work with discrete wavelets will give us many
nontrivial examples of a lattice and wavelets that will work. Here, we
look for other examples.

8.2.5 Lattices in time-scale space

To define a lattice in the time-scale space we choose two nonzero real
numbers ag, bp > 0 with ag # 1. Then the lattice points are a = af*,b =
nboag’, m,n =0,%£1,..., so

W™ (t) = w0 b’ (1) = aam/zw(aamt — nbo).

Note that if w has support contained in an interval of length ¢ then the
support of w™" is contained in an interval of length ay ™ ¢. Similarly, if
Fw has support contained in an interval of length L then the support
of Fw™" is contained in an interval of length a{’L. (Note that this
behavior is very different from the behavior of the Heisenberg translates
glm®n In the Heisenberg case the support of ¢ in either position or
momentum space is the same as the support of gl™®"t In the affine
case the sampling of position—-momentum space is on a logarithmic scale.
There is the possibility, through the choice of m and n, of sampling in
smaller and smaller neighborhoods of a fixed point in position space.)

The affine translates w™" are called discrete wavelets and the function
w is a mother wavelet. The map T : f — (f,w™) is the discrete wavelet
transform.

NOTE: This should all become very familiar to you. The lattice ag =
27 by = 1 corresponds to the multiresolution analysis that we will study
in Chapter 9.

Exercise 8.11 This is a continuation of Exercise 8.5 on the Haar mother
wavelet. Choosing the lattice ag = 27,by = 1, for fixed integer j # 0,
show that the discrete wavelets w™" for m,n = 0,+1,£2,... form an
ON set in Ly(R). (In fact it is an ON basis.)
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8.3 Affine frames

The general definitions and analysis of frames presented earlier clearly
apply to wavelets. However, there is no affine analog of the Weil-Brezin—
Zak transform which was so useful for Weyl-Heisenberg frames. Nonethe-
less we can prove the following result directly.

Lemma 8.21 Let wy € Ly(R) such that the support of Fw is contained
in the interval [¢, L] where 0 < £ < L < oo, and let ag > 1,bg > 0 with
(L — £)by < 1. Suppose also that

0<A< Z|}'w+(a6”w)|2 <B <o

for almost all w > 0. Then {w'"} is a frame for HT with frame bounds
A/bo, B/bg.

Proof Let f € H' and note that w, € H*. For fixed m the support of
Ff(ad'y)Fwy(w) is contained in the interval £ < w < £+1/bg (of length
1/bg). Then

SOHL WP =Y [(FfFwt)? (8.46)

m,n m,n

_Zaam|/ ]:f .7:1U+( ) —mbowdw|2

£+1/bg
|\ F f(ag ™w)Fws (w)[dw

bz/ ) Furs () P

1

6/0 |F fw <Z|}"w+aow )dw

Since || f||* = [;° |F f(w)|?dw for f € HT, the result

AILFIP < D[ wf™I? < BlIfIP

m,n

follows. |

A very similar result characterizes a frame for H~. (Just let w run from
—00 to 0.) Furthermore, if {w "}, {w™"} are frames for H*,H ™, respec-
tively, corresponding to lattice parameters ag, by, then {w"™, w™"} is a
frame for Ly(R)
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Exercise 8.12 For lattice parameters ag = 2,by = 1, choose Wy = x[1,2)
and w_ = x(_2,—1]- Show that w, generates a tight frame for #* with
A= B =1 and w_ generates a tight frame for H~ with A = B = 1,s0
{w™, w™"} is a tight frame for Ly(R). (Indeed, one can verify directly
that {wT"} is an ON basis for La(R).)

Exercise 8.13 Let w be the function such that

0 if w</?
Fulw) = 1 singv( (“(’;e)> Hl<w<al
VIna | cos ”v (a‘;(iaz)) if al < w < a?f

if a2l < w

where v(x) is defined as in (8.27). Show that {w™"} is a tight frame for
HT with A = B = 1/blna. Furthermore, for wy = w and w_ = @ show
that {wT"™} is a tight frame for Lo(R).

Suppose w € Ly(R) such that Fw(w) is bounded almost everywhere
and has support in the interval [—1/2b,1/2b]. Then for any f € La(R)
the function

ag " F fag ™w) Fu(w)

has support in this same interval and is square integrable. Thus
S vl =S [ " F (g e Ful@e
| =5'% / 5 f (0™ w) Fo(w) P
o /_ ()2 Z | Fu(aw)2dw (8.47)
7/ | Ff(w))? Z|.7:w w)|dw.

It follows from the computation that if there exist constants A, B > 0
such that

A<Z\]:w agw)* < B

for almost all w, then the single mother wavelet w generates an affine
frame.
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8.4 Additional exercises

Exercise 8.14 Verify formulas (8.2), using the definitions (8.3).

Exercise 8.15 Derive the inequality (8.5).

Exercise 8.16 Given the function

1, 0<t«1
g(t) = ¢(t) = { 0, otherwise,

i.e., the Haar scaling function, show that the set {gl"™} is an ON basis
for Ly(R). Here, m,n run over the integers. Thus ¢l*1*2! is overcomplete.

Exercise 8.17 Verify expansion (8.19) for a frame.

Exercise 8.18 Show that the necessary and sufficient condition for a
frame {0, ..., M)} in the finite-dimensional inner product space V,
is that the NV x M matrix €, (8.21), be of rank N. In particular we must
have M > N.

Exercise 8.19 Show that the necessary and sufficient condition for a
frame {0, ..., M)} in the finite-dimensional inner product space V,
to be a Riesz basis is that M = N.

Exercise 8.20 Show that the NV x M matrix defining the dual frame is
(QO*)~1Q.

Exercise 8.21 Verify that \; = o7, for j = 1,...,N where the o,
are the singular values of the matrix €2, (8.21). Thus optimal values for
A and B can be computed directly from the singular value decomposition
of Q.

Exercise 8.22 Show that expansion (8.21) for a frame in the finite-
dimensional real inner product space Vy corresponds to the matrix iden-
tity ¢ = QQ*(QQ*) " L¢.

Exercise 8.23 Find the matrix identity corresponding to the expansion
(8.21) for a frame in the finite-dimensional real inner product space Vy.

Exercise 8.24 By translation in ¢ if necessary, assume that
J75 tlwy (t)|?dt = 0. Let

[e’s) 0
ky =/ y|Fw (y)Pdy, k- =/ y|Fw_(y)[*dy.
0

— 00
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Then w4 are centered about the origin in position space and about ki
in momentum space. Show that

/ Hul) (1) 2t = b, + / Y| Fu?) (£y) Pdy = a~ ks,
oo 0

so that wi’ ) are centered about —b in time and a~ 'k in frequency.

Exercise 8.25 Show that if the support of wy is contained in an interval
of length ¢ in the time domain then the support of wf’b)
in an interval of length |a|¢. Similarly, show that if the support of Fw
is contained in an interval of length L in the frequency domain then

is contained

the support of fwf’b) is contained in an interval of length |a| = L. This
implies that the length and width of the “window” in time—frequency
space will be rescaled by a and a~! but the area of the window will
remain unchanged.

For a group theory approach to windowed Fourier and continuous
wavelet transforms, with applications to radar, see [85].
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Multiresolution analysis

9.1 Haar wavelets

Discrete wavelet analysis constitutes a method of signal decomposi-
tion quite distinct from Fourier analysis. The simplest wavelets are
the Haar wavelets, studied by Haar more than 50 years before dis-
crete wavelet theory came into vogue. From our point of view, however,
Haar wavelets arise from the affine frame associated with the continuous
Haar wavelet transform, and the lattice (ag,bo) = (2,1), see Exercises
8.5 and 8.11. The continuous transform functions are overcomplete but
by restricting the transform to the lattice, we get an ON basis for Ly (R).
By exploiting the scaling properties of the affine frame we will find the
Mallat algorithm, a novel way of organizing the expansion coefficients for
a signal with respect to discrete wavelet bases that exploits the “zoom-
ing in” feature of the change of time scale by a factor of 2. A deep
connection between filter banks and discrete wavelets will emerge. This
simple example will illustrate some of the basic features of multiresolu-
tion analysis, an abstract structure for analyzing Riesz bases related to
the lattice (ag,bo) = (2,1).

We start with the father wavelet or scaling function. For the Haar
wavelets the scaling function is the boz function

¢(t):{1 ifo<t<i 1)

0 otherwise.

We can use this function and its integer translates to construct the space
V4 of all step functions of the form

s(t) = ag for k<t<k+1,
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where the ay, are complex numbers such that > - |ax|? < co. Thus
s € Vo C Lo(R) if and only if
s(t) = ZaM(t — k), Z |ag|* < 0.
k k=—o
Note that the {¢(t — k) : k =0,+1,...} form an ON basis for V;. Also,
the area under the father wavelet is 1:

/_ O; (t)dt = 1.

We can approximate signals f(t) € Lo(R) by projecting them on Vj
and then expanding the projection in terms of the translated scaling
functions. Of course this would be a very crude approximation. To get
more accuracy we can change the scale by a factor of 2.

Consider the functions ¢(2t — k). They form a basis for the space V3
of all step functions of the form

k k41
s(t) = ag for§§t<T,

where Y72 |ag|? < oo. This is a larger space than Vj because the
intervals on which the step functions are constant are just 1/2 the width
of those for Vj. The functions {2'/2¢(2t —k): k=0,%+1,...} form an
ON basis for V. The scaling function also belongs to V7. Indeed we can

expand it in terms of the basis as

o(t) = p(2t) + p(2t — 1). (9.2)

NOTE: In the next section we will study many new scaling functions ¢.
We will always require that these functions satisfy the dilation equation

N
B(t) = V2> erp(2t — k). (9:3)

k=0

The v/2 will be needed for normalization purposes. It is ubiquitous in
discrete wavelet theory in the same way that 7 is ubiquitous in the
equations of Fourier analysis. For the Haar scaling function N = 1 and
(co,c1) = (1/3/2,1/4/2), just as for the moving average filter, see Exam-
ples 7.6. From (9.3) we can easily prove

Lemma 9.1 If the scaling function is normalized so that

| otwa=1,
then Ziv:o e = V2.
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Returning to Haar wavelets, we can iterate this rescaling procedure
and define the space V; of step functions at level j to be the Hilbert
space spanned by the linear combinations of the functions ¢(2/t — k),
k =0,%£1, .... These functions will be piecewise constant with discon-
tinuities contained in the set

{t:%, n=0,+1,42,...}.
The functions
Gin(t) =222t — k),  k=0,£1,42, ...
form an ON basis for V;. Further we have
VocVic-—-CV;oiCV;C Vi Coee

and the containment is strict. (Each V; contains functions that are not
in V;_1.) Also, note that the dilation equation (9.2) implies that

bix(t) = %[@mk(t) S——)] (9.4)

Exercise 9.1 Verify explicitly that the functions ¢;x(t) form an ON
basis for the space V; and that the dilation equation (9.4) holds.

Our definition of the space V; and functions ¢, (¢) also makes sense
for negative integers j. Thus we have

- VeoCcVayaCcVyCcViC---

Here is an easy way to decide in which class a step function s(t)
belongs:

Lemma 9.2

L. s(t) € Vo & s(27t) € V;
2. s(t) e V; & s(279t) €

Proof s(t) is a linear combination of functions ¢(t — k) if and only if
5(27t) is a linear combination of functions ¢(27t — k). O

Since Vi C Vi, it is natural to look at the orthogonal complement of
Vo in V7, i.e., to decompose each s € V7 in the form s = sy 4+ s; where
sg € Vyand s1 € VOL. We write

Vi=Vo® Wo,
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where Wy = {s € V1 : (s,f) = 0 for all f € V}. It follows that the
functions in Wy are just those in V; that are orthogonal to the basis
vectors ¢(t — k) of V.

Note from the dilation equation that ¢(t — k) = ¢(2t — 2k) + ¢(2t —
2k—1) = 2-1/2 (¢1,2k(t) + ¢1’2k+1(t)). Thus

& —1/2 i
(Pok: P1e) = 21/2/ ot — k)p(2t — O)dt = { 2 if £ =2k, 2k+1

0 otherwise

and

s1(t) =Y app(2t —k) € V3

k
belongs to Wy if and only if agy+1 = —agi. Thus
s1=Y ag [@(2t — 2k) — (2t — 2k — 1)] =Y aggw(t — k)
k k

where

w(t) = ¢(2t) — ¢(2t — 1) (9-5)

is the Haar wavelet, or mother wavelet. You can check that the wavelets
w(t—k), k=0=x1,..., form an ON basis for Wj.

NOTE: In the next section we will require that associated with the
father wavelet ¢(¢) there be a mother wavelet w(t) satisfying the wavelet
equation

N
w(t) = V2 dpp(2t — k), (9.6)
k=0

and such that w is orthogonal to all translations ¢(¢t — k) of the
father wavelet. For the Haar scaling function N =1 and (dp,d;)=
(1/v/2,—1/+/2), the normalized impulse response vector for the mov-
ing difference filter, see Examples 7.6.

We define functions w;(t)

win(t) = 25w(27t — k) = 23 (H(27T — 2k) — (271t — 2(k + 1)),
k=0,41,42,..., j=12,...
It is easy to prove
Lemma 9.3 For fized j,
(wik, wik') = Okrs (Pjs Winr) =0 (9-7)
where k, k' =0,+1,...
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Other properties proved above are that

Pjk(t) = L(<l5j+1,2k(t) + @jt1,2641 (%)),

V2

wik(t) = \%(¢j+1,2k(t) — Qjr1,2k+1(1))-

Theorem 9.4 Let W; be the orthogonal complement of V; in Vjiq:
Vi®W;=Vju.

The wavelets {w;i(t) : k=0,%1,...} form an ON basis for W;.

Proof From (9.7) it follows that the wavelets {w;} form an ON set in
W;. Suppose s € W; C Vji1. Then

s(t) = Z ak®j+1,k(t)
k

and (s, ¢j,) = 0 for all n. Now ¢;, = %(Qﬁj-{-lgn + @j+1,2n+1), SO

1 1
0=(s,¢jn) = E[(Sv Gj+1,2n) + (8, Dj41,2041)] = \ﬁ(a@n + a2n41)-
Hence
s(t) = Zagkﬁwjk(t),
k
and the set {w;} is an ON basis for Wj. O

Since V; ® W; = V14 for all j > 0, we can iterate on j to get V1 =
W;®V; =W; ®W,_1 ®V;_; and so on. Thus

Vimm=W;0W,;_1®--- W1 & Wy ® W,
and any s € V41 can be written uniquely in the form

J
s = Wk + So where wy, € Wy, sg € V.
k=0

Remark Note that (wjx, wjg) = 0 if j # j'. Indeed, suppose j > j' to
be definite. Then wjp € Wy C Vg C Vj. Since wj, € Wj it must be
perpendicular to w;.

Lemma 9.5 (wji, wje) = 0550k for j,j', £k, £k =0,1,...
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Theorem 9.6

LR) =V > eW,=VoaWaW -,
£=0

so that each f(t) € La(R) can be written uniquely in the form

f=Ffo+> wi,  weeWy, fo€ V. (9.8)
k=0

Proof Based on our study of Hilbert spaces, it is sufficient to show that
for any f € Ly(R), given € > 0 we can find an integer j(e) and a step
function s = ), arp¢;r € V; with a finite number of nonzero a;, and such
that || f — s|| < e. This is easy. Since the space of step functions S[Q_OO,OO]
is dense in Ly(R) there is a step function §'(t) € 5[2700700], nonzero on
a finite number of bounded intervals, such that ||f — s'|| < €/2. Then,
it is clear that by choosing j sufficiently large, we can find an s € Vj
with a finite number of nonzero ay and such that ||s' — s|| < €/2. Thus
1f = sl < IF = Il +|Is" = sl < o

Note that for j a negative integer we can also define spaces V;, W;
and functions ¢, w;; in an obvious way, so that we have

LR =V;0> eW,=V;oW,0W1 &, (9.9)
t=j

even for negative j. Further we can let j — —oo to get

Corollary 9.7
Ly(R) = Z eWy=---WaoeWeeW @,

{=—o00

so that each f(t) € La(R) can be written uniquely in the form

f=> w, weW. (9.10)

l=—00

In particular, {w; : j,k =0,£1,%£2,...} is an ON basis for La(R).

Proof (If you understand that every function in Ls(R) is determined up
to its values on a set of measure zero.): We will show that {w;} is an
ON basis for Ly(R). The proof will be complete if we can show that the
space W’ spanned by all finite linear combinations of the wjy, is dense in
Ly(R). This is equivalent to showing that the only g € Ly(R) such that
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(g, f) =0 for all f € W’ is the zero vector g = 0. It follows immediately
from (9.9) that if (g,w;x) = 0 for all j, k then g € V; for all integers
£. This means that, almost everywhere, g is equal to a step function
that is constant on intervals of length 2. Since we can let £ go to
—oo we see that, almost everywhere, g(t) = ¢ where c¢ is a constant. We
can’t have ¢ # 0 for otherwise g would not be square integrable. Hence
g=0. O

This result settles an issue raised in Exercise 8.11.

We have a new ON basis for Ly (R):

{dok, wi : J,tk, £k =0,1,...}.

Let’s consider the space V; for fixed j. On one hand we have the scaling
function basis

{pjr: tk=0,1,...}.
Then we can expand any f; € V; as
fj = Z aj’k@-’k. (91].)
k=—o00

On the other hand we have the wavelets basis
{(,Z5j_1,k,wj_17k-/ : :tk,:l:k/ :O,l,...}

associated with the direct sum decomposition

Vi=W;,_10 V1.

Using this basis we can expand any f; € V; as

fi= Z bj—1, kw1 + Z a1 kPj—1,k- (9.12)
k'=—o0 k=—c
If we substitute the relations ¢;_1x(t) = %((ﬁj’%(t) + ¢jon41 (D),

wi—1k(t) = %(gbj’gk(t) — ¢j2k+1(t)), into the expansion (9.12) and

compare coefficients of ¢;, with the expansion (9.11), we obtain the
fundamental recursions

Averages (lowpass) a;j_1,5 = %(aj,gk + ajok+1) (9.13)

Differences (highpass) bj_1 1 = %(aﬂk — G 2k+1)- (9.14)

These equations link the Haar wavelets with an N = 1 filter. Let x; =
aji, be a discrete signal. The result of passing this signal, backwards,



9.1 Haar wavelets 279

through the (normalized) moving average filter C and then downsam-
pling is y, = (I 2)CT % 2, = aj_1, where a;_1 is given by (9.13).
Similarly, the result of passing the signal backwards through the (nor-
malized) moving difference filter D and then downsampling is zp =
(1 2)DT %z, = bj_1 1, where bj_1 , is given by (9.14).

If you compare the formulas (9.13), (9.14) with the action of the filters
C, D in Examples 7.6 you see that the correct filters differ by a time
reversal. The correct analysis filters are the time-reversed filters D7,
where the impulse response vector is d- = d_,,, and CT. These filters
are not causal. In general, the analysis recurrence relations for wavelet
coefficients will involve the corresponding acausal filters CT, DT'. How-
ever synthesis filters for recovering a; j from the a;_; ; will turn out to
be C, D exactly. The picture is in expression (9.15).

aj—1k (i, 2) (ofd
N

Output Analysis ajp - (9.15)
v~ Input

bji—1x (2 DT

This coupling of high pass filters and low pass filters with downsampling
is called a filter bank, whose precise definition will be given in Section
9.3. We can iterate this process by inputting the output a;_;  of the
high pass filter to the filter bank again to compute a;_2 x,b;—2 1, etc.
At each stage we save the wavelet coefficients b;/4 and input the scaling
coefficients a;ys for further processing, see expression (9.16).

aj—2k < (\LQ) CT

N
aj—1k < (J,2) CcT
v N
bjfz,k — (J,2) DT ajik
v Input.
bji_1k (\L2> DT
(9.16)

The output of the final stage is the set of scaling coefficients agg, bog.
Thus our final output is the complete set of coefficients for the wavelet
expansion

7 o0 00
fi= Z Z bjrkwjrk + Z aokPok,

7'=0k=—00 k=—o00
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based on the decomposition
Visi=W; e W;_1®--- W1 & Wy @ V.

What we have described is the Mallat algorithm (Mallat herring bone)
for decomposing a signal. In practice f; has finite support, so the sum
on k is finite.

We can invert each stage of this process through the synthesis recur-
sion:

(aj—16 +bj—1.k)

1
aj,2k:\ﬁ
1
j2kt+1 = —7=(@j—1k = Oj—1,k)- :
aj2k+1 \@(GJ 1k —bj—1k) (9.17)

Thus, for level j the full analysis and reconstruction picture is expres-
sion (9.18).

C (T 2) — Aj-1k (i 2) CcT
e N
aj Synthesis Analysis aji
Output v Input.
D (12) <« bjix « (2 DT
(9.18)

Comments on Haar wavelets:

1. For any f(t) € La(R) the scaling and wavelets coefficients of f are
defined by

= (o) =27 [ T 0@t — Ry

:29‘/2/2’ Y Fdt, (9.19)
k_

bik = (fwjr) = 21/2 /OO f)p(27 T — 2k)dt

—21/? /OO FO)p(2 1 — 2k — 1)dt

_ 9i/2 /;J ) - Ft+ Qj—lﬂ)]dt. (9.20)

If f is a continuous function and j is large then a;j, ~ 279/2f(£).
(Indeed if f has a bounded derivative we can develop an upper bound
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for the error of this approximation.) If f is continuously differentiable
and j is large, then bj; ~ —Wf’(%) Again this shows that the
a;i, capture averages of f (low pass) and the b;; capture changes in
f (high pass).

. Since the scaling function ¢(¢) is nonzero only for 0 < ¢ < 1 it follows
that ¢ (¢) is nonzero only for 2 <t < £t Thus the coefficients a;y,
depend only on the local behavior of f(¢) in that interval. Similarly
for the wavelet coefficients bj;. This is a dramatic difference from
Fourier series or Fourier integrals where each coefficient depends on
the global behavior of f. If f has compact support, then for fixed j,
only a finite number of the coefficients a;, b;; will be nonzero. The
Haar coefficients a;;, enable us to track ¢ intervals where the function
becomes nonzero or large. Similarly the coefficients b;; enable us to
track ¢ intervals in which f changes rapidly.

. Given a signal f, how would we go about computing the wavelet
coeflicients? As a practical matter, one doesn’t usually do this by
evaluating the integrals (9.19) and (9.20). Suppose the signal has
compact support. By translating and rescaling the time coordinate
if necessary, we can assume that f(¢) vanishes except in the interval
[0,1). Since ¢;x(t) is nonzero only for £ <t < &L it follows that
each of the coefficients a;, bj, will vanish except when 0 < k < 27.
Now suppose that f is such that for a sufficiently large integer j = J
we have ajp, ~ 2_J/2f(2%). If f is differentiable we can compute how
large J needs to be for a given error tolerance. We would also want to
exceed the Nyquist rate. Another possibility is that f takes discrete

values on the grid t = 2%, in which case there is no error in our

assumption. Thus, effectively, we are sampling the function f(¢) at
the gridpoints.

Inputting the values aj, = 2"]/2]"(2%) for k =0,1,...,27 — 1 we
use the recursion

Averages (lowpass) aj_1,5 = 2(0/]'72]@ +ajok+1)  (9.21)

(ajok — ajons1)  (9.22)

8- g

Differences (highpass) b1, =

o

described above, see expression (9.16), to compute the wavelet coef-
ficients bjx, j =0,1,...,J —1,k=0,1,...,27 — 1 and ago.

The input consists of 2/ numbers. The output consists of ij_ol 27 4
1 = 27 numbers. The algorithm is very efficient. Each recursion
involves two multiplications by the factor 1/v/2. At level j there are
2 - 27 such recursions. Thus the total number of multiplications is
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25770227 =427 —4 < 427, See Figure 9.1 for a MATLAB
implementation of the algorithm.

4. The preceding algorithm is an example of the Fast Wavelet Trans-
form (FWT). It computes 27 wavelet coefficients from an input of 27
function values and does so with a number of multiplications ~ 27.
Compare this with the FFT which needs ~ .J-27 multiplications from
an input of 27 function values. In theory at least, the FWT is faster.
The Inverse Fast Wavelet Transform is based on (9.17). (Note, how-
ever, that the FFT and the FWT compute different things, i.e., they
divide the spectral band in different ways. Hence they aren’t directly
comparable.)

5. The FWT discussed here is based on filters with N + 1 taps, where
N = 1. For wavelets based on more general N + 1 tap filters (such as
the Daubechies filters), each recursion involves N + 1 multiplications,
rather than two. Otherwise the same analysis goes through. Thus the
FWT requires ~ 2(N + 1)27 multiplications.

6. Haar wavelets are very simple to implement. However they are poor
at approximating continuous functions. By definition, any truncated
Haar wavelet expansion is a step function. Most of the Daubechies
wavelets to come are continuous and are much better for this type of
approximation.

Exercise 9.2 For students with access to the wavelet toolbox of MAT-
LAB. The dwt command of MATLAB accomplishes the filtering ac-
tion of (9.15). If the signal vector is a then the command [cA,cD] =
dwt(a,’ db2") produces vectors cA, ¢D, the result of applying the filters
(1 2)CT and (| 2)DT, respectively, to a, using the Haar wavelet db2.
Practice with the signal a produced by

t=linspace(0,1,2710);
x=2xrand(1,2710)-0.5;
a=exp(-t."2) .*sin(100*t."2);
a=f+x;
[cA,cD]=dwt(a,’db2’);
subplot(2,2,1)
plot(a)
subplot(2,2,2)
plot(ch)
subplot(2,2,4)
plot(cD)



9.1 Haar wavelets 283

Decomposition at level 5 : s = a5 + d5 + d4 + d3 + d2 + d1
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Figure 9.1 Tree structure of Haar analysis.

This is output from the Wavelet Toolbox of MATLAB. The signal s = ag is
sampled at 512 = 2° points, so J = 9 and s is assumed to be in the space V.
The signal can be reconstructed as: s = a5 + ds + da + d3 + d2 + d1. This
signal is a Doppler waveform with noise superimposed. The lower-order
differences contain information, but the smallest coefficients in di and d2
appear to be noise. One way of processing this signal to reduce noise and
pass on the underlying information would be to set to zero all the d1 and d2
coefficients bg ;, = b7, = 0 whose absolute values fall below some tolerance
level ¢ and reconstruct the signal from the remaining nonzero coefficients.
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The synthesizing action of (9.18) is accomplished via the inverse trans-
formation idwt.

s=idwt (cA,cD, ’db2’);
subplot(1,2,1)
plot(a)
subplot(1,2,2)
plot(s)

Construct an iterated filter to implement the action of (9.16). Break a
down into three terms, plot the results and then reconstruct the original
signal.

9.2 The multiresolution structure

In this section, we deal with multiresolution structure. The Haar wavelets
of the last section, with their associated nested subspaces that span Lo
are the simplest example of what is called resolution analysis. We give
the full definition here. It is the main structure that we shall use for the
study of wavelets, though not the only one. It allows us to focus on the
important properties of wavelets, and not to get lost in the complicated
details for construction of particular wavelets. Almost immediately we
will see striking parallels with the study of filter banks.

Definition 9.8 Let {V; : j = ...,—1,0,1,...} be a sequence of sub-
spaces of Ly(R) and ¢ € V. This is a multiresolution analysis for Ls(R)
provided the following conditions hold:

1. The subspaces are nested: V; C Vj41.

2. The union of the subspaces generates Ly : U2 V; = La(R). (Thus,
each f € Lo can be obtained as a limit of a Cauchy sequence {s,, :
n=1,2,...} such that each s, € V;, for some integer j,.)

3. Separation: N2 V; = {0}, the subspace containing only the zero
function. (Thus only the zero function is common to all subspaces

Vi)
4. Scale invariance: f(t) € V; <= f(2t) € Vj41.
5. Shift invariance of Vp: f(t) € Vo < f(t — k) € V} for all integers k.
6. ON basis: The set {¢(t — k) : k =0,£1,...} is an ON basis for V5.

Here, the function ¢(t) is called the scaling function (or the father
wavelet).
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Remarks:

Just as for the Haar wavelet, we will show that each multiresolution
analysis is associated to a filter bank.

The ON basis condition can be replaced by the (apparently weaker)
condition that the translates of ¢ form a Riesz basis. This type of
basis is most easily defined and understood from a frequency space
viewpoint. We will show later that a ¢ determining a Riesz basis can
be modified to a ¢ determining an ON basis.

We can drop the ON basis condition and simply require that the inte-
ger translates of ¢(t) form a basis for V. However, we will have to be
precise about the meaning of this condition for an infinite-dimensional
space. This will lead us to biorthogonal wavelets and non-unitary filter
banks.

The ON basis condition can be generalized in another way. It may be
that there is no single function whose translates form an ON basis for
Vo but that there are m functions ¢, ..., ¢, with m > 1 such that
the set {¢e(t —k):€=1,...,m,k=0,£1,...} is an ON basis for Vj.
These generate multiwavelets and the associated filters are multifilters.
If the scaling function has finite support and satisfies the ON basis
condition then it will correspond to a so-called unitary FIR filter bank.
If its support is not finite, however, it will still correspond to a unitary
filter bank, but one that has Infinite Impulse Response (IIR). This
means that the impulse response vectors {c,}, {d,} have an infinite
number of nonzero components.

Examples 9.9 1. Piecewise constant functions. Here V|, consists of the

functions f(¢) that are constant on the unit intervals k < ¢ < k4 1:
fit) =ag for k<t<k+1.

This is exactly the Haar multiresolution analysis of the preceding
section. The only change is that now we have introduced subspaces
V; for j negative. In this case the functions in V_, for n > 0 are
piecewise constant on the intervals k - 2" < ¢ < (k + 1) - 2". Note
that if f € V; for all integers j then f must be a constant. The
only square integrable constant function is identically zero, so the
separation requirement is satisfied.

Continuous piecewise linear functions. The functions f(t) € Vj are
determined by their values f(k) at the integer points, and are linear
between each pair of values:

FO =[f(k+1)— FR)](E — k) + f(k) fork<t<k+1.
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Note that continuous piecewise linearity is invariant under integer
shifts. Also if f(¢) is continuous piecewise linear on unit intervals,
then f(2t) is continuous piecewise linear on half-unit intervals. It isn’t
completely obvious, but a scaling function can be taken to be the hat
function. The hat function H(t) is the continuous piecewise linear
function whose values on the integers are H(k) = do, i.e., H(0) =1
and H(t) is zero on the other integers. The support of H(t) is the
open interval —1 < t < 1. Note that if f € Vj then we can write it
uniquely in the form

70 =" Fk)H(t — k).
k

Although the sum could be infinite, at most two terms are nonzero
for each t. Each term is linear, so the sum must be linear, and it
agrees with f(t) at integer times. All multiresolution analysis condi-
tions are satisfied, except for the ON basis requirement. The integer
translates of the hat function do define a basis for V but it isn’t ON
because the inner product (H(t), H(t — 1)) # 0. A scaling function
does exist whose integer translates form an ON basis, but its support
isn’t compact.

3. Discontinuous piecewise linear functions. The functions f(t) € V; are
determined by their values and and left-hand limits f(k), f(k—) at
the integer points, and are linear between each pair of limit values:

f&=[f((k+1)—)—= fR)(t—Fk)+ f(k) fork<t<k+1.

Each function f(t) in Vj is determined by the two values f(k), f((k+
1)—) in each unit subinterval [k, k 4+ 1) and two scaling functions are
needed:

[ 1 ifo<t< CfVB(1-2t) ifo<t<l
du(t) = { 0 otherwise 92(t) = { 0 otherwise.

Then

RS
V3

The integer translates of ¢4 (t), p2(t) form an ON basis for V;. These
are multiwavelets and they correspond to multifilters.

alt = 1))
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4. Shannon resolution analysis. Here V; is the space of bandlimited sig-
nals f(t) in Lo(R) with frequency band contained in the interval
[—277,297]. The nesting property is a consequence of the fact that
if f(t) has Fourier transform f()\) then f(2t) has Fourier transform
: f (3). The function ¢(t) = sinc (¢) is the scaling function. Indeed we
have already shown that ||¢|| = 1 and the (unitary) Fourier transform

of ¢(t) is

L for |\ <7
Fsine (\) =< V2m
sine (3) { 0 for |\l > .

Thus the Fourier transform of ¢(t — k) is equal to ex()\) = e~ /v/27
in the interior of the interval [—7, 7] and is zero outside this interval.
It follows that the integer translates of sinc (t) form an ON basis
for V5. Note that the scaling function ¢(t) does not have compact
support in this case.

5. The Daubechies functions D,,. This is a family of wavelets, the first of
which is the Haar wavelet D;. The remaining members of the family
cannot be expressed as explicit series or integrals. We will take up
their construction in the next few sections, along with the construc-
tion of associated FIR filters. We will see that each D,, corresponds to
a scaling function with compact support and an ON wavelets basis.

Just as in our study of the Haar multiresolution analysis, for a general
multiresolution analysis we can define the functions

Gie(t) =256(2t — k),  k=0,+1,42, ...

and for fixed integer j they will form an ON basis for V;. Since Vo C V;
it follows that ¢ € V5 and ¢ can be expanded in terms of the ON basis
{¢11} for V1. Thus we have the dilation equation

B(t) = V2 crp(2t — k). (9.23)
k

Since the ¢;;, form an ON set, the coefficient vector ¢ must be a unit
vector in /s,
D e =1. (9.24)
k
We will soon show that ¢(¢) has support in the interval [0, N] if and only

if the only nonvanishing coefficients of ¢ are (cy,...,cn). Scaling func-
tions with nonbounded support correspond to coefficient vectors with
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infinitely many nonzero terms. Since ¢(t) L ¢(t —m) for all nonzero m,
the vector c¢ satisfies double-shift orthogonality:

(¢00; Pom) Z CkCh—2m = Oom.- (9.25)

Thus if we shift the vector ¢ by a nonzero even number of places and

take the inner product of the nonshifted and shifted coefficient vectors,

we get 0. For FIR filters, double-shift orthogonality is associated with

downsampling. For orthogonal wavelets it is associated with dilation.
From (9.23) we can easily prove

Lemma 9.10 If the scaling function is normalized so that

| otar =
N
then Y, _ocr = V2.
Also, note that the dilation equation (9.23) implies that

ok (t) ZCz 2k Pj+1,0(%), (9.26)

which is the expansion of the V; scaling basis in terms of the V;; scaling
basis. Just as in the special case of the Haar multiresolution analysis we
can introduce the orthogonal complement W; of V; in V4.

Vitr =V; @ Wj.

We start by trying to find an ON basis for the wavelet space Wy. Asso-
ciated with the father wavelet ¢(t) there must be a mother wavelet w(t),
with norm 1, and satisfying the wavelet equation

=V2) drg(2t — k), (9.27)
k

and such that w is orthogonal to all translations ¢(t — k) of the father
wavelet. We will further require that w is orthogonal to integer trans-
lations of itself. For the Haar scaling function, N = 1 and (do,d1) =

NOTE: In several of our examples we were able to identify the scal-
ing subspaces, the scaling function and the mother wavelet explicitly. In
general however, this won’t be practical. In practice we will find condi-
tions on the coefficient vectors ¢ and d such that they could correspond
to scaling functions and wavelets. We will then solve these conditions
and demonstrate that some solutions define a multiresolution analysis,
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a scaling function and a mother wavelet. Virtually the entire analysis
will be carried out with the coefficient vectors; we shall seldom use the
scaling and wavelet functions directly. However, it is essential to show
that these functions exist and have the required properties. Otherwise
any results we obtain will be vacuous. Now back to our construction.

Since the ¢, form an ON set, the coefficient vector d must be a unit
vector in £,

> ld* =1. (9.28)
k

Moreover since w(t) L ¢(t —m) for all m, the vector d satisfies double-
shift orthogonality with c:

(w, Gom) = Y _ k2 = 0. (9.29)
k

The requirement that w(t) L w(t —m) for nonzero integer m leads to
double-shift orthogonality of d to itself:

(w(t), w(t —m)) = Z drdy—o2m = dom.- (9.30)
k
Clearly, there is no unique solution for d, but any solution will suffice.
We claim that if the unit coefficient vector ¢ is double-shift orthogonal
then the coefficient vector d defined by taking the conjugate alternating
flip automatically satisfies the conditions (9.29) and (9.30). Here,

dn = (=1)"eN . (9.31)

This expression depends on N where the ¢ vector for the low pass filter
had N + 1 nonzero components. However, due to the double-shift or-
thogonality obeyed by ¢, the only thing about N that is necessary for
d to exhibit double-shift orthogonality is that N be odd. Thus we will
choose N = —1 and take d,, = (—1)"¢_1_,. We claim that this choice
also works when ¢ € /5 has an infinite number of nonzero components.
Let’s check for example that d is orthogonal to c:

S = chdkf2m = ch(—l)kcfuszk'
% %

Now set £ = —1 + 2m — k and sum over /:

S = chfgm,z(—l)“_lq =-S5
)4

Hence S = 0. Thus, once the scaling function is defined through the
dilation equation, the wavelet w(t) is determined by the wavelet equation
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co 0 0 0

C2 Cc1 Co Cc-1
C4 c3 C2 C1 Co
0=
C_1 Co C1 C2
c_3 —C_9 C_1 Co
C-5 —C— C-3 —C—2 C-1

Figure 9.2 The wavelet (2 matrix.

(9.27) with d,, = (—1)"¢_1_,. Once w has been determined we can define
functions

wip(t) =25w(20t — k), g k=0,+£1,4+2,. ...
It is easy to prove
Lemma 9.11
(wik, wirnr) = 035 0kkr,  (Pjs winr) =0 (9.32)
where 3,7k, k' =0,%1,...

The dilation equations and wavelet equations extend to:

Gje = Z Cr—2005+1,k(t), (9.33)
k

Wig = Z di—20Pj+1,k(1). (9.34)
k

Equations (9.33) and (9.34) can be understood in terms of the doubly
infinite matrix € pictured in Figure 9.2. The rows of Q2 are ON. Indeed,
the fth upper row vector is just the coefficient vector for the expansion
of ¢;¢(t) as a linear combination of the ON basis vectors ¢; 1. (The
entry in upper row ¢, column k is just the coefficient cx_o¢.) Similarly,
the fth lower row vector is the coefficient vector for the expansion of
wj¢(t) as a linear combination of the basis vectors ¢4, (and the entry
in lower row ¢, column k is the coefficient dy_o, = (—1)*éz;_1_%). Thus
the ON property of the row vectors follows from Lemma 9.11 and the
fact that ¢;i, w;, have unit length.
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We claim that the columns of 2 are also ON. This means that the
matrix  is unitary and that its inverse is the transpose conjugate. A
consequence of this fact is that we can solve Equations (9.33) and (9.34)
explicitly to express the basis vectors ¢; 41 for Vj41 as linear combina-
tions of the vectors ¢; - and wjg~. The kth column of €2 is the coeflicient
vector for the expansion of ¢; 1 in terms of ¢; 1/ (on the top) and w;j
(on the bottom).

To verify this claim, note that the columns of € are of two types:
even (containing only terms ca,,ds,) and odd (containing only terms
Con+1,dan+1). Thus the requirement that the column vectors of Q are
ON reduces to three types of identities:

even—even : Z C2¢Cak42¢ + Z doedog 120 = k0, (9.35)
14 14

odd-odd : Z Cor+1C2kt2e41 + Z daes1dopt2041 = Oko,  (9.36)
¢ ¢
odd—even : Z Co0+4+1C2k+2¢ + Z dge.;,_ldgk-_;_zg = 0. (9.37)
¢ ¢

Theorem 9.12 If ¢ satisfies the double-shift orthogonality condition and
the filter d is determined by the conjugate alternating flip

dn == (71)nc—1—na

then the columns of Q0 are orthonormal.

Proof The even—even case computation is

E dapdap 20 = E C_1-20C—1-2k—2¢ = E C254+1C2542k+1-
S

[ )
Thus
Z C20Cok+2¢ + Z daedoky20 = Z CnCny2k = 0o
4 ¢ n
The other cases are similar. O

Exercise 9.3 Verify the identities (9.36), (9.37), thus finishing the proof
that the columns of 2 are ON.

Now we define functions ¢’ ; () in Vj+1 by

$irs =D (Gandn + dsznwjn)
h
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Substituting the expansions

Gin = Croonbitiks Wi =Y dk on®ii1k,
k k

into the right-hand side of the first equation we find

Pirs = Z (Cs—2nCh—2n + ds—andi—2n) Bjt1,k = Djt1,s,
Ik

as follows from the even—even, odd—even and odd—odd identities above.
Thus

Gjr1,s = Z (Cs=2ndjn + ds—2nwjn) , (9.38)
I

and we have inverted the expansions

Gje = ch72€¢j+1,k(t)a (9.39)
k

Wjp = de_gggf)j_._l,k(t). (940)
k

Thus the set {¢;x, w;x } is an alternate ON basis for V;4; and we have

Lemma 9.13 The wavelets {w;, : k =0,=£1,...} form an ON basis for
W;.

To get the wavelet expansions for functions f € Ly we can now follow
the steps in the construction for the Haar wavelets. The proofs are vir-
tually identical. Since V; & W; = V;44 for all j > 0, we can iterate on j
toget Viju =W, ®V; =W; ® W;_; @ V;_; and so on. Thus

Vili=W;eW;_1®--- W1 WD Vg

and any s € V41 can be written uniquely in the form
J
s:Zwk—i—so where wy, € Wy, sg € V.
k=0

Theorem 9.14

o0
LQ(R):‘/j@zwk:‘/j@wj@Wj-ﬁ-l@'”a
k=
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so that each f(t) € La(R) can be written uniquely in the form
f:fjJrZwk, wy € Wy, f; €Vj. (9.41)
k=j

We have a family of new ON bases for Ly(R), one for each integer j:
{¢jkawj’k/ : j/:j7j+]—7'~~a :tk,:l:k/:(),].,}

Let’s consider the space V; for fixed j. On one hand we have the scaling
function basis

{bjk : +k=0,1,...}.

Then we can expand any f; € V; as

oo

fi= Z aj kP k- (9.42)

k=—o00

On the other hand we have the wavelets basis
{bj—1, s wj—1 1 +k, k' =0,1,...}
associated with the direct sum decomposition
Vi=Wia @ V1.
Using this basis we can expand any f; € V; as

fi= D> biawwiiiw+ Y a1kbi-1k (9.43)

k/'=—o00 k=—oc

If we substitute the relations

Gi1e =Y cro2edik(t), (9.44)
K

wj—re = Y di—20,5(b), (9.45)
k
into the expansion (9.42) and compare coefficients of ¢;, with the ex-
pansion (9.43), we obtain the fundamental recursions

Averages (lowpass) aj_1x = D, Cn—2kGjn (9.46)
Differences (highpass) bj_1,1 = Y, dn—2kjn- (9.47)

These equations link the wavelets with a unitary filter bank.
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Let z) = aji be a discrete signal. The result of passing this signal
through the (normalized and time-reversed) filter C* and then down-
sampling is yr, = ((J 2)CT * 1) = a;j_1,, where a;_1p is given by
(9.46). Similarly, the result of passing the signal through the (normal-
ized and time-reversed) filter D? and then downsampling is 2, = (({
2)DT x x), = bj_1x, where bj_1 is given by (9.47). The picture, in
complete analogy with that for Haar wavelets, is in expression (9.15).

We can iterate this process by inputting the output a;_;  of the high
pass filter to the filter bank again to compute a;_sx,bj—2 %, etc. At
each stage we save the wavelet coefficients bj/, and input the scaling
coefficients ajjs for further processing, see expression (9.16).

The output of the final stage is the set of scaling coefficients aog, bog,
assuming that we stop at 7 = 0. Thus our final output is the complete
set of coefficients for the wavelet expansion

j—1 oo oo
=YD biwwie+ > aokdor,

j'=0k=—o00 k=—o0
based on the decomposition
Vi=W_10W;_2@--- @ W1 ®Wo @ V.

This is the Mallat algorithm for a general multiresolution analysis.
To derive the synthesis filter bank recursion we can substitute the
inverse relation

Gjs = Z (Cs—2ndj—1,n + ds—2nwj—14) , (9.48)
h

into the expansion (9.43) and compare coefficients of ¢;_1 ¢, w;_1 ¢ with
the expansion (9.42) to obtain the inverse recursion

ajn = Z Cok—nlj—1,k + Z dog—nbj_1k- (9.49)
% %

This is exactly the output of the synthesis filter bank. Thus, for level
j the full analysis and reconstruction picture is expression (9.18). This
entire process is known as the fast wavelet transform (FWT), and its
inversion. In analogy with the Haar wavelets discussion, for any f(¢) €
Ly (R) the scaling and wavelets coefficients of f are defined by

= (o) =20 " fe@i Ry, (9.50)

b = (Frww) =27 [ T f(yw@t .
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9.2.1 Wavelet packets

The wavelet transform of the last section has been based on the
decomposition V; = W;_; @ V;_; and its iteration. Using the sym-
bols aj, b; (with the index k suppressed) for the projection of a sig-
nal f on the subspaces V;, W, respectively, we have the tree structure
of Figure 9.3 where we have gone down three levels in the recursion.
However, a finer resolution is possible. We could also use our low pass
and high pass filters to decompose the wavelet spaces W; into a direct
sum of low-frequency and high-frequency subspaces: W; = W; o ® Wj 1.
The new ON basis for this decomposition could be obtained from the
wavelet basis w;,(t) for W; exactly as the basis for the decomposition
V; = W;_1 @ V;_1 was obtained from the scaling basis ¢;x(¢) for V;:
wie i (6) = Yp_gdi—2ewp(t) and wieo(t) = Sply ck—2ewje(t). Simi-
larly, the new high- and low-frequency wavelet subspaces so obtained
could themselves be decomposed into a direct sum of high and low pass
subspaces, and so on. The wavelet transform algorithm (and its inver-
sion) would be exactly as before. The only difference is that the algorithm
would be applied to the b;;, coefficients, as well as the a;j coefficients.
Now the picture (down three levels) is the complete (wavelet packet)
Figure 9.4. With wavelet packets we have a much finer resolution of the
signal and a greater variety of options for decomposing it. For example,

a;—3 bjfg

Figure 9.3 General fast wavelet transform tree.

v N\
aj;—1 bj_l
e N\ e N\
aj—2 bj—2 bj—l,o bj—l,l
e N\ v N\ e N\ e N\
aj—3 bj_3 bj—20bj-21 bj-100bj-1,01 bj—1,1,0 bj—1,1,1

Figure 9.4 Wavelet packet tree.
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we could decompose s as the sum of the eight terms at level three:
s=aj_3+bj_3+bj_20+bj_21+bj_100+bj—1,01+bj_1,1,0+bj—11,1.
A hybrid would be s = aj_1+b;_1,0 +bj—1,1,0 +bj—1,1,1- The tree struc-
ture for this algorithm is the same as for the FFT. The total number of
multiplications involved in analyzing a signal at level J all the way down
to level 0 is of the order J27, just as for the Fast Fourier Transform.

9.3 Filter banks and reconstruction of signals

We have seen that every multiresolution analysis is associated with an
invertible linear filter system called a filter bank. In this section we will
give a precise definition of a filter bank and explore some of its properties.
We shall see that the determination of all possible filter banks is an
algebraic problem. The partial solution of this problem is an important
step for the determination of possible multiresolution structures. It is
not the final step because proving the existence of wavelets is also a
problem involving the tools of analysis. A given filter bank may not
correspond to a multiresolution analysis, in which case the associated
FWT is mathematical (and practical) nonsense. However, even then the
filter bank may be of use.

Digital filters are used to analyze and process signals x,,. For purposes
such as signal compression or noise reduction, it is OK to throw away
some of the data generated by this filtering. However, we want to make
sure that we don’t (unintentionally) lose information about the original
signal as we proceed with the analysis. Filter bank theory builds in the
requirement that this analysis process should be invertible: We should
be able to recreate (synthesize) the signal from the analysis output.
Further we want this synthesis (or decoding) process to be implemented
by filters. Thus, if we link the input for the synthesis filters to the output
of the analysis filters we should end up with the original signal except
for a fixed delay of ¢ units caused by the processing in the filters: z,, .
For practical purposes we must require ¢ to be finite. This is the basic
idea of Perfect Reconstruction of signals.

If we try to carry out the analysis with a single filter, it is essential
that the filter be an invertible operator. A low pass filter would certainly
fail this requirement, for example, since it would screen out the high-
frequency part of the signal and lose all information about the high-
frequency components of x,,. For the time being, we will consider only
FIR filters and the invertibility problem is even worse for this class of
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YY) b’ 00 0 v
G I A GO CR -
y(()j) = . héj) h(lj) h(()j> 0 X0 ,
yﬁj) . hgj) hgﬂ hgj) h(()j) x1

Figure 9.5 &) matrix action.

filters. Recall that the Z transform H|z] of an FIR filter is a polynomial
in z~!. Now suppose that ® is an invertible filter with inverse &I
Since ®® ! = I where I is the identity filter, the convolution theorem
gives us that

H[z|H '[z] =1,

i.e., the Z transform of @1 is the reciprocal of the Z transform of ®.
Except for trivial cases the Z transform of ®~! cannot be a polynomial
in 271, Hence if the (nontrivial) FIR filter has an inverse, it is not an FIR
filter. Thus for perfect reconstruction with FIR filters, we will certainly
need more than one filter.

Let’s try a filter bank with two FIR filters, ®(©) and ®(). The input
is z = {z,}. The output of the filters is y) = Wz, j = 0,1. The ®U)
filter action looks like Figure 9.5 for j = 0, 1, where hl) is the associated
impulse response vector.

Note that each row of the infinite matrix ®) contains all zeros, except
for the terms (h%), h%)_l, cel h(()j)) which are shifted one column to the
right for each successive row. (We choose N to be the largest of Ny, Ny,
where ®©) has Ny + 1 taps and 1) has Ny + 1 taps.) Thus each row
vector has the same norm [|h)]]s.

It will turn out to be very convenient to have a filter all of whose row
vectors have norm 1. Thus we will replace filters ®) by the normalized
filters

1 1
= 30 D e
17O [ ]]
The impulse response vector for C is ¢ = h(® /||h(9]|, so that ||c|| = 1.
Similarly, the impulse response vector for D is d = h") /||n(M)||, so that
ldl] = 1.
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. . T2
ZJSO% co 0 0 0 T_
yéo) = C2 C1 Co 0 o )

(0) c4 c3 Cc2 €1 Co 1
Yo

Figure 9.6 (] 2)C matrix action.

. . .. T_o
y(l) d 0 0 0 - T

(12) = - dy di do 0 . . xo
y(()l) . d4 d3 d2 d1 do . X1

Yo

Figure 9.7 (| 2)D matrix action.

Now these two filters are producing twice as much output as the orig-
inal input, and we want eventually to compress the output (or certainly
not add to the stream of data that is transmitted). Otherwise we would
have to delay the data transmission by an ever-growing amount, or we
would have to replace the original one-channel transmission by a two-
channel transmission. Thus we will downsample the output of filters C
and D. This will effectively replace our original filters C and D by new

filters
1

2)C = 28, (12)D= —
126 = pr 227, (2D =mn

The ({ 2)C filter action looks like Figure 9.6. and the (] 2)D filter
action looks like Figure 9.7. Note that each row vector is now shifted two

(1 2)®W.

spaces to the right of the row vector immediately above. Schematically,
we can put the (| 2)C and (] 2)D matrices together to display the full
time-domain action as

y=Qx, Q= [ 8 ;;g ] : (9.51)

where x is the signal, Q is an infinite sample matrix and the sample Y
consists of the truncated outputs {yé?}},{yé}z)}. This is just the original
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Co C2 C4 do dy da
0 ¢ ¢3 0 31 83
Qtr = [(i 2)Ct (4 Z)Dtr] = 0 ¢ ¢ 0 do EQ
0 0 0 0 di
0 0 o 0 0 Eo

Figure 9.8 Qb matrix.

complete filter, with the odd-number rows removed. How can we ensure
that this decimation of data from the original filters C and D still per-
mits reconstruction of the original signal = from y? A sufficient condition
is, clearly, that Q) should be invertible!

The invertibility requirement is very strong, and won’t be satisfied
in general. For example, if C and D are both low pass filters, then
high-frequency information from the original signal will be permanently
lost. However, if C is a low pass filter and D is a high pass filter, then
there is hope that the high-frequency information from D and the low-
frequency information from C will supplement one another, even after
downsampling.

Initially we are going to make even a stronger requirement on € than
invertibility. We are going to require that it be a unitary matrix. (In that
case the inverse of the matrix is just the transpose conjugate and solving
for the original signal = from the truncated outputs {y(® (2n)},{y™ (2n)}
is simple. Moreover, if the impulse response vectors ¢, d are real, then
the matrix will be orthogonal.)

The transpose conjugate looks like Figure 9.8. The unitarity condition
is:

QrQ =00 =1,  I; = 4.

Written out in terms of the (| 2)C and (] 2)D matrices this is

G2 @] | (155 | ~Tac uacTn w1
(9.52)
and
(1 2)C b o [ w2ctc” (2002D”
{ (L2)D } [(i pe" (2D } a [ (12D 2" (12)D{I2)D"
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:[é H (9.53)

For the filter coefficients ¢, and dj, conditions (9.53) become orthogonal-
ity to double-shifts of the rows:

(12002 =1 3" eunan = bro (9.54)
(202D =0: > cuduon =0 (9.55)
202D =1: Y dudu-o = br0- (9.56)

Remarks e The condition says that the row vectors of € form an ON
set, and that the column vectors of € also form an ON set. For a
finite-dimensional matrix, only one of these requirements is needed to
imply orthogonality; the other property can be proved. For infinite
matrices, however, both requirements are needed.

e By normalizing the rows of ®© &) to length 1, hence replacing
these filters by the normalized filters C', D we have already gone part
way to the verification of orthonormality.

e The double-shift orthogonality conditions (9.54)—(9.56) force N to be
odd. For if N were even, then setting k = N/2 in these equations (and
also k = —N/2 in the middle one) leads to the conditions

CNCy = CNEO =dnCy = dNEO =0.

This violates our definition of V.

e The orthogonality condition (9.54) says that the rows of (| 2)C are
orthogonal, and condition (9.56) says that the rows of (| 2)D are or-
thogonal. Condition (9.55) says that the rows of (| 2)C' are orthogonal
to the rows of (| 2)D.

e If we know that the rows of (] 2)C are orthogonal, then we can
always construct a filter (] 2)D, hence the impulse response vector d,
such that conditions (9.55),(9.56) are satisfied. Indeed, suppose that ¢
satisfies conditions (9.54). Then we define d by applying to ¢ the con-
jugate alternating flip about N/2. (Recall that N must be odd. We are
flipping the vector ¢ = (co, c1, - - ., ¢x) about its midpoint, conjugating
and then alternating the signs.)

dp = (-1)"ex—pn, n=0,1,...,N. (9.57)
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Thus
d= (do,dl, R dN) = (5]\], —CN—-1,CN—2,..., —60).

You can check by taking simple examples that this works. However in
detail:

S = Z Cnanfﬂc = ch(_l)nCNfrH»Zk'

Setting m = N — n + 2k in the last sum we find
S = ZCN7m+2kcm(_]-)N_m = _Sv

since IV is odd. Thus S = 0. Similarly,

T= Z dndy—21, = Z(_l)nEan(_l)n_2ch7n+2k
n n

= Z CN—n+2kCN—n-
n
Now set m = N — n + 2k in the last sum:

T= § CmCm—2k = 61@0'
m

This last construction is no accident. Indeed, using the facts that
cocny # 0 and that the nonzero terms in a row of (] 2)D overlap nonzero
terms from a row of (| 2)C in exactly 0,2,4,..., N 4+ 1 places, you can
derive that d must be related to ¢ by + a conjugate alternating flip, in
order for the rows to be ON.

Now we have to consider the remaining condition (9.52), the orthonor-
mality of the columns of H. This is almost exactly the same as the
proof of Theorem 9.12, except that there we chose N = —1 and here
N is a given positive odd integer. The columns of H are of two types:
even (containing only terms cay,,d2,) and odd (containing only terms
Con+1,dan+1). Thus the requirement that the column vectors of H are
ON reduces to three types of identities:

even—even : Z C2¢Cak420 + Z d2g82k+25 = 0, (9.58)
4 14

odd-odd : Z C20+1C2k+420+1 + Z doet1dokr20+1 = Oko,  (9.59)
¢ ¢

odd—even : Z C2¢4+1Cok420 + Z d25+182k+2g =0. (9.60)
4 4
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Theorem 9.15 If the filter (| 2)C satisfies the double-shift orthogonal-
ity condition (9.54) and the filter (] 2)D is determined by the conjugate
alternating flip

dp = (—1)"¢n_n, n=0,1,...,N, (9.61)
then condition (9.52) holds and the columns of Q are orthonormal.

Corollary 9.16 If the row vectors of Q form an ON set, then the
columns are also ON and ) is unitary.

Exercise 9.4 Prove the even—even, odd-odd and odd-even cases of
Theorem 9.15.

We can clarify the result of Theorem 9.15 and give an alternate proof
by going to the frequency domain. Let’s first reexamine the unitarity
conditions of Section 9.3. Denote the Fourier transform of the impulse
response vector ¢ of the filter C = m@(o) by C(w). (Recall that,

by definition, C'(w) = ZnN:o cne”™.) Then the orthonormality of the
(double-shifted) rows of (] 2)C is

/ R C(w) [2dw = 2mko, (9.62)

for integer k. Denote the Fourier transform of the impulse response vec-
tor d of the filter D = mw by D(w). Then the orthogonality of the
(double-shifted) rows of (| 2)D to the rows of (| 2)C is expressed as

/ €24 () Dl(w)dw = 0 (9.63)
for all integers k; similarly the orthonormality of the (double-shifted)
rows of (| 2)D is

/ 2| D(w)|?dw = 270 (9.64)
for all integers k.

Now we assume double-shift orthogonality for ¢ and take d to be the
conjugate alternating flip of ¢. In the frequency domain this means that
Equation (9.62) holds and that

D(w) = e NC(n 4+ w). (9.65)

(Note from this expression that if we choose C to be a low pass filter,
so that C(0) = 1,C(w) = 0 then the conjugate alternating flip will have
D(0) = 0,|D(w)| = 1 so that D will be a high pass filter.) We will
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require only (9.62) and (9.65) and use this to prove that € is unitary.
The condition (9.63) for the orthogonality of the rows of (| 2)C and
(J 2)D becomes

/ 2k C(w)D(w)dw = / e PN (W) C (1 4 w)dw =

— -7

-~ | " RN 4 $)C($)de = O,

—T

where ¢ = 7+ w, (since N is odd and C(w) is 2m-periodic). Similarly

| @R = [ eriot w)fdo -

— -

™

ef2ﬂik/ e?ik¢|c(¢)|2d¢: 27T5k07
—T

so double-shift orthogonality holds for the rows of D.

These results also enable us to demonstrate the orthonormality of the
columns of Q. For future use we recast condition (9.62) in a new form.
Since C(w) = ij:o cpe” ™ this condition means that the expansion
of |C(w)|? looks like

N
IC(W)* =1+ Z [am cos(2m — 1)w + by, sin(2m — 1)w],

m=1

i.e., no nonzero even powers of e’ occur in the expansion. For N =1
this condition is identically satisfied. For N = 3,5, ... it is very restric-
tive. An equivalent but more compact way of expressing the double-shift
orthogonality in the frequency domain is

IC(W)]2 +|Clw + )2 = 2. (9.66)

Example 9.17 Show that conditions (9.62) and (9.66) for the Fourier
transform C'(w) are equivalent.

To summarize, if the filter C satisfies the double-shift orthogonality
condition (9.54), or equivalently (9.66), then we can construct a filter
D such that conditions (9.55), (9.56) and (9.52) hold. Thus Q is uni-
tary provided double-shift orthogonality holds for the rows of the filter
matrix C.
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Exercise 9.5 Show that conditions (9.58), (9.59) and (9.60) are equiv-
alent to the equations

/’T 2k (|C(w) + O(m 4+ w)|? + |D(w) + D(m + w)|?) dw = 8mdyo,

—T

(9.67)
[ 62ikw (\C(w) o C(T( + w)|2 4 |D(W) — D(ﬂ' =+ w)‘Z) dw = 87T5k07
m (9.68)
/_ Q2ikw ((C(w) - C(r+w)(C(w) +C(r +w)) +
(D(w) — D(x +w))(D(w) + D(x +w)) ) dw = 0. (9.69)

9.4 The unitary two-channel filter bank system

In this section, we deal with the unitary analysis—synthesis two-channel
filter bank system. If Q s unitary, then (9.52) shows us how to construct
a synthesis filter bank to reconstruct the signal:

120" 2)C+ T 2D (1 2)D=1.

Using the fact that the transpose of the product of two matrices is
the product of the transposed matrices in the reverse order, (EF)" =
F"™E™ and that (| 2)" = (1 2), see (7.5),(7.6), we have

120 =C" (2" =C"(12), (2D =D"(2"=D"(12).

Now, remembering that the order in which we apply operators in (9.52)
is from right to left, we see that we have the picture of expression (9.70).

—tr

C T2 « e — 12 C
v N
Ty N Synthesis Processing Analysis Ty
N e
DY 12 « - < 12 D

(9.70)

We attach each channel of our two filter bank analysis system to a
channel of a two filter bank synthesis system. On the upper channel the
analysis filter C is applied, followed by downsampling. The output is
first upsampled by the upper channel of the synthesis filter bank (which
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Cop C1 C2 Cs
—tr 0 ¢ ¢ ¢
c = -
0 O Co C1
0

0 0 ¢
Figure 9.9 C" matrix.

inserts zeros between successive terms of the upper analysis filter) and
then filtered by c". (Here we mean the linear operator whose matrix
with respect to the standard y-signal basis is 6“.) On the lower channel
the analysis filter D is applied, followed by downsampling. The output
is first upsampled by the lower channel of the synthesis filter bank and
then filtered by D". The outputs of the two channels of the synthesis
filter bank are then added to reproduce the original signal.

There is still one problem. The transpose conjugate looks like Figure
9.9. The synthesis filter is not causall The output of the filter at time
t depends on the input at times ¢t + k, k = 0,1,..., N. To ensure that
we have causal filters we insert time delays R™ before the action of
the synthesis filters, i.e., we replace c” by C"R" and D" by DRV,
The resulting filters are causal (hence practical to build), and we have
reproduced the original signal with a time delay of IV, see expression
(9.71).

RYC" 12 « - « |2 C
N
RVz = + x (9.71)
vd
R'D" 42 « ... « |2 D

Exercise 9.6 Compute the matrices R, L of the shift operators R and L.

Are there filters that actually satisfy these conditions? In the next
section we will exhibit a simple solution for N = 1. The derivation of
solutions for N = 3,5, ... is highly nontrivial but highly interesting, as
we shall see.
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9.5 A perfect reconstruction filter bank with N =1

From the results of the last section, we can design a two-channel filter
bank € with perfect reconstruction provided the rows of the filter (| 2)C
are double-shift orthogonal. For general IV this is a strong restriction, for
N =1 it is satisfied by all filters. Since there are only two nonzero terms
in a row c1, ¢g, all double-shifts of the row are automatically orthogonal
to the original row vector. It is conventional to choose ®(°) to be a low
pass filter, so that in the frequency domain H(®(0) = 1, HO)(7) = 0.
This uniquely determines ®(©) as the moving average ®(©) = %I—F %R.
The frequency response is H() (w) = % + %e‘i"‘*’ and the Z transform is
HO[2] = 3+ 3271, The norm of the impulse response vector (1/2,1/2)
is ||h(9]| = 1/4/2, so the normalized filter C is determined by (cg,¢;) =
(R B /11RO = (1/v/2,1/v/2). Applying the conjugate alternating
flip to ¢ we get the normalized impulse response function v/2(1/2, —1/2)
of the moving difference filter, a high pass filter. Thus D = \/5(%1— %R)

Exercise 9.7 Compute the matrix forms of the action of the moving
difference and moving average filters C,D in the time domain.

The outputs of the upper and lower channels of the analysis filter bank
are

(1 2)Ca, = %(xgn tamt), (L2)Day = %mn — Zon 1),

(9.72)
and we see that full information about the signal is still present.

Exercise 9.8 Derive the output of the NV = 1 upper and lower synthesis
filters in analogy to expressions (9.72).

Exercise 9.9 Use the results of Exercise 9.8 and expressions (9.72),
delay the output of the synthesis filters by 1 unit for causality, and add
the results. Show that you get at the nth step x,_1, the original signal
with a delay of 1.

Exercise 9.10 Compute the matrices of the two channels of the N =1
analysis filter bank. Do the same for the two channels of the synthesis
filter bank.
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9.6 Perfect reconstruction for two-channel
filter banks

Now we are ready to investigate the general conditions for perfect re-
construction for a two-channel filter bank. The picture that we have in
mind is that of expression (9.73).

O 12 « |2 O

N
Rz = + x (9.73)

v 12 ~ |2 oM

The analysis filter ®(©) will be low pass and the analysis filter 1) will
be high pass, with impulse response vectors h%“), h%l) that have Ny + 1
and N;+1 taps, respectively. The corresponding synthesis filters are ¥ (©)
and ¥ with impulse response vectors s(®) and sV, respectively. We
will not impose unitarity, but the less restrictive condition of invertibility

(with delay). This will require that the row and column vectors of

(12)®©
(1 2)@W
are biorthogonal. Unitarity is a special case of this.
The operator condition for perfect reconstruction with delay £ is

vO(12)(2)@? +wW(12)() 2)@") = R

where R is the shift. If we apply the operators on both sides of this
requirement to a signal = {z,,} and take the Z transform, we find

55O (HORIX[] + HO -2 X[-])

+%S(1)[z] (H(l)[z]X[z] + H(l)[—z]X[—z]) ='X[],  (9.74)

where X[2] is the Z transform of z and S®*)[2] is the Z transform as-
sociated with the synthesis filter ). The coefficient of X|[—z] on the
left-hand side of this equation is an aliasing term, due to the downsam-
pling and upsampling. For perfect reconstruction of a general signal X z]
this coefficient must vanish. Thus we have
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Theorem 9.18 A two-channel filter bank gives perfect reconstruction if
and only if

SOLHO 2] + SV HW 2] = 227° (9.75)

SOHO[—2] + SW[2]HV 2] = 0. (9.76)

We can satisfy requirement (9.76) by defining the synthesis filters in
terms of the analysis filters:

SOz = HW[—2], SM[z] = —HO[—2]. (9.77)
Now we focus on requirement (9.75). We introduce the product filter
POz = SOL]HO 2] = HV[—2]HO[2].
Note that requirement (9.75) can now be written as
PO[] — PO[—z] = 227¢, (9.78)

where P(©) is a polynomial of order 2N in z~!. Clearly, the even powers of
zin P(O)[2] cancel out of (9.78); the restriction is only on the odd powers.
This also tells us that ¢ must be an odd integer. (In particular, it can
never be 0.) Further, since P(9)[z] is a polynomial in 2! of exact order
Ny + N1, necessarily Ng + N1 = 2N is an even integer and 0 < £ < 2N.
A further simplification involves recentering P(9) to factor out the delay
term. Set P[z] = 2P(")[2]. Then Equation (9.78) becomes the halfband
filter equation

Pl2] + P[—2] = 2. (9.79)

This equation says the coefficients of the even powers of z in P[z] vanish,
except for the constant term, which is 1. The coefficients of the odd
powers of z are undetermined design parameters for the filter bank. The
highest power of z in P[z] is £ > 0 and the lowest power is —(2N — /).

Given a two-channel filter bank with perfect reconstruction, we have
found a halfband filter P. Now we can reverse the process. Given any
halfband filter P satisfying (9.79), we can define a perfect reconstruction
filter bank corresponding to any factorization P = z!HM[—2]H©) 2],
and use of the (9.76) solution to get S(®, S To make contact with
our earlier work on perfect reconstruction by unitarity, note that if we
define HV[z] from H([z] through the conjugate alternating flip (the
condition for unitarity)

HW[z] = 2~ Nog©0)[—2-1], (9.80)
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then Ng = N; = N, and PO)[2] = 2= N HO [z~ HO)[2]. Setting z = e,
substituting into (9.78) and taking the complex conjugate of both sides,
we see that £ = N and

P(w) = HO(W)HO (w) = |[HO(w)?. (9.81)

Exercise 9.11 Work out the details showing that the unitarity condi-
tion (9.80) implies £ = N and the expression (9.81) for the halfband
filter.

At this point we will restrict our analysis to the symmetric case where
the delay is £ = N. It is this case that occurs in the study of orthogonal
wavelets and biorthogonal wavelets, and, as we have seen, for unitary
filter banks. Thus any trigonometric polynomial of the form

N
Pzl =1+ Z anz™"
n odd/n=—N

will satisfy Equation (9.79). The constants a,, are design parameters that
we can adjust to achieve desired performance from the filter bank. Once
P[z] is chosen then we have to factor it as P[z] = 2N HO [2]HM[—z].
Where H) is a polynomial in 2~ of order N;j,j=0,1and Ng+N; = N.
In theory this can always be done. Indeed 2V P[z] is a true polynomial
in z and, by the fundamental theorem of algebra, polynomials over the
complex numbers can always be factored completely: 2~ P[z] = AT] (2=
zj). Then we can define H ©) and H® (but not uniquely!) by assigning
No of the linear factors to H(9[z] and N; to HM[—2]. If we want H(©)
to be a low pass filter then we must require that z = —1 is a root
of P[z]; if S[z] is also to be low pass then P[z] must have —1 as a
double root. If P[z] is to correspond to a unitary filter bank then we
must have P[e™] = |[H()[¢™]|2 > 0 which is a strong restriction on the
roots of Plz].

9.7 Halfband filters and spectral factorization

We return to our consideration of unitary two-channel filter banks in the
frequency domain. We have reduced the design problem for these filter
banks to the construction of a low pass filter C whose rows satisfy the
double-shift orthonormality requirement. In the frequency domain this
takes the form

|IC(W)* + |C(w+m) > = 2. (9.82)
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(Recall that C'(w) = ij:o cpe” ™) To determine the possible ways of
constructing C'(w) we focus our attention on the halfband filter P(w) =
|C(w)|?, called the power spectral response of C. The frequency require-
ment on C' can now be written as the halfband filter condition (9.79)

Plz] + P|—z] = 2.
Note also that
N . N ' N ‘
P(OJ) — Z pne—znw _ (Z Cke—zlcw> <chezkw> )
n=—N k=0 k=0
Thus
Pn = Z CkChm = C*Cr, (9.83)
k

where ¢! = cy_,, is the time reversal of c. Since P(w) > 0 we have
P—n = D,,- The even coeflicients of p can be obtained from the halfband
filter condition (9.79):

DPo2m = Z CkCl—2m = 5m0~ (984)
k

The odd coefficients of p are undetermined. Note also that P is not a
causal filter. One further comment: since C is a low pass filter, C'(7) = 0
and C(0) = v/2. Thus P(w) > 0 for all w, P(0) = 2 and P(r) = 0.

If we find a nonnegative polynomial halfband filter P[z], we are guar-
anteed that it can be factored as a perfect square.

Theorem 9.19 (Fejér—Riesz) A trigonometric polynomial ple=] =
ET]Y:inne_m“, real and nonnegative for all w, can be expressed as

ple”™] = |Cle™™]]*

where C[z] = Z;‘V:o cjz=9 is a polynomial in z=*. The polynomial C|z]
can be chosen such that it has no roots outside the unit disk |z| > 1,
in which case it is unique up to multiplication by a complex constant of
modulus 1.

We will prove this shortly. First some halfband filter examples.
Example 9.20 N =1

z‘l—l—z

Plz] =1
[Z] + 2 ?

or P(w) =1+ cosw.



9.7 Halfband filters and spectral factorization 311

Here pp = 1,p1 = p—1 = 1/2. This factors as

P(w) = |C(w)]* = %(1 +e ™) (1+e™) =1+ cosw

and leads to the moving average filter C(w).

Example 9.21 N = 3 The Daubechies 4-tap filter.

-1 —1 1
Plz] = (1+ i 2+ Z)Q(l— : 4_|_Z)7 or P(w) = (1+cosw)2(1—§cosw).
Here
1,09 9 ., 1
Plz] = 67 +162+1+162 T

Note that there are no nonzero even powers of z in P[z]. P(w) > 0
because one factor is a perfect square and (1 — %cos w) > 0. Complete
factorization of P[z] isn’t trivial, but is not too hard because we have

already factored the term 1+ Z_;JFZ

only to factor (1 — ‘fi%) = (a™ +a z7Y)(at + a=2). The result is
a* = (1 ++/3)/V/8. Finally, we get

in our first example. Thus we have

Cle] = 4—\1/5(1 T+ 2 (14 V3) + (1 - VB) ) (9.85)
S ((1 FVB)+ (B4R (3 -VE) 22+ (1— \/§)z—3) .
4v2

NOTES: (1) Only the expressions ata™ and (a*)? + (a™)? were deter-
mined by the above calculation. We chose the solution such that all of
the roots were on or inside the circle |z| = 1. There are four possible
solutions and all lead to FIR filter banks, though not all to unitary filter
banks. Instead of choosing the factors so that P = |C]? we can divide
them in a different way to get P = SO H©) where H™) is not the con-
jugate of H(®). This would be a biorthogonal filter bank. (2) Due to the
repeated factor (1 + z71)% in C[z], it follows that C'(w) has a double
zero at w = m. Thus C(7) = 0 and C'(7) = 0 and the response is flat.
Similarly the response is flat at w = 0 where the derivative also van-
ishes. We shall see that it is highly desirable to maximize the number
of derivatives of the low pass filter Fourier transform that vanish near
w = 0 and w = m, both for filters and for application to wavelets. Note
that the flatness property means that the filter has a relatively wide pass
band and then a fast transition to a relatively wide stop band.
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Proof of the Fejér—Riesz Theorem: Since p[e®] is real we must have
p[z7'] = p[z]. Thus, if z; is a root of p then so is Z;~*. It follows that the
roots of p not on the unit circle |z| = 1 must occur in pairs z;,z; ' where
|2j] < 1. Since p(e®) > 0 each of the roots wy = €%, 0 < 6y < 27 on
the unit circle must occur with even multiplicity and the factorization
must take the form

~Hn-2) 0 (9.86)

207 M Zj — \[TN—-M
=a’Il;Z, (1 — 2)(1 -2z, 1
ple) = oL, (1 - 21 -z - 2 - =

where o? = py /[I1;Z;1wy] and o > 0. O
Comments on the proof:

1. If the coefficients p,, of p[z] are also real, as is the case with most of
the examples in the text, then we can say more. We know that the
roots of equations with real coefficients occur in complex conjugate
pairs. Thus, if z; is a root inside the unit circle, then so is Z;, and
then zj_l,zj_l must be roots outside the unit circle. Except for the
special case when z; is real, these roots will come four at a time.
Furthermore, if wy is a root on the unit circle, then so is wy, so non
real roots on the unit circle also come four at a time: wy, wg, W, Wk
The roots +1 if they occur, will have even multiplicity.

2. From (9.86) we can set

Wi

)

thus uniquely defining C' by the requirement that it has no roots

outside the unit circle. Then P[z] = |C[z]|?. On the other hand,

we could factor P in different ways to get P[z] = S[z]H|[z]. The
allowable assignments of roots in the factorizations depends on the

required properties of the filters S, H. For example if we want S, H

to be filters with real coefficients then each complex root zg must be

assigned to the same factor as Zzy.

25 _
Clz] = aHjle( - ZJ)H;X:lM(l -

9.8 Maxflat filters

We turn to maxflat filters. These are unitary FIR filters C with maxi-
mum flatness at w = 0 and w = 7. C(w) has exactly p zeros at w = 7
and N = 2p — 1. The first member of the family, p = 1, is the moving
average filter (co,c1) = (1/v/2,1/4/2), where C[z] = (1 + 27 ')/+/2. For
general p the associated halfband filter P(w) = |C(w)|? takes the form

14271

Pl = (—

)P Qap—2[2, (9.87)
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where P has degree 2N = 4p — 2. (Note that it must have 2p zeros
at z = —1.) The problem is to compute Qa,_2[z], where the subscript
denotes that @) has exactly 2p — 2 roots.

Since for z = e we have

14271

( . )2:e_iwCOSQ(%):e_w(l—i—cosw

),

this means that that P(w) has the factor (1+ cosw)?. Now consider the
case where
2p—1

P(w): Z pne—inw

n=1-2p

and the p,, are real coeflicients, i.e., the filter coefficients c; are real.
Since po = 1, p2 = ps = -+ = pap—2 = 0 and p,, = p_,, is real for n odd,
it follows that

1+ cosw.,, ~
T)”Qp_l (cosw)

P(w) = (
where Qp_l is a polynomial in cosw of order p — 1. Indeed P(w) is a
linear combination of terms in cosnw for n odd. For any nonnegative
integer n one can express cos nw as a polynomial of order n in cosw. An
easy way to see that this is true is to use the formula

in

e = cosnw + isinnw = ()"

= (cosw +isinw)" .
Taking the real part of these expressions and using the binomial theorem,
we obtain

cosnw = Z ( 213 > (—1)7 sin® w cos™ ™% w.

Since sin® w = (1 — cos?w)7, the right-hand side of the last expression

is a polynomial in cosw of order n.
We already have enough information to determine ¢),_1 (cos w) uniquely!
For convenience we introduce a new variable

1 — cos 1 5
y:% sothatl—yzw

As w runs over the interval 0 < w < 7, y runs over the interval 0 < y < 1.
Considered as a function of y, P will be a polynomial of order 2p — 1
and of the form

Ply] =2(1 - y)" Kp-1[y]
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where K,,_; is a polynomial in y of order p — 1. Furthermore P[0] = 2.
The halfband filter condition now reads

Ply]+ P[1 —y] = 2,
so we have
(1=y)PKpalyl =1 -y Kpa1[l —y. (9.88)
Dividing both sides of this equation by (1 — y)? we have
Kpalyl =1 —y)" —y"(1 —y) "Kp1[l —y].

Since the left-hand side of this identity is a polynomial in y of order p—1,
the right-hand side must also be a polynomial. Thus we can expand both
terms on the right-hand side in a power series in y and throw away all
terms of order yP or greater, since they must cancel to zero. Since all
terms in the expansion of y*(1 — y) P K,_1[1 — y] will be of order y* or
greater we can forget about those terms. The power series expansion of

the first term is
L = +k—1
(1 - y) P= § < P k > ykv

k=0

and taking the terms up to order y?~! we find

p—1
_ p+k—1 &
Kl =3 (7)o
k=0
Theorem 9.22 The halfband response for the maxfilat filter with p zeros
18
-1

Plw) = 2( 5= *;‘)S“)pkz%( PR SR es)

From this result one can use the Equations (9.83) and other facts
about unitary filter banks to solve for the real coefficients c¢,,, at least
numerically. When translated back to the Z transform, the maxflat half-
band filters with 2p zeros at w = = factor to the unitary low pass
Daubechies filters C' with N = 2p — 1. The notation for the Daubechies
filter with N = 2p—1is Dy41. An alternate notation is dbp where 2p is
the number of zeros. We have already exhibited D, as an example. Of
course, Do is the “moving average” filter.

Example 9.23 Daubechies filter coefficients are generally available in
standard wavelets software packages, e.g., the MATLAB wavelet toolbox.
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The command
F = dbwavf (’dbp’)

returns the scaling filter associated with Daubechies wavelet dbp (or Da,
where p takes values from 1 to 45). Thus, setting the printout for 4 digit
accuracy we get

>>F = dbwavf(’db1l’)

F = 0.5000 0.5000

>> G=dbwavf (’db2’)

G = 0.3415 0.5915 0.1585 -0.0915

>> H=dbwavf (*db3’)

H = 0.2352 0.5706 0.3252 -0.0955 -0.0604 0.0249

>> I=dbwavf (’db4’)
= 0.1629 0.5055 0.4461 -0.0198 -0.1323 0.0218
0.0233 -0.0075

For more accuracy, say 12 digits use

vpa(dbwavf (’db3’),12)

ans =
[0.235233603893,0.570558457917,0.325182500264,
-0.0954672077843,-0.0604161041554,0.0249087498659]

Exercise 9.12 Verify that the Daubechies filter D4, Example 9.21, sat-
isfies the general expression given in Theorem 9.22 for the case p = 2.

This solution of the halfband filter equations in the maxflat case, due
to Daubechies, is the most convenient one, but there are many others. As
a simple example, if we replace cosw by sinw everywhere in expression
(9.89) we will still satisfy the basic equation P[z] + P[—z] = 2. Now
however, the odd n coefficients p,, will be pure imaginary, as will the
¢k, di, coefficients. The C filter will have a stop band centered on w = 7/2
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and the D filter will have a stop band centered on w = 37/2, so they
can not be considered as low pass and high pass. Nevertheless, the filter
bank will work.

There is another expression for the Daubechies halfband filter P(w),
due to Meyer, that is also very useful. Differentiating the expressions

Plyl= (1 —y)PKp1lyl =1 - y" K, 1[1 — 9]

with respect to y, we see that P’[y] is divisible by y?~! and also by
(1 —y)P~1. Since P'[y] is a polynomial of order 2p — 2 it follows that

P'lyl = ky?~ (1 —y)P~ 1,

for some constant k. Now dy = %sinw dw so changing variables from y
to w we have

ksinw

dy . op . op
Pl(w) = %P/[y] = 1 sin? 2w = —csin?? 1 w.
Then
w
Pw)=2- c/ sin?? ™t w dw (9.90)
0

where the constant ¢ is determined by the requirement P(7) = 0. Inte-
gration by parts yields

™ 220=1[(p — 1)1]2 r
/ sin?? ' w dw = [(p ) = VT (Zi) 7
0 (2p—1)! I(p+3)
where I'(z) is the gamma function. Thus

_(p+3)

Vrl(p)

Stirling’s formula says
1
F(Z) ~ ZZ_%e_Z V 2 (1 + O(Z)> s

(3], page 18, so ¢ ~ +/4dp/m as p — oo. Since P'(w/2) = —c, we see
that the slope at the center of the maxflat filter is proportional to v/N.
Moreover P(w) is monotonically decreasing as w goes from 0 to 7. One
can show that the transition band gets more and more narrow.

A basic reference on maxflat filters and their relation to wavelets is
[52].
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9.9 Low pass iteration and the cascade algorithm

We leave aside filter bank theory temporarily and return to considera-
tion of wavelets. We still have presented no provable examples of father
wavelets other than a few that have been known for almost a century.
We turn to the problem of determining new multiresolution structures.
Up to now we have mostly been accumulating necessary conditions that
must be satisfied for a multiresolution structure to exist, as well as the
implications of the existence of such a structure. Our focus has been on
the coefficient vectors ¢ and d of the dilation and wavelet equations and
we have used filter bank theory to find solutions of the algebraic condi-
tions satisfied by these coefficient vectors. Now we will gradually change
our point of view and search for more restrictive sufficient conditions
that will guarantee the existence of a multiresolution structure. Further
we will study the problem of actually computing the scaling function
and wavelets from a knowledge of the coefficient vectors alone. In this
section we will focus on the time domain. In the next section we will
go to the frequency domain, where new insights emerge. Our work with
Daubechies filter banks will prove invaluable, since these filter banks are
all associated with wavelets.
Our main emphasis will be on the dilation equation

O(t) = V2 crp(2t — k). (9.91)
k

We have already seen that if a scaling function satisfies this equation,
then we can define d from ¢ by a conjugate alternating flip and use the
wavelet equation to generate the wavelet basis. Our primary interest is
in scaling functions ¢ with support in a finite interval.

If ¢ has finite support then by translation in time if necessary, we
can assume that the support is contained in the interval [0, N) and the
integer N is as small as possible. With such a ¢(¢) note that even though
the right-hand side of (9.91) could conceivably have an infinite number of
nonzero cy, for fixed ¢ there are only a finite number of nonzero terms.
Suppose the coefficients ¢ can be nonzero only for k in the interval
N; < k < Ny (where we allow for the possibility that N3 = —oo, or
Ny = 00). Then the support of the function of ¢ on the right-hand side
of (9.91) is contained in [Xt, ¥£N2) Since the support of both sides is

207 2
the same, we must have N; = 0, Ny = N. Thus ¢ has only N + 1 terms
that could be nonzero: cg,cq,...,cy. Further, N must be odd, in order

that c satisfy the double-shift orthogonality conditions.
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Lemma 9.24 If the scaling function ¢(t) (corresponding to a multires-
olution analysis) has compact support on [0,N), then ¢, must vanish
unless 0 < k < N.

Recall that ¢ also must obey the double-shift orthogonality conditions
>k CkCk—2m = Oom and the compatibility condition Zg:o ek = V2 be-
tween the unit area normalization [ ¢(t)d¢t = 1 of the scaling function
and the dilation equation.

One way to determine a scaling function ¢(¢) from the impulse re-
sponse vector c¢ is to iterate the low pass filter C. That is, we start with
an initial guess ¢(%)(t), say the box function on [0,1), and then iterate

Pl (¢t fzck(;s D(2t — k) (9.92)
for i = 1,2,.... Note that if ¢(°)(¢) is the box function, then ¢ () will
be a piecewise constant function, constant on intervals of length 277, If
lim; o0 ¢ (t) = H(t) exists for each ¢ then the limit function satisfies
the dilation equation (9.91). This is called the cascade algorithm, due to
the iteration by the low pass filter. (It is analogous to Newton’s method
in calculus for finding a solution of the equation f(z) =0 where f has a
continuous derivative in an interval containing the solution. One starts
with a guess x = x¢ and generates a series of improved approximations
X1,To,...,T;, ... using the update z;11 = T(x;) = z; — f(z;)/f (x;). If
the method converges then f(r) = 0 where r = lim;_, o #;. Furthermore
the solution satisfies T'(r) = r.)

Of course we don’t know in general that the algorithm will converge.
(We will find a sufficient condition for convergence when we look at this
algorithm in the frequency domain.) For now we explore the implications
of uniform convergence on [—00, c0] of the sequence ¢ (t) to ¢(t).

We claim that the support of ¢ is contained in the interval [0, N). To
see this note that, first, the initial function ¢(®) has support in [0,1).
After filtering once, we see that the new function ¢(*) has support in
[0, %) Tterating i times, we see that ¢() has support in [0, 1+[227_1]N)
Thus if lim; o ¢V (t) = ¢(t) pointwise, then ¢(®) has support in [0, N).

Note that at level ¢ = 0 the scaling function and associated wavelets
are orthonormal:

0 0 0
(wiy wih) = 8j50m, (65 wip) =0

where 7,3 £k, £k =0,1,.... (Of course it is not true in general that
ng L ¢(, i for j # j'.) These are just the orthogonality relations for the
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Haar wavelets. This orthogonality is maintained through each iteration,
and if the cascade algorithm converges uniformly, it applies to the limit
function ¢:

Theorem 9.25 If the cascade algorithm converges uniformly in t then
the limit function ¢(t) and associated wavelet w(t) satisfy the orthogo-
nality relations

(Wjk, wjrgr) = 850 Ok (Gjr, winr) = 0, (Djks Pjrr) = Ok

where j, 7', +k, k' =0,1,...

Proof There are only three sets of identities to prove:

/fo St — n) Bt — m)dt = S (9.93)
/OO ot —n)w(t—m)dt =0 (9.94)
/ Wt = n)w{E = )t = Sy, (9.95)

The rest are immediate.

We will use induction. If (9.93) is true for the function ¢(*)(¢) we will
show that it is true for the function ¢(+1)(¢).

Clearly it is true for ¢(9)(¢). Now

o TG midt = (o 067)
Z Ck¢1 2n+k> Z cf(bl 2m+£

= Z (¢1 2n+k> ¢1 2m+e) Z CkCh—2(m—n) = Onm-
ke k
Since the convergence is uniform and ¢(¢) has compact support, these
orthogonality relations are also valid for ¢(¢). The proofs of (9.94) and
(9.95) are similar. O

Exercise 9.13 Use induction with the double-shift orthogonality of ¢
and d to prove identities (9.94) and (9.95).

Note that most of the proof of the theorem doesn’t depend on con-
vergence. It simply relates properties at the ith recursion of the cascade
algorithm to the same properties at the (i + 1)-st recursion.
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Corollary 9.26 If the the orthogonality relations
(i) = Sigbues (GG wd) =0 (6 650) = duw

where j,j', +k, £k’ = 0,1,... are valid at the ith recursion of the cascade
algorithm they are also valid at the (i 4+ 1)-st recursion.

9.10 Scaling functions by recursion: dyadic points

We continue our study of topics related to the cascade algorithm. We
are trying to characterize multiresolution systems with scaling functions
¢(t) that have support in the interval [0, N) where N is an odd integer.
The low pass filter that defines the system is (cg,...,cn). One of the
beautiful features of the dilation equation is that it enables us to compute
explicitly the values (b(%) for all j, k, i.e., at all dyadic points. Each value
can be obtained as a result of a finite (and easily determined) number
of passes through the low pass filter. The dyadic points are dense in the
reals, so if we know that ¢ exists and is continuous, (as we will assume
in this section) we will have determined it completely. (However, if there
is no scaling function associated with the filter ¢ then our results will be
nonsense!)

The hardest step in this process is the first. The dilation equation is

N
G(t) = V2 crp(2t — k). (9.96)

k=0
If ¢(t) exists, it is zero outside the interval 0 < ¢ < N, so we can restrict
our attention to the values of ¢(¢) on [0, N). We first try to compute this

function on the integers ¢ = 0,1,..., N — 1. Substituting these values
one at a time into (9.96) we obtain the system of equations
[ 9(0) ] [co O 11 0 ]

o(1) cg c1 ¢o 0 #(1)

#(2) €4 C3 C2 €1 Co c $(2)

#(3) J3 |G G5 ca ez e $(3)

= 2 5
B(4) Cg C7 Cg C5 Cq -+ P(4)
P(N —2) oo ez en—3|| (N —2)

L o(N —1) I o en eno1) | 9(N—1) |
or
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This says that ®(0) is an eigenvector of the N x N matrix M) with
eigenvalue 1. If 1 is in fact an eigenvalue of M(® then the homogeneous
system of equations (9.97) can be solved for ®(0) by Gaussian elimina-
tion.

We can show that M(®) always has 1 as an eigenvalue, so that (9.97)
always has a nonzero solution. We need to recall from linear algebra that
) is an eigenvalue of the N x N matrix M(? if and only if it is a solution
of the characteristic equation

det[M© — 1] =0, (9.98)

where I is the N x N identity matrix. Since the determinant of a square
matrix equals the determinant of its transpose, we have that (9.98) is
true if and only if

det[M©O" — x1) = 0.

Thus M has 1 as an eigenvalue if and only if M©Y has 1 as an eigen-
value. We claim that the column vector (1,1,...,1) is an eigenvector
of MO Note that the column sum of each of the 1st, 3rd, 5th, ...
columns of M@ is /2 >k €2k, whereas the column sum of each of the
even-numbered columns is v/2 Ek cok+1. However, it is a consequence
of the double-shift orthogonality conditions ), ¢xCr—2m = dom and the
compatibility condition Zf@v:o ¢ = V/2 that each of those sums is equal
to 1. Thus the column sum of each of the columns of M© is 1, which
means that the row sum of each of the rows of M@ is 1, which says
precisely that the column vector (1,1,...,1) is an eigenvector of MO
with eigenvalue 1.
The required identities

V2 ook =V2) capir =1 (9.99)
k k

can be proven directly from the above conditions. However, an indirect
but simple proof comes from these equations in frequency space. Then
we have the Fourier transform

Cw) = Z crpe” e,
k

The double-shift orthogonality condition is now expressed as

|IC(W)* + |C(w+m) > = 2. (9.100)
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The compatibility condition says

It follows from (9.100) that C(7) = 0 = >, (=1)*ck, so >, cop =
>4 c2k+1 and the column sums are the same. Then from C(0) = /2
we get our desired result.

Now that we can compute the scaling function on the integers (up to
a constant multiple; we shall show how to fix the normalization con-
stant shortly) we can proceed to calculate ¢(t) at all dyadic points
t = k/27. The next step is to compute ¢(t) on the half-integers t =
1/2,3/2,...,N —1/2. Substituting these values one at a time into (9.96)
we obtain the system of equations

¢(%) C1 Co ¢(0)
o(2) c3cac1 Co vt $(1)
¢(%) C5 C4 C3 C2 C1 " $(2)
¢(%) _ Cr C6 C5 C4 C3 -~ $(3)
¢(%) =2 Cg Cg C7 Cg C5 "+ P(4) )
¢(N— %) - CN—1 CN—-2 ¢(N— 2)
L 6(N —3) | L 0 ev J[d(N-1) |
or
@(%) = MY a(0). (9.101)

We can continue in this way to compute ¢(t) at all dyadic points. A
general dyadic point will be of the form t = n+s wheren =0,1,..., N—1
and s < 1 is of the form s = k/2/, k=0,1,...,2/ —1,j=1,2,... The
N-rowed vector ®(s) contains all the terms ¢(n + s) whose fractional
part is s:
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Example 9.27

1

1 3
a(7) = M©Oa(;

D () =M0a(),

There are two possibilities, depending on whether the fractional dyadic
sis < 1/2 or > 1/2. If 2s < 1 then we can substitute t = 5,5+ 1,5 +
2,...,84+ N — 1, recursively, into the dilation equation and obtain the
result

B(s) = MO d(2s).

If 2s > 1 then if we substitute t = s,s+1,s+2,...,s+ N —1, recursively,
into the dilation equation we find that the lowest-order term on the right-
hand side is ¢(2s — 1) and that our result is

B(s) = MV d(2s — 1).
If we set ®(s) =0 for s < 0 or s > 1 then we have

Theorem 9.28 The general vector recursion for evaluating the scaling
function at dyadic points is

B(s) = MO®(2s) + MO (25 — 1). (9.102)

Note that for each s at most one of the terms on the right-hand side
of (9.102) is nonzero. From this recursion we can compute explicitly the
value of ¢ at the dyadic point ¢t = n + s. Indeed we can write s as a
dyadic decimal

Y
_ _ J o
§ = .515283 """ —E 55 s; =0,1.

j>1
If 2s < 1 then s; = 0 and we have
D(s) = B(.0sz83---) = MOD(25) = MO D (535354 ---).

If on the other hand, 2s > 1 then s; = 1 and we have

B(s) = B(1sgsz---) = MVD(2s —1) = MV D( 595554 --).
Iterating this process we obtain
Corollary 9.29

(5189 50) = MEDIME2) A0 H(0).

Exercise 9.14 Derive the recursion (9.102).

Remarks 1. We will show later that we can always impose the normal-
ization condition ), ¢(n) =1 on our scaling functions.
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2. We have shown that the N x N matrix M has a column sum
of 1, so that it always has the eigenvalue 1. If the eigenvalue 1
occurs with multiplicity one, then the matrix eigenvalue equation
®(0) = M©@®(0) will yield N — 1 linearly independent conditions
for the N unknowns ¢(0),...,¢(N — 1). These together with the
normalization condition will allow us to solve (uniquely) for the N
unknowns via Gaussian elimination. If M () has 1 as an eigenvalue
with multiplicity £ > 1 however, then the matrix eigenvalue equa-
tion will yield only N — k linearly independent conditions for the N
unknowns and these together with the normalization condition may
not be sufficient to determine a unique solution for the N unknowns.
The double eigenvalue 1 is not common, but not impossible.

Exercise 9.15 The Daubechies filter coefficients for Dy (N = 3

4v/2¢ = (1—1—[,3—}-\[,3—[,1—[) Solve the equation, ®(
M©®(0) to show that, with the normalization ¢(0) + ¢(1) + ¢(2) =
the unique solution is

~(1—V3).

$(0) =0, ¢(1)= %(1 +V3) 6(2) =3

In analogy with the use of infinite matrices in filter theory, we can
also relate the dilation equation

N
= \/iz crd(2t — k
k=0

1

to an infinite matrix M. Evaluate the equation at the values t + i,7 =
0,+1,... for any real ¢. Substituting these values one at a time into the
dilation equation we obtain the system of equations

ot + 1) Z GOt + ), —oo <t < oo (9.103)
1,j=1

We have met M before. The matrix elements of M are M;; = \/5021‘7;‘-
Note the characteristic double-shift of the rows.

Exercise 9.16 Show that
M = (| 2)v2C,
where C is a low pass filter.

For any fixed ¢ the only nonzero part of (9.103) will correspond to
either M(© or MM, For 0 < t < 1 and dyadic the equation reduces to
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(9.102). M shares with its finite forms M () the fact that the column sum
is 1 for every column and that A = 1 is an eigenvalue. The left eigenvector
now, however, is the infinite component row vector f* = (..., 1,1,1,...).
We take the dot product of this vector only with other vectors that are
finitely supported, so there is no convergence problem.

Now we are in a position to investigate some of the implications of
requiring that C'(w) has a zero of order p at w = 7 for p > 1. This
requirement means that

C(m) = C'(m) =+ = €7 V(m) =0,
and since C(w) = Y, cpe™ ™% it is equivalent to

S (=DFerkt =0,  £=1,2,...,p—1. (9.104)
k
Theorem 9.51 to follow is very important but the technical details lead-
ing up to its proof can be omitted at a first reading. We already know
that

1 1
ZC% = Zc2k+1 = — = -C(0), (9.105)
3 k V22

and that |C(w)|? + |C(w + 7)|? = 2. For use in the proof of the theorem
to follow, we introduce the notation

A= "(2i) e =Y (2i+ Dfegipa, £=0,1,...,p—1  (9.106)

We already know that Ay = 1/v/2.

Now M will admit a left eigenvector f = (..., a1, g, a1, ...) with
eigenvalue A, i.e., >, a; M;; = Aa; provided the equations

V2 ) ape(2i—j) =Aay,  j=0,%1,.. (9.107)
hold where not all «; are zero. A similar statement holds for the finite ma-
trices M, M) except that 4, j are restricted to the rows and columns
of these finite matrices. (Indeed the finite matrices Mi(]o) = \/5021»,]» for
0<i4,j<N-1and Mi(jl) = ﬂCQi_j_H for 0 < 4,5 < N — 1 have
the property that the jth column vector of M) and the (j + 1)st col-
umn vector of M) each contain all of the nonzero elements in the jth
column of the infinite matrix M. Thus the restriction of (9.107) to the
row and column indices i, j for M M®) yields exactly the eigenvalue
equations for these finite matrices.) We have already shown that this
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equation has the solution «; = 1, A = 1, due to that fact that C'(w) has
a zero of order 1 at .
For each integer h we define the (infinity-tuple) row vector f* by

fho=i i=0,+1...

Theorem 9.30 If C(w) has a zero of order p > 1 at w = w then M
(and M© M) have eigenvalues \p = 1/2¢, £=0,1,...,p— 1. The
corresponding left eigenvectors y¢ can be expressed as

-1
DY =+ s

h=0

where the ﬁﬁ are constants.

Proof For each £ =0,1,...,p — 1 we have to verify that an identity of
the following form holds:

-1 -1
. . 1 (. .
\/iz (ze + Zﬂﬁlh> C2i—j = 55 (]Z + Z ﬁﬁ]h> ;
i h=0 h=0

foré,5 =0,4+1,£2,... For £ = 0 we already know this. Suppose ¢ > 1.
Take first the case where j = 2s is even. We must find constants ﬁf;
such that the identity

-1 -1
\/52 (iz + Z 5;€ih> Coi—2s = % ((QS)e + Z ﬁﬁ@s)h> ,
i h—=0

h=0

holds for all s. Making the change of variable i’ = i — s on the left-hand
side of this expression we obtain

-1 -1
V2y© ((i' +9) ) BRG+ s)h> Coir = % ((QS)Z +> ﬁf;(zs)h> .
i’ h=0

h=0

Expanding the left-hand side via the binomial theorem and using the
sums (9.106) we find

n L Aé—n = Y h Ah—n
Ao () B (1) &

-1
- ((25% " Zﬁf;@s)h) .

h=0
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Now we equate powers of s. The coefficient of s¢ on both sides is 1.
Equating coefficients of s*~! we find

LA, "
2 + B = 254—1-

We can solve for 65_1 in terms of the given sum A;. Now the pattern be-
comes clear. We can solve these equations recursively for Bg_l, 65_2, ... B
Equating coefficients of s¢~7 allows us to express Bf_ jasa linear com-

bination of the A; and of Bf_l,ﬁf_Q, e 5§+1- Indeed the equation for
ﬁf_ j is

-1
¢ _ V2 o\ A4 o B\ An—rrj
i =55 (€—j>2j+ 2 6h<n 2h—l+

h=0—j+1

This finishes the proof for j = 2s. The proof for j = 2s — 1 follows
immediately from replacing s by s — 1/2 in our computation above and
using the fact that the A;, are the same for the sums over the even terms
in ¢ as for the sums over the odd terms. a

Since ¢(t + 1) = >°; M;;¢(2t + j) and ), y'i M = (1/2%y"; for
£=1,...,p—11it follows that the function

9e(®) = S )iolt +9)

satisfies g¢(t) = 3-g¢(2t). We will evaluate this function under the as-
sumption that ¢(t) can be obtained by pointwise convergence from the
cascade algorithm. Thus we have

g 6) =3 ie® i), (i) =Y Mye® (2t + ),
i J

k=0,1,..., where we choose ¢(°) (t) as the Haar scaling function. Thus
2 E
98" () = 309, (20), and

0 ) ‘
() = 3 W00t +1) = vy,
where [27t] is the largest integer < 2"¢. Iterating this identity we have
gékJrn)(t) = ﬁgék)@"t) for n =1,2,... Setting k¥ = 0 and going to the
limit, we have
‘ : . 1w
> (ot +i) = lim g ()= lim g (9.108)

- n——4oo 2N
i
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We first consider the simplest case: £ = 0. Then y? = 1 for all integers
1, SO

g6" ) = > 0O (t+14) = 1.
Thus the limit is 1 and we have the important formula

Z¢(t+i):1.

Remark This result tells us that, locally at least, we can represent
constants within the multiresolution space Vj. This is related to the fact
that e is a left eigenvector for M(?) and M) which is in turn related to
the fact that C'(w) has a zero at w = 7. Next we show that if we require
that C(w) has a zero of order p at w = 7 then we can represent the
monomials 1,¢,¢2,...t?~! within Vj, hence all polynomials in t of order
p — 1. This is a highly desirable feature for wavelets and is satisfied by
the Daubechies wavelets of order p.

If £ > 0 we use the fact that (y*); = (—i)’+ lower-order terms in i
and see that the limit is ¢‘. Thus we (almost) have the

Theorem 9.31 If C(w) has p > 1 zeros at w = 7w and the cascade
algorithm for this filter converges in Lo to a continuous scaling function
¢(t), then

S yfielt+k) =t  £=0,1,...,p—1. (9.109)
k

The reasoning we have employed to motivate this theorem is not quite
convincing. In subsequent chapters we will give conditions that guarantee
convergence of the cascade algorithm in the Ly sense, and guarantee that
the scaling function obtained in the limit is continuous. Here, however,
we are talking about pointwise convergence of the cascade algorithm
and that will not be guaranteed by our theoretical results. We describe
the analysis that saves the theorem. An important fact from Lebesgue
theory is that if {¢(Y} is a Cauchy sequence of functions converging
to ¢ in the Lo norm then there always exists a subsequence {(;S(ih)},
i1 < iy < --- such that the pointwise limit lim, o, ¢()(t) = é(t)
exists almost everywhere. By restricting to an appropriate subsequence
to take the pointwise limit we can establish (9.109) almost everywhere.
(In Section 1.5.3 we proved this result for the case that the {¢()} are
step functions and that is all we need for convergence of the cascade
algorithm with ¢(©) as the Haar scaling function.) There are only finitely
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many nonzero terms on the left-hand side of identity (9.109) for ¢ in some
bounded set. By assumption, each side of the equation is a continuous
function of t. Two continuous functions that are equal almost everywhere
must be identical. Put another way, the right-hand side minus the left-
hand side is a continuous function that is 0 almost everywhere, hence it
must be identically 0.

Exercise 9.17 Consider the example g(t) = t*sin(2n log,(|t])) for t # 0
and g(0) = 0 to show that the difference equation g(2t) = 2g(t) has
solutions continuous for all ¢, other than ct‘. Can you find solutions
distinct from these?

Theorem 9.31 appears to suggest that if we require that C'(w) has
a zero of order p at w = 7 then we can represent the monomials
1,t,t2,...t?~! within Vj, hence all polynomials in ¢ of order p — 1. This
isn’t quite correct since the functions t¢ are not square integrable, so
strictly speaking, they don’t belong to V. However, due to the compact
support of the scaling function, the series for g*(t) converges pointwise.
Normally one needs only to represent the polynomial in a bounded do-
main. Then all of the coefficients yf that don’t contribute to the sum in
that bounded interval can be set equal to zero.

Exercise 9.18 Determine the order p of the zero of the filter C(w) at
w = T, either directly or using the sum rules (9.104) for the following
filter coefficients. (In general these filters will not satisfy double-shift
orthogonality but are normalized so that C'(0) = v/2.)

L e=vE(}, 41
2. ¢=Y2(1,4,6,4,1)
3. h= ?2(1—\/5,3—\/5,3—#\/5,14—\/@ (Daubechies in reverse)
4oe= (L 111
‘ 52125213

9.11 The cascade algorithm in the frequency domain

We have been studying pointwise convergence of iterations of the dilation
equation in the time domain. Now we look at the dilation equation

o(t) = V3Y ko2t — B)
k
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in the frequency domain. We again utilize the cascade algorithm

Ut (¢ chm 2t—k), j=0,1,...

and assume that the initial input ¢(©)(¢) is the Haar scaling function.
Taking the Fourier transform of both sides of this equation and using
the fact that (for u = 2t — k)

2/ (b(2t _ k)e—iwtdt _ / ¢(u)e—iw(u+k)/2du _ e—iwk/Qé(g%

we find
w
(E cpe Wk/g) *2)

Thus the frequency domain form of the dilation equation is

S (w) = 27120(5)dV) (). (9.110)
Now iterate the left-hand side of the dilation equation:
nl 1  w WAy, W
(j+2) — (= “Nh0) (X
H ) = 20O ()]
After N steps we have
SN _ o=N/2m YN~ WA
BN (w) =27 V20 C(%) - O )89 ()
We want to let N — 00 in this equation. Setting j = 0 we recall that
PO (w) = (1 — e™) /iw s0 limy_e0 ¢(©) (5%) = $»©(0) = 1, and postu-
late an infinite product formula for ¢(w):
P(w) = Jim ¢ (w) =132, 27 1/20( =)- (9.111)
— 00

We studied infinite products in Section 2.4 and established the fun-
damental convergence conditions in Theorem 2.27 and Corollary 2.28.
However formula (9.111) involves an infinite product of functions, not
just numbers and it will be important to establish criteria for the infinite
product to be a continuous function.

Definition 9.32 Let {w;(z)} be a sequence of continuous functions
defined on an open connected set D of the complex plane, and let S be
a closed, bounded subset of D. The infinite product P(z) = 1152, (1 +
w;(z)) is said to be uniformly convergent on S if

1. there exists a fixed mg > 1 such that w;(z) # —1 for k > my, and
every z € §, and
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2. for any € > 0 there exists a fixed N (¢) such that for n > N(e), m > mq
and every z € S we have

[Pin(2)] - 11 = Pryinip(2)| < €p > 1.

Then from standard results in calculus,[92], we can verify the follow-
ing.
Theorem 9.33 Suppose w;(z) is continuous in D for each j and that

the infinite product P(z) = 1152, (14+w;(2)) converges uniformly on every
closed bounded subset of D. Then P(z) is a continuous function in D.

Now we return to the infinite product formula for the scaling function:

p(w) = 172,27 1/QC( 7)

Note that this infinite product converges, uniformly and absolutely on
all finite intervals. Indeed 2-'/2C/(0) = 1 and the derivative of the 27-
periodic function C'(w) is uniformly bounded: |C'(w)| < K+/2. Then
C(w) = C(0) + ;" C'(s)ds so

127120 (w)| < 1+ Klw| < Xl

Since K Yo7 =1 QJ = K|w| converges, the infinite product converges ab-

solutely and, from the proof of Theorem 2.27 we have the (very crude)
upper bound |p(w)| < eX1«l.

Example 9.34 The moving average filter has filter coefficients ¢y =
c1 = 1/v2 and C(w) = (1 + e ™)/v/2. The product of the first N
factors in the infinite product formula is

1 .
2—N/20(N)( ) — 2]\] (1+e—1w/2)(1+e—zw/4)(1+e—zw/8) (1+e—1w/2N).

The following identities (easily proved by induction) are needed:

Lemma 9.35

2" —1

(L+2) 1421+ 24 (1422 Zz 1—22"

Then, setting z = e_i‘“/QN, we have

1 1—e

—N/2(N) = - -
2 Y (w) SN T g—iwfav -
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Now let N — oco. The numerator is constant. The denominator goes like
2N (iw /2N — w? 22N+ 4 ...) — jw. Thus
1— e—iw

20N — —N/2~(N)

: (9.112)

basically the sinc function.

Although the infinite product formula for g?)(w) always converges point-
wise and uniformly on any closed bounded interval, this does not solve
our problem. We need to have qg(w) decay sufficiently rapidly at infinity
so that it belongs to L. At this point all we have is a weak solution to
the problem. The corresponding ¢(t) is not a function but a generalized
function or distribution. One can get meaningful results only in terms
of integrals of ¢(t) and g?)(w) with functions that decay very rapidly at
infinity and their Fourier transforms that also decay rapidly. Thus we can
make sense of the generalized function ¢(t) by defining the expression
on the left-hand side of

o [ " o(t)a(tydt = / " )

by the integral on the right-hand side, for all g and g that decay suffi-
ciently rapidly. We shall not go that route because we want ¢(t) to be a
true function.

Already the crude estimate |p(w)| < eX1¢l in the complex plane does
give us some information. The Paley—Weiner Theorem (whose proof is
beyond the scope of this book [93, 50]) says, essentially that for a func-
tion ¢(t) € Lo(R) the Fourier transform can be extended into the com-
plex plane such that |¢(w)| < KoeX1! if and only if ¢(t) = 0 for |t| > K.
It is easy to understand why this is true. If ¢(¢) vanishes for [¢t| > K
then ¢(w) = ff(K ¢(t)e~*“tdt can be extended into the complex w plane
and the above integral satisfies this estimate. If ¢(¢) is nonzero in an
interval around ¢( then it will make a contribution to the integral whose
absolute value would grow at the approximate rate elto“!.

Thus we know that if ¢ belongs to Lo, so that ¢(t) exists, then ¢(t)
has compact support. We also know that if ZkN:O ¢ = V/2, our solution
(if it exists) is unique.

9.12 Some technical results

We are in the process of constructing a family of continuous scaling
functions with compact support and such that the integer translates of
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each scaling function form an ON set. It isn’t yet clear, however, that
each of these scaling functions will generate a basis for Lo(R), i.e. that
any function in Lo can be approximated by these wavelets. Throughout
this section we make the following assumptions concerning the scaling
function ¢(t).

Assumptions: Suppose that ¢(t) is continuous with compact support
on the real line and satisfies the orthogonality conditions (¢, Por) =
J ot — k)p(t — €)dt = de in Vp. Let V; be the subspace of Lo(R) with
ON basis {¢;1 : k = 0,£1,...} where ¢;(t) = 27/2¢(27t — k). Suppose
¢ satisfies the normalization condition [ ¢(¢)dt = 1 and the dilation
equation

N
=V2) crp(2t—k
k=0

for finite V.

We will show that such a scaling function does indeed determine a
multiresolution analysis. (Note that the Haar scaling function does not
satisfy the continuity condition.) These technical results, though impor-
tant, are fairly routine abstract arguments in harmonic analysis rather
than features unique to wavelets. Thus their proofs can be omitted in a
first reading

Lemma 9.36 There is a constant C > 0 such that |f(t)| < C||f|| for
all functions f € V.

Proof If f € Vi then we have f(t) = >, ckdor(t). We can assume point-
wise equality as well as Hilbert space equality, because for each ¢ only
a finite number of the continuous functions ¢(t — k) are nonzero. Since
¢k = (f, poxr) we have

t):/h(t,s)f(s)ds, where h(t, s) Z¢t— o(s — k).

Again, for any t, s only a finite number of terms in the sum for h(t, s)
are nonzero. For fixed ¢ the kernel h(t, s) belongs to the inner product
space of square integrable functions in s. The norm square of h in this
space is

[IA(t, )12 = Zlqﬁt* ) < K?
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for some positive constant K. This is because only a finite number of the
terms in the k-sum are nonzero and ¢(t) is a bounded function. Thus
by the Schwarz inequality we have

[F @O = [(k(E,-), £)sl < (IR - 1L < KA
0O

Theorem 9.37 The separation property for multiresolution analysis
holds: N2 __ V; = {0}.

J=—00
Proof Suppose f € V_;. This means that f(27t) € V. By the lemma,
we have
[F(271)] < K[ f(27-)]] = K279/ | f]|.
If f e V_; for all j then f(¢) =0. a

Theorem 9.38 The density property for multiresolution analysis holds:
ux .V, = La(R).

j=—00
Proof Let Rgp(t) be a rectangular function:

1 fora<t<b
Bay(t) = { 0  otherwise,

for a < b. We will show that R, € U2 _ V. Since every step func-
tion is a linear combination of rectangular functions, and since the step
functions are dense in Lo(R), this will prove the theorem. Let P;R,, be
the orthogonal projection of Ry, on the space V;. Since {¢;i} is an ON

basis for V; we have
PiRay =Y apdjn.
k
We want to show that ||R., — PjRap|| — 0 as j — +o00. Since Rqp —
P;R,, L V; we have
[Rap||* = || Rab — PjRap||* + || P Ras|[?,

so it is sufficient to show that ||PjRa||*> — ||Ras||* as j — +oo. Now

b
1P Rapl” =D ol =D [(Rav, d3x) > =27 > I/ B(27t — k)dt|?
k k a

SO
27p

HPRath?JZ/ ot — k) dt[2.
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The support of ¢(t) is contained in some finite interval with integer
endpoints m; < meo: m1 < t < mo. For each integral in the summand
there are three possibilities:

1. The intervals [27a,27b] and [my,ms] are disjoint. In this case the
integral is 0.

2. [m1,ma] C [27a,27b]. In this case the integral is 1.

3. The intervals [27a, 27b] and [my, ms] partially overlap. As j gets larger
and larger this case is more and more infrequent. Indeed if ab # 0
this case won’t occur at all for sufficiently large j. It can only occur
if say, a = 0,m; < 0,my > 0. For large j the number of such terms
would be fixed at |m1|. In view of the fact that each integral squared
is multiplied by 277 the contribution of these boundary terms goes
to 0 as 7 — +o0.

Let N;(a,b) equal the number of integers between 27a and 27b. Clearly
Nj(a,b) ~27(b—a) and 277 N;(a,b) = b —a as j — +oo. Hence

b
lim ||PjRy|? :b—a:/ 1dt = ||Rap||*.
Jj—+oo

a

9.13 Additional exercises

Exercise 9.19 Let ¢(¢) and w be the Haar scaling and wavelet func-
tions, respectively. Let V; and W; be the spaces generated by ¢; (t) =
21/2¢(27t — k) and wj x(t) = 21/2(29t — k), k = 0, %1, .. ., respectively.
Suppose the real-valued function f(t) = >, ar$1,k(t) belongs to Vi and
f L Vu. Show that ager1 = —age for all integers £. Conclude that f can
be expressed as a linear combination of the functions, wg x(t), hence that
few,.

Exercise 9.20 Let ¢(t), w(t) V;, and W; be as defined in Exercise 9.19.
Let g(t) be defined on 0 <t < 1 and given by

-1 0<t<1/4

) o4 1ja<i<ay2
ID=3 9 1p<i<3pn
—3 3/4<t<l
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1. Express g in terms of the basis for V5.

2. Decompose ¢ into its component parts in Wy, Wy and V. In other
words, find the Haar wavelet decomposition for g.

3. Sketch each of the four decompositions.

Exercise 9.21 Reconstruct a signal f € V3 given that its only nonzero
coefficients in the Haar wavelet decomposition are
1 .5 3 3 1 1
={=,2,=,—= b ={—-=,-1,-,—=}
{a2,k} {27 727 2}7 {2,k} { 27 727 2}
Here the first entry in each list corresponds to k = 0. Sketch the graph
of f.

Exercise 9.22 Reconstruct a signal g € V5 given that its only nonzero
coefficients in the Haar wavelet decomposition are

fors} = (5, -1} (s} = (-1, —2), {basd = {2, 5, —5. 3}

Here the first entry in each list corresponds to k = 0. Sketch the graph
of g.

Exercise 9.23 Let
f = exp(—t>/10) (sin(t) + 2 cos(2t) + sin(5¢t) + cos(8t) + 2t7) .

Discretize (sample) the function f(¢) over the interval 0 <¢ <1 comput-
ing the signal vector f={agr} where ag = f(2kn/256),k=1,...,256,
so that the discretization belongs to Vg for the Haar decomposition. In
other words, use .JJ =8 as the top level so that there are 2% =256 nodes
in the discretization. Implement the FWT decomposition algorithm for
Haar wavelets. Plot the resulting levels f() e Vi, 5=0,...,7 and com-
pare with the original signal. Here you can use one of

1. The display facilities of the MATLAB wavelet toolbox. Note: You can
prepare a data file with commands such as

t=linspace(0,1,278)
and

f=exp(-t."2/10) .*(sin(t)+2*cos (2*t)+sin(5*t) +cos (8*t)+2xt.~2)

MATLAB can handle data files of length 27 for j < 10. The command

save signal f
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will save the vectors f and ¢ in the data file signal.mat. Then for the
“load signal” option you simply open the file signal.mat and use the
analysis and processing functions of the wavelet toolbox.

. The MATLAB Wavelet Toolbox commands wavedec and waverec.
Here wavedec is the MATLAB wavelet decomposition routine. Its
inputs are the discretized signal vector f, the number of levels j (so
that for a maximal decomposition number of nodes is 2/ = length of f
= length of ¢t) and ’dbp’ where dbp is the corresponding Daubechies
wavelet, i.e., dbl or 'haar’ is the Haar wavelet, db2 is the Daubechies

4-tap wavelet, etc. The appropriate command is
[C,L] = wavedec(f,j,’dbp’)

Recall that f is associated to the time nodes ¢ (e.g.,

t=linspace (0,1,278)

to decompose the interval [0, 1] into 2% terms). The output C' is the 27
component coefficients vector consisting of the coeflicients ag ; and
bo ks b1 ks - - - bj_1,k, in that order. L is a bookkeeping vector, listing the
lengths of the coefficient vectors for ag i, bok, b1k, .- bj—1,k, in that
order, followed by the length of f. The wavelet recovery command,
to obtain the signal fr from the wavelet coefficients, is

fr = waverec(C,L,’dbp’)

This is just the inverse of the wavedec command. However, one can
process the C' output of wavedec and obtain a modified file of wavelet
coefficients M C. Then the command

fr = waverec(MC,L, ’dbp’)

will give the reconstruction of the modified signal. A related useful
command is

[NC,NL,cA] = upwlev(C,L,’dbp’)

a one-dimensional wavelet analysis function. This command performs
the single-level reconstruction of the wavelet decomposition structure
[C, L] giving the new one [NC, NL], and extracts the last coefficients
vector cA. Thus since [C, L] is a decomposition at level j, [NC, NL]
is the same decomposition at level j — 1 and cA is the coefficients
vector at this level. The default signal extension for these algorithms
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is zero padding. This makes no difference for Haar wavelets, but is
necessary to take into account for all other Daubechies wavelets.

Exercise 9.24 Prove Lemma 9.10.
Exercise 9.25 Verify Equation (9.26).

Exercise 9.26 From the definition (9.30), show that d has length 1 and
is double-shift orthogonal to itself.

Exercise 9.27 Let V{ be the space of all square integrable signals f(t)
that are piecewise linear and continuous with possible corners occurring
at only the integers 0,41, £2,... Similarly, for every integer j let V; be
the space of all square integrable signals f(t) that are piecewise linear
and continuous with possible corners occurring at only the dyadic points
k/27 for k an integer. Let ¢(t) be the hat function

t+1, -1<¢<0,
pty=1 1—t, 0<t<1,
0, lt| > 1.

From the text, f(t) = Y, f(k)o(t — k) for every f € Vj, so the hat
function and its integer translates form a (nonorthogonal) basis for Vj.
This defines the linear spline multiresolution analysis, though it is not
orthonormal.

Verify that the spaces V; are nested, i.e., V; C Vji1.
Verify that f(t) € V; <= f(277t) € V.
What is the scaling function basis for V17

Ll

Compute the coefficients ¢ in the dilation equation ¢(t) =
V23, crd(2t — k), where ¢(t) is the hat function.

Exercise 9.28 Using the fact that NV is odd, show that
/ 2™ D(w)D (7 + w)dw = —/ e? e C(w)C(m + w)dw.  (9.113)

Exercise 9.29 Use the double-shift orthogonality conditions in the fre-
quency domain and (9.113) to verify Equations (9.67), (9.68) and (9.69).

Exercise 9.30 Show that the ideal low pass filter:

o - { VP 95k <E

0, F<|w<n
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satisfies condition (9.82) for double-shift orthogonality. Verify that the
impulse response vector has coefficients

1 _
ﬁ’ n=20
Cp = iT\/Ev n odd
0, n even,n # 0.

Determine the associated high pass filter D(w). Why is this not a prac-
tical filter bank? What is the delay £7

Exercise 9.31 What is the frequency response for the maxflat Daubechies
filter with p = 2? Graph P(w) and |C(w)].

Exercise 9.32 Compute {c,} for the halfband Daubechies filter with
p = 5. Verify that C(w) has four zero derivatives at w = 0 and w = 7.

Exercise 9.33 Find HV[z], S©[z] and SM[2] for the biorthogonal
N
filter bank with H(®)[z] = (%) and

1 ,
PO = 75 (1927741627 4+ 0271 = 270).

Exercise 9.34 Suppose a real infinite matrix @ has the property Q"' Q =

I. Show that the columns of @) are mutually orthogonal unit vectors.
Does it follow that QQ' = I?

Exercise 9.35 Let C, H be real low pass filters, each satisfying the
double-shift row orthogonality condition. Does the product CH satisfy
the double-shift row orthogonality condition?

Exercise 9.36 Plot the frequency response function |C(w)| in the in-
terval 0 < w < 27 for the Daubechies 4-tap filter. Point out the features
of the graph that cause this filter to belong to the maxflat class.

Exercise 9.37 Suppose the halfband filter
Plw)=1+ Z p(n)e” "
n odd
satisfies P(0) = 2. From these facts alone, deduce that P(7) = 0, i.e.,

the filter is low pass.

Exercise 9.38 The reverse Daubechies 4-tap filter is related to Daubechies
D4 = db2 by reversing the order of the filter coefficients in the Z trans-
form. Thus the transform of the reverse filter is

Ol = 47\1/5 (1= V3)+ (3= VB)z + 3+ VE) 2+ (1+v3)27%).
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It satisfies the properties C[1] = v/2, C[~1] = 0 (low pass) and |C[z]|? +
|C[—2]|? = 2 (double-shift orthogonality). Is it true that the reverse filter
also has a root of degree 2 at z = —1, i.e., that C’'(—1) = 07 Justify your
answer.

For some additional references on wavelets and their applications to
signal processing see [10, 18, 35, 41, 43, 45, 54, 81].
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Discrete wavelet theory

In this chapter we will provide some solutions to the questions of the
existence of wavelets with compact and continuous scaling functions,
of the Lo convergence of the cascade algorithm, and the accuracy of
approximation of functions by wavelets. For orthogonal wavelets we use
a normalized impulse response vector ¢ = (co,...,cy) that satisfies
double-shift orthogonality, though for nonorthogonal wavelets we will
weaken this orthogonality restriction on c. We will start the cascade
algorithm at i = 0 with the Haar scaling function ¢(°)(¢), and then
update to get successive approximations qb(i)(t), 1=0,1,... The advan-
tages of starting with the Haar scaling function in each case are sim-
plicity and the fact that orthogonality of the scaling function to integer
shifts is satisfied automatically. We already showed in Section 9.9 that if
c satisfies double-shift orthogonality and qﬁ(i)(t) is orthogonal to integer
shifts of itself, then ¢("+1)(¢) preserves this orthogonality. Our aim is to
find conditions such that the ¢(t) = lim;_,o, ¢(*)(t) exists, first in the Lo
sense and then pointwise. The Haar scaling function is a step function,
and it is easy to see that each iteration of the cascade algorithm maps a
step function to a step function. Thus our problem harkens back to the
Hilbert space considerations of Section 1.5.1. If we can show that the
sequence of step functions ¢(9, ¢ ¢ ... is Cauchy in the Ly norm
then it will follow that the sequence converges. Thus, we must show that
for any € > 0 there is an integer N, such that ||¢?) — () || < € whenever
1,7 > Ne. We will develop the machinery to establish this property.

In the proof of Theorem 9.25 in the previous chapter we related the
inner products

/ T 603 (¢ Ryar
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to the inner products | fooo o (tﬁ(i) (t — k)dt in successive passages through
the cascade algorithm. Recall that this relationship is as follows. Let

ol = (), 6 / o ~ kydt,

be the vector of inner products at stage i. Note that although a(® is
an infinite-component vector, since ¢()(t) has support limited to the
interval [0, N] only the 2N — 1 components a(k), k = —N + 1,.

1,0,1..., N —1 can possibly be nonzero. We can use the cascade recur-

(i+1)

sion to express as as a linear combination of terms agg ).

Qi+ = / S0 (3D ¢ — s)dt = / 2D (106D (¢ 4 )dt

—2 ZEkCz/ 672t — k) (2t + 25 — O)dt
[ —o0

k.l —o©
=S ee@s+4) [ 306Dt + k- j)dt
k,j -0

= ZCQS+JCm+j / (b t—l—m)dh

where ¢ = 2s+ j, m = k — j. Thus

al ) = 3" eney ey jal). (10.1)
it

In matrix notation this is just
oY =T = (| 2)Cétra(i) (10.2)

where the matrix elements of the T' matrix (the transition matriz) are

given by
Too = E 025+j62+j~
J

Although T is an infinite matrix, the only matrix elements that corre-
spond to action on vectors a (Whose components aj necessarily vanish
unless —N+1 < k < N—1) are those contained in the (2N —1)x (2N —1)
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block —N+1 < s, < N—1. When we discuss the eigenvalues and eigen-
vectors of T' we are normally talking about this (2N — 1) x (2N — 1)
submatrix. We emphasize the relation with other matrices that we have
studied before:

1
V2
NOTE: Since the filter C' is low pass, the matrix T shares with the
matrix M the property that the column sum of each column equals 1.
Indeed Y, 254 = 1/v/2 for all j and d6 = V2,50 >, Tse = 1 for
all £. Thus, just as is the case with M, we see that T admits the left
eigenvector f = (...,1,1,1,...) with eigenvalue 1.

If we apply the cascade algorithm to the inner product vector of an
actual scaling function corresponding to c:

T=(20C" = —MC".

ar = (¢o0, Pok) = /_OO P(t)(t — k)dt,

we just reproduce the inner product vector:

as = ZCQS_H'E[_HCL@, (10.3)
7.4
or
a=Ta=(}2)CC" (10.4)

Since ay = doi in the orthogonal case, this just says that

1= Z |Cj|27
J
which we already know to be true. Thus 7" always has 1 as an eigenvalue,
with associated eigenvector a; = doi.

Let’s look at the shift orthogonality of the scaling function in the
frequency domain (the frequency analogs of (9.93)) as well as the update
of the orthogonality relations as we iterate the cascade algorithm. We
consider the vector a where

ar = (¢o0, Pok) = /_00 P(t)p(t — k)dt = (¢oi, Pos), (10.5)

for k = j — 4, and its finite Fourier transform A(w) =Y, are~**. Note
that the integer translates of the scaling function are orthonormal if and
only if ap = doi, i.e., A(w) = 1. However, for later use in the study
of biorthogonal wavelets, we shall also consider the possibility that the
translates are not orthonormal.
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Using the Plancherel equality and the fact that the Fourier transform
of ¢(t — k) is e~ ¢(w) we have in the frequency domain

oo

2
/ e Yetkw dw = —/ Z |p(w + 27n) e duw.

n=-—oo

Theorem 10.1
= |o(w + 2mn) .

The integer translates of ¢(t) are orthonormal if and only if A(w) = 1.

The function A(w) and its transform, the vector of inner products
(p(t), d(t + k)) will be major players in our study of the Ly convergence
of the cascade algorithm. Let’s derive some of its properties with respect
to the dilation equation. We will express A(2w) in terms of A(w) and
H(w). Since ¢(2w) = H(w)¢(w) from the dilation equation, we have

62w + 2mn) = H(w + mn)d(w + 7n)

B H(w)p(w + 27k) n =2k
"] Hw+n)pw+7+27k) n=2k+1

since H(w + 27) = H(w). Squaring and adding to get A(2w) we find

AQw) = [Hw)[> > o(w + 27k)]* + [H(w + 7)|* Y _ |d(w + 7 + 2k)|?
k k
= |H(w)*A(w) + |H(w + 7)|*A(w + 7). (10.6)

Essentially the same derivation shows how A(w) changes with each pass
through the cascade algorithm. Let

i DIRC ROYR0)
o) =@ o) = [ 0w u-pa o)
and its associated Fourier transform A®(w) =3, ag)e_ikw denote the
information about the inner products of the functions ¢((t) obtained
from the ith passage through the cascade algorithm. Since ¢(+1)(2w) =
H(w)dpW (w) we see immediately that

AU (2w) = [H(w)PAD () + [H(w + m)PAD (w + 7). (10.8)
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10.1 L, convergence

Now we have reached a critical point in the convergence theory for
wavelets! We will show that the necessary and sufficient condition for the
cascade algorithm to converge in Ly to a unique solution of the dilation
equation is that the transition matrix T has a non-repeated eigenvalue 1
and all other eigenvalues A are such that |A| < 1. Since the only nonzero
part of T'is a (2N —1) x (2N —1) block with very special structure, this
is something that can be checked in practice. The proof uses the Jordan
canonical form of matrix algebra, [66].

Theorem 10.2 The infinite matriz T = ({ 2)6’6tr = %MUH and its
finite submatriz Ton 1 always have A = 1 as an eigenvalue. The cascade
iteration altY) = Ta®) converges in Ly to the eigenvector a = Ta if and
only if the following condition is satisfied:

o All of the eigenvalues A of Ton—1 satisfy |A| < 1 except for the simple
etgenvalue A = 1.

Proof Let A; be the 2N —1 eigenvalues of Ton_1, including multiplicities.
Then there is a basis for the space of 2N — 1-tuples with respect to which
Ton_1 takes the Jordan canonical form

A1
~ )\P
Ton-_1 = Apt
Ap+2
Ap+q

where the Jordan blocks look like
s 1 0 -~ 0 O
0 X 1 --- 0 O
A= | -
0O 0 0 --- X 1
0O 0 0 --- 0 X

If the eigenvectors of Tox_1 form a basis, for example if there are 2N —1
distinct eigenvalues, then with respect to this basis TgN,l would be
diagonal and there would be no Jordan blocks. If however, there are
not enough eigenvectors to form a basis then the more general Jordan
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form will hold, with Jordan blocks. Now suppose we perform the cascade
recursion n times. Then the action of the iteration on the base space will
be

n _
Tonoy = AZH

n
p+2

An

P+q
where A7 =
n n n—1 n n—2 n n—mg+1
w (1) () ()
n n n—mg+2
o ()
n n—1
0 0 0 ( ) ))\S
0 0 0 AT

and A, is an mg X m, matrix with mg the multiplicity of the eigenvalue
As. If there is an eigenvalue with |A;| > 1 then the corresponding terms
in the power matrix will blow up and the cascade algorithm will fail to
converge. (Of course if the original input vector has zero components cor-
responding to the basis vectors with these eigenvalues and the computa-
tion is done with perfect accuracy, one might have convergence. However,
the slightest deviation, such as due to roundoff error, would introduce a
component that would blow up after repeated iteration. Thus in practice
the algorithm would diverge. The same remarks apply to Theorem 9.25
and Corollary 9.26. With perfect accuracy and filter coefficients that
satisfy double-shift orthogonality, one can maintain orthogonality of the
shifted scaling functions at each pass of the cascade algorithm if orthog-
onality holds for the initial step. However, if the algorithm diverges, this
theoretical result is of no practical importance. Roundoff error would
lead to meaningless results in successive iterations.)

Similarly, if there is a Jordan block corresponding to an eigenvalue
|Aj| = 1 then the algorithm will diverge. If there is no such Jordan
block, but there is more than one eigenvalue with |A\;| = 1 then there
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may be convergence, but it won’t be unique and will differ each time the
algorithm is applied. If, however, all eigenvalues satisfy |A;| < 1 except
for the single eigenvalue A\; = 1, then in the limit as n — oo we have

1
- 0
lim T3} =
n—soo 2N-1
0
and there is convergence to a unique limit. O

In the frequency domain the action of the T operator is
1 1
TX(2w) = §|C’(w)|2X(w) + §|C(w + )2 X (w + 7). (10.9)

Here X (w) = N 2,7 and x,, is a 2N — 1-tuple. In the z-domain
this is
1 — 1 —
TX[2?] = 50[2] Clz™'] X[z] + 50[—,2] Cl-27Y X[-2] (10.10)
where Clz] = Zszo crz™F and Clz71] = ch\;o crz". Here,  # 0 is an

eigenvector of T with eigenvalue X if and only if Tx = Az, i.e.,
20X [2?] = C[z] Clz™Y] X[2] + C[—2] C[-271] X[~2]. (10.11)

We can gain some additional insight into the behavior of the eigenval-
ues of T through examining it in the z-domain. Of particular interest is

the effect on the eigenvalues of p > 1 zeros at z = —1 for the low pass
filter C.

We can write C[z] = (%)p_lCo [2] where Cy[z] is the Z transform
of the low pass filter Cy with a single zero at z = —1. In general, C

won’t satisfy the double-shift orthonormality condition, but we will still
have Cy[1] = v/2 and Cy[—1] = 0. This means that the column sums
of the corresponding transition matrix Tj are equal to 1 so that in the
time domain T admits the left-hand eigenvector f = (1,1,...,1) with
eigenvalue 1. Thus T also has some right eigenvector with eigenvalue
1. Here, T is acting on a 2Ny — 1-dimensional space, where No = N —
2(p—1).

Our strategy will be to start with Cy[z] and then successively multiply
it by the p — 1 terms (1+ 271)/2, one-at-a-time, until we reach C[z].
At each stage we will use Equation (10.11) to track the behavior of
the eigenvalues and eigenvectors. Each time we multiply by the factor
(1 +271)/2 we will add two dimensions to the space on which we are
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acting. Thus there will be two additional eigenvalues at each recursion.
Suppose we have reached stage Cj[z] = (%)SCO [2] in this process,
with 0 < s < p — 1. Let z(,) be an eigenvector of the corresponding
operator T with eigenvalue As. In the z-domain we have

20X, [2%] = Cy[z] Csz7Y] Xi[2] + Cs[—2] Cs[—27Y Xs[—2]. (10.12)

Now let Cyy1[2] = (FF22)Cy[2], Xopa[2] = (1—271)(1 - 2) X, [2]. Then,

since
1427t 142 _ 1 _
( ) Y121 —2)=2(1-272)(1-2%)
2 2 4
the eigenvalue equation transforms to

As
2(—=
(4

)Xs1112%] = Coa[2] Coa[271] Xopal2]

+Cop1[2] Copr[271] Xopa[—2].

Thus, each eigenvalue A of T transforms to an eigenvalue As/4 of Ty 1.
In the time domain, the new eigenvectors are linear combinations of
shifts of the old ones. There are still two new eigenvalues and their as-
sociated eigenvectors to be accounted for. One of these is the eigenvalue
1 associated with the left-hand eigenvector e® = (1,1,...,1). (The as-
sociated right-hand eigenvector is the all important a.) To find the last
eigenvalue and eigenvector, we consider an intermediate step between
Cs and Cs1q. Let

1+27 11 — _
Koiple] = (—5 )50 Cole 7', Xopapale] = (1= 271 Xi[2].
Then, since
14271

- =027

the eigenvalue equation transforms to
1
5)\sXs+1/2[22] = Koq1/202] Xoq1y2[2] + Kopr/2[—2] Xop1/2][—2].

This equation doesn’t have the same form as the original equation, but
in the time domain it corresponds to

1
(F 2)Kot1/27(s41/2) = 5/\$(s+1/2)-

The eigenvectors of C; transform to eigenvectors of (| 2)K 1/, with
halved eigenvalues. Since K,11/5[1] = 1, K 41/2[—1] = 0, the columns
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of (I 2)Kst1/2 sum to 1, and (| 2)K 4/ has a left-hand eigenvec-
tor e® = (1,1,...,1) with eigenvalue 1. Thus it also has a new right-
hand eigenvector with eigenvalue 1. Now we repeat this process for
(L42)K1/2[2], which gets us back to the eigenvalue problem for C1.
Since existing eigenvalues are halved by this process, the new eigenvalue

1 for (| 2)K441/2 becomes the eigenvalue 1/2 for T5.

Theorem 10.3 If C[z] has a zero of order p at z = —1 then Tony_1 has

eigenvalues 1,%,...(3)2P~1.

Theorem 10.4 Assume that ¢(t) € La(R). Then the cascade sequence
dD(t) converges in Ly to ¢(t) if and only if the convergence criteria of
Theorem 10.2 hold:

o All of the eigenvalues A of Ton—1 satisfy |\| < 1 except for the simple
eigenvalue A = 1.

Proof Assume that the convergence criteria of Theorem 10.2 hold. We
want to show that

169 = ol* = [l6@* = (67, 6) = (¢,07) + [[¢]I?

= a(()i) - Eg) — b(()z) +ag — 0

as ¢ — oo, see (10.2), (10.31). Here
o = [ oiu-wa o) = [ owd - par

With the conditions on T we know that each of the vector sequences
a®, b will converge to a multiple of the vector a as i — oo. Since
ar = o we have lim;_, a,(f) = udor and lim;_, bg) = vdor. Now at
each stage of the recursion we have ) a,(f) => bgj) =1l,sop=v=1
Thus as ¢ — co we have

aéi)—Béi)—b(()i)+ao—>1_1_l+1:0'

(Note: This argument is given for orthogonal wavelets where ay = dgy.
However, a modification of the argument works for biorthogonal wavelets
as well. Indeed the normalization condition ), a,(f) =3 bg) =1 holds
also in the biorthogonal case.) Conversely, this sequence can only con-
verge to zero if the iterates of T converge uniquely, hence only if the
convergence criteria of Theorem 10.2 are satisfied. O
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Theorem 10.5 If the convergence criteria of Theorem 10.2 hold, then
the ¢ (t) are a Cauchy sequence in Ly, converging to ¢(t).

Proof We need to show only that the ¢ (t) are a Cauchy sequence in
L. Indeed, since Lo is complete, the sequence must then converge to
some ¢ € Lo. We have

o™ — ¢ |12 = [|p™) |12 — (6™, D) — (6@, 6™ 4 |[pD[|2.

From the proof of the preceding theorem we know that lim; . [|¢(?||> =
1. Set m =i+ j for fixed j > 0 and define the vector

i) i+j) i)
D () = (65, gli)) = / 0 (03" (¢ — k),

i.e., the vector of inner products at stage i. A straightforward computa-
tion yields the recursion

() = T (5).

Since ), 1 (j), = 1 at each stage i in the recursion, it follows that
lim; a0 c(i)( ) = ay, for each j The initial vectors for these recur-
sions are ¢ (j), = [ ¢U)(¢) gb ( — k)dt. We have 3", ¢ (j); = 1
so ¢ (j )i — ar as i — oo. Furthermore, by the Schwarz inequal-
ity O] < 16D - ||¢©@]] = 1, so the components are uniformly
bounded. Thus T/ (j)g — ag = 1 as i — oo, uniformly in j. It follows
that

167 = O = [|gTH[2 = (179, ¢1) — (69, 09 + |69 = 0
as ¢ — 00, uniformly in j. O

We continue our examination of the eigenvalues of T, particularly
in cases related to Daubechies wavelets. We have observed that in the

frequency domain an eigenfunction X corresponding to eigenvalue A\ of
the T operator is characterized by the equation

22X (w) =|C ( )2 X( )+|C( +m)? X( +m), (10.13)

where X (w) = Zi\’, N Tn€ ™ and x is a 2N — 1-tuple. We normalize
X by requiring that || X|| = 1.

Theorem 10.6 If C(w) satisfies the conditions

o [CWIP+ICw+m =2,
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e C(0) =2, C(r) =0,
o |[C(w)|#0for —7/2 <w < 7/2,

then T has a simple eigenvalue 1 and all other eigenvalues satisfy || < 1.

Proof The key is the observation that for any fixed w with 0 < |w| <7
we have AX (w) = aX(%)+BX(§+m) where o > 0,3 > 0 and a+5 = 1.
Thus AX (w) is a weighted average of X (%) and X(§ + ).

e There are no eigenvalues with |A\| > 1. For, suppose X were a normal-
ized eigenvector corresponding to A. Also suppose |X (w)| takes on its
maximum value at wp, such that 0 < wg < 27. Then |A| - | X (wg)| <
al X (5)|+ BIX (%5 + )| so, say, [A]-[ X (wo)| < [X(%5)]. Since [A] > 1
this is impossible unless | X (wp)| = 0. On the other hand, setting w = 0
in the eigenvalue equation we find AX (0) = X(0), so X(0) = 0. Hence
X(w) =0 and A is not an eigenvalue.

e There are no eigenvalues with |A| = 1 but A # 1. For, suppose X was
a normalized eigenvector corresponding to A. Also suppose |X(w)]
takes on its maximum value at wp, such that 0 < wg < 27. Then
AL+ [X (wo)| < alX(42)] + BIX (42 +)], 50 |X (wn)] = | X (). (Note:
This works exactly as stated for 0 < wyg < 7. If 7 < wy < 27 we can
replace wg by wj = wp — 27 and argue as before. The same remark
applies to the cases to follow.) Furthermore, X (wg) = A™'X (). Re-
peating this argument n times we find that X (5%) = A" X (wp). Since
X (w) is a continuous function, the left-hand side of this expression is
approaching X (0) in the limit. Further, setting w = 0 in the eigen-
value equation we find AX (0) = X(0), so X(0) = 0. Thus | X (wp)| =0
and A is not an eigenvalue.

e A = 1 is an eigenvalue, with the unique (normalized) eigenvector
X(w) = \/%7 Indeed, for A = 1 we can assume that X (w) is real, since

both X (w) and X (w) satisfy the eigenvalue equation. Now suppose
the eigenvector X takes on its maximum positive value at wg, such
that 0 < wp < 27. Then X (wo) < aX(%52) + X (% +7), s0 X(wo) =
X (%2). Repeating this argument n times we find that X (5%) = X (wo).
Since X (w) is a continuous function, the left-hand side of this expres-
sion is approaching X (0) in the limit. Thus X (wg) = X(0). Now
repeat the same argument under the supposition that the eigenvector
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X takes on its minimum value at wi, such that 0 < w; < 2w. We
again find that X(w;) = X(0). Thus, X(w) is a constant function.
We already know that this constant function is indeed an eigenvector
with eigenvalue 1.

e There is no nontrivial Jordan block corresponding to the eigenvalue
1. Denote the normalized eigenvector for eigenvalue 1, as computed
above, by Xj(w) = \/% If such a block existed there would be a
function X (w), not normalized in general, such that TX (w) = X (w)+

X1 (w), ie.,

1 1w, w 1w 9 W
X(w)—l—\/—ﬂ = 5\0(§)| X(§)+§|C(§ + )| X(§+7T)-

Now set w = 0. We find X (0)+ \/% = X (0) which is impossible. Thus
there is no nontrivial Jordan block for A = 1.

O

It can be shown that that the condition |C(w)| # 0 for — /2 <w <
7/2, can be relaxed just to hold for —7/3 < w < /3.

0 500 1000 1500 2000 2500 3000 3500

Figure 10.1 The D4 scaling function.
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1.4 T T T T T

1000 2000 3000 4000 5000 6000

Figure 10.2 The Dg scaling function.

0 1000 2000 3000 4000 5000 6000 7000 8000

Figure 10.3 The Ds scaling function.



354 Discrete wavelet theory

From our prior work on the maxflat filters we saw that |C(w)|? is 2
for w = 0 and decreases (strictly) monotonically to 0 for w = 7. In
particular, |C(w)| # 0 for 0 < w < 7. Since |C(w)|?> = 2 — |C(w + 7)|?
we also have |C'(w)| # 0 for 0 > w > —n. Thus the conditions of the
preceding theorem are satisfied, and the cascade algorithm converges
for each maxflat system to yield the Daubechies wavelets Dy, where
N =2p—1 and p is the number of zeros of C(w) at w = 7. The scaling
function is supported on the interval [0, N]. Polynomials of order < p
can be approximated with no error in the wavelet space Vj.

Exercise 10.1 For each of the Figures 10.1, 10.2, 10.3, determine the
significance of the horizontal and vertical scales.

10.2 Accuracy of approximation

In this section we assume that the criteria for the eigenvalues of T are
satisfied and that we have a multiresolution system with scaling function
¢(t) supported on [0, N]. The related low pass filter transform function
C(w) has p > 0 zeros at w = 7. We know that

doyhet+k) =t £=01,...,p-1,
k

so polynomials in ¢ of order < p — 1 can be expressed in V with no
error. We assume that the scaling function ¢(t) is pointwise bounded
on the real line. (Soon we will be able to prove this boundedness for all
Daubechies scaling functions.)

Given a function f(t) we will examine how well f can be approximated
pointwise by wavelets in V;, as well as approximated in the Ly sense.
We will also look at the rate of decay of the wavelet coefficients b;), as
j — oo. Clearly, as j grows the accuracy of approximation of f(¢) by
wavelets in V; grows, but so does the computational difficulty. We will
not go deeply into approximation theory, but far enough so that the
basic dependence of the accuracy on j and p will emerge. We will also
look at the smoothness of wavelets, particularly the relationship between
smoothness and p.

Let’s start with pointwise convergence. Fix j = J and suppose that f
has p continuous derivatives in the neighborhood [t — to| < 1/27 of to.
Let

Fr) = ambs(t) = an2?627t — k),
k K
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ajp = (f, o) = 2‘]/2/ f)(27t — k)dt,

be the projection of f on the scaling space V;. We want to estimate the
pointwise error |f(t) — f7(t)| in the neighborhood |t — to] < 1/27.
Recall Taylor’s theorem with integral remainder, from basic calculus.

Theorem 10.7 If f(t) has p continuous derivatives on an interval con-
taining ty and t, then

p—1 t p
0= 3 O = R k), Ryt = / (t_pf) ) (@)dz
2 | |

to

where fO(t) = £(t).

Since all polynomials of order < p — 1 can be expressed exactly in V
we can assume that the first p terms in the Taylor expansion of f have
already been canceled exactly by terms aj, in the wavelet expansion.
Thus

Lf(t) = fa(t)] = |Rp(t, to) Zajk¢Jk

where the a’j, = (Rp(t,to), dsk) are the remaining coefficients in the
wavelet expansion (aj; = aj, + a’j;,). Note that for fixed ¢ the sum in
our error expression contains only N nonzero terms at most. Indeed,
the support of ¢(t) is contained in [0, N), so the support of ¢ (t) is
contained in [, BEN). (That is, if ¢ ,(7) # 0 for some 7 we have
£ <7 < BN ) Thus ¢ k() = Ounless k = [277]—¢,£=0,1,...,N—1,
where [z] is the greatest integer in z. If |f(P)| has upper bound M, in
the interval |t —to| < 1/27 then |R,(t,t)| < M,/2’®+1)(p+1)! and we
can derive similar upper bounds for the other N terms that contribute
to the sum, to obtain

CM,

56 = S0 < it (10.14)
where C' is a constant, independent of f and J. If f has only ¢ < p con-
tinuous derivatives in the interval [t —to| < 1/27 then the p in estimate
(10.14) is replaced by ¢:

CM,

|f(t) - f](t)‘ < W
Note that this is a local estimate; it depends on the smoothness of f
in the interval |t —¢o| < 1/27. Thus once the wavelets choice is fixed,
the local rate of convergence can vary dramatically, depending only on
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the local behavior of f. This is different from Fourier series or Fourier
integrals where a discontinuity of a function at one point can slow the
rate of convergence at all points. Note also the dramatic improvement
of convergence rate due to the p zeros of C(w) at w = .

It is interesting to note that we can investigate the pointwise con-
vergence in a manner very similar to our approach to Fourier series
and Fourier integral pointwise convergence. Since ), ¢(t + k) = 1 and
J ¢(t)dt =1 we can write (for 0 <t <1/27.)

£ — £2(8) ZzJ / F@)32x — k)dz $27t — k)|

—|Z( )= [ s@a - nas) o2t - )

0

<suplg| Y

k=—N+1

/Oo [f(t) f(u+k)] ¢>(u)du‘. (10.15)

e 27

Now we can make various assumptions concerning the smoothness of
f to get an upper bound for the right-hand side of (10.15). We are not
taking any advantage of special features of the wavelets employed. Here
we assume that f is continuous everywhere and has finite support. Then,
since f is uniformly continuous on its domain, it is easy to see that the
following function exists for every h > 0:

w(h) = sup NOESIGIE (10.16)

|[t—t’|<h, t,t’ real

Clearly, w(h) — 0 as h — 0. We have the bound

£0) = £5(0)] < suplo] - Ne(55) [ o)l

If we repeat this computation for ¢ € [2%, %] we get the same upper
bound. Thus this bound is uniform for all ¢, and shows that f;(t) — f(¢)
uniformly as J — oo.

Now we turn to the estimation of the wavelet expansion coefficients
bjr = (f,wji) = 21/2/ fF)w(27t — k)dt (10.17)

where w(t) is the mother wavelet. We could use Taylor’s theorem for f
here too, but present an alternate approach. Since w(t) is orthogonal to
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all integer translates of the scaling function ¢(¢) and since all polynomials
of order < p — 1 can be expressed in 1}, we have

/ thw(t)dt = 0, (=0,1,...,p—1. (10.18)

Thus the first p moments of w vanish. We will investigate some of the
consequences of the vanishing moments. Consider the functions

L(t) = /t w(70)dTo (10.19)

t

Ig(t) :/ Il 7'1 dTl / dT1/ 7'() dT()
t

I,(t) = / L1 (Tm—1)dTm—1, m=1,2...p.

From Equation (10.18) with ¢ = 0 it follows that I (¢) has support
contained in [0, V). Integrating by parts the integral in Equation (10.18)
with ¢ = 1, it follows that I5(¢) has support contained in [0, N). We
can continue integrating by parts in this series of equations to show,
eventually, that I,(t) has support contained in [0, N). (This is as far as
we can go, however.)

Now integrating by parts p times we find

_2]/2/ fOw(2t — k)dt =2~ 1/2/ f( quk) (u)du

=277/2(— )/ 7f(u+k)7p(u)du

dup
=2 [ ot LT
- 2)‘/2—193'(_1)10/ f(P)( t)1,(27t — k)dt

Ntk
27

= 29/27Pi(_1)P FP ()T, (27t — k)dt.

k

27
If | f(P)(¢)| has a uniform upper bound M, then we have the estimate

CM,

b3l < o1/

(10.20)

where C' is a constant, independent of f,j, k. If, moreover, f(t) has
bounded support, say within the interval (0, K), then we can assume
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that bjr = 0 unless 0 < k < 21 K. We already know that the wavelet
basis is complete in Ly(R). Let’s consider the decomposition

=V;e)y W
j=J

We want to estimate the Lo error ||f — fs|| where f; is the projection
of f on V;. From the Plancherel equality and our assumption that the
support of f is bounded, this is

o 27K
= BE =33 ol < 2K (10.21)
J - Jk) 22pJ . .
=7 k=0

Again, if f has 1 < ¢ < p continuous derivatives then the p in (10.21) is
replaced by .

Much more general and sophisticated estimates than these are known,
but these provide a good guide to the convergence rate dependence on
j, p and the smoothness of f.

Next we consider the estimation of the scaling function expansion
coefficients

ajk = (f, djk) = 23/2/ f()p(27t — k)dt. (10.22)

In order to start the FW'T recursion for a function f, particularly a con-
tinuous function, it is very common to choose a large j = J and then use
function samples to approximate the coefficients: a s, ~ 27772 f(k/2”7).
This may not be a good policy. Let’s look more closely. Since the support
of ¢(t) is contained in [0, N) the integral for a,; becomes

- N
an =2 [ 7 poeit - wae =29 [ p"
0

ko
k ) (u)du

27

The approximation above is the replacement

u N _
[ i 1) [ = 1)

If j is large and f is continuous this using of samples of f isn’t a bad esti-
mate. If f is discontinuous or only defined at dyadic values, the sampling
could be wildly inaccurate. Note that if you start the FWT recursion at

j = J then
= andn(t)
K
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so it would be highly desirable for the wavelet expansion to correctly fit
the sample values at the points £/27:

f(;]) = fJ(2£J) = ZaJk¢Jk(2£J)~ (10.23)
e

However, if you use the sample values f(k/27) for aj; then in gen-
eral f7(¢/27) will not reproduce the sample values! A possible fix is
to prefilter the samples to ensure that (10.23) holds. For Daubechies
wavelets, this amounts to replacing the integral a ; = (f, dsx) by the
sum a5, = >, f(€/27) ¢, (¢/27). These “corrected” wavelet coefficients
a9, will reproduce the sample values. However, there is no unique, final
answer as to how to determine the initial wavelet coefficients. The issue
deserves some thought, rather than a mindless use of sample values.

10.3 Smoothness of scaling functions and wavelets

Our last major issue in the construction of scaling functions and wavelets
via the cascade algorithm is their smoothness. So far we have shown
only that the Daubechies scaling functions are in Ly(R). We will use the
method of Theorem 10.3 to examine this. The basic result is this: The
matrix T has eigenvalues 1, %, %, ceey 22,,%1 associated with the zeros of
C(w) at w = 7. If all other eigenvalues X of T satisfy [A| < & then ¢(t)
and w(t) have s derivatives. We will show this for integer s. It is also
true for fractional derivatives s, although we shall not pursue this.
Recall that in the proof of Theorem 10.3 we studied the effect on T of
multiplying C|[z] by factors 1"';71, each of which adds a zero at z = —1.
We wrote C[z] = (%)p’lCo [2] where Cy[z] is the Z transform of the
low pass filter Cy with a single zero at z = —1. Our strategy was to start

with Cy[z] and then successively multiply it by the p — 1 terms (%),
one-at-a-time, until we reached C|z]. At each stage, every eigenvalue \;
of the preceding matrix 7; transformed to an eigenvalue A;/4 of T; 4.
There were two new eigenvalues added (1 and 1/2), associated with the
new zero of C'(w).

In going from stage i to stage i + 1 the infinite product formula for
the scaling function

y ) N
00 (w) = 152,271 2Ci(55), (10.24)

changes to
w

D () = H?‘;12_1/20i+1(2j

) = (10.25)
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o (11 93\ rroo g-1/2,~ W L—e ™\
H]’:1 (2 + 56 / ) Hj:12 / 01(27) = (zw) (b( )(w).

The new factor is the Fourier transform of the box function. Now suppose
that T; satisfies the condition that all of its eigenvalues \; are < 1 in
absolute value, except for the simple eigenvalue 1. Then ¢ (w) € Lo,
so [%, |w|?|0HD) (W) [2dw < oo. Now

i/ ¢(1+1)( )iwtdw

¢(i+1) (t) o

and the above inequality allows us to differentiate with respect to t under
the integral sign on the right-hand side:

. 1 [ . .
¢TIt = 2—/ iwd T (W)™ dw.
™ — 00

The derivative not only exists, but by the Plancherel theorem, it is square
integrable. Another way to see this (modulo a few measure-theoretic
details) is in the time domain. There the scaling function ¢¢*1(t) is the
convolution of ¢(Y)(¢) and the box function:

I /¢ t—xdaz—/ o

Hence ¢/ () = ¢ (t) — ¢ (t — 1). (Note: Since ¢V (t) € Ly it is
locally integrable.) Thus ¢(*+1)(¢) is differentiable and it has one more
derivative than ¢(®)(t). Tt follows that once we have (the non-special)
eigenvalues of T; less than one in absolute value, each succeeding zero of
C adds a new derivative to the scaling function.

Theorem 10.8 If all ezgem}alues X of T satisfy |\ < & (except for
the special eigenvalues 1, 3 5 4, ey 22,},1, each of multzplzczty one) then
o(t) and w(t) have s derivatives.

Corollary 10.9 The convolution ¢tV (t) has k 4+ 1 derivatives if and
only if ) (t) has k derivatives.

Proof From the proof of the theorem, if ¢()(¢) has k derivatives, then
U1 (t) has an additional derivative. Conversely, suppose ¢(“+1)(¢) has
k + 1 derivatives. Then ¢/1)(t) has k derivatives, and from (10.3) we
have

¢’(i+1)(t) — ¢(i)(t) _ ¢(i)(t —1).
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Thus, ¢ (t) — ¢ (t — 1) has k derivatives. Now ¢ (t) corresponds to
the FIR filter C; so ¢(¥) (t) has support in some bounded interval [0, M).
Note that the function

M
ot = 6Ot — M) =3 (80(8) - 6Dt - )

j=1

must have k derivatives, since each term on the right-hand side has k
derivatives. However, the support of ¢()(t) is disjoint from the support
of ¢ (t — M), so ¢ (t) itself must have k derivatives. O

Corollary 10.10 If ¢(t) has s derivatives in Lo then s < p. Thus the
mazximum possible smoothness is p — 1.

Example 10.11 Daubechies D4. Here N = 3, p = 2, so the T' matrix is
5x5 (2N —1=15), or T5. Since p = 2 we know four roots 0fT5 1, %, i, é
We can use MATLAB to find the remaining root. It is A = Z' This just
misses permitting the scaling function to be differentiable; we would
need |A| < I for that. Indeed by plotting the Dy scaling function using
the MATLAB toolbox you can see that there are definite corners in the
graph. Even so, it is less smooth than it appears. It can be shown that, in
the frequency domain, [~ |w|?%|(w)|2dw < oo for 0 < s < 1 (but not
for s = 1). This implies continuity of ¢(¢), but not quite differentiability.

Example 10.12 General Daubechies Dy;. Here M = N 4+ 1 = 2p.
By determining the largest eigenvalue in absolute value other than the
, 2, ceey 22;—,1 one can compute the number of
derivatives admitted by the scaling functions. The results for the smallest

known 2p eigenvalues 1

values of p are as follows. For p = 1,2 we have s = 0. For p = 3,4 we
have s = 1. For p = 5,6,7,8 we have s = 2. For p = 9,10 we have s = 3.
Asymptotically s grows as 0.2075p + constant.

We can derive additional smoothness results by considering more care-
fully the pointwise convergence of the cascade algorithm in the frequency
domain:

d(w) = I62,27/20().

Recall that we only had the crude upper bound |¢(w)| < €%« where
|C"(w)] < Cov2 and C(w) = C(0) + [;” C'(s)ds, so

|C(w)] < V2(1 + Colw]) < V2eC0ll.
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This shows that the infinite product converges uniformly on any compact
set, and converges absolutely. It is far from showing that qg(w) € Ly. We
clearly can find much better estimates. For example if C(w) satisfies
the double-shift orthogonality relations |C(w)|? + |C(w + 7)|? = 2 then
|C(w)| < V2, which implies that |¢(w)| < 1. This doesn’t prove that ¢
decays sufficiently rapidly at oo so that it is square integrable, but it
suggests that we can find much sharper estimates.

The following ingenious argument by Daubechies improves the expo-
nential upper bound on qg(w) to a polynomial bound. First, let v/2C; >
v/2 be an upper bound for |C(w)|,

|IC(w)| < V20, for 0<w <.
Set
_ w
Oy (w) = IT5_,2 1/20(5)7

and note that |®;(w)| < e for |w| < 1. Next we bound |®(w)| for
|w| > 1. For each |w| > 1 we can uniquely determine the positive integer
K (w) so that 251 < |w| < 25 Now we derive upper bounds for |®,(w)|
in two cases: k < K and k > K. For k < K we have

‘(I)k(w” = 12 1/2|C( )| < Cl < Cl—i—logz |w] 01|W|10g2 C'l7
since log, C10g2 ol — = log, |w|'°82 €1 = log, C| log, |w|. For k > K we have
|¢'k(w)| = 12 1/2|C( )|Hk K|C(2K+j)|

w
< C1K|‘Dk—K(27)| < Cyfw|'82 e,
Combining these estimates we obtain the uniform upper bound
@1 (w)] < Cre® (1 + |w]'22 )

for all w and all integers k. Now when we go to the limit we have the
polynomial upper bound

[B(w)] < Cre® (1 + |w['o2 ). (10.26)

Thus still doesn’t give Lo convergence or smoothness results, but to-
gether with information about p zeros of C(w) at w = 7 we can use it
to obtain such results.

The following result clarifies the relationship between the smoothness
of the scaling function ¢(t) and the rate of decay of its Fourier transform

d(w).
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Lemma 10.13 Suppose ffooo|g§(w)|(1 + |w)"t¥dw < oo, where n is
a non-negative integer and 0 < a < 1. Then ¢(t) has n continuous
derivatives, and there exists a positive constant A such that |¢™ (t +
h) — o™ (t)| < A|R|*, uniformly in t and h.

Sketch of proof From the assumption, the right-hand side of the formal
inverse Fourier relation

(b(m) 2 / ¢ ™ zwtdw
71—

converges absolutely for m = 0,1,...,n. It is a straightforward applica-
tion of the Lebesgue dominated convergence theorem, [91], to show that
("™ (t) is a continuous function of ¢ for all t. Now for h > 0

¢)(n) (t + h) ¢)(n) / w(t+h) _ eiwt
ha ~on (b he B T —
‘n—+1 ol . i wh
! - / Pw)wm e tts) ?Shfa dw. (10.27)

Note that the function sin £t / wh)® is bounded for all wh. Thus there
exists a constant M such that | sin < /(wh)®| < M for all wh. It follows
from the hypothesis that the mtegral on the right-hand side of (10.27)
is bounded by a constant A. A slight modification of this argument goes
through for i < 0. O

NOTE: A function f(t) such that |f(t+h) — f(¢)] < Alh|® is said to be
Holder continuous with modulus of continuity .

Now let’s investigate the influence of p zeros at w = 7 of the low pass
filter function C(w). In analogy with our earlier analysis of the cascade
algorithm (10.24) we write H(w) = (<4 “VpC_y(w). Thus the FIR
filter C_;(w) still has C_1(0) = v/2, but it doesn’t vanish at w = 7.
Then the infinite product formula for the scaling function

$(w) = 11522 1/20( i) (10.28)

changes to

)

J= 2]

— (M)p({sl(w). (10.29)

1w

A 1 | P
(b(w):HC?il (2+2€—1w/2> Hoo 2 1/20_ (
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The new factor is the Fourier transform of the box function, raised to
the power p. From (10.26) we have the upper bound

|f-1(W)] < Cre® (1 + |w]'*B= ) (10.30)

with

) >{ maxw6[072ﬂ]|H,1(w)|
- 1.

This means that |¢_; (w)| decays at least as fast as |w|'°%2 ©1 for |w| — oo,
hence that |¢(w)| decays at least as fast as |w['°82 €17 for |w| — co.

Example 10.14 Daubechies D4. The low pass filter is

CW):V§<1+;fM>2{;1+v@4—;1—v®eﬁw

_ (Hg_mfc_l(w).

Here p = 2 and the maximum value of |C_;(w)| is v2C; = v/6 at w = 7.
Since log, v3 = 0.79248... it follows that |¢(w)| decays at least as
fast as |w| 71207 for |w| — oo. Thus we can apply Lemma 10.13 with
n = 0 to show that the Daubechies D, scaling function is continuous
with modulus of continuity at least o = 0.207. ..

We can also use the previous estimate and the computation of Cy to
get a (crude) upper bound for the eigenvalues of the T matrix associated
with C_;(w), hence for the non-obvious eigenvalues of Toy_1 associated
with C(w). If A is an eigenvalue of the T' matrix associated with C'_(w)
and X (w) is the corresponding eigenvector, then the eigenvalue equation

2AX(W) = [C($)PX(S) +1C-1(5 +m)PX(S +7),

is satisfied, where X(w) = Zg;_z?\,_ﬂp rpe” ™ and x, is a 2(N —

2p) — 1-tuple. We normalize X by requiring that || X|| = 1. Let M =
max,eo,2+]| X (W) = [ X (wo)|. Setting w = wp in the eigenvalue equation,
and taking absolute values we obtain

Lo (40 (0 W0, e

< C{M + CiM = 2C7 M.
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Thus |A| < 2C% for all eigenvalues associated with C_;(w). This means
that the non-obvious eigenvalues of Ton_1 associated with C(w) must
satisfy the inequality |\| < 2C%/4P. In the case of Dy where C7 = 3 and
p = 2 we get the upper bound 3/8 for the non-obvious eigenvalue. In
fact, the eigenvalue is 1/4.

10.4 Additional exercises

Exercise 10.2 Apply the cascade algorithm to the inner product vector
of the ith iterate of the cascade algorithm with the scaling function itself

i REPRSTO)
i = [ ot
—o0
and derive, by the method leading to (10.1), the result
bH+Y = 7p®), (10.31)

Exercise 10.3 The application of Theorem 10.1 to the Haar scaling
function leads to an identity for the sinc function. Derive it.

Exercise 10.4 The finite T matrix for the dilation equation associated
with a prospective family of wavelets has the form

I
—_

0 0 0 0
1 &% 0 35 0
T=(0 % 1 & 0
0 74 0 % 1
0 0 0 34 0

Designate the components of the low pass filter defining this matrix by
Ccg,y...CN.

1. What is N in this case? Give a reason for your answer.

2. The vector ar, = [ ¢(t)¢(t — k)dt, for k = —2,-1,0,1,2, is an eigen-
vector of the T matrix with eigenvalue 1. By looking at T' can you
tell if these wavelets are ON?

3. The Jordan canonical form for T is

100 00
02 00 0
J=]100 § 0 0
00 0 % 1
00 0 0 %

What are the eigenvalues of T'7
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4. Does the cascade algorithm converge in this case to give an Ly scaling
function ¢(t)? Give a reason for your answer.

5. What polynomials P(¢) can be expanded by the ¢(t — k) basis, with
no error. (This is equivalent to determining the value of p.) Give a
reason for your answer.
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Biorthogonal filters and wavelets

11.1 Resumé of basic facts on biorthogonal filters

Previously, our main emphasis has been on orthogonal filter banks and
orthogonal wavelets. Now we will focus on the more general case of
biorthogonality. For filter banks this means, essentially, that the analysis
filter bank is invertible (but not necessarily unitary) and the synthesis fil-
ter bank is the inverse of the analysis filter bank. We recall some of the
main facts from Section 9.6, in particular, Theorem 9.18: A two-channel
filter bank gives perfect reconstruction when

5(0) [Z]H(O) [2] + S(l)[z]H(l)[z} — 9, ¢
SOHO[—2] + SV 2] HV [—z] = 0. (11.1)

This is the mathematical expression of (11.2). (Recall that H)|[2] is the
7Z transform of the analysis filter ®(), SU) is the Z transform of the
synthesis filter ¥, and R is the right-shift or delay operator.)

O 12 «~ |2 &0

N
Rz = + T, (11.2)

v
v 12 « |2 oW

We can find solutions of (11.1) by defining the synthesis filters in terms
of the analysis filters:

SOL] = HW[—z],  §W[z] = -HO[—2],
and introducing the halfband filter
Plz] = 2SO 2] HO[2]
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such that
P[z] — P[-z] = 2. (11.3)

The delay ¢ must be an odd integer. Equation (11.3) says the coeffi-
cients of the even powers of z in P[z] vanish, except for the constant
term, which is 1. The coefficients of the odd powers of z are undeter-
mined design parameters for the filter bank. Once solutions for P[z] are
determined, the possible biorthogonal filter banks correspond to factor-
izations of this polynomial.
The perfect reconstruction conditions have a simple expression in
terms of 2 X 2 matrices:
SO S HOR HO-2 ] 10
SOz S ] [ HO[] B0 ] B { 0 1 } ’

or SH = 2I where HO[z] = 2!HO)[z], HM[2] = 2!HM 2] are recen-

tered. (Note that since these are finite matrices, the fact that H|[z] has a
left inverse implies that it has the same right inverse, and is invertible.)

Example 11.1 Daubechies D4 halfband filter is
1

= 6 (—23 +924+16+9271 — 2_3) .

The shifted filter P(9[z] = 2~*P[z] must be a polynomial in 2~ with

nonzero constant term. Thus ¢ = 3 and

1
PO = g (19277416277 4 0271 = 270,

P[]

Note that p = 2 for this filter, so P()[z] = (1 + 271)*Q[z] where Q has
only two roots, r = 2 — V3 and 7~ ! = 2 + /3. There are a variety of
factorizations P(0)[z] = S©O[2]H®[z], depending on which factors are
assigned to H(® and which to S . For the construction of filters it
makes no difference if the factors are assigned to H(® or to S(9 (there
is no requirement that H(®) be a low pass filter, for example). In the
following table we list the possible factorizations of P(9)[z] associated
with the D4 filter in terms of Factor 1 and Factor 2.

Remark If we want to use these factorizations for the construction of
biorthogonal or orthogonal wavelets, however, then H©® and S are
required to be low pass. Furthermore it is not enough that conditions
(11.1) hold. The T matrices corresponding to the low pass filters H (%)
and S(©) must each have the proper eigenvalue structure to guarantee Lo
convergence of the cascade algorithm. Thus some of the factorizations
listed in the table will not yield useful wavelets.
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Case Factor 1 Degree N Factor 2 Degree N
1 1 0 (14274 (r—271h 6
(rt—27h)
2 (1+271h 1 (1+2753(r —271) 5

(="~ =)

3 (r—z71 1 (14274t —27h 5

4 (14 271)2 2 (14 275H2(r — 271 4
(=1 — 1)

5 (1+z2YHr—z71 2 (142713t —271) 4

6 (r—z"H(rt—-z71 2 (14 27 1H)* 4

7 (14 271)3

w
—
—
_|_
N

—
I =
<
I
IS
—
~
w

8 (14+27H2(r—271 3 (142712t =271 3

For cases 3, 5,8 we can switch r <+ r~! to get new possibilities. A com-
mon notation is (Na+1)/(Ngs+1) where N4 is the degree of the analysis
filter H© and Ng is the degree of the synthesis filter S, i.e. (# of
analysis coefficients)/(# of synthesis coefficients). (However, this no-
tation doesn’t define the filters uniquely.) Thus from case 4 we could
produce the 5/3 filters H(O[z] = L(—1 + 2271 + 6272 + 2273 — 27%)
and SO[z] = 1(1 42271 + 272), or the 3/5 filters with H(® and S©
interchanged. The orthonormal Daubechies Dy filter 4/4 comes from
case 7.

Let’s investigate what these requirements say about the finite impulse

response vectors AL, AW, s s, (Recall that HO[2] =3 RO,
and so forth.) The halfband ﬁlter condition for P[z], recentered , says

ST s, = dor, (11.4)
and

th+n52k n = —00k, (11.5)
or

Zh<0>s§%+n = Sok, (11.6)
and

SR, = oo, (11.7)
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where
A = n

n?

SO sﬁ?) = (—1)"h§1_)n, sﬁ}) = (—1)"+1hé0_)n. The conditions

HO2]SW[2] — AO[—z]5W[-z] =0,
HD[21SO[2] — AW [—2]8@[—z] = 0,
imply
SRS, =0, (11.8)
STRDsE), = 0. (11.9)

n

Expression (11.6) gives us some insight into the support of A and
s\ Since P(O) [2] is an even-order polynomial in z~1 it follows that the
sum of the orders of H®[z] and S(°)[z] must be even. This means that
;L;O) and 55?) are each nonzero for an even number of values, or each are
nonzero for an odd number of values.

11.2 Biorthogonal wavelets: multiresolution
structure

In this section we will introduce a multiresolution structure for biorthog-
onal wavelets, a generalization of what we have done for orthogonal
wavelets. Again there will be striking parallels with the study of biorthog-
onal filter banks. We will go through this material rapidly, because it is
so similar to what we have already presented.

Definition 11.2 Let {V; : j = ...,—1,0,1,...} be a sequence of sub-
spaces of La(R) and ¢ € Vp. Similarly, let {V; : j = ...,-1,0,1,...}
be a sequence of subspaces of Ly(R) and ¢ € Vj. This is a biorthogo-

nal multiresolution analysis for L(R) provided the following conditions
hold:

1. The subspaces are nested: V; C V41 and f/J - f/jﬂ.
2. The union of the subspaces generates Ly : Lo(R) = U2 __V; =

- j=—00
eV )
3. Separation: N2 _ V; = N2__V; = {0}, the subspace containing

only the zero function. (Thus only the zero function is common to all

subspaces Vj, or to all subspaces V}.)
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4. Scale invariance: f(t) € V; <= f(2t) € Vj41, and f(t) € V; <
f(2t) € Viqa.

5. Shift invariance of Vj and Vp: f(t) € Vo <= f(t —k) € Vp for all
integers k, and f(t) € Vo <= f(t — k) € V}, for all integers k.

6. Biorthogonal bases: The set {¢(t—k) : k = 0,£1,...} is a Riesz basis
for Vp, the set {(5(75 —k): k=0,£1,...} is a Riesz basis for Vo and
these bases are biorthogonal:

< Gok, Por >= / ot — k)(ﬁ(t —£)dt = by

Now we have two scaling functions, the synthesizing function ¢(t), and
the analyzing function ¢(t). The V, W spaces are called the analysis
multiresolution and the spaces V,W are called the synthesis mul-
tiresolution.

In analogy with orthogonal multiresolution analy51s we can introduce
complements W; of V; in Vj41, and W of V in V}H

Visr = Vi + Wy, Vi =V, + W

However, these will no longer be orthogonal complements We start by
constructmg a Riesz basis for the analysis wavelet space Wy. Since Vy C
Vi, the analyzing function q5( ) must satisfy the analysis dilation equation

t) =23 hVé(2t k), (11.10)
k

where

S hY =1

k

for compatibility with the requirement ffom (t)dt =1.
Similarly, since Vy C Vi, the synthesis function ¢(t) must satisfy the
synthesis dilation equation

t) =23 st - k), (11.11)
k

where

s =1 (11.12)
k

for compatibility with the requirement [ fooo o(t) dt

|
—
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Remarks 1. There is a problem here. If the filter coefficients are de-
rived from the halfband filter P(9)[2] = H([2]S(®[2] as in the previ-
ous section, then for low pass filters we have 2 = P[ = H(O) [1]5©O1]
=D h,io)][Zk s,(C ], so we can’t have Zk Zk s =1 simul-
taneously. To be definite we will always choose the H 0) filter such
that >, hl(co) = 1. Then we must replace the expected synthesis dila-
tion equations (11.11) and (11.12) by

)= s" o2t k), (11.13)
k

where

s =2 (11.14)
k

for compatibility with the requirement [ fooo o(t)dt = 1.

Since the s(© filter coefficients are fixed multiples of the Y co-
efficients we will also need to alter the analysis wavelet equation by
a factor of 2 in order to obtain the correct orthogonality conditions
(and we have done this below).

2. We introduced the modified analysis filter coefficients 7153 ) = hﬁj_)n
in order to adapt the biorthogonal filter identities to the identi-
ties needed for wavelets, but we left the synthesis filter coefficients
unchanged. We could just as well have left the analysis filter

coefﬁc1ents unchanged and introduced modified synthesis coefficients
v(J) (4)

- S[ n'

Associated with the analyzing function gg(t) there must be an ana-
lyzing wavelet w(t), with norm 1, and satisfying the analysis wavelet
equation

w(t) = > h a2t - k), (11.15)
E
and such that @ is orthogonal to all translations ¢(t — k) of the synthesis
function.

Associated with the synthesis function ¢(¢) there must be an synthesis

wavelet w(t), with norm 1, and satisfying the synthesis wavelet equation

1) =23 sVt - k), (11.16)
k

and such that w is orthogonal to all translations ¢(t — k) of the analysis
function.
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Since w(t) L ¢(t —m) for all m, the vector h(!) satisfies double-shift
orthogonality with s(®:

<Pt — th S\ o = (11.17)
The requirement that w(t) L w(t —m) for nonzero integer m leads to
double-shift orthogonality of A(!) with s():

<w(t- th s = Som. (11.18)

Since w(t) L ¢(t —m) for all m, the vector h(®) satisfies double-shift
orthogonality with s(V):

w(t), ¢ Z hy Sk+2m = (11.19)
The requirement that ¢(t) L ¢(t — m) for nonzero integer m leads to
double-shift orthogonality of h(® with s(©:

< ¢(t), ¢ Z s, = Som. (11.20)

Thus,
Wo = Span{w(t — k)}, Wy = Span{w(t —k)}, Vo LWy, VoL W,.

Once w, w have been determined we can define functions

J

wik(t) = 25w(20t — k), bj(t) = 22B(2t — k),
Sin(t) = 2202t — k), Gy(t) = 28 (27 — k),
for j,k =0,£1,+2,... It is easy to prove the biorthogonality result.
Lemma 11.3
< Wi, Wyw > = 0j0k, < G W > =0, (11.21)
< Gjks ik > = O < Wik, ik >=0,
where j, 7'k, k' =0,%1,...
The dilation and wavelet equations extend to:

Bje =2 Z ;L,ggo_)ggq;jJrl,k(t)v (11.22)
%

Bje =D s\ aubir1a(t), (11.23)
k
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Wjp = Z Flzl_)ggéj+1,k(t)v (11.24)
%

Wig = 2 Z S;lzze¢j+1,k(t). (1125)
k
Now we have
V; = Span{¢;i}, V; = Span{g; .},
W; = Span{w;}, W; = Span{w,.}, V; LW;, V; LW,
so we can get biorthogonal wavelet expansions for functions f € L.
Theorem 11.4
LQ(R):VjJrZWk:Vj+Wj+Wj+1+"': Z W,
k=j j=—o00
so that each f(t) € La(R) can be written uniquely in the form
[ee]
=+ we  we €Wy, [ €V (11.26)
k=j

Similarly
LQ(R)=‘7j+ZWk:‘7j+Wj+Wj+1+"': Z Wj,
k=j Jj=—00
so that each f(t) € Ly(R) can be written uniquely in the form
f: f] + Z’Lﬂk, W € Wk, fTJ € ‘N/j (11.27)
k=j
We have a family of new biorthogonal bases for Ly (R), two for each
integer j:
{Giks wynrs Sjis g = J = Joj + 1,0, £k 2K =0,1,...}.

Let’s consider the space V; for fixed j. On the one hand we have the
scaling function basis {¢;r : £k =0,1,...}. Then we can expand any
fieVjas

fi= >0 @ik, ik =< fj, b5 > (11.28)

k=—o00
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On the other hand we have the wavelets basis {¢;_1 5, wj_1,1 : Lk, £k
0,1,...} associated with the direct sum decomposition V; = W;_; +
Vj—1. Using this basis we can expand any f; € V; as

o0

fi= Z bj—1 kw1 + Z Aj—1,kPj—1,ks (11.29)

k'=—00 k=—o0

where

bj—1p =< [}, Wi—1,k >, Gj—1.k =< [}, Pj—1,k > -

There are exactly analogous expansions in terms of the (;3, w basis.
If we substitute the relations

Gj10 =2 Z B/i()jgg(gj,k(t), (11.30)
k

Wj—1,0 = Zﬁéllggéj,k(t), (11.31)
k

into the expansion (11.28) and compare coefficients of ¢;, with the
expansion (11.29), we obtain the following fundamental recursions.

Theorem 11.5 Fast Wavelet Transform.

Averages (lowpass) aj_1r =), Bglol%djn (11.32)
Differences (highpass) b;j 1, = iy, Eglllzk&jn. (11.33)

These equations link the wavelets with the biorthogonal filter bank.
Let x;, = a;; be a discrete signal. The result of passing this signal
through the (time-reversed) filter (H(®)T and then downsampling is
e = (L 2)(HO)YT % 2, = @j 14, where ;1 is given by (11.32).
Similarly, the result of passing the signal through the (time-reversed)
filter (H™M)T and then downsampling is z, = (| 2)(HM)T x 2y = b1 4,
where b;_1 1 is given by (11.33).

We can iterate this process by inputting the output G;_q x of the low
pass filter to the filter bank again to compute &j—27k75j_2)k,, etc. At
each stage we save the wavelet coefficients Bj/ x and input the scaling
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coefficients a;/ps for further processing, see expression (11.34).

aj_op — (12) HOT

N
i1k — (L2) HO)T
. 5 e N
bj727k — (i,?) H(l))T &jk
v~ Input.
bi1k + (12) HW)T
(11.34)

The output of the final stage is the set of scaling coefficients agg,
assuming that we stop at 7 = 0. Thus our final output is the complete
set of coefficients for the wavelet expansion

oo oo

-1
Fi=>0 3" biwwpe+ Y ook,

j'=0k=—00 k=—o00

based on the decomposition
Vi=Wig+Wig+---+ Wi + Wy + V.

To derive the synthesis filter bank recursion we can substitute the inverse
relation

bie =3 (500510 + 5 0 w510 (11.35)
h

into the expansion (11.29) and compare coefficients of ¢;_1 ¢, wj—1,¢ with
the expansion (11.28) to obtain the inverse recursion.

Theorem 11.6 Inverse Fast Wavelet Transform.
VRSP TRT T Ny (11.36)
k k

Thus, for level j the full analysis and reconstruction picture is expres-
sion (11.37).

5O (1) ea e (2 @HO)
v N
aj Synthesis Analysis ajk
Output v Input.
S (12 b~ (12 HWO)T
(11.37)
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For any f(t) € L2(R) the scaling and wavelets coefficients of f are
defined by

i = < f.dy 5= 212 / T HOB Ry,

bjr, = < f, 0 >= 2j/2/ f(t)w(27t — k)dt. (11.38)

11.2.1 Sufficient conditions for biorthogonal
multiresolution analysis

We have seen that the coefficients Ei,si in the analysis and synthesis
dilation and wavelet equations must satisfy exactly the same double-
shift orthogonality properties as those that come from biorthogonal filter
banks. Now we will assume that we have coefficients FLi,si satisfying
these double-shift orthogonality properties and see if we can construct
analysis and synthesis functions and wavelet functions associated with
a biorthogonal multiresolution analysis.

The construction will follow from the cascade algorithm, applied to
functions ¢ (t) and ¢()(t) in parallel. We start from the Haar scal-
ing function ¢ (t) = ¢©(¢) on [0,1]. We apply the low pass filter
SO recursively and with scaling, to the ¢(9(¢), and the low pass fil-
ter H®) | recursively and with scaling, to the ¢()(t). (For each pass of the
algorithm we rescale the iterate by multiplying it by 1/ V2 to preserve
normalization.)

Theorem 11.7 If the cascade algorithm converges uniformly in Lo for
both the analysis and synthesis functions, then the limit functions ¢(t), ¢(t)

and associated wavelets w(t), w(t) satisfy the orthogonality relations
< Wik, Wyrgr > = 0jj/ Ok < Qjky Pjkr >= Ok
< Pjr, Wi > =0, < wjp, ng,k' >=0,

where j,7', £k, £k' = 0.
Proof There are only three sets of identities to prove:
oo
1. / ot —n)p(t — m)dt = dpm,
2. / Bt — n)ib(t — m)dt = 0,

3. [ w(t —n)w(t —m)dt = dpm.-
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The rest are duals of these, or immediate.

1. We will use induction. If 1 is true for the functions ¢ D(t), 6D (t) w
will show that it is true for the functions ¢+ (t), pUH1(¢).

Clearly
it is true for ¢ (t), ¢(9)(t). Now

/ ¢(i+1)(t _ n)q;(iﬂ)(t — m)dt =< ¢éin+1) SE+1)

» ¥ 0m
(© 2 (0) 7(i
=< Zsk )¢1 2n+k7zh§ )¢1,)2m+e >

0)y(0) 0
Z S( )h( 2n+k7 ¢1 ,2m—+4 >= Z Sk hé )2(m —-n) 67””'

Since the convergence is Lo, these orthogonality relations are also
valid in the limit for ¢(¢), ¢(t).

/C>O ¢(z’+1)<t _ n)u?(“'l)(t ) —< (b (i+1) ~(z+1) >
—o0
1)
=< > sy ¢12n+k,2h( b >
k

) )% (1)
Zsk h()<¢12n+k7 12m+£> QZSk)hl(c 2(m-n) = 0

because of the double-shift orthogonality of s(°) and R,
/ w Y (¢ — )@Y (t — m)dt =< w((fnﬂ) IARUS

om
_ (1)7 (1) _
ZS hk 2(m—mn) — 67”"7

because of the double-shift orthonormality of s() and A1)

O

Theorem 11.8 Suppose the filter coefficients satisfy double-shift or-
thogonality conditions (11.6), (11.7), (11.8) and, (11.9), as well as the
conditions of Theorem 10.2 for the matrices T = (. 2)25©) (5(0))“ and

N —-(0)
= (} 2)2HO(H )*, which guarantee Lo convergence of the cascade
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algorithm. Then the synthesis functions ¢(t — k), w(t — k) are orthogo-

nal to the analysis functions gz~5(t —0),w(t — ), and each scaling space is
orthogonal to the dual wavelet space:

vV, LW, W LV (11.39)
Also
Vit Wy =Vip,  Vi+W; =V
where the direct sums are, in general, not orthogonal.
Corollary 11.9 The wavelets
wip =22w(2 — k), i =2

are biorthogonal bases for Lo:

o0
/ Wik (t) Wk (£)dt = 656 (11.40)
— 00

Since the details of the construction of biorthogonal wavelets are some-
what complicated, we present a toy illustrative example. We show how
it is possible to associate a scaling function ¢(¢) with the identity low
pass filter Hyo(w) = Hp[z] = 1. Of course, this really isn’t a low pass
filter, since Ho(7) # 0 in the frequency domain and the scaling function
will not be a function at all, but a distribution or “generalized func-
tion.” If we apply the cascade algorithm construction to the identity
filter Hy(w) = 1 in the frequency domain, we easily obtain the Fourier
transform of the scaling function as ¢(w) = 1. Since ¢(w) isn’t square
integrable, there is no true function ¢(t). However there is a distribution
¢(t) = 6(t) with this transform. Distributions are linear functionals on
function classes, and are informally defined by the values of integrals of
the distribution with members of the function class.

Recall that f € La(R) belongs to the Schwartz class if f is infinitely
differentiable everywhere, and there exist constants C, ; (depending on
f) such that |t"dtqf\ < Cp,qon R for each n,qg=0,1,2, .... One of the
pleasing features of this space of functions is that f belongs to the class
if and only if f belongs to the class. We will define the distribution ¢(t)
by its action as a linear functional on the Schwartz class. Consider the
Parseval formula

/qs <z>f
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where f belongs to the Schwartz class. We will define the integral on the
left-hand side of this expression by the integral on the right-hand side.
Thus

/¢ ¢f /f — f(0)

from the inverse Fourier transform. This functional is the Dirac Delta
Function, ¢(t) = §(t). It picks out the value of the integrand at ¢t = 0.

We can use the standard change of variables formulas for integrals to
see how distributions transform under variable change. Since Hyp(w) =1
the corresponding filter has h(()o) = 1 as its only nonzero coefficient. Thus
the dilation equation in the signal domain is ¢(t) = 2¢(2t). Let’s show
that ¢(t) = d(t) is a solution of this equation. On one hand

| eorwi= 5 [ w10

for any function f(¢) in the Schwartz class. On the other hand (for
T =2t)

| 2oenswa= [ oG =90 = f0)

since g(7) = f(7/2) belongs to the Schwartz class. The distributions ()
and 20(2t) are the same.

Now we proceed with our example and consider the biorthogonal scal-
ing functions and wavelets determined by the biorthogonal filters

1 1
H(O)[Z] = 1, S(O) [Z] = 5 + Z_l + 52_2
Then we require HM[z] = SO [—2], SM[2] = ~H©[~2], s0
1 1
HOE] =5 -2+ 2272, Sk =-1.

The low pass analysis and synthesis filters are related to the product
filter P(O) by

PO2] = HO[2]8O[2], where PO[1] =2, PO [2] — PO[—2] = 227,

and £ is the delay. We find that PO[z] = 2 + 271 + 1272 s0 £ = 1.

To pass from the biorthogonal filters to coefficient identities needed
for the construction of wavelets we have to modify the filter coeffi-
cients. In Section 11.2 we modified the analysis coefficients to obtain new
= hé@m j = 0,1, and left the synthesis coefficients as
they were. Since the choice of what is an analysis filter and what is a

coefficients Tzﬁf )
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synthesis filter is arbitrary, we could just as well have modified the syn-
thesis coefficients to obtain new coefficients 553) éj)n, 7 =0,1, and
left the analysis coefficients unchanged. In this problem it is important
that one of the low pass filters be H(®)[z] = 1 (so that the delta function
is the scaling function). If we want to call that an analysis filter, then
we have to modify the synthesis coefficients.

Thus the nonzero analysis coefficients are

1 1
(hy")=(1) and  (hg".h{".15") = (5,-1.5).

The nonzero synthesis coefficients are

1 1
(67 = (1) and (.57 587) = (5.1 5).

27772
Since 5 = sg])n = ng)n for j = 0,1 we have nonzero components
(50 %,5(()0),550)) = (;, 1,1) and (819) = (=1), so the modified synthesis
filters are SO [z] = 22+ 1+ 1271 and SW[z] = —21.

The analysis dilation equatlon is d(t) = 2¢(2t) with solution @(t) =
0(t), the Dirac delta function. The synthesis dilation equation should be

o(t) = 5 6(2t — k),

k

or
1 1
o(t) = §¢(2t +1)+ o(2t) + 5(1)(215 —1).
It is straightforward to show that the hat function (centered at ¢ = 0)

1+t —-1<t<0
p(t)y=¢ 1—-t 0<t<1
0 otherwise

is the proper solution to this equation.
The analysis wavelet equation is

Zh(l (2t — or w(t) = %q@(zt) —p(2t—1) + %a}(zt —2).

The synthesis wavelet equation is

= 22 sV (2t — or w(t) = —2¢(2t —1).
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Now it is easy to verify explicitly the biorthogonality conditions
/¢(t)<;3(t — k)dt = /w(t)w(t — k)dt = 6(k),
/ (1)t — k)dt — / S(yw(t — k)dt = 0.

11.3 Splines
A spline f(t) of order N on the grid of integers is a piecewise polynomial
fit) = a0y +ar;(t—5) +---an;(t =), <<+,
such that the pieces fit together smoothly at the gridpoints:

F1G) = Fi=1G) £50) = Fia (s £V 00 = 10 0),

j=0,£1,... Thus f(t) has N — 1 continuous derivatives for all ¢. The
Nth derivative exists for all non-integer ¢t and for ¢ = j the right- and
left-hand derivatives f¥) (5 4 0), f™¥)(j — 0) exist. Splines are widely
used for approximation of functions by interpolation. That is, if F'(¢) is a
function taking values F'(j) at the gridpoints, one approximates F' by an
N-spline f that takes the same values at the gridpoints: f(j) = F(5), for
all j. Then by subdividing the grid (but keeping N fixed) one can show
that these N-spline approximations get better and better for sufficiently
smooth F'. The most commonly used splines are the cubic splines, where
N =3.

Splines have a close relationship with wavelet theory. Usually the
wavelets are biorthogonal, rather than orthogonal, and one set of N-
splines can be associated with several sets of biorthogonal wavelets. We
will look at a few of these connections as they relate to multiresolution
analysis. We take our low pass space V) to consist of the (N — 1)-splines
on unit intervals and with compact support. The space V; will then con-
tain the (N —1)-splines on half-intervals, etc. We will find a basis ¢(t—k)
for Vo (but usually not an ON basis).

We have already seen examples of splines for the simplest cases. The
0-splines are piecewise constant on unit intervals. This is just the case
of Haar wavelets. The scaling function ¢¢(¢) is just the box function

1, 0<t<1
0, otherwise.

oult) = 50 = {
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Here, ¢o(w) = B(t) = L (1 — e7™), essentially the sinc function. The
set ¢(t — k) is an ON basis for V.

The 1-splines are continuous piecewise linear functions. The functions
f(t) € Vi are determined by their values f(k) at the integer points, and

are linear between each pair of values:
F@) =[f(k+1) = f(B))(t — k) + f(k) fork <t<k+1

The scaling function ¢; is the hat function. The hat function H(t) is
the continuous piecewise linear function whose values on the integers
are H(k) = d1x, i.e., H(1) = 1 and H(t) is zero on the other integers.
The support of H(t) is the open interval —0 < ¢ < 2. Furthermore,
H(t) = ¢1(t) = (B * B)(t), i.e., the hat function is the convolution of
two box functions. Moreover, ¢>1( ) = B2(t) = (£)%(1 — e7™)2. Note
that if f € Vj then we can write it uniquely in the form

=> f(k)H(t—k+1).
k

All multiresolution analysis conditions are satisfied, except for the ON
basis requirement. The integer translates of the hat function do define
a Riesz basis for Vj (though we haven’t completely proved it yet) but
it isn’t ON because the inner product (H(t), H(t — 1)) # 0. A scaling
function does exist whose integer translates form an ON basis, but its
support isn’t compact. It is usually simpler to stick with the nonorthog-
onal basis, but embed it into a biorthogonal multiresolution structure,
as we shall see.

Based on our two examples, it is reasonable to guess that an appro-
priate scaling function for the space Vj of (N — 1)-splines is

éwfﬂw)=;BNu):(lﬁN(1_e—wyy

1w

This special spline is called a B-spline, where the B stands for basis.
Let’s study the properties of the B-spline. First recall the definition
of the convolution:

f*g<t>=/°;f<t—x dx—/f g(t — 2)dz

If f = B, the box function, then

Bxg(t) = /;g(x)dx = /Olg(t—x)dx.
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Now note that ¢ (t) = B * ¢n—1(t), so

t

on(t) = - éN—1(z)d. (11.42)

Using the fundamental theorem of calculus and differentiating, we find
Py (t) = dn-1(t) — dn-1(t - 1). (11.43)

Recall that ¢o(t) is piecewise constant, has support in the interval [0, 1),
and discontinuities 1 at t =0 and —1 at ¢t = 1.

Theorem 11.10 The function ¢n(t) has the following properties:

1. It is a spline, i.e., it is piecewise polynomial of order N.
2. The support of dn(t) is contained in the interval [0, N + 1).
3. The jumps in the Nth derivative at t =0,1,..., N + 1 are the alter-

N
nating binomial coefficients (—1) ( ; )

Proof By induction on N. We observe that the theorem is true for
N = 0. Assume that it holds for N = M — 1. Since ¢pr—1(t) is piecewise
polynomial of order M — 1 and with support in [0, M), it follows from
(11.42) that ¢/ (¢) is piecewise polynomial of order M and with support
in [0, M +1). Denote by | g\],w)(])] = %w)(jJrO) - SVM)(j —0) the jump
in qbs\],u) (t) at t = j. Differentiating (11.43) M — 1 times for N = M, we
find

B = 6% V)]~ e VG - 1)
for j=0,1,... M + 1 where

[W%ﬂ=&w<”ﬁ1)_Fm4<M1>

J

oy (M=) (M — 1)t
= (=1 <j!(M—j TG o 1)!(M—j)!>

== (o) = ()
O

Normally we start with a low pass filter H with finite impulse response
vector h,, and determine the scaling function via the dilation equation
and the cascade algorithm. Here we have a different problem. We have
a candidate B-spline scaling function ¢y _1(¢) with Fourier transform

y1 (@) = ()N (1 — )N,

w
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What is the associated low pass filter function H(w)? The dilation equa-
tion in the Fourier domain is

On1(w) = H(Hdn(5).
Thus
(V= e )N = HE) )V (1 — e )Y,
iw 27 iw/2

Solving for H(w/2) and rescaling, we find

o= (45)’

H[2| = (1 +2z_1)N.

This is as nice a low pass filter as you could ever expect. All of its

or

zeros are at —1! We see that the finite impulse response vector h,, =

N
2% ( n ), so that the dilation equation for a spline is

dn_1(t) =21~V Z ( JT\Z ) dn_1(2t — k). (11.44)
k=0

For convenience we list some additional properties of B-splines. The
first two properties follow directly from the fact that they are scaling
functions, but we give direct proofs anyway.

Lemma 11.11 The B-spline ¢ (t) has the properties:

L [% én(t)dt = 1.

2. YL on(t+E)=1.

3. dn(t) = dN(N+1—1t), for N=1,2,...
4. Let

1, t>k
0, otherwise.

Xk (t) = {

on(t) = Lo ( M )(—1>kak(t) for N =1,2,...

5. on(t) > 0.
6. ar = [72 on(Don(t+ k)dt = gon i1 (N +k +1).
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Proof

L[ én(t)dt = én(0) = 1.
2.

t+k [e%)
zk:¢N(t + k‘) = Zk:/t+k_1 (bN_l(.’L‘)dl‘ = /_OO ¢N_1(t)dt =1.

3. Use induction on N. The statement is obviously true for N = 1.
Assume it holds for N = M — 1. Then

M41—t
= r—1(u)du = dnr(t).

t—1

dr—1(z)dx :/ dar—1(M — u)du
t—1

4. From the third property in the preceding theorem, we have

N+1
0= (V) ot
k=0
Integrating this equation with respect to ¢, from —oo to ¢, N times,
we obtain the desired result.
5. Follows easily, by induction on N.
6. The Fourier transform of ¢ (t) is o (w) = ¢ T (w) = (5235)V 1 (1-
e~ ™)N+1 and the Fourier transform of ¢ (t + k) is e ¢y (w). Thus
the Plancherel formula gives

/OC on()on(t+ k)dt = 21 /OO | (w) |2 dw =

[ee]
27T/ ( 1. )2N+2(1 _e—iw)2N+Qei(N+k+1)wdw = doni1(N +k+1).
oo 2w
O
An N-spline f(t) in Vj is uniquely determined by the values f(j)
it takes at the integer gridpoints. (Similarly, functions f(¢) in V; are

uniquely determined by the values f(k/27) for integer k.)

Lemma 11.12 Let f,f§ Vo be N-splines such that f(j) = f(j) for all
integers j. Then f(t) = f(t).

Proof Let g(t) = f(t) — f(t). Then g € V; and ¢(j) = 0 for all integers
j. Since g € Vp, it has compact support. If g is not identically 0, then
there is a least integer J such that g; # 0. Here

gj(t):a07j+a/17j(t—J)+"'+G/N,J(t—J)N, J<t<J+1.
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However, since g;—1(t) = 0 and since
95(7) = 951(D),05(7) = g1 (7)., 95" V(D) = 057V,

we have g;(t) = an s(t — J)N. But g;(J +1) = 0, so an,; = 0 and
gs(t) =0, a contradiction. Thus g(¢) = 0. O

Now let’s focus on the case N = 3. For cubic splines the finite impulse
response vector is h,, = 1—16(17 4,6,4,1) whereas the cubic B-spline ¢3(t)
has jumps 1,—4,6,—4,1 in its third derivative at the gridpoints t =
0,1,2,3,4, respectively. The support of ¢3(t) is contained in the interval
[0,4), and from the second lemma above it follows easily that ¢3(0) =
#3(4) = 0, ¢3(1) = ¢3(3) = 1/6. Since the sum of the values at the
integer gridpoints is 1, we must have ¢3(2) = 4/6. We can verify these
values directly from the fourth property of the preceding lemma.

We will show directly, i.e., without using wavelet theory, that the
integer translates ¢3(t — k) form a basis for the resolution space Vj
in the case N = 3. This means that any f(t) € V5 can be expanded
uniquely in the form f(t) = )", sr¢3(t — k) for expansion coefficients s,
and all ¢. Note that for fixed ¢, at most four terms on the right-hand side
of this expression are nonzero. According to the previous lemma, if the
right-hand sum agrees with f(¢) at the integer gridpoints then it agrees
everywhere. Thus it is sufficient to show that given the input vector f
where f; = f(j) we can always solve the equation

FG) =) skds(i—k),  j=0,%1,... (11.45)
k

for the vector s with components s, k = 0,£1,... We can write (11.45)
as a convolution equation f = b* s where
141
b= (bg,b1,b2,b3,b4) = (0, =, =, =,0).
(0;1727374) (’6’6767)

We need to invert this equation and solve for s in terms of f. Let B be
the FIR filter with impulse response vector b. Passing to the frequency
domain, we see that (11.45) takes the form

F(W) = B<UJ)S(W)7 F(w) = ije—’ijw7 S(w) _ Z Ske—ikw7
J k

and

e~ w —2iw

B(w) = ijefijw = T(l +de™ W 4 e M) =
J

(2 + cosw).
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Note that B(w) is bounded away from zero for all w, hence B is invertible
and has a bounded inverse B~! with

362iw 662iw

—1 _ _
B e T BT VA R VA1 B VAl )
viw [ 12— V3] 1
= Ve <1+[2—\/§]eiw 14 [2—V3le w) ZC"
where
_ (VB2 V3T (=D ifn>3
= {\/3(2 +V3)" (=) ifn <2
Thus,

s=cxf or ijfj

J

Note that B™! is an infinite impulse response (IIR) filter.

The integer translates ¢y (t — k) of the B-splines form a Riesz basis of
Vo for each N. To see this we note from Section 10.1 that it is sufficient
to show that the infinite matrix of inner products

Ayj :[ on(t—i)on(t =) dt:[ ont)on(E+i—7) dt = a;—;

has positive eigenvalues, bounded away from zero. We have studied ma-
trices of this type many times. Here, A is a Toeplitz matrix with associ-
ated impulse vector ay. The action of A on a column vector x, y = Ax,
is given by the convolution y, = (a * x),. In frequency space the action
of A is given as multiplication by the function

oo

w) =Y are™ = " (dn(w+2mn))%
k

n=—oo

Now

(w+ 27mn)? (11.46)

(o (w + 27n))? = (45in2(‘§)>N+1.

On the other hand, from Lemma 11.11 we have

= dane1(N +k+1)e ke
k

= don 1 (N + 1) +2> dan i1 (N + k + 1) cos(kw).
k>0
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Since all of the inner products are nonnegative, and their sum is 1, the
maximum value of A(w), hence the norm of A, is A(0) = B = 1. It is
now evident from (11.46) that A(w) is bounded away from zero for every
N. (Indeed the term (11.46) alone, with n = 0, is bounded away from
zero on the interval [—m, x].) Hence the translates always form a Riesz
basis.

We can say more. Computing A’(w) by differentiating term-by-term,
we find

Aw)==2>" ¢an1(N + k + Dksin(kw).
k>0

Thus, A(w) has a critical point at w = 0 and at w = w. Clearly, there is
an absolute maximum at w = 0. It can be shown that there is also an
absolute minimum at w = 7. Thus Apin = >, dant1(N +k+1)(—1)".

Although the B-spline scaling function integer translates don’t form
an ON basis, they (along with any other Riesz basis of translates) can
be “orthogonalized” by a simple construction in the frequency domain.
Recall that the necessary and sufficient condition for the translates ¢(t—
k) of a scaling function to be an ON basis for V} is that

oo

Alw) = Z |p(w + 2mn)|? = 1.

n—=—oo

In general this doesn’t hold for a Riesz basis. However, for a Riesz basis,
we have |A(w)| > 0 for all w. Thus, we can define a modified scaling
function ¢y (t) by

() = On(w) _ én (w)
VIAW)] \/Z |gz§ w =+ 27mn)|?

so that fl(w) = 1. If we carry this out for the B-splines we get ON scaling
functions and wavelets, but with infinite support in the time domain.
Indeed, from the explicit formulas that we have derived for A(w) we can

expand 1/4/]A(w)| in a Fourier series

\/7 k_z_oo eke

so that

Z ekeikwéN(w%

k=—o00
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or
00

On(t) = > exdn(t—k).

k=—o0
This expresses the scaling function generating an ON basis as a convo-
lution of translates of the B-spline. Of course, the new scaling function
does not have compact support.

Usually however, the B-spline scaling function ¢y (t) is embedded in a
family of biorthogonal wavelets. There is no unique way to do this. A nat-
ural choice is to have the B-spline as the scaling function associated with
the synthesis filter S(9). Since P(O)[z] = H®[2]S[2], the halfband fil-

i\ N+1
ter P(©) must admit (1+§ ! as a factor, to produce the B-spline. If

we take the halfband filter to be one from the Daubechies (maxflat) class

_\2p-N-1
then the factor H(9[z] must be of the form (”Tzl) Q2p—2]2].
We must then have 2p > N + 1 so that H([z] will have a zero at
z = —1. The smallest choice of p may not be appropriate, because the
conditions for a stable basis and convergence of the cascade algorithm,
and the Riesz basis condition for the integer translates of the analysis
scaling function may not be satisfied. For the cubic B-spline, a choice
that works is

SO = (1 +221>4, HOz] = <1 +221>4Q6[Z]a

i.e., p = 4. This 11/5 filter bank corresponds to Daubechies Dg (which
would be 8/8). The analysis scaling function is not a spline.

11.4 Generalizations of filter banks and wavelets

In this section we take a brief look at some extensions of the theory of
filter banks and of wavelets. In one case we replace the integer 2 by the
integer M, and in the other we extend scalars to vectors. These are,
most definitely, topics of current research.

11.4.1 M channel filter banks and M band wavelets

Although two-channel filter banks are the norm, M-channel filter banks
with M > 2 are common. There are M analysis filters and the output
from each is downsampled (] M) to retain only 1/M th the information.
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H(l)[z}
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H<h{71> [Z]

|

Figure 11.1 M-channel filter bank.
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For perfect reconstruction, the downsampled output from each of the M
analysis filters is upsampled (1 M), passed through a synthesis filter, and
then the outputs from the M synthesis filters are added to produce the
original signal, with a delay. The picture, viewed from the Z transform

domain is that of Figure 11.1.
We need to define | M and 1 M.

Lemma 11.13 In the time domain, y = (I M)z has components y,, =

Tarn- In the frequency domain this is
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w w4 2T w+ (M -1)2r
27 T X )+ X ()|

V) = 37 X1

The Z transform is
] M-t
_ L 1/M 2mik/M
Y[z] = i ,;,O X[z e ]

Lemma 11.14 In the time domain, x = (1 M)y has components

Yy, if M divides k
T = M .
0, otherwise.

In the frequency domain this is

X(w) =Y (Mw).

The Z transform is

The Z transform of u= (J M)(T M)x is

1 M—1

- Z X[ZeQTrik/M].
M k=0

Ulz] =

Note that (1 M)(J M) is the identity operator, whereas (| M)(1T M)x
leaves every Mth element of x unchanged and replaces the other elements
by zeros.

The operator condition for perfect reconstruction with delay £ is

M-1
Z SU 1 M)} MYHY) =R’
§=0

where R is the right shift. If we apply the operators on both sides of
this requirement to a signal z={x, } and take the Z transform, we find

1 M-1 . M-1 )
i > SO Y HD WX [z
j=0 k=0

=27'X[z], (11.47)
where X[z] is the Z transform of z, and W = e~?™/M_ The coefficients
of X[2W*] for 1 <k < M — 1 on the left-hand side of this equation are
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aliasing terms, due to the downsampling and upsampling. For perfect
reconstruction of a general signal X|[z] these coefficients must vanish.
Thus we have

Theorem 11.15 An M-channel filter bank gives perfect reconstruction
when

M—1
SO HD 2] = Mz, (11.48)
7=0
M-1
SOEHD Wk =0, k=1,...,M—1. (11.49)
7=0

In matrix form this reads

HO [z W] HOW] - HM=1 2] SMz]
H(O)[ZWMfl} H(l)[ZWMfl] H(M 1)[ WwM- 1] S(Mil)[z}
Mz=*
0
0

In the case M = 2 we could find a simple solution of the requirements
(11.49) by defining the synthesis filters in terms of the analysis filters.
However, this is not possible for general M and the design of these filter
banks is more complicated. Associated with M-channel filter banks are
M-band filters. The dilation and wavelet equations are

bo(t) MZh“)qut—k), (=0,1,...,M—1.

Here h,(f) is the finite impulse response vector of the FIR filter H®).
Usually ¢ = 0 is the dilation equation (for the scaling function ¢g(t)
and £ = 1,...,M — 1 are wavelet equations for M — 1 wavelets ¢,(t),
£=1,...,M — 1. In the frequency domain the equations become

buw) = H(3)be(5p).  £=01. .M~ 1,

and the iteration limit is

de(w) =] (H(%)) de(0),  £=0,1,...,M—1,
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assuming that the limit exists and QBK(O) is well defined. For more infor-
mation about these M-band wavelets and the associated multiresolution
structure see, for example, [2, 17, 40, 53, 95].

11.4.2 Multifilters and multiwavelets

Next we go back to filters corresponding to the case M = 2, but now
we let the input vector  be an r X oo input matrix. Thus each compo-
nent x(n) is an r-vector z;(n), j=1,...,r. Instead of analysis filters
HO_ H® we have analysis multifilters H® H® each of which is an
r X r matrix of filters, e.g., Hgg?k),_ﬂ k =1,...r. Similarly we have syn-
thesis multifilters S(©), S each of which is an 7 x r matrix of filters.

Formally, part of the theory looks very similar to the scalar case. Thus
the Z transform of a multifilter H is H[z] = Y, h(k)z~* where h(k) is
the r xr matrix of filter coeflicients. In fact we have the following theorem
(with the same proof).

Theorem 11.16 A multifilter gives perfect reconstruction when
SOHO 2] + SW[zHWV[2] = 2271 (11.50)
SOLHO[—2] + SWHD[-2] = 0. (11.51)

Here, all of the matrices are r x r. We can no longer give a simple
solution to Equation (11.50) because r x r matrices do not, in general,
commute.

There is a corresponding theory of multiwavelets. The dilation equa-
tion is

o(t) =2 hO(k)@(2t - k),
k

where each ®;(t),j = 1,...,r is a vector of r scaling functions. The
wavelet equation is

w(t) =2 hD(k)w(2t — k),
k

where each w;(t),j =1,...,7 is a vector of r wavelets.

A simple example of a multiresolution analysis is “Haar’s hat.” Here
the space V; consists of piecewise linear (discontinuous) functions. Each
such function is linear between integer gridpoints ¢; = j and right
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continuous at the gridpoints: f(j) = f(j+0). However, in general f(j) #
f(4 — 0). Each function is uniquely determined by the 2-component
input vector (f(j), f(7 +1—0)) = (aj,b;), j =0,£1,... Indeed, f(t) =
(bj —a;)(t—j)+a; for j <t < j+1. We can write this representation as

b; + a; . b: —a; . . )
f(t):%(bl(t_])—’_ : 2 j¢2(t_j)a j§t<]+]—v
bj;aj is the average of f in the interval j <t¢ < j+1 and b; — a;

is the slope. Here,

1 0<t<1
0 otherwise

where

P1(t) =

¢2(t):{ 2t—1 0<t<1

0 otherwise.

Note that ¢;(t) is just the box function. Note further that the integer
translates of the two scaling functions ¢1(t + k), ¢2(t + £) are mutually
orthogonal and form an ON basis for Vj. The same construction goes
over if we halve the interval. The dilation equation for the box function
is (as usual)

P1(t) = d1(2t) + ¢1(2t — 1).
You can verify that the dilation equation for ¢o(t) is

Ba(t) = 5 [62(20) + 62(2t — 1) — 61(20) + 6n(2t — 1)].

They go together in the matrixz dilation equation

R R R be= b Ihe-ahi
(11.52)

11.5 Finite length signals

In our previous study of discrete signals in the time domain we have
usually assumed that these signals were of infinite length, and we have
designed filters and passed to the treatment of wavelets with this in
mind. This is a good assumption for files of indefinite length such as
audio files. However, some files (in particular video files) have a fixed
length L. How do we modify the theory, and the design of filter banks,
to process signals of fixed finite length L? We give a very brief discussion
of finite length signals.

Here is the basic problem. The input to our filter bank is the finite
signal zq,...xr_1, and nothing more. What do we do when the filters



396 Biorthogonal filters and wavelets

call for values x,, where n lies outside that range? There are two basic
approaches. One is to redesign the filters (so-called boundary filters) to
process only blocks of length L. We shall not treat this approach. The
other is to embed the signal of length L as part of an infinite signal
(in which no additional information is transmitted) and to process the
extended signal in the usual way. Here are some of the possibilities:

1. Zero-padding, or constant-padding. Set x, = cfor alln < 0orn > L.
Here c is a constant, usually 0. If the signal is a sampling of a continu-
ous function, then zero-padding ordinarily introduces a discontinuity.

2. Extension by periodicity (wraparound). We require x,, = 2, if n =
m, mod L, i.e., x, =x for k=0,1,...,L—1if n = aL + k for some
integer a. Again this ordinarily introduces a discontinuity.

3. Extension by reflection. There are two principal ways this is done. The
first is called whole-point symmetry. We are given the finite signal
Tg,...Tr_1. To extend it we reflect at position 0. Thus, we define

T_1=T1,T_2 = T2,...,T_[p_9 = Tr—2. This determines z,, in the
2L—2stripn = —L+2,...,L—1. Note that the values of xg and xy_4
each occur once in this strip, whereas the values of x1,...,z;_5 each

occur twice. Now xz,, is defined for general n by 2L — 2 periodicity.
Thus whole-point symmetry is a special case of wraparound, but the
periodicity is 2L — 2, not L. This is sometimes referred to as a (1,1)
extension, since neither endpoint is repeated.

The second symmetric extension method is called half-point sym-
metry. We are given the finite signal xg,...xr—1. To extend it we
reflect at position —1/2, halfway between 0 and —1. Thus, we define

r_1=2x9,T_ 9 =1=21,...,0_5, = x_1. This determines z,, in the 2L
strip n = —L,...,L — 1. Note that the values of zg and z;_; each
occur twice in this strip, as do the values of x1,...,27_2. Now x,, is

defined for general n by 2L periodicity. Thus we have again a special
case of wraparound, but the periodicity is 2L, not L, or 2L — 2. This
is sometimes referred to as a (2,2) extension, since both endpoints
are repeated. We used this same extension in the derivation of the
Discrete Cosine Transform (DCT), Section 6.4.2.

Finite signals that are extended by wraparound or symmetric reflec-
tion are periodic. Thus they can be analyzed and processed by tools
such as the DFT that exploit this periodicity. That will be the subject
of the next section. If the original signal is a sampling of a differen-
tiable function, symmetric extension has the advantage that it main-
tains continuity at the boundary, only introducing a discontinuity in the
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first derivative. The downside to this is that extension of the signal by
reflection roughly doubles its length. Thus after processing the analyzed
signal we need to downsample it to obtain a signal of length L, satis-
fying perfect reconstruction. There are many ways to accomplish this,
e.g., some of the solutions are implemented in the wavelet toolbox of
MATLAB. A detailed discussion can be found in [95].

11.6 Circulant matrices

Most of the methods for treating finite length signals of length L intro-
duced in the previous section involve extending the signal as infinite and
periodic. For wraparound, the period is L; for whole-point symmetry the
period is 2L — 2; for half-point symmetry it is 2L. To take advantage of
this structure we modify the definitions of the filters so that they exhibit
this same periodicity. We will call this period M, (with the understand-
ing that this number is the period of the underlying data: L, 2L — 2 or
2L). Then the data can be considered as a repeating M-tuple and the
filters map repeating M-tuples to repeating M-tuples. Thus for passage
from the time domain to the frequency domain, we are, in effect, using
the discrete Fourier transform (DFT), base M.

For infinite signals the matrices of FIR filters ® are Toeplitz, the
filter action is given by convolution, and this action is diagonalized in
the frequency domain as multiplication by the Fourier transform of the
finite impulse response vector of ®. There are perfect M x M analogies
for Toeplitz matrices. These are the circulant matrices. Thus, the infinite
signal in the time domain becomes an M-periodic signal, the filter action
by Toeplitz matrices becomes action by M x M circulant matrices, and
the finite Fourier transform to the frequency domain becomes the DFT,
base M. Implicitly, we have worked out most of the mathematics of this
action in Chapter 6. We recall some of this material to link with the
concepts of filter bank theory.

Recall that the FIR filter @ can be expressed in the form ® =
ZQ;O hiRF where h is the impulse response vector and R is the
delay operator Rz, = x,_1. If N < M we can define the action of ® (on
data consisting of repeating M-tuples) by restriction. For the restriction
we have RM = 1. Thus the delay operator action is represented by the
M x M cyclic permutation matriz R defined by Rz, = x,—1, mod M.
(Here and in the following discussion, all matrices are M x M.) For
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example, for M = 4,

000 1 o 3
11000 1 | _ | %o
Re=14 10 0 2o | | -

00 1 0 T3 o

The action of ® on repeating M-tuples becomes

N
P = E h,R".
n=0
This is an instance of a circulant matrix.

Definition 11.17 An M x M matrix ® is called a circulant if all of
its diagonals (main, sub and super) are constant and the indices are

interpreted mod M. Thus, there is an M-vector with components hj
such that A, = hy—p, mod M.

Example 11.18

1 5 3 2
2 1 5 3
®=13 921 5
53 21

Here, M =4, a9 =1, a1 =2, ao =3, a3 =b.
Recall that the column vector
X = (X[O]’X[l]’X[Z]’-“vX[M_ 1])

is the Discrete Fourier transform (DFT) of x = {z[n], n=0,1,..., M —
1} if it is given by the matrix equation X = Fx or

X|0] 1 1 1 1 x[0]
X[1] 1 w w? wM-1 x[1]
X2 =1 w? wt o WY z[2]
X[M _ 1} 1 wM'fl w2(]\.471) .. w(Mfl.)(Mfl) x[M.f 1]
(11.53)

where w = W = e~ 27/M Thus,

M—-1 M—-1

X[k] =z(k) = Z x[n}W"k _ Z x[n]e_%ink/M.

n=0 n=0
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Here F = F is again an M x M matrix. The inverse relation is the
matrix equation z = F~'X or
M-1

M—1
1 1 .
zln] = — > X[RW™ = — Y X[k]e>™mH/M,
k=0 k=0

where F~! = LF and W =w = e M W = =t = e2m/M,
Note that
-1 1
= —F.
M
For x,y € Py (the space of repeating M-tuples) we define the convo-
lution x xy € Py by

Fr=MI, F

zxy[n] = z[n] = Z z[m]y[n —m].

M-1
m=0

Then Z[k] = X [k]Y[k]. )
Now note that the DFT of R"z[m] is (R)"z[k] where
1

R M-1 M-
(R)”x[k] _ Z (R)nx[m]efwrimk/l\/f _ x[m o n]€727rimk:/M
m=0 m=0
P k k
-w" z[m]e” 2Tk M W X (k) = W k).
m=0
Thus,
) N o N
(®)z[k] =Y ho(R™2)[k] = > bW &[k]
n=0 n=0

In matrix notation, this reads
(®)x = Fdx = D*Fu
where D? is the M x M diagonal matrix
(D)1 = hidji.
Since z is arbitrary we have F® = D®F or
D* = (F)"'oF.

This is the exact analog of the convolution theorem for Toeplitz matrices
in frequency space. It says that circulant matrices are diagonal in the
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DFT frequency space, with diagonal elements that are the DFT of the
impulse response vector h.

11.7 Additional exercises

Exercise 11.1 Verify that the 2-spline scaling function ¢5(t) can be
embedded in a 5/3 filter bank defined by

1+21\? 1+2-1\?
SO] = (—j) ) HO[z] = (4—;) [-14427" =277,
i.e., p = 2. This corresponds to Daubechies D, (which would be 4/4).
Work out the filter coefficients for the analysis and synthesis filters. Show
that the convergence criteria are satisfied, so that this defines a family
of biorthogonal wavelets.

Exercise 11.2 Verify Lemma 11.14.

Exercise 11.3 Let x = (xg,21,22,x3) be a finite signal. Write down
the infinite signals obtained from x by (a) zero padding, (b) constant
padding with ¢ = 1, (c) wraparound, (d) whole-point reflection, (e) half-
point reflection.

Exercise 11.4 Verify explicitly that the circulant matrix ® of Example
11.18 is diagonal in the DFT frequency space and compute its diagonal
elements.

Additional properties of biorthogonal wavelets can be found in [39].
For more properties and applications of multiwavelets, see [74].
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Parsimonious representation of data

An important theme in this book is the study of systems y = ®x. We
have looked carefully at the case when ® is linear and can be taken
as an m X m matrix or more generally a linear operator on a Hilbert
space. In the various applications we have considered thus far, z is the
signal or input, ® is the transform and y is the sample or output. We
have studied in detail the reconstruction of x from y and have developed
many tools to deal with this case.

This chapter is concerned with the parsimonious representation of
data z, a fundamental problem in many sciences. Here, typically x is a
vector in some high-dimensional vector space (object space), and ® is
an operation (often nonlinear) we perform on z, for example dimension
reduction, reconstruction, classification, etc. The parsimonious repre-
sentation of data typically means obtaining accurate models y of natu-
rally occurring sources of data, obtaining optimal representations of such
models, and rapidly computing such optimal representations. Indeed,
modern society is fraught with many high-dimensional highly complex
data problems, critical in diverse areas such as medicine, geology, critical
infrastructure, health and economics, to name just a few.

This is an introduction to some topics in this subject showing how to
apply mathematical tools we have already developed: linear algebra and
SVD, Fourier transforms/series, wavelets/infinite products, compressive
sampling and linear filters, PCA and dimension reduction/clustering,
compression methods (linear and nonlinear). The subject is vast and
we aim only to give the reader an introduction which is self-contained
within the framework of this book.
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12.1 The nature of digital images

12.1.0 What is an image?

An image consists of an array of pixels, digitized where at each pixel
there is an attribute vector. For example, a continuous image of a face
may consist of N rows of numbers from 0,...,15 and M rows from
0,...,15. The pixel at coordinates n = 3 and m = 10 has, say, integer
brightness 110. This is the attribute vector denoted by a[m, n]. Thus one
may think of an image as a point in some high-dimensional Euclidean
space. In every gray scale image, the attribute at each pixel is a number
indicating the brightness level of that pixel. The number is usually an
N bit binary number which lies between 0 and 2V ~1. Here 2% is the full
dynamic range of the image. Consider the examples below:

1 2 21 1 2 2 1
2 3 3 2 2 2 2 2
1 2 2 11" 1 2 2 1
01 10 1 1 11

In both examples, the mean is 1.5 and the scenes are equally bright. In
the first example, the variance is 0.75 and in the second, the variance
is 0.25, thus the variance indicates contrast. In the case of a gray scale
image, the values recorded for the pixel brightness range, are between 0
and 2V — 1. Thus the pixels can take on 2V distinct brightness values
in the full dynamic range. The dynamic range of the image is the actual
range of values that occur. Note that in the first example above, it
is 4 and in the second, it is 2. If 256 is the full dynamic range, these
pictures will appear black to the human eye, even though they may have
structure. In the picture below, the human eye will see two white lines
fading towards the ends.

130 208 208 156
0 0 0 0
182 234 234 156
0 0 0 0

This picture was obtained from one with a smaller dynamic range by a
technique called contrast stretching. It uses the following linear trans-
formation:

(2N — 1)a[m, n] — min(m,n)

b[m, n] = max(m, n) — min(m, n)
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Exercise 12.1 Consider the image immediately above. Use a contrast
stretch to construct this image from the image

S N O ot
O © O
O © O
O OO >

Sometimes, we wish to modify the picture, so that all brightness values
are equally likely. The point is to allow all brightness values to have
similar contrasts. In practice, this requires the histogram of all pixel
values to occur in a straight line. The technique is called histogram
normalization. Consider the example below, (a) which has 16 elements
and dynamic range 23. We wish to equalize the histogram so that all 8
values are used equally often, i.e., twice. One possible solution, (b), is
shown below.

(a) (0)

O N O
EN N NIEN |
N O = O
S = O =
S O N
D W Ut
(G2 BT NG}
O W

Human perception of color, brightness, and contrast is not uniform or
even linear. Thus the format of the image does make a difference. For
example, contrast stretching from the view point of a computer, is simply
a rescaling and so does not affect the image at all. Histogram normaliza-
tion, however, does change the statistical properties of the image. Our
perception of brightness is not linear and is naturally skewed to edge
detection. For example, it is easy to construct an image whose top half
shows a linear increase in brightness between bands, whereas the bottom
half shows an exponential increase in brightness between bands which
leads to a contrast at edges.

All colors, may be obtained as a combination of the three RBG pri-
mary colors, Red, Green and Blue. Thus when we represent a color
digital image, we have a three dimensional attribute vector (R,G,B)
associated with every point. Each component, is exactly a gray scale im-
age. Noise: Images of whatever type, are generated from sensors which
measure light signal and return digital information and any process of
this kind attracts noise. There are different types of noise. For exam-
ple: (1) Instrument noise; (2) Photon noise: Sensors count photons and
the quantum physics laws governing this counting are non deterministic.
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Thus the noise effect is nonlinear or Gaussian and depends on the signal,
(3) Thermal noise: Sensor arrays are affected by temperature, heat gener-
ates electrons as photons do; (4) Dark current: This is the signal received
from the sensor in the absence of any external signal. This should be
ideally zero; (5) Amplifier noise: Various amplification and transfer pro-
cesses occur before the signal is digitized. All may add noise; (6) Quan-
tization noise: This occurs when an analog signal is converted to digital
numbers. Thus the error is a rounding one and may be significant in
dark images. Let us consider one popular type of noise referred to as
SNR (signal to noise): In this case, the signal is approximately constant
in the region of interest and the variation of the region is due to noise.
Moreover, the noise distribution is the same over the entire image with
constant standard deviation over the region of interest (ROI).

Exercise 12.2 Assume we have a system producing a dynamic range of
256, i.e., 8 bits and the system adds two percent (of the dynamic range)
random noise to the image. Suppose we measure the dark image first
and then add two percent random noise to it as shown. Show that the
contrast stretching has no effect on the dynamic range/noise ratio.

5 8 8 6 8§ 3 8 2
;o _loooo . |5 25 2
signal — 70 9 6 ) signal+noise — 7 5 11 3

00 00 4 3 4 1
See Figure 12.1.

Figure 12.1 The pixels at coordinates n = a and m = b have different
integer brightness. This is the attribute vector.
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12.1.1 Image enhancement

Image enhancement techniques are designed to improve the quality of
the image. They can be subjective in the sense that they change the
appearance of the image, they may be used to select features such as
edge detection, for example, or they could be used to remove or reduce
certain cases of noise. Typically, image enhancement techniques fall into
three categories: pointwise operations, local operations and global oper-
ations. In what follows, we will present examples of these three groups of
techniques and we will see they relate to machinery we have developed
in earlier chapters.

12.1.2 Local/smoothing filters

We have already defined the notion of a filter and studied it in some de-
tail. We will now use local filters for image enhancement. Local filters are
local operations which take a group of neighboring pixels and use their
values to generate a new value for the central pixel. This is implemented
as follows: We take a matrix A, typically n x n with n odd and use it
to define a moving window across the picture. The entries of the matrix
are then determined by weights given to the pixels in order to calculate
the new value of the central pixel. We describe this mathematically by
taking convolution

Inew(xa y) =Ax Iold(xv y)

Example 12.1 Consider a rectangular unweighted smoothing filter ap-
plied to an image. The bold region in the image leads to the bold number
in the output image. The same process is applied to all the other entries
except the edge rows and edge columns.

01 210
1 1 1 1 2 3 10
A=1/9(1 1 1 |, Iowu=|2 3 1 0 2
1 1 1 31 0 2 3
10 2 3 3

0 1 2 1 0

1 167 156 1.11 O

Lew=|2 178 144 133 2

3 144 133 1.78 3

1 0 2 3 3
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Our next example is a circular smoothing filter:

Example 12.2

01 2 1 0
01 0 1 2310
A=1/51 1 1|, Iwu=|2 3 1 0 2],
01 0 310 2 3
102 3 3

0 1 2 10

1 2 18 10

Liew= |2 18 14 12 2

3 14 12 16 3

1 0 2 3 3

We present one more example on weighted circular filters. Observe
that the central pixel is multiplied by 4, the ones to the left, to the right,
above and below by 1 and the corner pixels neglected (i.e., multiplied
by 0).

Example 12.3

01 2 1 0
0 1 0 12 3 10
A=1/811 4 1 |, Iou=|12 3 1 0 2|,
0 1 0 31 0 2 3
10 2 3 3
0 1 2 1 0
1 2 225 1 0
Ihew=| 2 225 125 0.75 2
3 125 075 1.75 3
1 0 2 3 3

12.1.3 Edge enhancement filters

Edges may be detected in an image by looking for high values of the
derivative as you move through the image along some direction. Typi-
cally we have the following rule: dark to light produces a large positive
derivative, light to dark a large negative derivative, and uniform a low
value of the derivative. When we think of derivative, we mean numerical
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directional derivative. Roughly speaking, we give meaning to this by
taking the difference between successive values in the picture where
successive means in the direction chosen. Edges can then be estimated
in different directions, or the magnitude of the derivative can be esti-
mated to select edges in any direction. Noise can be a problem, so we
smooth at the same time. In the example, below, smoothing is imple-
mented by filters in the horizontal directions and vertical directions,
respectively.

1 0 -1 11 1
A,=1/3|1 0 -1, A,=1/3 0 0 0
00 —1 -1 -1 -1

Computation of the horizontal derivative. Edges are shown in bold.

01546 3 0 1 5 4 6 3
2 2 6 5 6 2 2 -5 —-3.33 03 33 2
1.01d:127650 I _ |1 -533 -433 07 5 0
016 76 1™ 0 -6 —467 13 53 1
1276 5 2 1 —5.67 -5 03 4.7 2
0055 6 1 0 0 5 5 6 1

We may compute a derivative h in an angle direction 6 using the
well-known formula:

[ho] = cos(8).[hy] + sin(6).[h,]
and its magnitude by
h? =h} +h.

Since high values for the magnitude will indicate a change of bright-
ness in some direction, this is a useful edge finder. Sometimes we use
the Laplace operator (second derivative) for edge enhancement/edge
detection.

The Laplacian:

-1 -1 -1
1 8 -1
-1 -1 -1
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Edge Enhancement:

-1 -1 -1
1 9 -1
1 -1 -1

Note the following: The second derivative in the horizontal direction is
(1,2,1); an approximation for the Laplace operator is:

0 1 0
1 -4 1
0 1 1

The form shown above is less sensitive to rotation.

12.1.4 Mathematical morphology

Morphology is the study of shapes. In image processing, this is the pro-
cessing and analysis of shapes within an image. We will study binary
images in this section and also give some ideas on how to generalize to
gray scale and thus color images. We will explain our ideas via set theory
language. Let us mention four basic morphology operations. (1) dilation:
growing the shape, filling small gaps and smoothers; (2) erosion: shrink-
age of the shape; (3) opening (and closing): idempotent shape operations;
(4) skeleton: this is the kernel of the shape.

Dilation: Let B be a structuring element and A be a shape in a binary
image, in the sense that A and B are defined by positions of points in
the underlying image. The dilation of A and B, which we will write as
AdB, is

AdB={a+b,a€ A, andb € B}.

Here d is commutative and A is swelled by B. We also require that 0 € B
so that A C AdB.

Erosion: The erosion of A and B written as AeB is defined as
AeB={x € B,x+a€ A, Va € A}.

We will assume that 0 € A so that AeB C A. Erosion shrinks the shape.
Another interesting way to visualize erosion is by the set of points where
B can be centered and still be in contained in A. This is done in the
following way: The shift of a shape A by a position z, A, is defined by

A, =U{a+z,a€ A}.
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Then, we can write

AeB = {z, A, C A}
and similarly we can write

AdB = U{B,, a € A}.

Openings and Closings: We define the closing of an image A by a
structuring element K as AcK = (AdK)eK and the opening action on
A similarly by AoK = (AeK)dK. The opening of A is the union of all
shifts of A that we can fit completely inside A.

See Figures 12.2-12.5.

Figure 12.2 Discrete example dilation.

Figure 12.3 Continuous example dilation.
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Figure 12.4 Discrete example erosion.

Figure 12.5 Continuous example erosion.

12.1.5 Morphology for shape detection

In this section, we explain how morphology operators may be used for
the extraction of boundaries and skeletons from shapes in the sense of
extraction of information for classification, counting objects, and
enhancing edges for example. The boundary of a shape A may be
defined by taking A and removing its interior. By interior, we mean
taking the erosion of A by a suitable structuring element K. Thus we
may write 0A = AN (AeK)¢ where we are taking complements in the
last operation.

Exercise 12.3 Consider the examples already studied. For a suitable
structuring element K of your choice, calculate (1) The boundary of the
element below using the structuring element shown. (2) The boundary of
the nuts and bolts example using a dilation of 2. (3) Study the thickened
boundary (AdK) N (A°dK). What do you find?
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Consider now a morphology operator which will preserve the topology
of the shape in the sense of distilling its essence in some natural sense.
We call such an operator a skeleton. One practical construction of a
skeleton may be implemented using the following heuristic algorithm:

e Set up a 3 x 3 moving window.

e Repeatedly set the center pixel to zero unless one of the following
conditions occurs: (1) an isolated pixel is found; (2) removing a pixel
would change the connectivity; (3) removing a pixel would shorten
a line.

Exercise 12.4 Apply the skeletal algorithm above to the nuts and bolts
example above.

The last part of this section deals briefly with representations of gray
scale (and by extension, color) images. In this case, we may think of
our image as a three-dimensional object. It has a rectangular base (the
pixels) and the height over each pixel is the brightness of the pixel.

We are able to carry across most of the theory developed for binary
image morphology by the use of the following two operators on the 3D
grey scale shapes.

e Top: If A is a shape, T[A] will be the top surface of the shape defined by
T[A)(z) = max {y; (z,y) € A}.

Note that T[A] is a function over the image.
e Umbra: A set A is called an umbra iff (x,y) € A implies that (z,z) € A
for all z <y.

e If f is the gray scale intensity function over an image, then U[f] is
the umbra of f defined by:

Ulfl = {(z.y)sy < f(2)}, T[f] = f.
If Ais an umbra, UT[A] = A.

The filter ideas we have discussed and introduced earlier in this section
can also be implemented with morphology variants. One such filter is
the open—close smoothing filter where open is understood to smooth
within and close is understood to smooth without. We illustrate this
with Figure 12.6.
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Figure 12.6 Some examples.

12.1.6 Fourier transform

The Fourier transform (FT) is an important image processing tool which
is used to decompose an image into its sine and cosine components. The
output of the transformation represents the image in the Fourier or fre-
quency domain, while the input image is the spatial domain equivalent.
In the Fourier domain image, each point represents a particular fre-
quency contained in the spatial domain image. The Fourier transform
is used in a wide range of applications, such as image analysis, image
filtering, image reconstruction and image compression. We restrict our-
selves to digital images, so we will restrict this discussion to the Discrete
Fourier transform (DFT).

The DFT is the sampled F'T and therefore does not contain all frequen-
cies forming an image, but only a set of samples which is large enough
to fully describe the spatial domain image. The number of frequencies
corresponds to the number of pixels in the spatial domain image, i.e. the
image in the spatial domain and Fourier domain are of the same size.

For a square image of size N x N, the two-dimensional DFT F(k,1)
is given by:

=

1

Z_: f(a,b)exp(—i2n(ka/N +Ib/N))
b—0

a=0

where f(a,b) is the image in the spatial domain and the exponential term
is the basis function corresponding to each point F'(k,l) in the Fourier
space. The equation can be interpreted as: the value of each point F'(k,1)
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is obtained by multiplying the spatial image with the corresponding base
function and summing the result.

The basis functions are sine waves and cosine waves with increasing
frequencies, i.e., F'(0,0) represents the DC (discrete cosine)-component
of the image which corresponds to the average brightness and F(N —
1, N — 1) represents the highest frequency.

In a similar way, the Fourier image can be re-transformed to the spatial
domain. The inverse Fourier transform is given by:

| NoIN-d
fla,b) = 5 > > F(k, 1) exp(i2n(ka/N + Ib/N)).
k=0 1=0

To obtain the result for the above equations, a double sum has to be
calculated for each image point. However, because the FT is separable,
it can be written as

1N

H

P(k,b) exp(—i27lb/N)
b=0

where
N-1

P(k,b) =N Z f(a,b) exp(—i2nka/N).

Using these two formulas, the spatial domain image is first trans-
formed into an intermediate image using N one-dimensional FTs. This
intermediate image is then transformed into the final image, again using
N one-dimensional FTs. Expressing the two-dimensional FT in terms
of a series of 2NV one-dimensional transforms decreases the number of
required computations. Even with these computational savings, the or-
dinary one-dimensional DFT has N2 complexity. This can be reduced to
Nlog N if we employ the fast Fourier transform (FFT) to compute the
one-dimensional DFT's. This is a significant improvement, in particular
for large images. There are various forms of the FFT and most of them
restrict the size of the input image that may be transformed, often to
N = 2" where n is an integer.

The FT produces a complex number valued output image which can
be displayed with two images, either with the real part and imaginary
part or with magnitude and phase. In image processing, often only the
magnitude of FT is displayed, as it contains most of the information of
the geometric structure of the spatial domain image. However, if we want
to re-transform the Fourier image into the correct spatial domain after
some processing in the frequency domain, we must make sure to preserve
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both magnitude and phase of the Fourier image. The Fourier domain
image has a much greater range than the image in the spatial domain.
Hence, to be sufficiently accurate, its values are usually calculated and
stored in float values. The FT is used if we also want to access the
geometric characteristics of a spatial domain image. Because the image
in the Fourier domain is decomposed into its sinusoidal components,
it is easy to examine or process certain frequencies of the image, thus
influencing the geometric structure in the spatial domain.

In most implementations the Fourier image is shifted in such a way
that the DC-value (i.e. the image mean) F'(0,0) is displayed in the center
of the image. The further away from the center an image point is, the
higher is its corresponding frequency.

What follows pertains to the images: FT1-FT8 in Figures 12.7-12.14.

We start off by applying the Fourier transform to the image FT1
(Figure 12.7).

The magnitude calculated from the complex result is shown in FT2
(Figure 12.8).

We can see that the DC-value is by far the largest component of the
image. However, the dynamic range of the Fourier coefficients (i.e. the
intensity values in the Fourier image) is too large to be displayed on the
screen, therefore all other values appear as black. Now apply a logarith-
mic transformation to the image (FT3 (Figure 12.9)) (replace each pixel
value by its log).

Figure 12.7 Example(Fourier transform 1).
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Figure 12.8 Example(Fourier transform 2).

Figure 12.9 Example(Fourier transform 3).

The result shows that the image contains components of all frequen-
cies, but that their magnitude gets smaller for higher frequencies. Hence,
low frequencies contain more image information than the higher ones.
The transform image also tells us that there are two dominating direc-
tions in the Fourier image, one passing vertically and one horizontally
through the center. These originate from the regular patterns in the
background of the original image.
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Figure 12.10 Example(Fourier transform 4).

Figure 12.11 Example(Fourier transform 5).

The phase of the Fourier transform of the same image is shown in
image FT4 (Figure 12.10).

The value of each point determines the phase of the corresponding
frequency. As in the magnitude image, we can identify the vertical and
horizontal lines corresponding to the patterns in the original image. The
phase image does not yield much new information about the structure of
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Figure 12.12 Example(Fourier transform 6).

Figure 12.13 Example(Fourier transform 7).

the spatial domain image; therefore, in the following examples, we will
restrict ourselves to displaying only the magnitude of the FT.

Before we leave the phase image entirely, however, note that we may
apply the inverse Fourier transform to the magnitude image (FT5
(Figure 12.11)) while ignoring the phase.

Although this image contains the same frequencies (and amount of fre-
quencies) as the original input image, it is corrupted beyond recognition.
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Figure 12.14 Example(Fourier transform 8).

This shows that the phase information is crucial to reconstruct the cor-
rect image in the spatial domain. See FT6-FT8 (Figure 12.12-12.14).

Exercise 12.5 Take FTs of two images. Add them using a suitable
morphology operator for example a blend, and take the inverse Fourier
Transform of the sum. Explain the result.

Exercise 12.6 Add different sorts of noise to two images and com-
pare the FT’s. Investigate if the Fourier Transform is distributive over
multiplication.

12.2 Pattern recognition and clustering

12.2.1 Understanding images

In this section, we study the extraction of information from images. For
example, we may be interested in recognizing handwritten characters,
extracting and recognizing target shapes or faces, mineral or land use
mapping, vegetation and human settlement, boundaries of cells obscured
via noise. We may also be interested in partial information from images
or extracting information with high probability, clustering or computing
neural networks. Images contain a variety of information which come
from color, texture, shapes and patterns. As we have already seen, we
may associate with each pixel an attribute vector which then contains
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all the information in the image. For computer recognition, we need to
design procedures to analyze patterns in the sense of constructing
pattern vectors from the image which then contain relevant pattern
information. Once we have obtained pattern vectors, we need to identify
information from them. One way to do this is via the following three
steps: (1) template matching where we match pattern vectors whose
meaning is known, (2) cluster the patterns into homogeneous groups,
(3) train an algorithm to assign correctly the patterns to homogeneous
groups. Types of pattern problems where (1-3) may be applied are for
example (A) handwritten digits (10 classes known), target detection
(2 classes known, target or non target), land use (a finite number of
classes known, say houses, offices, factories, parks, etc.); (B) minerals
present in a drill core, vegetation types present in a satellite scene and
causes of gravity anomalies in an airborne survey (in all three the classes
are unknown).

12.2.2 A probability model for recognition of
patterns. Bayes’ rule

Consider a handwritten digit example where all the digits are equally
likely. A character @ is presented and then generates a pattern or feature
vector . We want to compute probabilities that @ is correctly assigned
to one of ten character classes which we list as Ag, A1, Ag, ..., Ag. We are
interested in the probability P(A;|x), that @ is a handwritten version of
digit ¢, 0 < i < 9. Here, P(4;|x) is the probability density function of x
belonging to a specific class 3.

Conditional probability and Bayes’ rule. To set up a probabil-
ity model for pattern recognition, we first review the concept of condi-
tional probability. Although we will use the handwritten digit example,
it should be clear that this concept and Bayes’ rule to follow have wide
applicability. Let S be the set of all characters (. (For convenience
we take this to be a very large but finite set.) Assume that there is a
probability set function P defined on all subsets of S. This means that
(1) P(B) is a real number > 0 for every subset B of S, (2) P(S) =1
and (3) P(B1UB2U---UB,) = > 7_| P(B;) for any n pairwise disjoint
subsets B; of S, [5, 78]. In this example we interpret P(B) as the prob-
ability that a character @ belongs to the subset B. Now suppose C'is a
subset of S such that P(C) # 0.
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Definition 12.4 The conditional probability that a character @ € C
belongs to a set B C S is defined by
P(BNC)
P(C)

Exercise 12.7 Show that P(B|C) is a probability set function on the
subsets of C.

P(B|C) =

Let A;, 1 =0,...,9 be the set of all characters @ in the ith character
class. Since each character @ belongs to exactly one of those mutually
distinct classes we have S = AgU---U Ag and 4; N A; = ¢ for all
i # j. Now we interpret P(A4;) as the probability that a character @ is
a handwritten version of digit ¢. Clearly we must require P(A;) > 0 for
each 4 and since P is a probability set function on 5, Z?:o P(A4;) =1
Since the sets A; are mutually disjoint and S is their union, it follows
that for any subset B of S we have

M@

P(A;)P(B|A;). (12.1)

j=
Exercise 12.8 Prove (12. 1) and give its interpretation for the
handwriting problem.

Now suppose C' is a subset of S such that P(C) # 0. Bayes’ rule
expresses the conditional probability P(A4;|B) in terms of the conditional
probabilities P(B|A;):

Theorem 12.5 Bayes’ rule.
P(A;)P(Bl4;)
35— P(4))P(B|A;)

Proof Since A;N B = BN A; we have from Definition 12.4 that P(B N
A)) = P(A)P(B|A:) = P(B)P(A;|B). Thus P(A{|B) = P(A)P(B]

A;)/P(B), and substituting for P(B) from (12.1) we obtain the desired
result. a

Now we continue with the construction of our model. To each pattern
vector x we can associate the subspace X of S consisting of all char-
acters ) yielding x as a pattern. Thus the probability P(A;|z), that Q
is a handwritten version of digit ¢ is exactly the conditional probability

P(A;|X). Next we assume that it is equally likely that a randomly chosen
character ) corresponds to each of the 10 digits i: P(A4;) = 1/10. Finally
we assume that for each of our pattern vectors x we can determine the

P(A|B) =

(12.2)
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probability set functions P(X|A;) = P(z|A;) experimentally by consid-
ering a large number of handwritten digits @) for which 7 is known and
computing their vectors. Indeed, a perfect classifier 27 would be of the
form P(z7|A;) = 6;;. Applying Bayes’ rule in this case and using the
fact that P(A;) = 1/10 for all j we find

1) = Plaldi)
PR =S piay

12.2.3 Metrics

Most pattern clustering or template matching procedures rely on de-
termining some measure of distance between the pattern vectors and so
metrics arise in a natural way. The idea of metrics in collections of data is
a vastly studied subject with many applications. Some applications are:
weighted Euclidean metrics where the weight W is positive definite, i.e.,
2TWa > 0 for all nonzero x; metrics which arise from linear-nonlinear
dimension reduction processes on finite-dimensional spaces, for example
diffusion processes; metrics which arise from infinite-dimensional spaces,
for example Gromov—Hausdorf distance; matrices of distances in rigidity
theory; separators between cluster centers, say (. — 2(0)7 (. — 2()) where
2" is the ith cluster center; angular distance. In the last application
mentioned, if vectors in a class cluster are in a particular direction, it
is often convenient to measure the angular displacement between them.
If vectors are scaled to have length one then 1 — z - y may be one such
measure. Here z - y is a suitable inner product.

12.2.4 Clustering algorithms

Clustering procedures fall into two main categories, supervised and un-
supervised. In unsupervised procedures, the patterns are presented to
the classifier with all the available information, for example, number of
classes, targets and the classifier generates the pattern classes. In super-
vised procedures, the classifier is trained using a set of representative
vectors whose classes are known. In both cases, supervised and unsuper-
vised, it is very possible that the feature vectors may not be understood.
We present examples of both categories.

Maxmin algorithm
This is a simple algorithm which illustrates well the idea of an unsuper-
vised classifier. Pick your favorite metric and (*) assign #(!) as the first
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cluster center z(!). Now for each pattern z(*), compute its distance from
each cluster center and choose the minimum distance to a cluster center.
Next, select the pattern whose minimum distance is the largest, i.e., the
one with the maximum of the minimum distances. If this distance is less
than some pre-assigned threshold, assign all remaining patterns to the
cluster with the closest center, if not call this the next cluster center and
and go back to (*). Finally recompute the cluster centers as the average
of the patterns in that cluster. We note that this algorithm may be very
sensitive to the choice of threshold.

K-means algorithm
The K-means algorithm is a base unsupervised algorithm, used when
we understand both the vector structure and the number of classes,
and typically requires minimizing a performance criterion. Start with
k > 1 initial cluster centers. Pick your favorite metric d. (*) After each
iteration, distribute the pattern vectors amongst the k clusters S; say
according to the relationship:

zeS;if d(z,29) < d(z,29)

for all ¢ # j. Now recompute the cluster centers in such a way as to
minimize a performance criterion which for example in the case of the
Euclidean metric, updates z(9) to be the mean of the vectors in S;. If
at the end of this step, the cluster centers are unchanged, the algorithm
terminates. Otherwise repeat (*).

Supervised classifiers: neural networks

The two class Perceptron

Suppose we have a large amount of data in the form of real n-tuples
u € R™ where n is also large. Extracting information from this data
or “data mining” is an important focus of modern mathematical and
statistical research. Here we consider a case where the data is “clustered”
into two subsets of points, Class 1 and Class 2. We describe a method to
“train” a function to classify these points automatically. This is one of
the simplest examples of a neural network, and illustrates what happens
at the core of machine learning. The Perceptron is a function R(u) =
(w, u)+wo = -5 wju;+wy taking any vector u € R™ to a real number.
Here the real n-tuple w = (wy, ..., w,) is called a weight vector and is to
be determined by the data. The number wy is called the scalar offset. For
fixed w, wg the equation R(u) = 0 defines a hyperplane in R™. (For n = 2



12.2 Pattern recognition and clustering 423

this is a line, for n = 3 a plane, and so on.) Suppose the data is linearly
separable, i.e., suppose there exists some hyperplane R(u) = 0 such
that any Class 1 data point z satisfies R(z) > 0 and any Class 2 data
point y satisfies R(y) < 0. For n = 3, for example, this would mean that
there is a plane such that the Class 1 data points all lie above the plane
and the Class 2 data points all lie below it. We will show that if the data
is linearly separable then there is an efficient algorithm to determine a
separating hyperplane.

To describe the algorithm and the verification of its validity, it is useful
to embed the problem in R"*!. Thus a data point u is replaced by the
n + 1-tuple v’ = (u,1) and the weight vector becomes the n 4+ 1-tuple

w' = (w,wp). The equation for the hyperplane becomes (w’,u') = 0
where (-,-) is the dot product in R"*1.
Suppose we have a finite set of training vectors v(M), ... v("™) each

of which belongs either to Class 1 or to Class 2, and we know which is
which.

The Single Layer Perceptron Algorithm:

1. Initially, assign arbitrary values to w’. Call this w'(). At the kth
iteration the weights will be w/(%).
2. At iteration k we present a training vector v and augment it to v’.
~If v € Class 1 and (w'® v') <0, set w'F+1) = w/'*) 4o
~If v € Class 2 and (w'® v) >0, set w'F+1) = /') — o/
— Otherwise set w/(FT1) = /().
3. The process terminates when all the training vectors are correctly
classified, i.e., when w’ is unchanged over a complete training epoch.
4. Tf the process terminates then the final weight w'(*) = (w(k),wék))
defines a separating hyperplane for the data.

Theorem 12.6 If the classes (as represented by the training vectors) are
linearly separable, then the algorithm always terminates with a separating
hyperplane. Conversely, if the algorithm terminates then the training
data is linearly separable.

Proof Suppose the training vectors are linearly separable, so that there
exists a linear hyperplane S(u) = (z,u) + zo = 0 such that S(z) > 0
for all Class 1 training vectors = and S(y) < 0 for all Class 2 training
vectors y. We further simplify our analysis by writing 3’ = (—y, —1) for
all the Class 2 training vectors, so that the inequality (2/,2’) > 0 will
characterize the training vectors of both classes. (The distinction will be
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in the last component, +1 for Class 1 and —1 for Class 2.) Then step 2
of the algorithm can be rewritten as

— If v is a data vector and (w'®) v’)" < 0, set w/(FTD = w/(¥) 4 o,
otherwise do nothing.

Note that for our proof we will not update w’ unless we are presented
with a training vector x(*) such that (w’(k),2'*)) < 0. Thus the algo-
rithm generates a sequence of weight vectors

k
W FFD — /(D) 4 Zzl(j)’ k=1,2,...,
Jj=1

where (w'(), 2/())" < 0 for all j and the /(%) form a sequence of training
vectors with possible repetitions. Let a > 0 be the minimum value of the
inner products (2, 2’)’ for all the (finite number of) training vectors z.
Without loss of generality we can normalize z’ to have length 1: ||2/]|" = 1.
(This doesn’t change the separating hyperplane.) Then

k
(2, w'FHY = (2w’ M) ’—|—Z 22’ > b4+ ka, b= (2, w'W).
j=1

Applying the Schwarz inequality to the left-hand side of this equation
we obtain

| *+D || > b+ ka. (12.3)

Thus the norm squared of the weight vector w'**1) grows at least
quadratically in k. On the other hand we have

||w/(k+1)”/2 — (w/(k) + x’(k),w’(k) + w/(k))/ — ||w/(k)H/2 + Hx/(k)||/2+
Q(wl(k),l‘/(k))/ < le(k)H/Z + ||$/(k-)||/2’

so, iterating,

k
[ T2 < Yo D2 43|22 < |l D|? ek (12.4)
j=1
"||"* as & ranges over the set of train-
ing vectors. This shows that the norm squared of the weight vector w’(*)
grows at most linearly in k. The inequalities (12.3) and (12.4) can be

reconciled only if for some k the inner products (w'*),z’)" are strictly

where ¢ is the maximum value of ||x

positive for all training vectors z. Then the algorithm terminates. Con-
versely, we see from our method of proof that if the algorithm terminates
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with weight vector w’®) then it defines a separating hyperplane for the
training vectors. O

For practical application, the training set needs to be sufficiently rep-
resentative of the data that the Perceptron, once trained, can accurately
classify data not in the training set. Also, of course, the data must be
linearly separable and this is not always the case.

Exercise 12.9 Suppose the set of training vectors is such that a = 1,
¢ = 5 in the proof of Theorem 12.6 and we start the Perceptron algorithm
with w'(") as the zero n + 1-tuple. Find the smallest k such that the
algorithm is guaranteed to terminate in at most k steps.

Exercise 12.10 Find an example in two dimensions and an example
in three dimensions of Class 1 and Class 2 training vectors that are not
linearly separable.

Self-organizing memory (SOM)

The concept of SOM was first introduced by Kohonen in 1982. The basic
idea is to keep high-dimensional distance accurately reflected in a given
low-dimensional representation, i.e., clusters close in n space are close
in the given network layout, or put another way, SOM proposes to do
purely unsupervised clustering in high dimensions without any dimen-
sion reduction. The concept is to set up a grid of high-dimensional nodes
which represent cluster centers in such a way that cluster centers close in
the grid represent clusters centers close in high-dimensional space, i.e.,
close to each other as pattern vectors.

The algorithm proceeds as follows:

e Choose a set of nodes in advance and assign random initial cluster
centers to the nodes;

e Present a pattern x to the network and find the closest cluster center
say @)

e Assign the pattern to that cluster and recompute the cluster center
m) as m@) + alx — m(j)) where « is a parameter between 0 and 1;

e All “neighboring” cluster centers are also shifted towards z, m(® is
replaced by m® + g(z — m()) where § is a parameter between 0
and 1;

e Note that the values of & and g and the definition of “neighbors” are
changed with each epoch so that the general form would be that m(®
is replaced by m(®) 4 h;; (t)(x —m®) where h;;(t) is chosen to decrease
to 0 in ¢ (number of epochs) and eventually h;; = 0 if 7 # j;
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e Note that if we allow no neighbors (i.e., h;; = 0 if ¢ # j for all epochs),
then, in effect, SOM reduces to K-Means and so one may think of SOM
as a spatially smooth form of K-Means.

e A modern generalization of SOM in several directions relates to prim
diffusions.

12.3 Image representation of data

We are constantly flooded with information of all sorts and forms, and a
common denominator of data analysis in many fields of current interest
is the problem of dealing with large numbers of observations, each of
which has high dimensionality.

Example 12.7 Suppose that a source X produces a high-dimensional
data set

X .= {z(l),...,x(”)},nz 1

that we wish to study. Typically, in a given problem of this kind, one is
faced with a finite data set or a set of finite objects in a vector space X.
For instance:

e Each member of X could be the frames of a movie produced by a
digital camera.

e Pixels of a hyperspectral image in a computer vision problem, say face
recognition.

e Objects from a statistical, computer science or machine learning model
which need to be clustered.

The problem of finding mathematical methods in order to study mean-
ingful structures and descriptions of data sets for learning tasks is an
exploding area of research with applications as diverse as remote sensing,
signal processing, critical infrastructure, complex networks, clustering,
imaging, neural networks and sensor networks, wireless communications,
financial marketing, and dynamic programming to name just a few. The
advantage of X being linear is that we can now use the power of the
linear algebra techniques we have developed earlier.

In the case of finite dimension, when dealing with these types of sets
X, high dimensionality is often an obstacle for any efficient processing
of the data. Indeed, many classical data processing algorithms have a
computational complexity that grows exponentially with the dimension
(the so-called “curse of dimension”).
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On the other hand, the source of the data may only enjoy a lim-
ited number of degrees of freedom. In this case, the high-dimensional
representation of the data is a natural function of the source and so
the data has actually a low intrinsic dimensionality. Thus we can hope
to find an accurate low-dimensional representation. We now describe
a method for attacking this problem, based on probability and linear
algebra theory.

12.3.1 The sample covariance matrix and principal
component analysis
Suppose we have a multivariate distribution p(¢) in n random variables
given by the n-vector ¢ and we take m vector samples, (Tl(k), . ,T,(Lk)),
k=1,...,m, independently. (Thus Ti(k) is the kth sample of the random
variable T; ~ t;, a change of notation from that in Section 4.8.) The
sample covariance matrix C° is the n x n matrix with elements

Z T — Ty - T). (12.5)

k=1

-1

Here Cj is the sample variance of the random variable ¢;. Note that the
sample data T(k) for fixed ¢ is normalized by subtraction of the sample

*) _ 7 7 has mean 0. The interpretation

mean T;. The normalized data T}
of the covariance C’Z-SJ- between variables ¢; and t; for ¢ # j is that the
variables are correlated if C’fj > 0, aniticorrelated if ij < 0 and uncor-
related if CZ-SJ- ~ 0. An important application of the sample covariance
matrix is its use in describing the relationship, or lack thereof, between
data values of distinct random variables. The method for doing this is
called Principal Component Analysis, which is none other than the ap-
plication of a special case of the singular value decomposition to the
sample covariance matrix.

From the sample data we form the m x n matrix X:

1 (k) ;
Xk = ;" -1;) k=1,....m,i=1,...,n. (12.6)
Vn—1

n—1

A special case of the Singular Value Theorem applied to X, see
Subsection 1.7.1, says that there is a real orthogonal matrix O, O% =
O™, such that C® = O~ DO where D is the n x n diagonal matrix
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o2 0 0
0 o3 0
D =
0 0 a2 0
0 0 -+ oo v 0
Here, the nonzero eigenvalues of C¥% are Aj = sz where o1 > oy >

. > o, > 0, and r is the rank of C%. Our interpretation of these
results is that the orthogonal matrix O defines a transformation from
our original coordinate axes, where data vectors took the form of n-
component row vectors t; —t;, to the principal axes. To understand this,
note that D = OC°0O~!' = OX" X0~ ! so

(Xo hH"(xo0 ) =D.
With respect to the principal axes, the data matrix X takes the form
X O~ and the sample matrix C* becomes the diagonal matrix C"% = D.
Thus with respect to the new axes the data variables are uncorrelated
and there is no redundancy. The matrix D lists the principal variances
in decreasing magnitude down the diagonal.

What we have done is find new orthogonal axes for the coordinates
(new orthogonal basis for the vector space) such that:

e The axes explain the variance in the data in order.

e There is no redundancy between the coordinates.

e We can reduce the dimension in such a way that most of the informa-
tion lost is the noise.

As we have shown above, amazingly, it is possible to do this under
reasonable conditions (recall Example 1.85). We end this section by list-
ing some assumptions and limitations of PCA: (1) the process is linear
and orthogonal; (2) large variance implies information, small variance
implies noise; (3) the statistics of the process is described typically by
mean and variance.

Exercise 12.11 Show that E(C®) =C, i.e., the expectation of C*° is C.

Exercise 12.12 Verify the following properties of the n x n sample
covariance matrix C° and the n x m matrix (12.6). (1) C¥ = X" X,
(2) (C%)tr = C5. (3) The eigenvalues \; of C¥ are nonnegative.

For more results on principal component analysis related to statistics
see [87].
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12.4 Image compression

There are three basic styles of compression. (1) Lossless: Here we have
a recoding, no information is lost and the image can be perfectly recon-
structed. (2) Threshold: Here, we remove certain aspects of information
chosen to be least damaging to human perception. (3) Fractal: Here, we
exploit the fractal nature of edges. There are also three basic criteria for
compression so that (1)—(3) can be achieved. (a) Time for compression,
(b) degree of compression achieved and (c¢) use to which the data is to be
put. In what follows, we give a short description of image compression
using wavelets.

12.4.1 Image compression using wavelets

A typical image consists of a rectangular array of 256 x 256 pixels, each
pixel coded by 24 bits. In contrast to an audio signal, this signal has a
fixed length. The pixels are transmitted one at a time, starting in the
upper left-hand corner of the image and ending with the lower right.
However for image processing purposes it is more convenient to take
advantage of the 2D geometry of the situation and consider the image
not as a linear time sequence of pixel values but as a geometrical array
in which each pixel is assigned its proper location in the image. Thus the
finite signal is two dimensional: z,,, », where 0 < n; < 28. We give a very
brief introduction to subband coding for the processing of these images.
Since we are in two dimensions we need a 2D filter H

H:CTL1,"2 = Ynine = E hkl,kzznl—k1,n2—k2'
k1,ko

This is the 2D convolution y = Hz. In the frequency domain this reads

Y(wl, CLJQ) = H(wl, wQ)X(wl, (.L)Q)

= Z hk17k26_i(k1wl+sz) (Z Xﬂlmze_i(nlwri_nwz)) )

k1,k2 ni,n2

with a similar expression for the Z transform. The frequency response is
27-periodic in each of the variables w; and the frequency domain is the
square —m < w; < 7. We could develop a truly 2D filter bank to process
this image. Instead we will take the easy way out and use separable
filters, i.e., products of 1D filters. We want to decompose the image into
low-frequency and high-frequency components in each variable ni,no
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separately, so we will use four separable filters, each constructed from
one of our 1D pairs h'°¥, h"9" associated with a wavelet family:

h(O) — hfflwhlow h(2) _ hZighhlow

ni,n2 na ? ni,n2 na ?

h5111)7n2 = hiflwhfllzgh’ hglgl)ﬂ’bz = hflllghh’illlzgh'

The frequency responses of these filters also factor. Thus, H® (wy,ws) =
HN9h (w1 ) H'9 (ws), ete. After obtaining the outputs ., from each
of the four filters H) we downsample to get (1 [2,2])Yn, n, = ygl)ﬂm.
Thus we keep one sample out of four for each analysis filter. This means
that we have exactly as many pixels as we started with (256 x 256), but
now they are grouped into four (128 x 128) arrays. Thus the analyzed
image is the same size as the original image but broken into four equally
sized squares: LL (upper left), HL (upper right), LH (lower right), and
HH (lower left). Here HL denotes the filter that is high pass on the n;
index and low pass on the ns index, etc.

A straightforward Z transform analysis shows that this is a perfect
reconstruction 2D filter bank provided the factors h!°®, h*9% define a 1D
perfect reconstruction filter bank. The synthesis filters can be composed
from the analogous synthesis filters for the factors. Upsampling is done in
both indices simultaneously: (1 [2, 2])Y2n,,2ns = Yn, ne for the even—even
indices. (1 (2, 2])Ym, ,m, = 0 for my, ma even—odd, odd—even or odd—odd.

At this point the analysis filter bank has decomposed the image into
four parts. LL is the analog of the low pass image. HL, LH, and HH each
contain high-frequency (or difference) information and are analogs of the
wavelet components. In analogy with the 1D wavelet transform, we can
now leave the (128 x 128) wavelet subimages HL, LH, and HH unchanged,
and apply our 2D filter bank to the (128 x 128) LL subimage. Then this
block in the upper left-hand corner of the analysis image will be replaced
by four 64 x 64 blocks L'L’/, H'L/, L'H’, and H'H’, in the usual order.
We could stop here, or we could apply the filter bank to 'L’ and divide
it into four 32 x 32 pixel blocks L”L”, H'L”, L”H”, and H'H”. Each
iteration adds a net three additional subbands to the analyzed image.
Thus one pass through the filter bank gives 4 subbands, two passes give
7, three passes yield 10 and four yield 13. Four or five levels are common.
For a typical analyzed image, most of the signal energy is in the low pass
image in the small square in the upper left-hand corner. It appears as a
bright but blurry miniature facsimile of the original image. The various
wavelet subbands have little energy and are relatively dark.



12.4 Image compression 431

If we run the analyzed image through the synthesis filter bank, iter-
ating an appropriate number of times, we will reconstruct the original
signal. However, the usual reason for going through this procedure is to
process the image before reconstruction. The storage of images consumes
a huge number of bits in storage devices; compression of the number of
bits defining the image, say by a factor of 50, has a great impact on the
amount of storage needed. Transmission of images over data networks
is greatly speeded by image compression. The human visual system is
very relevant here. One wants to compress the image in ways that are
not apparent to the human eye. The notion of “barely perceptible dif-
ference” is important in multimedia, both for vision and sound. In the
original image each pixel is assigned a certain number of bits, 24 in our
example, and these bits determine the color and intensity of each pixel
in discrete units. If we increase the size of the units in a given subband
then fewer bits will be needed per pixel in that subband and fewer bits
will need to be stored. This will result in a loss of detail but may not be
apparent to the eye, particularly in subbands with low energy. This is
called quantization. The compression level, say 20 to 1, is mandated in
advance. Then a bit allocation algorithm decides how many bits to allo-
cate to each subband to achieve that over-all compression while giving
relatively more bits to high-energy parts of the image, minimizing dis-
tortion, etc. (This is a complicated subject.) Then the newly quantized
system is entropy coded. After quantization there may be long sequences
of bits that are identical, say 0. Entropy coding replaces that long string
of 0s by the information that all of the bits from location a to location b
are 0. The point is that this information can be coded in many fewer bits
than were contained in the original sequence of 0s. Then the quantized
file and coded file is stored or transmitted. Later the compressed file is
processed by the synthesizing filter bank to produce an image.

There are many other uses of wavelet-based image processing, such
as edge detection. For edge detection one is looking for regions of rapid
change in the image and the wavelet subbands are excellent for this.
Noise will also appear in the wavelet subbands and a noisy signal could
lead to false positives by edge detection algorithms. To distinguish edges
from noise one can use the criteria that an edge should show up at all
wavelet levels.

For more information about image compression using wavelets see
[42]. For the use of curvelets in image compression see [22, 23, 24]. For
ridgelets in image compression see [20].
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12.4.2 Thresholding and denoising

Suppose that we have analyzed a signal down several levels using the
DWT. If the wavelets used are appropriate for the signal, most of the
energy of the signal (3", |a;x? = Y1 (laj—1,k* + |bj—1,1]?)) at level j
will be associated with just a few coefficients. The other coefficients will
be small in absolute value. The basic idea behind thresholding is to zero
out the small coefficients and to yield an economical representation of
the signal by a few large coefficients. At each wavelet level one chooses
a threshold § > 0. Suppose x;(t) is the projection of the signal at that
level. There are two commonly used methods for thresholding. For hard
thresholding we modify the signal according to

hard _ xj(t)v for “Tj(t)‘ > 5
y () = { 0, for |u(t) < 6.

Then we synthesize the modified signal. This method is very simple but
does introduce discontinuities. For soft thresholding we modify the signal
continuously according to

soft(py _ J sign(z(t))(z;(t) —9), for [z;(t)] >4
u () = { 0, for |a; (t)] < 6.

Then we synthesize the modified signal. This method doesn’t introduce
discontinuities. Note that both methods reduce the overall signal energy.
It is necessary to know something about the characteristics of the desired
signal in advance to make sure that thresholding doesn’t distort the
signal excessively.

Denoising is a procedure to recover a signal that has been corrupted
by noise. (Mathematically, this could be Gaussian white noise N(0,1).)
It is assumed that the basic characteristics of the signal are known in
advance and that the noise power is much smaller than the signal power.

The idea is that when the signal plus noise is analyzed via the DWT
the essence of the basic signal shows up in the low pass channels. Most of
the noise is captured in the differencing (wavelet) channels. In a channel
where noise is evident we can remove much of it by soft thresholding.
Then the reconstituted output will contain the signal with less noise
corruption.
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Exercise 12.1 (1) Take each of the examples below, with 16 pixels and
3 bit dynamic range monochrome values and apply a contrast stretch
and histogram normalization. What would you expect to see in real
images of these types?

01 11 7T 6 5 4
0 21 6 6 7 5 b
(4): 1165’(3)' 5 5 6 7|’
6 7 7 7 4 5 7 6
2 3 2 3
3 2 3 5
(C)'3656
6 5 6 5

(2) Suppose that in a binary image you have k white pixels in a total of
N pixels. Find the mean and variance of the image.

(3) (a) Show that the mean of an image with dynamic range of n bits
is 1/2(2™ — 1) if histogram normalization has been applied to it. (b)
Write down a formula for the variance of the images in (a). (c) What
is the implication of (a)—(b) for contrast and brightness?

Exercise 12.2 (a) Consider each of the three images below. Each is the
Fourier transform of an image. Roughly sketch the original image.

space space space space . space space
(4): |. . . , (B): |space space space space |,
space space space space . space space

space space space space space
): |. space space . . ,
space space Space space Space

(b) Suppose we take an image which consists of spaces everywhere except
on the diagonal where it has a high pixel value. What will its Fourier
transform look like? Explain your answer.

Try to work these out yourself from your understanding of Fourier trans-
forms. Then review the paper with the web address given by:
www.cs.unm.edu/~ brayer/vision/fourier.html

Exercise 12.13 Gray scale morphology operators: (a) Show that the
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following is true: if f is the intensity function for an image and k is a
hemisphere structuring function then:

o fdk =TI[[f]dUIK]
o fek=TI[U|

[U[f]eUE]].
e fok =T[U[floU[K]).
o fck =TIU[f]cU[K]).

(b) Prove the Umbra Homomorphism Theorem:

e U[fdg] = U[f]dU][g].
e Ulfeg] = U[fleU]g].
e Ulfog] = UlfegldU[g] = U[f]oU][g].

Exercise 12.14 Find the opening and closing of the images (A)—(C) in
Exercise 254 for suitable structuring elements of your choice.

Exercise 12.15 Prove that if A and B are umbras, then so is AdB.

Exercise 12.16 Consider an image with pixels over [0,4]. The gray scale
function for the image intensity is given by f(z) =x — 1 for 1 <z < 2,
f(z) =3 —2a for 2 <z < 3 and 0 elsewhere. The structuring function is
a hemisphere of radius 0.25, i.e.,

k(z) = v0.0625 — 22 —0.25 <z <0.25.

Find the opening and closing of f by k and discuss what this should do
to the visual aspects of the image.

Exercise 12.17 Write a program to implement the 3 x 3 skeletonization
algorithm described above and try it out on some images.

Exercise 12.18 Consider the pattern classes {(0,0), (0,1)} and
{(1,0),(1,1)}. Use these patterns to train a perceptron algorithm to sep-
arate patterns into two classes around these. [Do not forget to augment
the patterns and start with zero weights.]

Exercise 12.19 Suppose we have a collection of pattern classes and in
each case the distribution of the patterns around the cluster center is
Gaussian. Suppose also that the pattern components are uncorrelated.
[This means the covariance matrix is the identity.] Find a formula for
the probability that a given pattern vector x belongs to cluster w;. In
this case, given a pattern vector z, deduce that the decision as to which
class it belongs to would be made simply on its distance to the nearest
cluster center.
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Exercise 12.20 Consider the following 20 two-dimensional vectors
(%)
x = :
X2

(21 =4.1,2.8,0.5,3.1,4.8,1.5,3.8,2.4,1.7,2,0.2,3.5,2.1,0.8,2.9, 4.4, 3.7,
5,4,1.3)

(29 =9.7,6.3,2.4,7.2,10.2,4.4,9,5.4,4.7,4.8,1.5,8,5.7,2.5,6.7, 10, 8.8,
10.5,9.3,3.3)

Without using a MATLAB program, find its principal components and
comment on the results.

Exercise 12.21 In this chapter, we have given a self-contained intro-
duction to some techniques dealing with the parsimonious representation
of data. MATLAB offers several toolboxes which allow one to implement
demos on data. Study the imaging and statistical pattern toolbox demos
given in the links:
http://cmp.felk.cvut.cz/cmp/software/stprtool/examples.html
http://www-rohan.sdsu.edu/doc/matlab/toolbox/images/images.html

We have labored to produce the following reference list which allows
the interested reader to follow applications and modern and current
research in many topics in this area including our own research.

1. Compression, classification, clustering, neural networks, alignment,
segmentation, registration, clustering, computer aided geometric de-
sign, subdivision schemes, PDE methods, inpainting, edge detection,
shape detection, pattern detection and pattern recognition, shape
spaces, resolution recovery. See [33, 34, 56, 57, 64, 65, 86] and the
references cited therein.

2. Rigidity theory, matrix completions, image matching and shape match-
ing data matching, shape and point cloud recognition, metrics, group
invariance, symmetry. See [13] and the references cited therein.

3. Metrics, diffusion, percolation processes and linear, constrained, lo-
cal and nonlinear dimension reduction of data, dimension estima-
tion, PDE flows, prim diffusions and graph diffusions, self-organizing
memory, information theory methods. See [8, 31, 32, 33, 44, 45, 46,
49, 64, 65, 86] and the references cited therein.

4. Optimal configurations, discretization, kernels, numerical integration,
random matrix theory, minimal functionals. See [48, 51] and the ref-
erences cited therein.
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5. Compressive sensing, sparcity, wavelets, curvelets, edgelets, ridgelets,
shearlets, sparse approximation, approximation using sparcity, sparse
representations via dictionaries, robust principal component analysis,
recovery of functions in high dimensions, learning, linear approxima-
tion and nonlinear approximation, the curse of dimensionality. See
[6,7,9,12, 14, 18, 20, 21, 22, 23, 24, 25, 27, 28, 29, 30, 35, 36, 37, 38,
39, 40, 41, 42, 43, 47, 52, 54, 58, 59, 60, 61] and the references cited
therein.
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